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1 Section 3.8, problem 12

Solve
3 1 -2 1
x=|-1 2 1 |x x(0)=]4
4 1 -3 -7
Solution

The first step is to find the eigenvalues. For this we need to solve

det (A-AI) =0

-1 2-A 1 |=0
4 1 -3-A

(G- A) - - =0

2-A 1 -1 2-A
1 -3-A 4 -3-A 4 1
BG-MN(2-M)(3-1)-1)-(B+1)-4)-2(-1-42-A1))=0
A3—2A2-1+2=0

Guessing a root at A =1 is verified to be correct since 1 -2-1+2 = 0. Now that we know one
(13-2A2-2+2)
(A-1)

root, we can do long division = A?-A-2. Therefore the charaterstic polynominal

factors to
AB-202-1+2=(A-1)(A2-A-2)
=(A-1)(A-2)(A+1)

Hence the eigenvalues are A, =1,1, =2,A3 = -1.

FOI'A1:1
(A—All)vlzo
3-1 1 2 \(v1) (0
1 2-2 1 |lo,]=]|0
4 1 =3-Aloy) o
3-1 1 =2 \(v1) (0
-1 2-1 1 ||w|=]o0
4 1 -3-1)lws) o0
2 1 =2\(v;) (0
11 1 ||o,]=|0
4 1 -4)lvs) o

Let v; = 1. First equation gives 2 + v, —2v3 = 0 and the second equation gives -1 +v, +v; = 0.



Subtracting gives 3 — 3v; = 0, giving v3 = 1. Therefore v, = 0. Hence

1

vl =10

1

For A, =2

(A=A 0% =0
3-4 1 -2 (2 0
-1 2-A 1 v, =10
4 1 -3-A)\vg 0
3-2 1 -2 (v 0
-1 2-2 1 vy =10
4 1 -3-2)\vs 0
1 1 -2)(n 0
-1 0 1 (|o|=]0
4 1 -5)\v; 0

Let v; = 1. Hence first equation gives 1 + v, — 2v; = 0 and second equation gives -1 + v; = 0.
Therefore v3 =1 and v, = 2v3 —1 =1. Hence

1

v’ =1

1

For A3 = -1

(A-A3D) 03 =0
3-14 1 -2 \(n 0
-1 2-A 1 v, =10
4 1 -3-AJ\v; 0
3+1 1 -2 (v 0
-1 2+1 1 v [ =10
4 1 -3+1)\vs3 0
4 1 -2\(v 0
-1 3 1 (|lo|=]0
4 1 -2)\v; 0

Let v; = 1. Hence first equation gives 4 + v, — 2v; = 0 and second equation gives -1 +
3v, + v3 = 0. Multiplying 4 + v, — 2v; = 0 by -3 and adding it to -1 + 30, + v3 = 0 gives
(=12 = 30y + 6v5 + (-1 + 30, + v3)) = 0 or —13 + 7v3 = 0 Hence v; = g Therefore v, = 2v3 -4 =



13 2
2 (7) -4 = -5 Hence
1
5 | 2
v’ =|—--
d
7
Therefore
1
xl (t) = eMtol =€t |0
1

1
¥ (t) = eM2to? = @2 |1
1

x3 (t) — e/\3tv3 L

Hence the general solution is

x (1) = eyt () + cx? (t) + 323 (t)

1 1 1
=et| 0|+ cpe? 1]+ cset| -2
1 1 27
7
Or
cret + cye® + czet
x()=| o - 2eset (A)

13 _
ciet + cpe?t + —cae”!

Initial conditions are now used to find cy, ¢y, c3. At t = 0 the above reduces to

1

x(0)=]4

-7

c1+0y+c3 1

02—503 =14

c1+cz+$c3 -7

11 1]|(q 1
01 -2||e|=]4 (1)

11 97 c3 -7

7



1 11
Gaussian elimination on [0 1 —3; 4 |. Replacing row 3 by row 3 - row 1 gives
1
1T = J\-7
1 1 1 11 1)(1
2l 4 |=lo1 2|4
13 6
0 —-1){-7-1 00 ;)-8
Hence (1) becomes
11 1 C1 1
01 _; G| = 4
6
00 - ) -8
Back substitution gives §c3 =-8,0orc; = ~2  From second row
2 4
C)—=C3=
27 503
4+ 2
cp=4+=c
2 763
2( 28
=4+ 2(-=
7\ 3
4
3

From first row

Using the above values of ¢y, c;, c3, Eq (A) becomes

cret + cpe®t + cze”t
2
x(t) = cpe?t — ~cze”
13 _
cret + cpe?t + —cse”!

4 28

¢ 2t —t
+ -t — =

9e 3¢ S e

4 5 2 28\ 4
| e-i(-%)e

4 13 28
et + 2%t 4 22 et
¢ 36 7( 3)6

4 28 _
9€t + §€2t - ge t
40t 8 ¢
= ge + 5@
4 52
t T2t 24 —t
9¢" + 3¢ 3¢




Therefore

28
x1 (t) = ¢t + §eZt -3 et
4 8
Xo (t) = §€2t + ge_t
4 52
x5 (t) = 9ef + —e?t — —¢t

3 3



2 Section 3.9, problem 2 (complex roots)

Find general solution of

1 50
x=|1 -3 0|«x
0 0 1

Solution

The first step is to find the eigenvalues. For this we need to solve

det(A-AI) =0
1-A -5 0
-3-12 0 |=0
0 0 1-A
-3-1 0 1 0
1-2) +5 =0
0 1-A 0 1-A7

Q- ((-3-1)A-A)+51-1)=0
Factoring (1 - A) gives
A-N((-3-1)A-1)+5)=0
(1-21)(A2+210-3+5)=0
1-21)(A2+20+2)=0

Hence one root is A; = 1. Now we find roots of (/\2+2A+2). A= —2% + ;—am =
-1+ %\/m =-1+ %\/:L Hence

A=-1+1
Therefore the roots are

AM=1

Ay =-1+1

A3:—1—i



For A =1
(A-ADo!' =0
1—/\1 -5 0 (4] 0
1 =3-A4 0 |lo,]=]0
0 0 1—/\1 (%] 0
1-1 -5 01 0
1 -3-1 o [=10
o 0o 1-1los) o
0 -5 0)(vy) (0
1 -4 0 Uy | = 0
0 0 oflos) 0

Hence v; is arbitrary, say v3 = 1. And v, = 0 from first equation. And from second equation
v1 = 0. Therefore

0
vl =10
1
Hence
xt (t) = ehto!
0
=e|0
1
For Ay =-1+1i
(A-A,D)v* =0
1-A, -5 0 1 0
1 -3-1, 0 v [=10
0 0 1-2A,)\v; 0
1-(-1+1) -5 0 1 0
1 -3 -(-1+1) 0 v =10
0 0 1-(-1+1))\vs 0
2-1i -5 0 (v 0
1 -2-i 0 [|lv]|=]|0
0 0 2-i)\us 0




From last equation v = 0. from second equation v; = (2 + i) v,. Hence

2+1)v, 2+1
= v, |[=0v]1
0 0
Choosing v, =1 the above becomes
241
=1
0
Hence
2+1i
xﬁz (t) = eMotp? = 14| 1
0

Since this is complex root, we will now find the real and imaginary parts of the above, and
use these to generate x? (f),x° () from the above.

241 241
e(—1+i)t 1 — e—teit 1
0 0

241
=et(cost +isint)| 1
0

2+1

= (e‘t cost +ie~tsin t) 1

0
(e‘f cost +ietsin t) (2 +1)
= (e‘t cost +ie~tsin t)

0
2¢etcost +ietcost +2ietsint —etsint
= etcost+ietsint
0

(Ze‘t cost —etsin t) +1 (e‘t cost + 2etsin t)
= etcost+ietsint
0




The real of the above is
2¢tcost —etsint
x%(t) = et cost
0
And imaginary part is
etcost +2etsint
K (t) = etsint
0
We have now obtain the three eigenvectors we want. Hence the general solution is
x (t) = cpal () + cx? (F) + 323 ()
0 2cost—sint cost+2sint
=1t | 0|+ cpe™? cost + et sin t
1 0 0

10
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3 Section 3.10, problem 6 (Equal roots)

Solve
-4 -4 0 2
x=(10 9 1|« x(0)=]|1
-4 -3 1 -1
Solution

The first step is to find the eigenvalues. For this we need to solve
det(A-AI) =0
-4-1 -4 0
10 9-4 1 |=0

4 -3 1-4
PRTY CR R DY LT N B

3 1-A |4 1-4
(=4 =) ((O-A)(1-A)+3) +4((10) (1~ 1) +4) =0
1-2°=0

Hence root is A = 2 of multiplicity 3.

To eigenvectors we start as before, using A = 2.

(A= ADo! =0

4-2 -4 0 (o) (O
10 9-2 1 |lo]=]0
4 -3 1-AJlws) |0

—4-2 -4 0 \(vy) (0
10 9-2 1 ||lo|=|0
-4 -3 1-2)\oy) (0

-6 -4 0)\(o;) (O
10 7 1|lo,]=|0
-4 -3 -1 (%] 0

Now we check if the eigenvalue is complete or defective. Using the first 2 rows we obtain
—601 - 4?]2 =0
107)1 + 7?]2 + 03 = 0



12

Solving gives v, = 2v3,v, = =3v3. Hence

U1 205 2
vy | =|-3v3|=v3|-3
U3 U3 1
Choosing v; =1 gives
2
vl =|-3
1

Lets see now if we can obtain another linearly independent eigenvector. Using the first row
and the third row

—-6v; —4v, =0
—4v1 -30, -v3 =0
Solving gives v; = 2v;3,v, = -3v;. Which is the same as the one found above. Finally using
the second and third row
1001 +7v, + v3 =0
—4v1 - 30, —v3 =0
Solving gives v; = 2v3, v, = —3v; which is the same as above. So the eigenvalue 2 is defective.
2
xt(t) = e*|-3
1

Since the eigenvalue is defective, to find the second and third eigenvectors we do the following.
To find v?. We need to solve

(A-AD*v2 =0 1)
-6 -4 0
But A—-AI=[{10 7 1 |from earlier. Hence
-4 -3 -1

-6 -4 0)(-6 -4 0
(A-A*=[10 7 1|10 7 1
4 -3 -1)l-4 -3 1




13

Therefore (1) becomes

—4 -4 -4)\(v) (0

6 6 6|lun]l=]0

-2 2 =2Jlw;) o
Using the first equation —4v; — 4v, — 4v; = 0 or equivalently v; + v, + v3 = 0. Therefore
v, = —v, — v3. Hence

U1
"02 =102
U3
—U2 =73
U3
-1 -1
=0y 1 |+v3]0
0 1
Taking v, =1,v5 = 0 gives
-1
v =1
0

-6 -4 0)(-1 2
Let us check the above choice is valid: (A-ADv?>=[10 7 1 || 1 |=|-3|which is not
-4 -3 -1J10 1
zero. Good, so we can use it. Therefore
22 (t) = eM (02 + t (A= AD)2?)

-1 -6 -4 0)\(-1
=211 |+¢t]10 7 1|1
0 -4 -3 -1){o0
-1 2
=[] 1 [+¢]-3
0 1
-1+ 2t
=2t 1-3¢
t




14

Now we find the third eigenvector v>. We need to solve

(A=A’ 03 =0 1)
-4 -4 -4
But (A - AI)2 =16 6 6 |from earlier. Hence
-2 -2 =2

-4 -4 -4\(-6 -4 0
A-AD°=]|6 6 6|l10 7 1
2 -2 2)|-4 -3 41

000
=10 0 0
000
1
Therefore v5 is arbitrary as long as (A—Al)>vs # 0. Let us pick v3 = [0|. Checking this
0

-4 -4 -4)\(1 -4
choiceisvalid:[ 6 6 6 [|0|=]| 6 |. Not zero. Good, so we can use it. Therefore
-2 -2 =2J\0 -2

2
x3(t) = eM (713 +t(A-ADv3 + 5 (A - AI)? 03)

1 —6—401t2—4—4—41
=e|lol+t[10 7 1 o+56 6 6|0
0 -4 -3 -1)\0 -2 -2 =2Jlo
1 -6 2 -4
=e*|[o[+¢[10 5|6
0 -4 -2
1 -6t — 22
=e%| 10t + 32
—4f — 12




15

Therefore the general solution is

x (1) = cpat () + cx? (t) + 323 (t)

2 -1+ 2t 1-6t-2t
=c16? | <3|+ cpe?t | 1 -3t |+ c3e?| 10t + 312
1 t —4t - 12

e (261 +¢ (-1 +26) + ¢ (1 - 6 ~ 262))
=| e (<3c; + ¢ (1 -31) + ¢ (10t + 382))
&2 (cy + tey + 03 (~4t - 12))

Now we find ¢; from initial conditions. At t =0

2 2 -1 1
1|=c1|-3][+c]| 1 [+c3]0
-1 1 1 0
2c1 — ¢y + 3
=| -3c;+0
€1

3 1 0lle|=]1 (2)
1 0 ofleg) (41

From last row, ¢; = —1. From second row —3¢; + ¢, =1, hence c; =1 -3 = -2. From first row
2c1 — ¢y +c3 =2, hence c; =2 -2+ 2 = 2. Therefore the general solution becomes

x (t) = cpal () + cx? (F) + 323 ()

2 -1 42t 1—6t-2t2
= - -3|-2e2| 1-3¢t [ +2¢%| 10t + 32
1 t —4f — 2

—2-2(-1+2t)+2(1- 6t - 212

=e¥| 3-2(1-3H+2(10t +382)
—1-2t+2(-4t - 12)

—4t% — 16t + 2

= | 62 + 26t +1

212 —10t -1




16

xp (t) = e (~412 - 16t + 2)
Xy (1) = e (612 + 26t +1)
x3(t) = e (<22 - 10t - 1)

This is a plot of the solutions. The solutions all blow up in time due to positive exponential
terms.

150} x2(1)
100F
50F

e = | ‘I 1 1 1 time
0.2 04 6 0.8 1.0

_50 L

-100F x3(t)

x1(t)

Figure 1: Plot of the solutions above
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