MATH 4512 — DIFFERENTIAL EQUATIONS WITH APPLICATIONS
HW6 - SOLUTIONS

1. (Section 3.8 - Exercise 12) Solve the given initial-value problem

3 1 =2 1
it)=| -1 2 1|a@), 20 =] 4
4 1 -3 -7

The characteristic polynomial of the system matrix

31 =2
A=| -1 2 1
4 1 =3
is
3—A 1 —2
det(A — M) = det -1 2= 1

4 1 =3-2A

=B=-N2=-N(-3=-N)+4+24+82-N)—-B=-N) -3+
=2-NAN=-9)+16-8A=(2-N)A\-9+78)
=2=-NA-1A+1).
The eigenvalues of the matrix A are \; = 2, Ay = 1 and \3 = —1. Let v’ denote an
eigenvector that corresponds to A\;, ¢ = 1,2, 3.
The general solution z(t) will be of the form
o(t) = c1ot(t) + cax®(t) + cs2®(t),
where ¢, ¢y, c3 are arbitrary constants, and 2%(t) = eMlvl, i = 1,2, 3.
First we will find a vector v! and z'(¢). From (A — A\ I)v = (A —2I)v = 0, we obtain

11 -2 (] 0
-1 0 1 (%) = 0
41 =5 U3 0

The second equation is —v; +v3 = 0, i.e. vy = wv3. Using this property, the first
equation v; + vy — 2v3 = 0 reduces to v9 — v; = 0. Thus vy = v;. The vector v has
the form

U1 1
v= 1| v | =v | 1
U1 1

For the eigenvector v! we can choose [1,1,1]". Then

1
zz:l(t) —_ e)\ltvl _ e2t 1
1



Now we proceed with finding a vector v? and z?(t). From (A — X l)v = (A—1I)v =0,
we obtain

2 1 -2 (] 0
-1 1 1 v | =10
4 1 -4 U3 0

Multiplying the first equation 2v; + v9 — 2v3 = 0 by —1 and adding to the second
equation —v; + v + v3 = 0 leads to —3v; + 3v3 = 0. Then v; = v3. This relation
implies v9 = 0. Now the vector v has the form

U1 1
v = 0 = U1 0
U1 1

For the eigenvector v* we can choose [1,0,1]". Then
1
22 (t) =M =¢' | 0
1

At the end we will find a vector v and x(t). From (A — M\31)v = (A+ I)v =0, we
obtain

4 1 -2 U1 0
-1 3 1 vo | =10
4 1 -2 V3 0

Multiplying the second equation —v; + 3vs + v3 = 0 by 2 and adding to the first
equation 4v; 4+ ve — 2v3 = 0 leads to 2v; + 7Tvy = 0. Then vy = —7vy/2. Using this

relation in the second equation, we find v3 = v; — 3vy = —13v,/2. The vector v has
the form
1y _1
272 2
V= (%) = V2 1
13 13

22 2

For the eigenvector v® we can choose
7
~1 7
v=—2 1| =1 -2
3

Then

1 1 7
w(t)=cre® | 1 | +epe’ | 0| +eze | =2
1 1 13



Initial condition implies

1 1 1 7 ¢+ co+ Tes
4 = .CE(O) = C1 1 + C 0 +c3 —2 = C1 — 203
—7 1 1 13 1+ co+ 13c3

Subtracting first and third equation gives 6¢3 = —8, and consequently c¢3 = —4/3.
From the second equation it follows ¢; = 2¢3+4 = 4/3. Finally, co = 1 —¢; —7c3 = 9.
The solution of the initial-value problem is

1 1 7
4 4

vt)=-e* | 1 | +9%" [0 |—-e | =2
3 1 1 3 13



2. (Section 3.9 - Exercise 2) Find the general solution of the given system of differential
equations

1 =5 0
zt)y=11 =3 0 | =(t)
0 01

The characteristic polynomial of the system matrix

1 -5 0
A=|[1 -3 0
0 0 1
is
1—A -5 0
det(A — M) = det 1 =3—-2X 0
0 0 1-—X\

=(1-=X2*(=3—=X)+5(1-2)\)
=1 =N\ +21+2).

(1= (342X + A *+5)

The eigenvalues of the matrix A are A\ =1, \o = —1+iand A3 = —1—i.

In order to find x!(t), we proceed as in the previous exercise. We start from solving
(A= MDv=(A—-1T)v=0,ie.

0 -5 0 Uy 0
1 -4 0 vy | =10
0 00 U3 0

From the first equation we obtain v, = 0, while from the second v; —4wvy = 0 it follows
v; = 0. Thus the vector v has the form

0 0
vV = 0 = Vs 0
U3 1

For the eigenvector v! we can choose [0,0,1]". Then

0
2t (t) =Myl =e' | 0
1

Other eigenvalues of the matrix A are complex. In order to obtain two remaining
linearly independent real solutions x?(t) and 23(¢), it is sufficient to consider Ay =
—1+ 4. We first find a complex vector v that solves (A — X\ )v = 0, i.e.

2—1 ) 0 () 0
1 -2—3 0 vy | =10
0 0 2—1 U3 0

4



From the last equation we obtain v3 = 0, while from the second it follows v1 = (2+i)v,.
A complex eigenvector v that corresponds to Ay = i has the form

[ (2 +4)vs 241
v = Vg | =y 1
i 0 0
A complex-valued solution is
[ 2+ 2+
o(t) = el71F0t 1 | =e*(cost +isint) 1
i 0 0
[ (2cost —sint) +4(2sint + cost)
=e ! cost +1sint
i 0
[ 2cost —sint 2sint + cost
=e ! cost | +ie? sint
i 0 0
Now,
2cost —sint 2sint 4 cost
2 (t) =e" cost |, 2(t)=e" sint |,
0 0

and the general solution has the form

z(t) = c1z'(t) + cx®(t) + c323(t)

0 2cost —sint 2sint + cost
=cet | 0| +coe?t cost | +cget sin ¢
1 0 0



3. (Section 3.10 - Exercise 6) Solve the initial-value problem

—4 —4 0 2
Bt)=1] 10 9 1|az@), «20)=]| 1
-4 -3 1 —1

The characteristic polynomial of the system matrix

-4 —4 0
A=110 9 1
-4 -3 1

is
—4-X -4 0
det(A — M) = det 10 9—A 1
—4 -3 1-2A

= =4+ A= N1 =A)+16—=3(4+X)+40(1 - \) = (2 - N)*.
The eigenvalue of the matrix A is A = 2.

In order to find z'(¢), we start from solving (A — A\ )v = (A —21)v =0, i.e.

-6 -4 0 U1 0
10 7 1 (%) = 0
—4 -3 -1 V3 0

From the first equation —6v; — 4vy = 0 we obtain vy = —3v;/2, which together with
the last equation —4v; — 3vy — v3 = 0 implies v3 = —4v; + 9v1/2 = v1 /2. The vector
v has the form

U1 1
v=| =3v1/2 | =v; | —3/2
v /2 1/2

For the eigenvector we can choose 2[1,—3/2,1/2]" = [2,—3,1]". Then

2
ot(t)=¢e" | =3
1

Now we will find z%(¢). First we need to find a vector v such that
(A-=2)*v=0 and (A—20)v#0.
This implies that v needs to satisfy

2

—6 —4 0 (%1 —4 —4 —4 U1 0
0 7 1 v |=| 6 6 6 v | =101,
-4 -3 -1 U3 -2 =2 =2 U3 0



which is equivalent to v; + v9 + v3 = 0. The condition (A — 21)v # 0 is

-6 —4 0 U1 —61)1 — 4’02 0
10 7 1 V2 = 10211 + 7U2 + U3 7§ 0
—4 -3 -1 V3 —41]1 — 3?}2 — Us 0
We can choose v = [1,0,—1]T. Then
1 —6 —6t + 1
22 (t) = e* (v + t(A — 21 )v) = * 0|+t 9 = e 9t
-1 -3 —3t—1

It remains to determine 23(¢). First we need to find a vector v such that
(A—20)Pv =0 and (A—20)%v #0.

Calculation shows the matrix (A — 2I)3 is a zero matrix. Then any vector v with the
property vy + vy + v3 # 0 can be used to generate x3(t). Let v = [1,0,0]". Then
(A—20wv=1[-6,10,—4]", (A—2I)%v = [-4,6,-2]" and

23(t) = e (U +t(A—-20v+ g(A - 2])%)

1 —6 -2 —2t2 — 6t + 1
= % 0| +¢t]| 10 | +¢ 3 = 2 3t2 + 10t
0 —4 -1 —t2 — 4t

The general solution is

2 —6t+1 —2t* — 6t + 1
x(t) = cre® | =3 | + coe® ot + et 3t2 + 10t
1 —3t—1 —t% — 4t
From the initial condition z(0) = [2,1,—1]" we get
2 2 1 1
1 = C -3 =+ Co 0 + c3 0
-1 1 -1 0
Then equating second components from both sides we obtain —3¢; = 1, ¢; = —1/3.

The last equation —1 = ¢; —cg results in ¢; = ¢;+1 = 2/3. Finally, ¢ = 2—2¢; —¢y =
2. The final solution is

1 2 9 —6t+1 —2t2 — 6t + 1
w(t) = —=e® | =3 | + Ze* 9t + 22 3t? 4 10¢
3 1] 3 | =3t—1 24
—4t2 — 16t + 2
= | 6t2+26t+1
—2t2 — 10t — 1



