University Course

MATH 121B

Mathematical Tools for the Physical
Sciences

UC BERKELEY
Spring 2004

My Class Notes
Nasser M. Abbasi

Spring 2004






Contents

1 Introduction l
1.1 Abitabout UCBerkeley . .. ... ... ... ... .. ... ... ....
1.2 Textbook . . . . . . . . . e
1.3 Coursedescription . . .. ... ... ... ... .. L.
2 Study notes c]
2.1 cheatsheets . . . .. . . . . . ... 4
3 Exams
3.1 Firstexam . . . . . . . ... e 1o
32 Secondexam . . . . . . ... e 11
33 Finalexam . . . . . . . . . e 12
4 HWs 5]
41 HW T . . 16|
42 HW 2 . 31l
43 HW3 . . e e
44 HW 4 . . S0
45 HWDS . [107]
4.6 HW 6 . . . e 123
4.7 HW 7 . e [151]
4.8 HW 8 . . . 189
49 HWO . . . e 216l
410 HW 10 . . . . 241]
411 HW 11 . . . e 258
412 HW 12 . . e 268

iii



Contents CONTENTS

iv



Chapter 1

Introduction

Local contents
1.1 Abitabout UCBerkeley . ... ... ... ... ... . ... ... . ... ...

1.2 Textbook

1.3 Coursedescription . . ... .. ... ... ... .. ... .



1.1. A bit about UC Berkeley CHAPTER 1. INTRODUCTION

This is my web page for course MATH 121 B, Mathematical methods in physical sciences,
that I took in spring 2004 at UC Berkeley.

Instructor: Prof. Richard E. Borcherds UC Berkeley Math department. Personal Home-
page |http://math.berkeley.edu/ reb/|

1.1 A bit about UC Berkeley

This below is a picture of Evans hall. It is a big tall building full of very smart people.
The math department is on the 9th floor. The course was in room 3, which is on the
ground floor on Evans hall

1.2 Textbook

MATHEMATICAL METHODS IN PHYSICAL SCI, BOAS. 2nd edition chapters 11, 12,
13, and 16

Textbook was Mary Boas, second edition. This seems to be the standard book for these
type of course are most universities, at least the ones I know about. It is a good book,
but more detailed examples would have been nice. So another book such as the problem
solvers type books might be useful to have.
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1.3 Course description

Spring 2004 (January-May 2004) Course description: Functions of a complex variable,
Fourier series, finite-dimensional linear systems. Infinite-dimensional linear systems,
orthogonal expansions, special functions, partial differential equations arising in math-
ematical physics. Intended for students in the physical sciences who are not planning
to take more advanced mathematics courses.

Units: 4


http://math.berkeley.edu/~reb/
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2.1 cheat sheets
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3.1. First exam CHAPTER 3. EXAMS

3.1 First exam

3.1.1 Questions

Math 121B midterm,Thursday 2004 Feb 19, 9:30-11:00am.

Please make sure that your name is on everything you hand in.
You are allowed calculators and 1 page of notes.
All questions have about the same number of marks.

f°° y2dy
o (1+y)8

as a beta function, hence in terms of gamma functions, and use this
to evaluate it explicitly. (Hint: put z = y/(1 + y) in the definition

B(p,q) = [y 2*~1(1 —2)*" dz = T(p)T(q)/T(p + q).)

1. Express the integral

2. Use Stirling’s formula n! = n™e~"+/27n to evaluate

i Zn)tvn

n—co 227 (nl)2’

3. Find the general solution of
(2 + 1)y — 22y’ + 2y =0
by writing y as a power series ag + a1z + asz? + azz® + - - - in z.

4. Find the best (in the least squares sense) second-degree polynomial
approximation ag + a;x + asz? to the function z* for —1 < z < 1.
(The first few Legendre polynomials are Py(z) = 1, P (z) = z, Py (z) =
(3z2 —1)/2, Ps(z) = (52 — 32)/2, Py(x) = (35z* — 3022 + 3)/8.)

5. Find Ps(0) from Rodrigues’ formula

1 d

e 2 l
= ga® — U

Py (z)

Figure 3.1: Questions
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3.2. Second exam CHAPTER 3. EXAMS

3.2 Second exam

3.2.1 Questions

Math 121B midterm, 2004 April 1.

Please make sure that your name is on everything you hand in. ¥
You are allowed calculators and 1 page of notes.
All questions have about the same number of marks. =

1. Solve the following differential equation by the method of Frobenius
(generalized power series):

22y — 6y = 0.

2. Express E%Jo(a:) in terms of Ji(z), using the definition

‘d 0., ey x/2)2ntp
I\ = Jp($)=2%—.

,/ - n=0
v 3. Use the relation
x h”
s exp(2xzh — h2 = Z

to calculate the Hermite polynomials Hy, Hy, Ho, and Hs. What is the
coefficient of 2" of H,(z)?

4. The Laguerre differential equation is
2y’ + (1 —x)y +py=0.
Find the polynomial solution L,(z) with constant term 1 for p = 3.

¥ 5. A bar of length 7 with insulated sides is initially at a temperature of
1. Starting at time ¢ = 0, the ends are held at a temperature of 0.
Find the temperature distribution T'(z,t) in the bar at time ¢. The
temperature 1" satisfies the heat equation

or_or
ot~ ax2’

Figure 3.2: Questions
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3.3. Final exam CHAPTER 3. EXAMS

3.3 Final exam

3.3.1 Questions

Math 121B Final 2004 May 18 8:00-11:00am .

Please make sure that vour name is on evervthing you hand in.
You are allowed ecaleulators and 1 sheet of notes.
All questions have about the same number of marks.

1. Evaluate - .
\, -/ .1‘“3?_1' dx.
0

(Hint: put y = 2%}

L/2, If jz| = ¥, erF(x) for |z] < 1 is the expansion of [z] as a Legendre
ﬂkl series, then find the coefficients o for'1_= 0,1,2. B

3. Evaluate
I'in+1/2)

o dm =T

4. By repeated integration by parts, find the first 3 terms of the asymp-
Ky totic series for

Voo f”" " =le .
x

S

AA. Find a nonzero solution of the following differential equation:

3. ol = 1%y" = 2p.
\l
— . A vibrating string of length 7 whose displacement y satisfics the equa-
Lion )
% Py_oy
h dat T o % akx)

has the initial conditions gl 0) = 2sinx) cos{r) and has zero initial
velocity, Find gyl t) for all e (D € e < @) and all £ = 0,

/ 7. What is the probability that a randomn integer n, 1 < n < 999, is
divisible by both 6 and 107 What is the probability that it is divisible

\ b 6 given that i s divisible v 107

Figure 3.3: Questions page 1
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3.3. Final exam CHAPTER 3. EXAMS

\ N
8. In a family of 3 children, what is the probability that all three are girls -
! given that at least two are girls? What is the probability that all three
are girls given that the oldest two are girls?
e

bt c4d=20
L:i (13

How many solutions are there to the equation

where a, b, ¢, d are non-negative integers?

.~ 10. If there are an average of two misprints per page of a long book, what
\ is the chance that a given page has no misprints? What is the chance
7 that a given page has at least two misprints?

— &

Figure 3.4: Questions page 2
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®

this is a plot of sn function using mathematica, along with the sin function to compare the
two.

Plot[{JacobiSN[x, .5%], Sin[x]}, {x, 0, 2Pi},
PlotStyle - {Dashing [{0.05, 0.05}], Dashing [{0.01, 0.01}]}]
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4.8.1 Chapter 13, problem 2.1 Mary Boas book. Second edition

Find the steady-state temperature distribution for the semi-infinite plate problem if the
temp at the bottom edge is T = f(x) = x (in degrees; that is the temp at x cm is x degrees).
The temperature of the others sides is zero degrees and the width of the plate is 10 cm.

A

Y-axis
T=0
T=0 T=0
¢ P
w=10 cm
p  X-axis
T=f(x)

Semi-infinite plate

Solution

Since we are looking for a steady state heat distribution, which means there is no heat
source, then we use Laplace PDE to represent the problem. We need to solve the follow-
ing PDE

For a 2D problem as the above, we start by assuming that the solution T(x, y) is of the
form T(x,y) = X(x)Y(y). We now substitute this assumed solution into the Laplace PDE
and obtain

X"Y+Y'X =0

dividing by XY gives

1X”+Y”1 =0
X Y

1 1
X =YV = _kZ
X Y

Since the left hand side in the above equation depends only on the independent variable
x while the right hand side depends only on the independent variable y, and both sides
are equal to each others, then each side must be equal to the same constant. This is called
the separation of variables approach. Assuming this constant is —k? for k > 0 we obtain
two ODE's to solve for X and Y
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X" +k2X =0
and
Y” - kKXY =0

To solve the X ODE, we assume the solution is X = Ae™, for some constants A, m and
substitute this in the ODE to obtain m2Ae™ + k2 Ae™ = 0, or m2 + k% = 0. This is the
characteristic equation whose solution is m = +ik, hence X = Ae*~,

A general solution is found by adding all the individual solutions, hence X = Ae** +

, , . eikx 4 p=ikx
Aekx = A(e’kx + e‘lkx). But cos(kx) = T hence X = 2A cos(kx) = cos(kx) by taking
constant 2A =1.

Another general solution can be obtained by taking the difference of the individual

. . . . ikx_ —ikx
solutions, hence, X = Aek* — Ae kx = A(elkx - e‘lkx). But sinkx = - 2: , hence
- . . . . 1d°X
X = 2iAsinkx = sin(kx) by taking 2iA = 1. Therefore solutions to - — = —k? are

X1(x) = cos(kx)
X5(x) = sin(kx)

Now we solve Y” — kY = 0. Assuming solution is Y = Ae™ hence the characteristic
equation is m?Ae™ — k> Ae™ = 0, or m? — k? = 0, hence m = +k, then Y = Ae**¥ , and let
A=1then Y=e®orY =¢"

Since T(x, y) = X(x)Y(y), then the T solution is a combination of all the above solutions.

T(x,y) :{ sin kx { kv

cos kx e—ky

Now we use the boundary conditions on the plate to find which of the above 4 solutions
is the correct solution.

Since this is a semi-infinite plate, then as y — oo, T(x, y) — 0, this means et solution
must be rejected since they have the positive power of y on the exponential function.
(since k > 0). Therefore we now have

. (x ) | sinkx e kv
& coskx e™kv

Looking now at the left boundary condition where we want T = 0 for x = 0, this means
that solution cos kx e™®¥ must be rejected since it is not zero at x = 0.

So, only solution left is
T(x, y) = sinkx e

And we have two boundary conditions to satisfy yet, the right hand side, and the bottom
side.

At the right side, where x = w = 10 cm, we need T = 0, hence this can be achieved by
having sin10k = 0 or 10k = nm, or k = % forn=1,2,3, - So the solution now looks like

nrm o\ _n¢
T(x,y) = sin(ﬁx)e 0 n=1,23,--

We have the last boundary condition to satisfy, which is the bottom side. On that side
we have T = f(x) = x at y = 0 hence if we let y = 0 in the above the solution becomes

T( 0)_ . (Tlﬂ)
x,0) = x = sin 1Ox
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Th1s solution is not satisfied for any 7. for example, for x = 5, n = 1, we have sm( . 05) =
sin E =1+5

Hence we need to find another method to find this boundary condition. Since a sum of
scaled solutions is also a solution (this is a linear system), then we write

— _nm nm
T(x,vy) = E b, e 10Ysj (_ )
(x y) 2 . € sin| 75 X
Now we try to find b,, when y = 0. This is the Fourier series expansion for f(x).

Since sin functions are orthogonal to each others, i.e. £w sinax sinbx dx =0a # b,the
above can be written as

wonm nn -
fo sm(ﬁx) f(x)dx = 0 sin Ex) leb sm ))dx
& 10 nmn mn
Z bmf sin E )sm(—x)dx

m=1
10

”f sin ( X sm(—x)dx
0

Since all terms vanish expect when m = n then

KO sm( ) f(x) dx
" £10 smz( ) dx
£10 sm(?g ) x dx

B fosmz( )dx

Il
S

But L sm )dx = 5forn # 0. Hence b, = - L x)dx. integration by parts.
fudvdx = uv — fv dx. Letu = x, dv = sm(1 ) then —=1,0v= %cos(%x). Hence
(using w = 10)

b, [ w nm \T? W —w nrm

- =|x— cos(—x) - — cos(—x) dx

2 L nn w 0 N7 w

w

. w
—w? w1 nm
= [——cos(nm) - 0|+ —| 7 sin —x
nm nm| = w
| - 0
2

wlw
+ —|—sinnmt -0
| nm nnlnmn

2 2

+
122

sin nnl
w? (-1 1
= —| — cos(nn) + ——sinnn
nw\n nem
Hence

-1 1
b, =2— (— cos(nm) + p sin nn)
n n

Since 7 is an integer, all the sin nm terms vanish

-1
b, = 29(— cos(nn))
i\ n

Since w = 10 then
192



4.8. HW 8 CHAPTER 4. HWS

20(-1
b, = —(— cos(nn))
T
Then
20(-1 20(-1 20/-1
=—|—D|, —[=—0D)|, —|—= (D)}, ---
b= 270} 2 (F0) 25 )
b 20 20(-1) 20(+1
"Tonm w\2) w\3)
_20 _1n+1
T n
Hence

T(x,y) = gbn e Y sin(%x)

o [ 1 nn
T(X, y) -2 E( - )e_ﬁy sin(rll—gx)

Tt =1 n

Here is a plot of the solution for n up to 70.

LO = 2; a= .2;

TO[x_, t_, m_] := 100 - 400/Pi Sum[(-1)"n/(2 n + 1)

Exp[-(a (2 n + 1)/2 Pi/L0)"2 t] Cos[(2 n + 1)/2 Pi/LO x], {n, O, m, 1}];
p = Plot3D[TO[x, t, 50], {x, 0, LO}, {t, 0, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]

4.8.2 Chapter 13, problem 2.2 Mary Boas book. second edition

Find the steady-state temperature distribution for the semi-infinite plate with bottom
edge of 20 cm if the temp at the bottom edge temp. is held at

— 0 0<x<10
100 10 <x <20

The others sides at zero degrees.
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Y-axis A
T=0
T=0 T=0
-t > >
10 cm 10 cm
»  X-axis
T=0 T=100

Semi-infinite plate

solution To solve this, I will follow the same steps as in 2.1, until I get to the step of
trying to fit to the bottom edge conditions into the solution, and then I will use f(x) as
a step function:

0 0<x<10
f) =
100 10 <x <20

Hence, as shown in problem 2.1, the candidate solutions for T(x, y) are

sin kx kv
T ( ) sinkx e*v

x,y) =
cos kx kv

coskx e kv

Now we use the boundary conditions on the plate to find which of the above 4 solutions
is the correct solution. We know by the uniqueness theorem of ODE solution that there
will be one solution only out of the above 4, and by the existence theorem, that a solution
will exist.

Since this is a semi-infinite plate, then as y — oo, T(x, y) — 0, this means sin(kx)e

and cos(kx)e" solution must be rejected since they have the positive power of y on the
exponential function. (since k > 0)

Looking now at the left boundary condition where we want T = 0 for x = 0, this means
that solution cos(kx)e™ ¥ must be rejected since it is not zero at x = 0.

So, only solution left is sin(kx)e™® and we have 2 boundary conditions to satisfy yet, the
right hand side, and the bottom side.

At the right side, where x = w = 20 cm, we need T = 0, hence this can be achieved by
having kw = nm, or k = % forn=1,2,3,--

so the solution now looks like

T(x, y) = Sin(%x) e_%y n=1,23,-
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Now we have the last boundary condition to satisfy, Since a sum of scaled solutions is
also a solution (this is a linear system), then we write

nrt
X
w

( ) Zb e_w sm(

And now we try to find b, wheny = 0

This is the Fourier series expansion for f(x).

Since sin functions are orthogonal to each others, i.e. £w sinax sin(bx) dx =0 fora # b

o)

w

then the above can be written as

j(;w sin(%x) f(x)dx

(&)

3 b, sm(%x))dx

m=1
o (nm mm
sin| —x | sin| —x |dx
0 w w
w nm nrt
sin| —x | sin| —x | dx
w w

2]

Since all terms vanish expect when m = 1, hence

) :£ sm( )f(x)dx
! £ smz( ) dx

K} sin(n—nx) x dx

- gwsmz( )dx

(”—nx) dx = 2 forn # 0 Hence
v 2

= %j;wf(x) sin(%zx) dx

But Ku sin?

2
20

But f(x) =0for0 < x <10,

2
b, =
20
200

" 20

20

=10

10

2007

200

nrt

_-200]
B nrt L

{ 010 f(x) sin(%x) dx +

10 n
—{f 0 sin(—x) dx +
0 20

: f(x) sin(%x) dx}

10

and f(x) =100 for 10 < x < 20 therefore

20 .
100 sin(—x) dx}

10 20
nm

20
in(—x| d
; sm( 0 x) x

sin(n—nx) dx
20

nm 20
CcOos EX]

nmn
cos —20

02V~ CcoS —10]

COS N7t — COS 7]

Looking at few n values starting from n =1
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-200 ] —200 -200 3| -200
b, = [cos T — COS — |, [cos2m — cos 7], cos 31 — cos — |, [cos4m — cos2m],
21 27n 2 4Tt
-200 57| =200 -200 7r | =200
cos5m —cos — |, [cos 67t — cos 3], cos 77 — cos — |, [cos 87t — cos 4]
2 671 2 871
-200 -200 -200 -200 -200 -200
by=——[-1-0, —N0-(-D], —[-1-0, —[1 -1, —[-1-0], —[1 - (-1)],
T 2m 31 41t 51 67
—200 -200
—J[-1-0], —[1-1
7 [ ] e [1-1]
—200 -200__. =200 -200_ . =200 -200__. =200 -200
b, = —1, 2, —1, , —1, 2, —1’ PR
p = — 1] 2], T[], (0], —[-1], —[2], = —[-1], 0]

We see a term multiplier is -1,2,-1,0,-1,2,-1,0, ...

When 7 is multiple of 4, this multiplier is zero. when n is odd, the multiplier is -1, and
when n is even (not multiple of 4), this multiplier is 2.

Solution is

T(x,y) = i b, ¢ " sin(Z—gx)

n=1
2001 ~20y . (nm
72;6 20 sm(Ex) nodd,1,3,5,7,...
T(x,y) - —@218_%y sin(n—nx) neven 2,6,10,14,18
n n 20 4 7 7 4 J
0 Otherwise

LO = 2; a= .2;

TO[x_, t_, m_] := 100 - 400/Pi Sum[(-1)"n/(2 n + 1)

Exp[-(a (2 n + 1)/2 Pi/L0)"2 t] Cos[(2 n + 1)/2 Pi/LO x], {n, 0, m, 13}]1;
p = Plot3D[TO[x, t, 50], {x, 0, LO}, {t, O, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]

100

4.8.3 Chapter 13, problem 2.3 Mary Boas book. second edition

Find the steady-state temperature distribution for the semi-infinite plate problem if the
temp at the bottom edge is T = f(x) = cos(x) ( The temp. of the others sides is zero
degrees, and the width of the plate is = cm.
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Y-axis A
T=0
T=0 T=0
-
w=Pl cm
»  X-axis
T= COS(x)

Semi-infinite plate

Solution

This problem is similar to problem 2.1, but for a different boundary function at the
bottom edge.

As shown in problem 2.1, T(x, y) is given by one of these solutions:

sin kx etV

. (x, y) _ ] sin kx e~ky

cos kx ekv

coskx e kv

Now we use the boundary conditions on the plate to find which of the above 4 solutions
is the correct solution. We know by the uniqueness theorem of ODE solution that there
will be one solution only out of the above 4, and by the existence theorem, that a solution
will exist.

Since this is a semi-infinite plate, then as y — oo, T(x, y) — 0, this means sin kx ¢/

and cos kx ek¥ solution must be rejected since they have the positive power of y on the
exponential function. (since k > 0)

Looking now at the left boundary condition where we want T = 0 for x = 0, this means
that solution cos kx e™* must be rejected since it is not zero at x = 0.

Only solution left is sin kx e™® and we have 2 boundary conditions to satisfy yet, the
right hand side, and the bottom side.

At the right side, where x = w = m cm, we need T = 0, hence this can be achieved by
having km = nm,ork=nforn=1,2,3,---

so the solution now looks like

T(x, y) =sin(nx)e™ n=1,23,-
Now we have the last boundary condition to satisfy, which is the bottom side. On that
side we have T = f(x) = cos(x) at y = 0 hence if we let y = 0 in the above the solution

becomes
T(x, y) = cos(x) = sin(nx)
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This solution is not satisfied for any 7.

Hence we need to find another method to find this boundary condition. Since a sum of
scaled solutions is also a solution (this is a linear system), then we write

T(x, y) = i b, e sin(nx)
n=1

Now we try to find b, wheny =0,ie.aty =0

T(x,y) = f(x) = cos(x) = f} b, sin(nx)
n=1

This is the Fourier series expansion for f(x). Since sin functions are orthogonal to each
others, i.e. £n sinax sinbx dx = 0a # b,the above can be written as (taking inner
product of RHS and LHS w.r.t. sin(nx)) :

cos(x) = i b,, sin(nx)

n=1

f i sin(nx) f(x) dx = f i sin(nx)( i b,, sin(mx))dx
0 0 m=1
f i sin(nx) cos(x) dx = Z b,, f ’ sin(nx) sin(mx)dx
0 m=1 0

f i sin(nx) cos(x) dx = b, f i sin(nx) sin(nx) dx
0 0

Where on the RHS we simplified it since all terms vanish expect when m = n. The above
now becomes

f sin(nx) cos(x) dx = b, f sin®(nx) dx
0 0

f sin(nx) cos(x) dx = bnz
0 2

2 T
b, =— f sin(nx) cos(x) dx
TTJ0

2 n(1 + cos(nmn))

T n2-1

Looking at few values of n = 2,3, 4, ... (not defined for n=1).

2 2(1 +cos(2m)) 2 3(1 +cos(3m)) 2 4(1 + cos(4m))

b, =— ,— ,—
e 3 e 8 e 15
2 2(2) 2 4(2)

b,= - —,0,— —,0,...

" m 3 n 8
4 n
= - = for even n

T N —

Since

T(x, y) = i b, e sin(nx)

n=1
Then the final solution is

198



4.8. HW 8 CHAPTER 4. HWS

T(x, y) = é i nzn_ 7 e " sin(nx)

Tt n=even

LO = 2; a= .2;

TO[x_, t_, m_] := 100 - 400/Pi Sum[(-1)"n/(2 n + 1)

Exp[-(a (2 n + 1)/2 Pi/L0)"2 t] Cos[(2 n + 1)/2 Pi/L0O x], {n, 0, m, 1}];
p = Plot3D[TO[x, t, 50], {x, 0, LO}, {t, O, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]

4.8.4 Chapter 13, problem 2.7 Mary Boas book. second edition.

Find the steady-state temperature distribution of the following plate, height=1. Temp at

the bottom edge is T = cos(x) ( The temp. of the others sides is zero degree and width
of the plate is 7 cm.

Y-axis
A
T=0
T=0
A 10
R
w=Pl cm H=1
y »  X-axis
T= COS(x)

Solution As shown in problem 2.1, T(x, y) is given by one of these solutions:

sin kx kv

. ( ) sinkx e kv
x,y) =
/ cos kx ekv

coskx ekv
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Now we use the boundary conditions on the plate to find which of the above 4 solutions
is the correct solution. We know by the uniqueness theorem of ODE solution that there
will be one solution only out of the above 4, and by the existence theorem, that a solution
will exist.

Here we can not reject the 2 candidate solutions sin kx ¢ and cos kx eV as we did for
the semi-infinite plate cases because as y — 1, these solutions do not blow up.

But to use one of them , looking at T(x, y) = sinkx ¢, then at y =1, where we require
T =0, we get 0 = sinkx , and this means we must have k = nn for integer n. but this
means that T = 0 everywhere in the plate and on the other boundaries, which is not
correct.

Similarly if we try to fit cos(kx)e™.

One way to avoid this problem is to use a linear combination of the exponential ae™ +
1 1 . .
bek¥ and now we try to find 4, b. If we choose a = Eehk, b= —Ee‘hk, where h is the height

of the plate, we get

1 ek oKy _ % eIk oky — % Khy) _ le—k(h—y)

To verify, We want %ek(h_y ) _ %e_k(h‘y) = 0 when y = h, Hence

L k()

lek(h_y )

=0
2

NI =
NI =

The solutions to consider are now

sin kx (%ek(h_y) _ %e‘k(h—y))

T(x,y) = o (%ek(h_y) ) %e—k(h—y))

The initial 4 candidate solutions are now 2 candidate solutions since we have combined
a combination of two solutions together.

Looking now at the left boundary condition where we want T = 0 for x = 0, this means

1 k(h-y) 1 —k(h— ,
the second candidate solution above which is cos kx (Eek(h v) 5e K-y )) must be rejected

since it is not zero at x = 0 for any y.

Only solution left is sin kx %ek(h_y) — %e‘k(h_y) . Write %ek(h ) %e_k(h ) = sinh k(h — y)

then the final candidate solution which we want to fit on the remaining boundary con-
ditions can be written as

T(x,y) = sinh k(h — y) sin(kx)

We have 2 boundary conditions to satisfy yet, the right hand side, and the bottom side.
At the right side, where x = w = micm, we need

T=0= sinhk(h —y) sinkmt

hence this can be achieved by having krt = nm, ork =nforn =1,2,3,--- So the solution
now looks like
T(x,y) = sinhn(h - y)sin(nx) n=1,2,3,---

Now we have the last boundary condition to satisty, which is the bottom side. On that
side we have T = f(x) = cos(x) at y = 0 hence if we let y = 0 in the above the solution
becomes
T(x,y) = cos(x) = sinh(n(h)) sin(nx)
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This solution is not satisfied for any n. We need to find another method to find this
boundary condition. Since a sum of scaled solutions is also a solution (this is a linear
system), then we write

T(x,y) = i b, sinh(n(h — y)) sin(nx)

n=1

And now we try to find b, wheny =0,ie.aty =0

T(x,y) = f(x) = cos(x) = i b, sinh(nh) sin(nx)

n=1

This is the Fourier series expansion for f(x). Since sin functions are orthogonal to each
others, i.e.

7T
f sin(ax) sin(bx)dx =0 a #b
0

The above can be written as (taking inner product of RHS and LHS w.r.t. sinnx) :

cos(x) = i b,, sinh(mh) sin(mx)

m=1

f i sin(nx) f(x)dx = f ' sin(nx)(i b,, sinh(mh) sin(mx) |dx
0 0 m=1
f i sin(nx) cos(x) dx = Z b, f i sin(nx) sinh(mh) sin(mx)dx
0 m=1 0

f i sin(nx) cos(x) dx = b, f i sin(nx) sinh(nh) sin(nx) dx
0 0

Where on the RHS we simplified it since all terms vanish expect when m = n. Above
now becomes

7T

f sin(nx) cos(x) dx = b, f sinh(nh) sin®(nx) dx
0 0

f sin(nx) cos(x) dx = sinh(ny) b, f sin?(nx) dx
0 0

- gbn sinh(1h)

2 1 n

n=—— D j(; sin(nx) cos(x) dx
21 n(l + cos(nmn))
 msinh(nh) n? -1

Looking at few values of n = 2,3, 4, ... (not defined for n=1).

b= E 1 2(1+ cos(2m)) 3 1 3(1 + cos(3m)) 1 E 4(1 + cos(4n))
" 1 sinh(h) 3 "1 sinh(2h) 8 " sinh(2h) 15
b 2 1 22 1 2402 0
" msinh(h) 3 'sinh@Bh)w 8 7
4 1 n
= Snh(in -1 ‘orevenn
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Since

T(x, y) = i b, sinh(n(h - y)) sin(nx)

n=1
The final solution becomes
4 1 |
T(x, y) == Z S =1 smh(n(h - y)) sin(nx)

n=even

LO = 2; a=.2;

TO[x_, t_, m_] := 100 - 400/Pi Sum[(-1)"n/(2 n + 1)

Exp[-(a (2 n + 1)/2 Pi/L0)"2 t] Cos[(2 n + 1)/2 Pi/LO x], {n, O, m, 1}];
p = Plot3D[TO[x, t, 50], {x, 0, LO}, {t, O, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]

4.8.5 Chapter 13, problem 3.2 Mary Boas book. second edition

A bar length L=10 cm with insulated sides is initially at 100 degrees. starting at t=0, the
ends are held at zero degree. Find the temperature distribution in the bar at time ¢.

At t=0 At t>0
Y-axis

A

Insulated boundaries Insulated boundaries

L=10 cm B _
Temp=0 L=10cm Temp=ZERO
temp=100 -— —
Heat flow in x-direction

> X-axis »  X-axis

Solution

This is a heat distribution problem governed by the diffusion or heat equation

1 du(x,t)
V2u(x,t) = PR

This is for a one spatial dimension.

To solve this PDE, assume the solution is
u(x,t) = F(x)T(t)

Where F(x) is a function of the spatial x independent variable, and T(t) is a function of
the time ¢.
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Solving using separation of variable as with the Laplace equation. By substituting in
the original PDE, we get

1d’F 1 1dT
Fdx> ~ o?T dt
Since RHS and LHS are both equal, and each is a function of a different independent

variable, then both must be equal to a constant. Let this constant be —k2. hence we get 2
ODE equations to solve

L&F
F dx?
1147
T a2 dt
11410 _ 42
To solve T k=,
1dT
- - 2k2
T~ ¢

1
?dT = —a?k? dt

1
f —dT = f — o212 dt
InT = —a?k?t
T = e—azkzt

dF d2F 2

14%F o _ - -
To solve el —k?. Assume solution is F(x) = ™" thena = —me "%, - = moe X, Sub-
stituting in the ODE gives m?e™"* = —¢™™ k? or m®> = —k?, m = =ik, so F(x) = ¢”** or

F(x) = ¢**. By adding or subtracting these solutions we get a general solution that is
either cos kx or sin kx.

hence

So

u(x,t) = F(x)T(t)

2,
e~k gin kx

u(x, t) =

_ 212
e~k cos kx

Now we have 2 candidate solutions. Since these are solutions for t > 0, we need to find
the conditions that u = 0atx =0and x = L.

Since at x = 0, u = 0, then we can not use the cos kx, solution because that will not go to
zero at x = 0.

So we are left with the solution

—a2k2t

u(x,t)=e sin kx

Now apply the second boundary condition, whichis x = L, u = 0.
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This means 0 = =% gin kL, then kL. = nmt or K = % forn =1,2,3,...S0 our solution
now looks like

z(ﬂ)z nm

u(x,t)=e* "sin Tx n=1,2,3,..

Since a scaled sum of these solutions is a solution, then the general solution is

u(x,t) = ibn (T e sin Ly (1)

Now we need to find the b,

For this we use the initial conditions, i.e. for t = 0. Then we had the sides at u = 100, and
since no time was involved then (this is the initial steady state), the governing PDE is
the Laplace equation with only the x spatial coordinate.

V2uy(x) = 0, a solution to this is ug(x) = ax + b. when x = 0, 1y = 100, hence 100 = b.
When x = L, u =100, hence 100 = La + b, or La = 100 — 100 = 0. hence a = 0.

Hence at t = 0,1y = 100. So now from equation (1) above, we write
u(x,0) = ug(x) =100 = Zb sin —x

Taking the inner product of the LHS and RHS w.r.t. sin % over [0, L] gives

L . onm L{& mmn nmn
f 100 sin Tx dx :f (me sin Tx) sin Tx dx

Oml

100f sin —x dx = Zb f sin Tnx sin nfnxdx

L
100f sin —x dx =b, f sin? nnx dx

L nmx - L
-100|—cos—| =b, =
nmn L N 2
100 L b L
— PR nmw— —|= —
cos T - "y
100L L
= 1M=b, =
- [cosnt—-1] =D, >
200
b, = ——— [cosnmt —1]
nm
Looking at few valuesof n =1,2,3,4,..., b, = —% [cosnm —1]
200 200 200 200
b, = ——[cosmt—1],——— [cos2m —1],——— [cos 31t — 1], ——— [cos4mt — 1], ..
i 21 3n 4Tt
200 200 200 200
bn=——[ -1-1], ——[1 1], ———[-1-1], ——[1 1],.
3n
400 400
bn = /O/ A~ /0/
T 3m
Hence 1400
b,=——— foroddn
nom

From equation (1) above we had
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. _a2(")? n
u(x,t) = Ebn e (T) tsin Tnx
n=1

Hence

2

400 & _2("T
u(x,t) = — Z (T) tsin(%x)
odd n

Q-

LO = 2; a= .2;

TO[x_, t_, m_] := 100 - 400/Pi Sum[(-1)"n/(2 n + 1)

Exp[-(a (2 n + 1)/2 Pi/L0)"2 t] Cos[(2 n + 1)/2 Pi/LO x], {n, 0, m, 13}]1;
p = Plot3D[TO[x, t, 50], {x, 0, LO}, {t, O, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]

4.8.6 Chapter 13, problem 3.3 Mary Boas book. second edition

In the initial state of an infinite slab of thickness L, the face x=0 is at zero degrees, and
the face at x = [ is at 100 degrees. from t = 0 on, the face at x = 0 is held at 100 degrees,
and the face at x = L at zero degrees. find the temp. distribution at time .

At t=0 At t>0
Y-axis
A A
Lcm temp= temp4] h L cm - Temp=ZERO
temp= temp=100 100 100 | «— —
0 Heat flow in x-direction
> X-axis »  X-axis
Solution

This is a heat distribution problem governed by the diffusion or heat equation

1 du(x,t)
Vu(x, t) = PR

This problem is similar to problem 2.2, where an infinite slab is considered the same as
a slab with 2 insulated sides. Similar to problem 3.2, we get the following 2 candidate
solutions to the above PDE
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—a2k?t

e sin kx

u(x,t) =
’ e—azkzt

cos kx
Since these are solutions for ¢ > 0, we need to find the conditions that u =100 atx =0
andu =0atx=L.

—a2k?t

discard the cos kx solution because at x = 0 we want u = 100, which meanse coskx =

e_”‘zkzt = 100 which is not generally true for all £.

2k . 1. 22, .
So the second solution is e %t sin kx, which is 0 at x = L, hence e **tsinkL = 0, i.e.

kL =nmork= % So we start with the solution

_a2(1? nm
u(x,t)= e (T) tsinfx

To make this solution fit at x = 0, we need to have 100 = ¢~**t

at x = 0, hence to compensate, we start with the solution

. nrt . .
sin —x. but sin(x) is zero

nm\2
u(x,t) = 100 - e_(af) 'sin nTnx

This solution gives 100 when x = 0.

But now we need to check it again for x = L, we see it gives u = 100 which is not correct.

100 S e
So need to subtract the term X (which is found below for the initial steady state).
Now we have the candidate solution

100 _(ymmy?
u(x, t) = 100—Tx+e (O‘L)tsinnfnx (1)

To verify: at x = 0, this given u = 100, and at x = L, this gives u(x,t) = 100 - %L =0,

which is what we want.

Since a scaled sum of these solutions is a solution, then the general solution is

100 — (o)
u(x,t) =100 — <X+ Mbae (@T) t gin %x (2)

n=1

Now we need to find the b,,. For this we use the initial conditions, i.e. for t = 0.

The sides x = 0 is at u = 0, and since no time was involved then (this is the initial steady
state), the governing PDE is the Laplace equation with only the x spatial coordinate.
V2uy(x) = 0, a solution to this is ug(x) = ax + b. when x = 0, uy = 0, hence 0 = b.

When x =L, u =100, hence 100 = La + 0, or a = ?.Hencze att =0

100
Uy = TX

So now from equation (2) above, we write

100 100 — . nm
u(x,0) = ug(x) = Tx =100 - Tx + nz::lbn sin Tx

100 100 —

I x =100 — T x+n§=:1bn sin%x
200 — . nm
Tx —-100 = an sin Tx
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Take the inner product of the LHS and RHS w.r.t. sin %x over [0, L], we get

L(200 L
j(; (Tx—lOO) sin nTnx dx :j(; (mz::lbm sin %x) sin nfx dx

100[(——1)51n—xdx Zb f sanx sm%xdx

100 —Lnm(1l + cos(r;n)z) + 2L sin(nm) b fL i mnx .
n=Tt 0
100L —nn(l + cos(zn)z) + 2 sin(nmn) b, L
nem 2
b, = 200 (—rm(l + cos(r;n)z) +2 sin(nn))
nem

so looking at few values of n =1,2,3,4, .... Hence b, = 200 (

—nmn(l+cos(nm))+2 sin(nm)
n2n2

-7(1-1)+0 21 +1)+0 -3n(1-1)+0
b, = 200 (—nz ) 200( prm ,200 —z )
—4n(1+1)+0 —5n(1-1)+0
R R e R
—47 87
b, = 200 (0), 200(4 )200 (0), 200(16 )200 (0)...,
b, =0, 4001 0, 4001 )0,
B 271 4m
1
b, = —400 —
nrt
Hence
1
b, = -400— n=2,4,6,..
nrt

From equation (2) above we had

100 nm\2
u(x, t)-lOO—Tx+ Zb e aL)tsinnTnx

n=1

Hence

100 1 2,
u(x,t) =100 - —x + Z —400 — T tgin 7y
L n even nr L
100 400 (a"_ﬂ)zt . nm
— _ —_— — L —_—
u(x, t) =100 Lx - Z ne smLx

n even

LO =2; a= .2;

TO[x_ , t , m_] := 100 - 400/Pi Sum[(-1)"n/(2 n + 1)

Exp[-(a (2 n + 1)/2 Pi/L0)"2 t] Cos[(2 n + 1)/2 Pi/LO x], {n, O, m, 1}];
p = Plot3D[TO[x, t, 50], {x, 0, LO}, {t, O, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]
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4.8.7 Chapter 13, problem 3.7. Mary Boas book. second edition

A bar of length L with insulated sides has its ends also insulated from time t = 0.
Initially the temp. is u = x, where is x is the distance from one end. Determine the temp.
distribution inside the bar at time ¢.

At t=0 At t>0
Y-axis Y-axis
A A
) Lem O remp- = Lem >
= du/dx=0
Tergp L o du/dx=0
X-axis iaxis
Initial temp.

distribution is u=x

Solution

In this problem, since all 4 sides are insulated, there will be no heat loss. Hence given
the initial amount of heat inside the bar, we should obtain a solution that keeps this
amount of heat the same. The solution should give a heat distribution at ¢ large, such
that it will be equally distributed over the length of the bar.

Since the two end sides are insulated, this is a Neumann type problem, so at t > 0 we
will use o 0 atbothends (x =0,x =L)

Ix
This is a heat distribution problem governed by the diffusion or heat equation
1 Jdu(x,t)
V2u(x, t) = —

Similar to problem 3.2, we get the following two candidate solutions to the above PDE

22
e~k gin kx
u(x, t) = -

e~k cos kx
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Slnce these are solutions for t > 0 we need to find the conditions that =0atx =0
and a_x = (0 at x = L. The above conditions tells us to discard the sin kx solutlon because

0 . . .
atx =0 o_)—z = Rt cog ky = e~k # 0. So the second solution we are left with is

e=k*t cog(kx)

. . O d d _ .22
Which satisfies = = 0atx = 0. Now at x = L, we also want a_z = 0, hence E Kt cog kx =

dx
nm

—k =¥t sin kL. = 0. For this to be true we need k = 0 or sin kL. = 0,i.e.kL=nmork = T

So there are two solutions to look at, one for k = 0 and one for k = % Looking at the
k = % solution first, we start with the solution
S(mmP N

L) cos—x

u(x, t) = T

Now consider the initial conditions att = 0. Att = 0, when x = L/2, u = L/2. Since we
are told that 1y = x. So from the above, we get

LO B nnL_ nrt
u > = COSs i 2—c:os >

. . . L .
Which is zero for integer n. Hence to force the outcome to be 7, we need to add this
term to the solution above. The solution now looks like

L _(onmy?
u(x, t) = E+€(L) cos%x (1)

Now Since a scaled sum of these solutions is a solution, then the general solution is

u(x, t) = Zb ( T)Z cos nfnx) (2)

Now we need to find the b,,. For this we use the initial conditions, i.e. for t = 0. We are
told that at t = 0, uy = x. From equation (1) above, we write, at time t = 0

Taking the inner product of the LHS and RHS w.r.t. cos %x over [0, L] gives

L n L m n
j;xcosfnx :f(Zb cosTnx)cosTnxdx

0

fL ib fL mm nmn i
X cos —x = COS —X COS —X dx
0 " Jo L L

L2(~1 + cos(nm) + nm sin(nm)) L
=b, cos?

n2m? 0
L2(~1 + cos(nm) + nm sin(nmn)) L
2.2 =bn 5
neT 2

b 2L(-1 + cos(nm) + nm sin(nm))
e

n2m?
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Looking at few valuesof n =1,2,3,4 ...

2L(-1 + cos(nm) + nm sin(nmn))

by = 272
Hence
_ 2L(-1+ cos(mt) + msin(n)) 2L(-1 + cos(27) + 27 sin(27))
bu = n2 ’ 2272 ’
2L(-1 + cos(3m) + 371 sm(?m)) 2L(-1 + cos(4m) + 471 sm(4n))
3272 4272
_ 2L(-1-1) 2L(-1+1) 2L(-1-1) 2L(-1+1)
bu = 2 ' 22g2 7 32p2 7 A2p2 7
_ 2L(-2) 2L(0) 2L(-2) 2L(0)
nT T2 p2p2’ 32n2 M 22l
—4L —4L
=z O O
—4L
" 22
Hence

b,=—— n=135,..

n

From equation (1) above we had

ann)zt nm

L -
u(x,t)= —+e ‘L COS —X
(x, 1) 2 T
_ﬂz nm
:—+ b, L —
» ( cosLx)
odd
2
_ _om_nt nrt
u(x, t) = —+E an () cosfx
odd
Hence
L 4L & (&) nm
uxt———— —
(x, 1) Z cosLx
odd

LO =2; a=.2;

TO[x_, t_, m_] := 100 - 400/Pi Sum[(-1)"n/(2 n + 1)

Exp[-(a (2 n + 1)/2 Pi/L0)"2 t] Cos[(2 n + 1)/2 Pi/LO x], {n, O, m, 1}];
p = Plot3D[TO[x, t, 50], {x, 0, L0}, {t, 0, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]
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Now we need to consider the k = 0 solution we had at the beginning. Starting with

u(x,t) = et cos kx, for k = 0, we have u(x,t) = 1, and as before we want to look for a

general solution as u,(x,t) = X b, u(x,t), which is now will be
n=1

ug(x, ) = )by
n=1
To find b,,, as before we use the conditions at t = 0, which is u(x, 0) = x. Therefore

u(x,0)=x = Ebn
n=1

Therefore )} b, = x. The general solution in this case is given by
n=1

ug(x, ) = Yby
n=1

ug(x, t) = x

which is what we are required to show. What this means is that for k = 0, the heat distri-
bution does not change. So this is the same as the time-independent initial conditions.

4.8.8 Chapter 13, problem 3.9. Mary Boas book. second edition

A bar of length L = 2 with insulated side at x = 0 only, at t = 0 held at zero tempera-
ture. at t > 0 the right side is held at T = 100 degrees. Determine the time dependent
temperature distribution inside the bar

Att=0

Y-axis At t>0

A

Y-axis
A

\

L=2cm Temp=
= Temp=100
Temp 0 du/dx=0 P

X-axis X-axis
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Solution

In this problem, since left side is insulated, this is a Neumann condition at the x = 0

side. So at t > 0 we will use g—z = 0 at x = 0. This is a heat distribution problem governed

by the diffusion or heat equation

1 du(x,t)
Vzu(x, t) = ; ot

Similar to problem 3.2, we get the following 2 candidate solutions to the above PDE

—a2k?t

e sin kx

u(x,t) =

212
ekt cos kx

Since these are solutions for t > 0. We need to find the conditions that % =0atx=0

J
and u = 100 at x = L. Since we want 8_2 = 0 at x = 0, then we can not use the sin kx

a
—a?k2t cos(kx) which satisfies a—z =0atx =0. Now

at x = L, we want u = 100, hence ¢™@°¥*t cos(kL) = 100. The way this is presented will not

allow exact expression for k so we have to write u(L, t) = 100 + oK%t cos(kL), and now
—a2k2t

solution. We are left with the solution e

we are able to set only the e cos(kL) term to zero, which means we need to have

cos(kL) =0 or kL = ?n ork= ?% Hence we start with the solution

2
_2211712
u(x,t) = 100 + e a( 2 L)tcos(

—(aznz—_l%)zt 2n—1mnx
= 100 +e cos| ——T (1)

Since a scaled sum of these solutions is a solution, then the general solution is

0 2n-1mn 2
~(a==T) ¢t 2n—-1mnx
u(x, t) =100 + an e ( 2 L) cos( > T) (2)

n=1

Now we need to find the b,,. For this we use the initial conditions. We are told that at
t =0, ug = 0. So now from equation (1) above

u(x,0)=0
a 2n -1 mx
=100 + Z:bn cos( > T)
n=1
i 2n -1 7nx
~100= Y ihaid
00 n§=:1 » cos( T )

Taking the inner product of the LHS and RHS w.r.t. cos(znz—_l%x) over [0, L] gives
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2n -1 7mx

I
-100 f cos(
0

1
2n-1
2

S/

m=1

Nk

1

L
" ;"
0

3
i

-100 [

=~

2n -1 nx
2

100 2L i
-100 ————|sin
n-1n > <0

200L [
1n
2n-1n [T 2
_200L

2n-1)m

2w
L

b, f
0

2n -1 mx

2 L

2m -1 mx
2 L

CcOoSs

|
o

.

Joei)
o)

Jis

2m —1 7ix

2 L

2n -1 mx
2 L

2n -1 7nx

2 L

2n-1

—400 sin
2n-1)rn

Looking at few values of n, b,, =
—-400

2-1 —-400

by

2

sin(

, hence

d

4-1

)

—400
"(8-1)m

&

n=0,1,23,..

:(2—1)n|sm( 2 "
—400 [ (6-1
—(6_1)n[sm( . n)]
Rt
Sin

-400 )l —400
— n ,

"(4-1n

3
=T

2

s

b v
" T 2 3n

—400 +400 -400

n ' 3n 5n’"

(-1)" 400

_2n+1 T

by

n —

Therefore
_(-1)" 400
" i+l m

From equation (2) above we had

2

2n—lz ¢
2 L

)

u(x,t) =100 + ibn e_(a

n=1

|sm(_

o

8-1

&

2

2
-400
51

5
=T
2

EEETS

n=0,1,23,..

2n -1 nx

2 L

o5

Substituting the value for b, and adjusting the summation index to start from n = 0

2n-1
since this is where b,, is defined to start from, and so we need to replace nT by

the rest of the above terms. Hence

2n+1 in
2

2
& (=1)" 400 _(az"ﬂz)t 2n+1 mx
1) =100+ Y - — 21 —
u(x 1) nz:;) w1l N\ L
2
400 & (-1)" _(az’l“E)t 2n+1mx
=100 - — 2 L —
7 §2n+1 ‘ N2 T
LO = 2; a = .2;
TO[x_, t_, m_] := 100 - 400/Pi Sum[(-1)"n/(2 n + 1)

Exp[-(a (2 n + 1)/2 Pi/L0)"2 t] Cos[(2 n +

1)/2 Pi/LO %], {n, O, m, 1}];

p = Plot3D[TO[x, t, 50], {x, 0, LO}, {t, O, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]
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100

4.8.9 Problem chapter 13, 3.10. Mary Boas book. Second edition

. 10%u , . .
Separate the wave equation V2u = -2~ into space and time equation and show that the
P q YY) % q

space equation is the Helmholtz equation.

Solution

Assume that the solution is of this form u(x, v,z t) =F (x, Y, Z)T(t)

That is, the solution of the PDE is the product of 2 functions, one that depends only on
the spatial displacements and a function that depends only on time.

Substituting back in the PDE which when written in the long form is:

2u  *u  *u 1%

o2 92T 92 T von

Hence,

PN
dx dx
2%u Jd%F

o2 =~ 15z

similarly we get

Fu_ 7
2 Iy?
Pu_ "
022 0z2
2%u 42T

2

19%u .
Now V?2y = -5 can be written as

d°F d°F J’F 1 d?T
T(t)a—xz + T(t)a—yz + T(t)a—zz = ZF(x,y,z) W
TV2F = 1F T
v dR
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dividing the equation by T F, we get

1 VIF - 11 d°T

F ~oT ar
Since the LHS is a function of space only, and RHS is a function of time only, and they
equal to each others, then they must be equal to a constant, say —k?

Hence we get

1

—V2F = —k?
F
ll dZ_T -
oT dt?

Looking at the space equation only:

Ll w _ 2
F(x,y,z) \% F(x,y,z) k
VZF(x, Y, z) =—F (x, Y, z) k2

VZF(x,y,z) + F(x,y,z) k2=0

So the space equation is the Helmholtz equation.
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4.9.1 Chapter 13, problem 6.1 Mary Boas. Second edition
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M=1 M=2 M=3
N=0 |/ \\‘ no [/ : S - =0, | ‘ i |
A5 / \\ \\\.,, e \\ il
S e Sl
z = Jo(kior) cos(kiovt) z = Jo(kaor) cos(kaovt) z = Jo(ksor) cos(kszovt)
M=1 M=2 Mi3

=% g s
w // : B % : //—ﬁ \ N=1 +//_,/+ \_s) .
+ > N1Q<;d> -} \ k\ \E”/ ) /)

z = Jy(kur)cosOcos(kiivt) z = Jy(kyir)cos@cos(kyve) z=Ji(ksir)cosOcos(ks ve)

M=1 s o
_/’7"-\\ /,_,7_,\\\ //,/- (7+ \
o TR /SR
7 b e S s A e
= / . \ N=2 = \ N=P 5 afimsan e
N=2 / & » [ / )( \ “ \ + ]
L s / k 5 l\ -t/ \\+ } = J I\-\ i ,\\+ ‘ / /
\ > = / / NS T / /
\\ // \ ’,// ‘\ £ )( / g /\\;:/\{ e
N =S o N =y = b
\\\\_/// \/\\ + Sl

z = Jo(kiar)cos20cos(kiavt) z = Jr(kxpr)cos20cos(knvt) z = Jy(ksr)cos20cos(kszve)
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4.9.2 chapter 13, problem 4.1. Mary Boas, second edition
Complete the plucked string problem to get equation 4.0
Solution

Here we start with the solution given in 4.8

=Xty sin ") = f0 )

Where f(x) represents the initial position (shape) of the string.
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Plucked

string
yO=f(x)

Now need to find b,

First need to define f(x), from diagram we see that from x = 0 to x = L/2 the slope is
s % hence from equation of line we get y = %x

L2
Fromx = L/2tox = L, slope is —%,soy = h—%(x— %) = h—%x+h = 2h—%x = Z(h - hL—x)
so we have
%x 0<x< %
1= 2(h—’%") S<xs<lL

L
2 L L
L 2h{ 2h
b, 5= ffx sin(?) dx + th sin(n—zx) dx — fo sin(?) dx
0 L L
2

2

L
3 L L
L 2h¢ . (nTXx . (nTX 2h . (nTX
bVl E = ffx SIH(T) dx + thSIH(T) dx — f XSII’I(T) dx
0 L L
2 2
3
) E _ 16 h Lcos(%n) sin(%n)
"2 n2m2
nr . nrt 3
) 32h COS(T) sm(T)
ne n2m2
Y0)
nr . nrt 3
b - 32h Lcos(r) sm(j)
o n2m2

Looking at few values of n to see the pattern
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- 3 o\ . (2n) 3\ . (303
el o2l s o)
bn - 12712 7 22712 7 327'(2 g ees

8h 8h 8h

= 5 0/ N YA O/ P YALD
2 972" " 252

8h 1 1
= (1,0,——,0, — )

T2 9’ 25’

Notice that we have terms for only odd n.

Now, substituting the above in the general solution given in equation 4.7 in book, which
is

— _(nTx nmot
y—ansm( T )cos( T )

n=1

Gives

8h( (nx) (nvt)+0+ 1  (3nx 3not L0+ 1 [(bnx Sntot N
= —|sin|— — ——sin| — — sin
y — S 3 cos T 95 T cos I S cos

_8h ,(nx) (m)t) 1 . (3nx 3ot N 1  (5nx 5mtot N
y—nz sin| — | cos{ — 9sm | cos| 25sm | cos|

The above is the result we are asked to show.

4.9.3 chapter 13, problem 4.2. Mary Boas, second edition

A string of length L has zero initial velocity and a displacement y(x) as shown. Find
the displacement as a function of x and t.

y
Plucked

string
y0=f(x)

[ w2 |

Solution
2
The PDE that governs this problem is the wave equation V2y = ;—2%

The candidate solutions are

sin(kx) sin(wt)
sin(kx) cos(wt)

cos(kx) sin(wt)

cos(kx) cos(wt)

where w = kv and k = 2771 where A is the wave length

Now we discard solutions that contains cos kx since the string is fixed at x = 0.

So we are left with

_ sin(kx) sin(wt)
sin(kx) cos(wt)
223



49. HW9 CHAPTER 4. HWS

Now, y = 0 at x = L then from sinkx = 0 or sinkL = 0 we need k = %

Hence solutions become

sin(%nx) sin(%nvt)

y =

sin(%nx) cos(%nvt)

Applying initial conditions, which says that at time t = 0, velocity is zero.

a
Hence from above, after taking a—z, we get

nmo ., AT nmo
8y T SIH(TX) COS(Tt)
ot | _m

. nrt . nmo
T sm(Tx) sm(Tt)

For the above to be zero at t = 0 then we discard first solution above with cost in it.
Hence final general solution is now

y={ sin(%x) cos(%vt)

A general solution is a linear combination of the above solutions, hence

y= ;::1 b, sin(%x) cos(%vt) 1)

To find b,,, we apply the second initial condition, which is y = vy = f(x)

(Notice that we use two initial conditions, i.e. at time t=0 we are looking at speed and

92
position, this is because we started with a PDE with a_tg in it, which is a second order in
t.)
At t=0, (1) becomes

= il bysin(x) = f0 @

. : L _h _4h
Tofmdf(x)fromd1agram,weseethatforOstZ,y—xm— X
L L L\ h L\ 4h 4h  L4h 4h
ForZ<x£E’y__(x_Z)ﬂ+h__(X_Z)f+h__xf+1f+h__xf+2h
L
F0r5<xSL,y—0
Hence
4h L
fx OSXSZ
4h L L
y= Zh—x? Z<XS§
L
0 E<XSL

Do the inner product on both sides of equation (2) w.r.t. sin %x
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L
4

b, f sin? —x dx—f f(x) sm—x dx
0
% j(; f(x) sin —x dx + f f(x) sin —x dx+f f(x) sin —x dx

4h
f smn—xdx+f

4h
(2h xf) sinnTnx dx+fé 0 sin nfnx dx

L

L
1 2 4h
f4 X sin n—x dx + fz 2h sin(n—nx) - x— sin(n—nx) dx
0 L L L L

L 4L L 4h
1 3 n 3 n
f4 X sin n—x dx + fz 2h sin(—nx)dx - fz X— sin(—nx) dx
0 L L L L L
4 4
L
4 1 4h 3
= — f4 x sin —x dx + 2hf sm(nn )dx I xsin(ﬂx) dx
L L L JtL L
3 nT . onm
b= s(esn(g) s 5

Looking at few values of b,

b 8 (2 sm(n) — sin E) ﬂ(2 sin(z—n) —sin 2—n) &(2 sin(3—n) —sin 3—7—()
" 12 2 4 2) 22m2 4 2 ) 3272 4 2 )
= %(2 sin(z) —sin n) ! (2 s1r12—7Z —sin 2_71) l(2 sin3—n —sin 3—7-() l
772 | 4 2) 22 4 2 ) 32 4 2 )"

_8hP1 T T 2n | 2nm o 3n | 3nm
=3 n2 (2sm(4)—smE), ZSmI—mn? , 251nz—s1n7 S e

8h [ 1 nm o onm
= (ZSm( 1 )—sm—)]

- o=

N

| 2 2

Hence from equation (1) above, we get

nm
Zb sm xcos Tvt

Z ( (nn) ' nn) _ nnx nnvt
= sin —sin — || sin —x cos —
712 n? 4 2 L L

8h B, nT nm o
sin —x cos —
L L

Where

The above is the result required to show.

4.9.4 chapter 13, problem 4.6. Mary Boas, second edition
A string of length L is initially stretched straight, its ends are fixed for all time t. At

d . .
—y) as shown in diagram below.
0

time t=0 its points are given the velocity V(x) = ( =
t=

Determine the shape of the string at time t.
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V(x)

Solution

1 9%y
2 92

The PDE that governs this problem is the wave equation V2y =

The candidate solutions are

sin(kx) sin(wt)
sin(kx) cos(wt)

cos(kx) sin(wt)

cos(kx) cos(wt)

Where w = kv and k = 2771 where A is the wave length
Now we discard solutions that contains cos kx since the string is fixed at x = 0.

So we are left with

sin(kx) sin(wt)

sin(kx) cos(wt)

Now, y = 0 at x = L then from sinkx = 0 or sinkL = 0 we need k = nTn

Hence solutions become

sin nnx sin o ot
L L
y =

sin "nx Ccos o vt
L L

Applying initial conditions, which says that at time ¢ = 0, velocity is given by V(x)

. d
Hence from above, after taking a—}i, we get

™ sin Zx cos ==t

dy L L L
ot nmv ., AmM_ . N7
[ sin —xsin — t

For the above we discard velocity solution above with sin t in it since that will give zero
velocity at time t=0, which is not the case here. Hence we discard y solution with cos t
in it, then the final general solution for y is now

. nrt . nr
= sin —xsin —vt
Yy L L

A general solution is a linear combination of the above solutions, hence

nrot
L

@

(&)
nmx
y= Z b, sinT sin
n=1

To find b,,, we apply the velocity initial condition. Hence differentiate equation (1) and
set t=0, we have
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) nmo nmx nmot
J Ebn:sin;fcosz

Setting t=0

ST —sin — =V (2)

dy <, NMU _ nmx
b i -
n=1 ! L L

L
Now to find V;_,. From diagram, we see that for 0 < x < 5~ W, Vieg=0
L L
ForE—w<x§§+w,Vt:0:h

L
F0r5+w<st,Vt=0=O

Hence

L L
Vt=0: h E—w<xsz+w
L
0 E+w<x<L

Do the inner product on both sides of equation (2) w.r.t. sin nTnx

L L
bn$ fo sin? "T”x dx = fo V() sin% dx
L

L
nmo 77w n 2w nmx L
bn%: foz Osinfnxdx + sz hsin%dx+ﬁ

E—w

L
nmo 2t nmx
b,— = f h sin — dx
L L
S—w

2
L +w
bnnnv = -h— cos@]2
nml L %_w
L
S L nn(z + w) nn(z —w)
bnT = —h p cos T - Cos T
Nnmo Ly nm nmw nm nmw
by = o cos( T+ ) —eos(F - |
- 2hL [ (nn +n7zw) (nn nnw)]
nT TSN\ T L) T\ T

But cos(a + b) = cos(a) cos(b) — sin(a) sin(b)

and cos(a — b) = cos(a) cos(b) + sin(a) sin(b)
nrt b — @

LetazT, L

Hence b,, becomes

nm
0 sin—xd
sin —=x dx
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2hL
b,, = ————][cos(a + b) — cos(a — b)]
n?mo

= ————[cos(a) cos(b) — sin(a) sin(b) — {cos(a) cos(b) + sin(a) sin(b)}]
n?m?v

= —ih—g[cos(a) cos(b) — sin(a) sin(b) — cos(a) cos(b) — sin(a) sin(b)]
n2m2o

= _ th; [ sin(a) sin(b) — sin(a) sin(b)]
n?m?o

= M sin(a) sm(b)

_4hL | (nm\ | (mmw
- n2n2v sm(7)sm( L )

For even n, the term sin(%) is zero. For n odd sin(%) =1whenn =1,5,9,.. and

sin(%) = -1 whenn =3,7,11, .. Hence

b, = A(n)

4hl.  (nnw
sm( ) n=1,3,5,7,..

n2m2o

And A(n) is a function which returns 1 when n = 1,5,9, .. and returns -1 when n =
3,711, ..

Hence now we have b,, we can substitute in (1)

. nmx | nnot
y= Z b, sin — sin

= L L

i": An) 4hL (nnw)[ . nmx nm)t]
= n sin sin — sin
R R R W) L L

4hl & 1 | (nnw . nmx | nmot
V= Sz A6 7 sin( ) [ sin T sin == |

Which is the general solution. Looking at few expanded terms in the series we get

_4hL sin(nw) sin X sin ot 1 sin 3w sin 3nx sin 3not n 1 sin S5nw sin 5mx sin nmot
Y= L L L 9 L L L 25 L L L

Which is the result required.
4.9.5 chapter 13, problem 5.1. Mary Boas, second edition
B for the first 3 terms of the series

_20
o km]l (km)

u = Zcm Jo(k,,r)e”*n? for the steady state temp. in a solid semi-infinite cylinder when

Compute numerically the coefficients ¢, =

=1
u :6natr:1andu =100atz=0.finduatr=1/2,z=1
Solution

Here, we are looking at the solution for temp. inside a semi-infinite cylinder. This solu-

tion is for the case of a uniform temp. distribution on the boundary z = 0 is given by u
200

equation shown above. Note that in the expression c,, = PRATS)
m)1\%m

]0 not ]1.

Need to find ¢y, ¢y, c3 where ¢; =

, the k,,, are the zeros of

200
k1J1(k1)

To find k; and J;(k;) I used mathematica.

I plotted Jy(x) to see where the zeros are located first
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In[16]= Plot[BesselJd [0, x], {x, 0, 10}]
1
0.8
0.6
0.4
0.2
2 4 6 8 10
-0.2
-0.4
Ou{16]= - Graphics -

So I see there is a zero near 2,5, and 9. I use mathematica to find these:

nzil= k1l = FindRoot [BesselJ [0, x] =0, {x, 2}]
outf20}= {x - 2.40483 }
n21}= k2 = FindRoot [BesselJ [0, x] =0, {x, 5}]
outf21}= {= -+ 5.52008 }
In22}= k3 = FindRoot [Bes=elJ [0, x] =0, {x, 9}]

outpzl- {x - B8.65373 }

Now I need to find [;(k,,). This is the result for 3 terms:

In[37:= BesselJd[1, K1[[1, 2]]]
Out{37]= 0.519147

Inf38l= Besseld[1l, k2[[1, 2]]]
Out[3g}= —0.340265

n29}- Besseld[1, k3[[1, 2]1]

Owag)- 0.271452

Hence, now the c,, terms can be found:

o= = 200 =160.30

V7 k() (2404)(0.519)

=0 _ 20 _ 10656

27 koJi(ky) ~ (5.52)(=0.34) '
200 200

C3 = 85.635

" ksli(ks)  (8:65)(027)

Evaluating u = Z cJo(k, e m* for the first 3 terms when r =1/2,z = 1

m=1

u = cyfo(ki)e™ 1% + oo (kor)e ™ 2% + cafo(kar)e ™3

1 1 1
= leo(kli)e_kl + Cz]o(kzi)e_kz + C3fo(k3§)€_k3

1 1 1
= (160.30)]0(2.404§)e‘2~404 ~ (106.56)], (5.52§)e-5-52 + (85.635) ]0(8.655)(3‘8'65

= (160.30)J,(1.202)e=24%% — (106.56)](2.76)e™>2? + (85.635)](4.325)e 865

Mathematica was used to evaluate |, values above.

229



49. HW9 CHAPTER 4. HWS

In[40]= BesselJd[0, 1.202]
Out[40]= 0.670136

nf£1}= Besseld [0, 2.76]
Outf41}= —0.168385

In[42]:= BesselJ[0, 4.325]

Outj4z}= —0.356614

Hence

-5.52

u = (160.30)(0.67)e~24%4 — (106.56)(-0.168)e
u=97043+71713x102-5.3389 x 103
u =9.7707 degrees

+ (85.635)(—0.356)¢ 56

4.9.6 chapter 13, problem 5.2. Mary Boas, second edition

Find the solution for the steady state temp. distribution in a solid semi-infinite cylinder
if the boundary temp.areu =0atr=1andu =y =rsinfatz =0.

Solution

The candidate solutions are given by the solution to the Laplace equation in cylindrical
coordinates which are

J,.(k r) sin(n@)e* z 1)

J.(k ) cos(n@)e™*z  (2)

Where k is a zero of ], (This is because we have used the B.C. of u = O atr =1 to
determine that the k’s have to be the zeros of J,,) when deriving the above solutions. See
book page 560.

From boundary conditions we want u = rsin 0 when z = 0, hence we need to keep the
solution (1) above, with n = 1. Hence a solution is

u = J1(k r)sin(0)e7* = 3)

A general solution is a linear series combinations (eigenfunctions) of (3), each eigen-
function for each of the zeros of ;. Call these zeros k,,

= ik, r)sin@e ™= (4)
m=1
We now apply B.C. at z = 0 to find c,,. From (4) whenz =0

rsin @ = i C J1(k,y, 1) sin(0O) 5)

m=1

We use (5) to find ¢, and then substitute into (4) to obtain the final solution.

To find c,, from (5), take the inner product of each side with respect to /[, (k, r) from
r=0tor=1
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| rsin 00k, N dr = 3 ¢ ( | il ) SO K, )] dr)
0 0

m=1

1 0 1
sin 6 f 2y, r)dr =Y ¢, sin(@)( f Tk I Gk, 7] dr)
0 m=1 0
Dividing each side by sin 0

1 00 1
f rzfl(ku r)dr = 2 Cm (f Ji(ky, Dr]1(ky 7)] di”)
0 m=1 0

From orthogonality of Bessel function, we know that

fl ]p(km r)r]p(ku r)dr =0
0

If m # u. Hence in above equation all terms on the right drop except for one when u = m.
We get

1 1
[ Pt nar= e [ 1 1tk Nr
0 0

Ll r?J1(k,, v) dr
Cm = (6)

L7 11k 1) iy ) dr

The integral in the denominator above is found from equation 19.10 in text on page 523
which gives

1 1 ”
Jo 7 R0 itk dr = S0a0E @)

Now, we need to find the integral of the numerator in equation (6).

Using equation 15.1 in text, page 514, which says

a [xp]p(x)] = xp]p—l(x)

dx

Putting p = 2 above, and letting x = k,,r gives

1 d

o G o) | = )1 )
1d

k—a[k%rzjz(kmr)] = k2,1 (k)

1 d
P2l | = Pakr)

Integrating each side w.r.t ¥ from 0 ... 1
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1 1
ki fo %[r"-]z(kmr)]dr: fo P2y (k) dr
1
= PRn]) = [ Pntn
1

1
o Uatk) =01 = fo T3 (k) dr

1 1
P etk = fo Pl dr  (8)

Substituting (7) and (8) into (6)

f 21, (k,, 7) dr
L7 T 1) Jyly )y dr
= otk

kP
3 2
- km IZ(km)

Cy =

Substituting this into (4) above, we get

i Cm ]1(k 1") 511’1(9)3 ki z

=1

S o A ) ]z(km) ki 1) sin(6) e

3

where k,, are zeros of [;

The above is the result we are asked to show.

4.9.7 chapter 13, problem 5.4. Mary Boass, second edition

A flat circular plate of radius 1 is initially at temp. 100°. From ¢ = 0 on, the circumference

of the plate is held at 0°. Find the time-dependent temp distribution u(r, 6, t)
Solution
First convert heat equation from Cartesian coordinates to polar.

heat equation in 2D Cartesian is

V2 o + i
U= — U+ —U= ——
dx2 2x2 a? &t

First need to express Laplacian operator V2 in polar coordinates:

x =rcosB
y=rsin0

Hence
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)
a—): = cos 0 (A)
J
Q_Z =sin@
And
J
£ = —r sinf (B)
dy
50 r cos O
y
P(x,y)
r

r sin(theta)

theta

r cos(theta)

From geometry, we also know that

y

O = arctan =
X

The above 2 relations imply

d dx d dy d d dx d dy d
—=——+=—and —=——+—=>—
ar drdx ~ dr dy d0  JdOIx IOy

Hence we can express the above, using equations (A) and (B) as follows:

&_8xi ﬁyi

ar E&x—k%&y

=cos— +sinf—

dx dy
Multiply each side by r
o _ 0= +rsin6
ro- =rcosfo—+rsin E»
__d N d
~ ' ox y&y

Squaring each sides of (1) gives

233



49. HW9 CHAPTER 4. HWS

2 9 9 9 9 9 9 9
r(rﬁ+5): — _+y8_yy(9_y+2xo"—xy8_y
,7% 9 9 9 d( 9 J( 9
Wﬁ*ﬁr*a@a%ﬁa@@yhx@@)
=1 =1 =0
2 9 9 2 9 9 2 9 9
X X=— + =—x— +yy(9—y2+a—y &—y +2xy8x8y+$y8_y

dx? Bxx ax

92 d 92 d 92

24 2 e 2
Yo Tox Y Iy? +y8y +2xy8x8y

d 1%
Notice that when manipulating of differential operators, x>— # —-x. Similarly
x = dx

9 _9xd I
20  90dx 90y

J
=—rsinB— +r cos0—

dx dy
d d
=y5t 3y (3)

Squaring each side of (3) gives

LA U
20) ~\ox x&y

AL LR WL OV DL (VL DAV e
0000 ~ Yax\Vax) T oy\Tay) TV ax\May) T T ay\ Y ax

=0 -0
&_2—_ _&_2+i(_)i+ &_2+i()i
002 = V02 T\ o | T a2 T oy ay
=L =L
4 x&y&x o dy * y&x&y dy” Ix
_282_'_282_ 2 9 9 9
BT Iy? yx8y8x 7 Ay xy8x(9y Tox
- 2&_2_”(2&_2_23(&_2_ i_xi (4)
RAFr? Iy? 4 dyox Y Jdy ~dx

Adding equation (2) and (4) and carry cancellations

i KAL) L VLA, P Y O K. K, o A A
o2 o oe T\ o2 TG Y 5 TG, T Yy )T\ a2 T Gz TV 0 Y 5y
2 2 2 2 2 2
297 L9 L9 (290 297 29”297
P T T e = (x 2 TV R ) T\ a5

Hence we get
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9?2 d 9?2 0?2 0?2
2 4p— = x?

22 92
o ot e T

dx? * y2 Iy? * y2 dx? 2

dy?
22 92
- (xz +yz)(ﬁ * a_yZ)

r

Dividing by 72

&_2_,_11_,_1&2 _(x2+y2) 92 N 92
a2 rdr 12902 12 Ix?  Jy?

But 7 = x2 + y? hence

82+18+1 72 &2+&2 _y2
a2 rdr 12902 \9x2  Iy?

Now that we have the Laplacian in polar coordinates, we can solve the problem by
applying separation of variables on the heat PDE expressed in polar coordinates

92 10 1 92 19

81’2u ;Zu r2&92 azgu (5)

Let solution u(r, 0, t) be a linear combination of functions each depends on only r, 8, or ¢

u(r,0,t) = R(r)®(0)T(t) (6)

Substitute (6) in (5). First evaluate the various derivatives:

J P
51 = ©(O)T(H)5-R()

2 az
ﬁu = @(G)T(t) R(r)

d
%u = R(r)T(t)—@(G)

82 2
8_82u = R(T)T(t)a—ez

0(0)
J dJ

Hence equation (5) becomes

92 10 1 9?2 14
(9,,2 ;Zu 2 &62 ?ﬁu
d? 1 d d? 1
@(Q)T(t)ﬁR(r) + ;@(G)T (t)aR(r) + r—zR(r)T(t) d62®(6) (r)@(@) T(t)

Divide by R(n©(6)T(¥)
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1 a2 11 d 1 1 d2 1 1 d
1 [ 1d 1 1 d? 1
RO) ﬁR(T’) + ;ER(V) 120(0) A2 ©(0) = —2 ma T(t)

We notice that the RHS depends only on t and the LHS depends only on r, 0 and they
equal to each others, hence they both must be constant. Let this constant be —k?

Hence
1 1 d
— ——T() = —k? 7
7 Toa® =k 7)

) dt
1 [d42 1d 1 1 d?
) ﬁR(V) + ;ER(V) —zwﬁ@)(e) = -k (8)

equation (7) is a linear first order ODE with constant coeff. %T(t) = —a?T(t)k? or % =
272
—ackedt

Integrating to solve gives

dT(t)
m = f—azkzdt

InT(t) = —a?k?t

or
T(t) = et (9)
Looking at equation (8). Multiply each sides by r*> we get

1 &2
" 90) de?

d? 1d

2 [ 42 1d 1 42
m[d SR(r) + ——R(r) + %k + wwz@(e)
1 [ 1d ?
rZ(R( )l 5R(r) + ——R(r) ) wﬁ®(9) =0 (10)

The second term depends only on 0 and the first term depends only on r and they are
equal, hence they must be both constant. Let this constant be —n? hence

1 d?
(0) do?
d2
do?

0(0) = —n?

——0(0) = -1n*0(0)

This is a second order linear ODE with constant coeff. Solution is

sinn@
O0O) = (11)

cosnb
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From (10) we now have

1 [ d? 1d
Z(R(r)ldz ()+—d—R(r) +k2)—n =0

2
r)|;2 (r) + ldiR(r)] +72k2-n?2=0

[ SR(r) + ——R(r)l 2k2 -n )R(r)
R(r) + riR(r) + (k2 = n)R(r) = 0 (12)

Equation (12) is the Bessel D.E., its solutions are J,(kr) and N,,(kr) . As described on
book on page 560, we can not use the N,,(kr) solution since plate contains the origin and
N,/(0) is not defined. So we use solution R(r) = J,(kr). From boundary conditions, we
want solution to be zero at » = 1, hence we want J,,(k) = 0, hence the k’s are the zeros of

In

Putting these solutions together, we get from (6)

u(r,0,t) = R(r®(0)T(t)
J..(kr) sin n@e=a*k’t
], (kr) cos n@e=*K*t

From symmetry of plate, the solution can not depend on the angle 0, hence let n = 0 and
so as not to get u = 0, we must pick the solution with cos 70 term. Hence our solution
now is

u(r, t) = Jo(kr) ekt

Where k is a zero of ],

The general solution is a linear combination of this eigenfunction for all zeros of ], hence

u(r,t) = 3 & Jolkyr) €45 ! (13)
m=1
We find c,, by using initial condition. When ¢ = 0, temp. was 100° hence

100 = i Cn Jo(ku?)

m=1

Applying inner product w.r.t. rJy(k,r) from 0...1

1 1/ &
f 100 ok, r) dr = f (Zcm ]O(kmr)) ok, r) dr
0 0 \m=1

1 0 1
100 fo ok, dr= Y c,, fo Totk,) ok, r) dr
m=1

From orthogonality of Jy(k,,r) and Jy(k,r), all terms drop expect when m = u
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100 f ok dr = c, f )P dr
0 0

From here we can follow the book on page 561 to get

200

Substitute this in equation 13

u(r, 1) = f} o Jolk) %61
= E h(k )Jo<kmr) e

=200 E o ( 0o Jolk,r) @K t

Where k,, are zeros of ],

Notice that final solution does not depend on 6

4.9.8 chapter 13, problem 5.11. Mary Boas, second edition

d dR _ 2R
dr dr

d(,dR
=) =
P (r P ) I(I+1)R

Solve

Solution

First equation, use power series method.

d(dR) 5
r—|lr— | =n“R

dr\ dr
d’R N dR 2R = 0
r\r—+—|—-nR=
drz2  dr
d?R dR
2 B oap
7 77 +rdr n“R =0

Let R = ayr® + a7t + ayr"™2 + azr°™3 + a,°** + --- then

R = agr® + 17" + ayr°t? + agrt3 + st + -

_nZR _ —1’126101’5 _ n2a175+1 _ n2a275+2 _ n2a375+3 _ n2a4r5+4 _
dR 1 +1 +2
. =sapgr* " +(+1) ' +(s+2) ayr®™ + (s +3) azr*te 4+ .-
;
dR
r- = agr® + (s +1) a;r¥ + (s +2) apr**? + (s + 3) agr*3 + -
T
dzR — s—2 s—1 S s+1
77" (s—Dsapgr=+s(s+1)a;r "+ (+1)(s+2)ayr’+(s5+2)(s+3)azr't + ---
dzR

Pz = (s —1)s agr® +5(s +1) a;**! + (s +1)(s + 2) a,7°*? + (s + 2)(s + 3) agr**3 + .-
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Table is
5 1’S+1 1’S+2 pStm
-n?R | —n®ay -n?a, -n?a, -n? a,,
dR
r— S dy (s+1Da; | (s+2)ay (s + m)a,
> d?R
- (s—=Dsay | s(s+1)a; | s+1)(s+2)ay | (s+m—1)(s+m)a,

Hence, from first column we see , and since ay # 0 we solve for s

—nay+sag+(s—1)say =0
ao(—n2+s+(s—1)s) =0
—1n? +s5+(s-1)s=0

-n?+ s2=0

S

=*n

We see from second column, al(—nz +(s+1)+s%+ s) =0 or al(—sz

hence 4;(2s +1) =0

1 . ) . .
For a; # 0 then s = Y this means # is not an integer since s = +n
Zero.

The same applies to all a,, , m > 0 Hence solution contains only a,

R = agr*"
agr™"
R =
agrt”

For some constant a;. This solution is when n # 0

If n =0, table is

+Zs+1+sz) =0,

. hence a; must be

s T’S+1 1’5+2 pSHm
-n’R | 0 0 0 0
dR
= S ay (s+1la; | (s+2)ay (s + m)a,,
> d?R
- (s—1say | s(s+1)a; | s+1)(s+2)ay | (s+m—1)(s+m)a,

From first column:

sag + s%ag —sag = 0
ao(s+sz—s =0
=0

s=0

And all other a’s are zero. Hence R = 4, or R is constant.

Now for the second ODE

239



49. HW9 CHAPTER 4. HWS

d(,dR
E(T E) = l(l +1)R

dR
12 + ZrW -II+1)R=0

d’R
2

Let R = ayr® + a7t + 4,752 + a3r°*3 + a5+ + -+ then

R = agr® + a1t + a2 + agrst3 + a st + -

—I(l + DR = =11 + V)agr® = I(I + Dayr*! = (1 + Dapr™? = (1 + 1)azr*™3 = [(I + 1)agrs+t — -
dR

- = agrt + (s +1) a;7° + (s + 2) apr®™ + (s + 3) azrt? + .-
dR
21’5 =25agr® +2(s +1) a1+ 2(s + 2) a, % + 2(s + 3) azr¥t3 + -
dzR s—2 s—1 s s+1
17 (s—Dsagrr=+s(s+1)a;r " +(s+1)(s+2) ayr® + (s +2)(s+3) azr'™ + -
,&*R

r Fr (s —1)s agr® +s(s +1) a1 + (s +1)(s + 2) apr**? + (s + 2)(s + 3) azr* ™3 + -

Table is

5 1’S+1 7’S+2 psm
—n?R | =I(I+1)ag | =1l +1)a; | -1l +1)a, -I(l+1)a,,
2r2—1: 2s ag 2(s+1)a; | 2(s+2)a, 2(s + m)a,,
2
zilrf (s—Dsay | s(s+1)a; | (s+1)(s+2)ay | (s+m—-1)(s+m)a,,

From first column:

—l(l+Dag+2sag+(s—1)say=0
ag(-I(l+1)+2s +(s—1)s)=0
“I(l+1)+2s +(s=1)s=0
—1(l+1)+s +s>=0

(s=Ds-(-1-1)=0

Hences =lors =-1-1.

We also see that all other a’s will be zero, since recursive formula has only 4,, in it and
no other a. Hence

R = ayr®
agr’
R =
agr-1

For some constant a4
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4.10.1 chapter 13, problem 6.3 Mary Boas, second edition
Problem

(my note: I'll use f for frequency instead of book v (mu)) since v looks very close to v
the speed of the wave, to avoid confusion).

Separate the wave equation in 2D rectangular coordinates. Consider the membrane
shown, rigidly attached to its supports along the sides. Show that its characteristic

. 4 n 2 m 2 age .
frequencies are f,,,, = (E) (;) + (3) where n,m are positive integers and sketch the

normal modes of vibration corresponding to the first few frequencies. Next suppose the
membrane is square, show that in this case there may be two or more normal modes of
vibration corresponding to a single frequency. Sketch several normal modes giving rise
to the same frequency.

Solution

NS S

\J
x

S S S

Wave equation in rectangular coordinates is 8_22 + a_zz = 18—22
! & ax2 " 2 v ot

Let solution

z(x, Y, t) = X(x)Y(y)T(t)

Then we get after substitution

1
YTX" + XTY” = EXYTN
Divide by YTX we get

X// Y// 1 T//

_— — = ——

X Y oT
Each term above is a constant since no one term depend on more than one variable in
the others.

24 44 4

X Y 1T
So, — =constant, 7:constant, e =constant

T
Let - = &2
Let = = -k
So1ll= K-k =K

So the 3 ODE equations are
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X//

x =7 =

‘Y//

+ = k2 (2)
?T:_kx_ky:_(kfrky):_v (k2 +K5) (3)

equation (1) is an ODE whose solution is cos, sin

cos k,x
X(x) =
sin k,x
Similarly
coskyy
Y(y) =
sink,y
similarly

cos(t, /vz(k,% +kj ) )
sin(if1 /vz(k§ +kZ ) )

T(t) =

Hence the general solution is

cos k,x cosk,y cos(tw |02 (k% +kZ ) )
sin kX sinkyy sin(t‘1 /Z)Z(k% +kj ) )

So we have a total of 6 possible general solutions

z(x, Yy, t) =

Now apply boundary conditions to remove solutions that can not be fitted.

Since membrane is fixed at y = 0, then we want z = 0 when y = 0 hence we reject the
cos k,y since that is not zeroaty = 0

And since we want want z = 0 when x = 0 hence we reject the cos k,x since that is not
zeroatx =0

So now our solution looks like

cos(tw/vz(kﬁ +kZ ) )
sin(if1 /vz(k§ + Kk ) )

z(x, Y, t) = sin(k,x) sin(kyy)

Now need to find k, and k,
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Since membrane if also fixed at y = b then we want z = 0 when y = b. hence was want
sin(kyb) = 0 then happens when k,b = mm for an integer m

So

The same for k, we want z = 0 when x = a. hence was want sin(k,a) = 0 then happens
when k,a = nm for some integer 7, so

Hence the general solution now looks like

ol (2" |

z(x,y, t) = sin(%nx) sin(%y)

z(x,y, t) = sin(?x) sin(% ) (4)

sir{mt (O + (2) )

Now, from the general form of a wave equation, which can be written as z = A cos(wt)
or Asin(wt) where w is the angular velocity in radiance per second.

Hence by comparing to above, we see that

but w = 21t f where f is the frequency in hertz or cycles per seconds.

-5 6

Which is what we are required to show.

hence

To plot the normal modes of vibrations, need to find where the solutions are zero as
I modify n, m. from (4), looking at the space components of the solution since that is
what is of interest here,
. nrc . mrt
Z<x, y) = SIH(TX) sm(Ty)
Forn=1,m=1
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Tt

z(x,y, t) = sin(%x) sin(by)
This is zero when x = a or y = b hence the whole membrane will vibrate internally
expect at boundaries.

n=2m=1
z(x, Yy, t) = sin(zfx) sin(%y)
This is zero when x = g and x = gor y = b Hence we have a normal mode at line
x = a/2 (see diagram below).
n=3m=1
n

z(x, Yy, t) = sin(%nx) sin(by)

. . a
This is zero when x =g and x = -

X = 23—aor y = b Hence we have a normal mode at line
x=a/3 and x = 23—a line (see diagram below).

n=1m=2

z(x,y, t) = sin(%x) sin(%ny)

This is zero when x = aand or y = g Hence we have a normal mode at line y = g line
(see diagram below).

n=1m=3

z(x, Yy, t) = sin(gx) sin(%ny)

This is zerowhenx =a ory =bandy = g,y = 23—b Hence we have a normal mode at

liney =b/3 andy = %b line (see diagram below).

v N=1,M=1 v1 N=1,M=2
AN S A s 00
T TS
vt N=2,M=1 vi N=2,M=2
NIV I IS N LLLL LS L
i g I
; '
T TS
A A
Y N=3,M=1 Y N=3,M=2
Nssfsr s/ L N L L L 2L L
A e
P P
TS TS
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When the membrane is square, we have a = b hence the solution becomes

. (N7 . (mT
z(x,y, t) = sm(7x) sm(7y)

This shows that for example, for n = 7 and m = 1 we will get the same frequencies as
for n =1 and m = 7. hence we will get two or more modes of vibrations for the same
frequency.

4.10.2 chapter 13, problem 7.2 Mary Boas, second edition

Find steady state temp. distribution inside a sphere of » = 1 when the surface temp. is
u = cos 6 — (cos 6)3

Solution

Need to use Laplace equation here. The basic solution to this problem is derived and
given in text book at page 568

sinmaq

u(r, 0, qb) = rP"(cos 8){ (1)

Cos ma

Where [ is a constant (one that occurs in associated Legendre equation, equation 10.1 in
text, page 504):

2
1—x2y:0

and P;"(x) is the associated Legendre functions (solution of the associated Legendre
equation). and r, 0, ¢ are the spherical coordinates.

I(1+1)-

(1 - xz)y” - 2xy’ +

Since the temp. at the surface is a function of 0 then I can not remove the dependency
of the solution on 0 as we have done in other problems. However, the solution is inde-
pendent of ¢ so m must be zero, and we can drop that ¢ dependency, hence the basic
solution becomes

u(r, 0) = r'P,(cos 9) (2)

Since a general solution is a sum of these solutions, we get

u(r,0) = icl 1! Py(cos 6) (3)
1=0
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Whenr =1

u(1,0) = cos 6 — (cos 6)3 = ch 1! P/(cos ) (4)
1=0

Writing cos 0 = x, I see that cos 0 — (cos 6)3 = x — x° But P;(x) = _?Sx + §x3 and P;(x) = x

Hence I need a combination of P3(x) and P;(x) which will add to x — x> so I can put that
on the LHS of (4) to solve for the ¢

4 2 4 2(-3 5 46
Try 75P1(%) = zP3(x) = 15 (%) - g(?x + Exs) TR TR R

Which is what we want.

Hence (4) can be written as

2 2 o
u(l,0) = gPl(cos 0) — ng(cos 0) = ch ' P)(cos 0) (5)
1=0

Expanding the sum and compare ¢; I only need to goup to ! =3

2 2
gPl(cos 0) - ng(COS 0) = cy 1° Py(cos 0) + ¢1 1t P1(cos 0) + c, ? Py(cos 0) + c5 13 P5(cos 6)

Hence

1=

Q1N

All other ¢; are zero

So final solution from (3) is

u(r, 0) = Y ¢ 7' Py(cos 0)
1=0

2 2
=z Pi(cos 6) — = 13 P5(cos 0)

4.10.3 chapter 13, problem 7.15 Mary Boas, second edition

r ' *1n (/.Y) should be included. Keplace ¢;7 m (/.11) by (a;7 + b7 ° *}.

15. A sphere initially at 0° has its surface kept at 100° from ¢ = 0 on (for example, a frozen
potato in boiling water!). Find the time-dependent temperature distribution. Hint: Subtract
100° from all temperatures and solve the problem; then add the 100° to the answer. Can
you justify this procedure? Show that the Legendre function required for this problem is P,
and the r solution is (1/\/;)J1/2 or jo [see (17.4) in Chapter 12]. Since spherical Bessel
functions can be expressed in terms of elementary functions, the series in this problem can
be thought of as either a Bessel series or a Fourier series. Show that the results are
identical.

L %4 fal B o o - ] LI | 1 . 1 R 1 n i ’

Figure 4.1: the Problem statement
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Solution

Since we want the time-dependent solution, we use the heat diffusion equation

1 du

2, _ + U
a? ot

u

The heat equation in spherical coordinates is given by equation 7.5 on page 567, plus
an additional term called A as was derived in class lecture, where A = k*a?, and T(f) =
e’ Hence the equation is

1 d(zd_R) 11 d(_ d@)_ m?

14 1 2 [ gin 022 a2 = 0
RO\ dr ] @smodo\*" 0 75+ (al)r

sin

Where m is a constant to make CD(qb) periodic as per page 567 in text. Using separation
of variables we obtained as per lecture notes, the general solution is

R(r) solution

cosm 1
Pi"(cos 0) _r]”% (kr) (1)

_ )
u(r, 0,9, t) e { sinmo \/_

But from book, equation 17.4, on page 518, we have j;(r) = \/; J1 +l(r) Where ji(r) is the
2

spherical Bessel function, then j;(kr) = \/g Ja +l(kr), so (1) is written in terms of spherical
2

Bessel functions as

cosm

u(r,0,¢,t) = o (KBa?)t { ? P"(cos 6) jy(kr) (2)

sinmaq

Equation (2) is the general solution of heat equation for spherical coordinates.

Since of symmetry w.r.t. 0 and ¢ in the solution (since sphere surface temp does not
depend on 6 nor ¢), we can drop the terms that depends on 0 by setting m = 0, and set
I = 0 since we do not want singularity at origin which we assumed in the center of the
sphere, therefore (2) becomes

u(r,t) = e ) jokr) (3)

Now, u = 0 for time ¢t > 0 when r = L, where L=radius of the sphere, hence for this

to occur, jy(kL) must be zero, so we want kL to be the zeros of the spherical coordinate
sinx

function. Since jo(x) = — (from equation 17.4 page 518), then we see that jo(kL) = 0

implies sin(kL) = 0 or kL = nmtor k = % for integer n.

Hence now (3) becomes

(Y2
utryy = \ET 2 (22
2
- A () .
€ Jo\ (4)
This is the basic candidate solution, which is in terms of jj as is required to show. The
general solution is a sum of these solutions
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u(r,t) = ch e_((%) az)t ],O(nfnr)

Write j in terms of sin since easier to deal with. (equation 17.4 in book)

nmr

((= sin ——
u(r, ) = Y cq e ((L)a)tTrL
T
nw \2
u(r, t) = ch—e (Ta)t sin?
nn 2
u(r,t) = ZZ”; o (Ta)t sin? (5)

where z,, is a new constant. Now, set u = —100 at time ¢t = 0 as in the hint, and since final
solution is a sum of the above solution (4), then we get

-100 = Zz sin ﬂ

nnr
=100 r = —
r= Zzn sin I

Now we need to find z,. Taking inner product w.r.t. sin @, all terms on the RHS vanish
expect for when n =m

r=L L[ o
-100 rsin %dr = f (mz:] m sm(mfr)) sin nder

r=0 0
100 [Lz(—nn cos(nzmz) + sin(nm)) | fL ¢ sin (nnr) 0
n2mn
L? nm cos(nn) L nmr
O ] EET ( )dr
n<7t 0
L? cos(nm) | L
100 |22, 2
nm 2
L cos(nm) |
200 =22 _
nm |

L
200— cos(nmn) = z,
nm

L
200— (-1)" =z,
nrt

Substituting into (5) gives

L 1 _(mm )2
u(r, t) = Z[ZOO—R (—1)”]; (T sin?
200L nmr

1 n —(”—na)zt .
M(T’ t) = 7 ; (—1) e ‘L SIHT

Now adding the 100 which was subtracted at the start, hence the final solution is

200L & 1 (")
u(r,t) =100 + — (-D"e (Ta)t gjn 7
T n L
To verify, setting r = L gives
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200L 2 L
u(L,t) =100 + _(1)3(L)fsmﬂ
e L

=100+0
=100

Which is the correct boundary condition for ¢ > 0.

Another way to solve the above is to not convert j, to sin function, and use the orthogo-
nality based on the spherical Bessel functions to find the coefficients. The same answer
will be obtained.

4.10.4 chapter 13, problem 7.16 Mary Boas, second edition

Separate the wave equation in spherical coordinates and show that the 0, ¢ solutions are
the spherical harmonics P;"(cos 0)e*™® and the r solutions are spherical Bessel functions
jitkr) and y;(kr)

Solution
Since we want the wave equation

1 9%u
2 Jt2

2, -

Using the spherical Laplacian operator, the wave equation is written as

18( &u) 1 1 &( &u) 1 82u_1&2u

R + — 60— - =
rar\ dr) " 12sin6d6 nU5e 12sin? 092 02 I

Let

u(r, 0,,t) = R(NOO)D()T ()

Substituting into the wave equation and multiplying by W

R 72 dr

11d(dR)+11 1 d( d@) 1 1d%d 1 1d%T

st i 1
dr] ©r?sin6do U0 2sin? @ ®d¢?  v2 T di? M

Applying variable separation. Multiplying (1) by 7% sin? 6 gives

—_—
sinfd(,dR) 1 . df.  dO) 140 r?sin® 6 1 d°T
— sin inf— |+ — = =
R ar\ @) 0" ae\*" e ) " o dp? 2 TdR
2
The last term on the LHS is a constant. Therefore ; Z (;) is a constant, say —m?, hence
sinmaq
© = (2)

cos maq

And (1) becomes

——

114 dR+111d_6d® -m* 11T
dr ®r2sin0dO do 2sin2@ 2T dr2

R 72 dr (14)
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Now separating the Time solution. The RHS does not depend on r, 0, ¢, and is equal to
something that does. Hence it is a constant. Say —k?, therefore

lle_T = —k2
v2 T dt?

The above do not need to be solved as not required by problem, however its solution is

da’T

W:_UZI(ZT
d°T

212 T _
ﬁ-'- v’k*T=0

T(t) — Aeikvt + Be—ikvt

Now (1A) becomes
11d(,dR\ 11 1 d(  dO) -m 2
—_— | rc— - _ - =
R r2dr\ dr] ©r(sin6do

11d{.,dR 11 1 d () —-m?

=P |t =555 k2 = 1B

(r dr)+®rzsin8d9( )+ the=0 (1B)

R 72 dr

Separating the 6 solution. multiplying (1B) by r? gives

0\  -m?
( )+ L (1C)

4(.dR) 11 d
O®sin0do

The bracketed term is a constant, hence

1 1 df_ Qd@) m? c
————|[sinf— | - —— = -
®sin6do S sin? 0

2

1 1 df. 8cl@) m £ C=0
osnodo\>" " d0)  sin2o
1 d e m?
— lqi 6_ — =
sin0do (sm ao ) sin? 6 ©+O=0

As per page 568 in text book, the above is the equation for the associated Legendre
functions if C = I(I + 1) The solution is given by

© = P"(cos 0) (4)

Hence the 0, ¢ solutions are given by equations (3) and (4)

sinmao

= P;(cos 9){
cos mao

= P"(cos O)e*m?

Which is what we are required to show.
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(1C) now becomes

1 d{,dR
el P Jeiag) S 212
Rdr(r dr) C+rks=0

For the radial solution, from equation above for radial equation:

d{ .dR
(#——)+Rm%¥—Rc=0

ar\’ dr
d’R dR
o “un 212 _
rdr2+2rdr+Rrk RC=0
Dividing by 72
d*R 2 dR C
e s 2_pS _
dr2+rdr+Rk er 0
@R 2dR ( , C
W+;E+(k_r_2)l{:0 (5)

The above equation is of the form 16.1 on page 516:

aZ _ pZCZ

Y’ + — ay’ + (bcxc‘l)2 +

2 ]y =0 (16.1)

Whose solution is given by 16.2: y = x"Z,(bx). Hence by comparison between 16.1 and
(5) (and writing the independent variable x as r

1-2a 2

—
(bcrc‘l) = k?
-2 ¢
2 2

Therefore,c = 1,and b = k,1-2a =2 == 2l And a2 - p?c> = { = - —p? =

_C:>P=\/i+C

So solution to radial component is

1
R=r2Z g—(kr)
Vit

Where Z stands for | or N. Let i + C = n some constant (since C is a constant). The
solution is

R = r],(kr)

R=rY,(kr)

From equation (17.4) we see that the | and Y Bessel function are related to the spherical
Bessel function j and y, this means the radial solution R(r) can be expressed in terms of
the spherical Bessel functions.
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4.10.5 chapter 13, problem 7.17 Mary Boas, second edition
Separate the Schrodinger equation V21 + (¢ — bV)i = 0 in spherical coordinates
Solution

V is function of r only, so we have

V2y(r,0,¢) + (e = bV(R)(r, 0,¢) = 0

Using the spherical Laplacian operator , the above equation is written as

A AL TN A (Y ) ﬂ+( = bV)Y(r,0,¢) =0
2ar\" ar)" Psnoao\” 2 5in? 0 Ip2 € (. 0,¢) =

Let

¢(r, 6,¢) = RNSO)D(¢)

2

Substitutingg into the above equation and multiplying by ROOE(3) o(0)
T

gives

. 1 1 4?0
@ sin? 6 d¢?

1 1 4 do
—_Z|r2 _ 2.~ " |ginf6— -
r dr)+(€ bV(r)r +®sin6d6(sm6d9) 0 (1)

The bracketed part above depends only on r and is equal to a function that does not
depend on r, hence it must be constant. Calling it k, (1) becomes

+l ,1 i(sinﬁd—®)+lLdZ—® =0 (2)
©sin0do d9)  ®sin? 6 d¢p?
Multiplying by sin? 0 gives
—_——
ksin? 0 + % sin 6%(sin GZ—(;)) + %% =0
The bracketed part can be separated out %% = —m?. Hence the solutions are

sinmaq
D =
cos maq

So now equation (2) becomes

+1 1 d{ 6d® m2 0
— | SInV—| — =
O sin 6 d6 d6] sin?0
1 d de m2

—|sin6—=] - O +kO = 0
smed@(sm d@) G20

As per page 568 in text book, this has a solution of ® = P;"(cos 0). Hence the 0, ¢ solution
is

sinm@

Pi*(cos 0) = {
cos mao

We notice that the angular solution are identical to the Laplace equation and expressed
in terms of spherical harmonics.
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4.10.6 chapter 13, problem 8.1, Mary Boas, second edition.

Show that gravitational potential V(x, Y, z) =

_ S satisfies Laplace equation
r

Solution
Gm Gm _1
V(x,y,z) =-—-=- o - —Gm(x2 + 12 +Zz) 2
Hence
g—: = —Gm(——)(xz +y? + zz)_g(Zx)
= Gm (x2 + 1% + zz)_g(x)
%2/ = Gm (xz +y? + ZZ)_g x1+ x(—g(xZ +y2+ ZZ)_Z(zx))l
= Gm (xz +17 +Zz)‘§ —3x2(x2 +172 +zz)_§] (1)

Similarly, we find

% [ -3

— =Gm |(?+y?+2?) ?

AN R
And

92V -3

=z Gm (x2 + 12 +zz) 2 —

Add (1),(2),(3) we get

IV v 9V -3
+ +
Ix?  Jdy*  Iz?

VZV(x, Y, z) =3Gm (x2 +y? + zz)_ _

VZV(x, Y, z) =0

Hence V(x, Y, z) satisfies Laplace equation.

=3Gm (x2 + 1 +22) -

- 3y2(x2 +y? + 22)_21 (2)

4.10.7 chapter 13, problem 8.2 Mary Boas, second edition

Using formulas in chapter 12 section 5, sum the series in 8.20 to get 8.21

Solution

Series in 8.20 is

R?*1 P(cos 6)

322(x2 +y2 +Zz)‘§] (3)
_2
3Gm (xz +y2 4+ zz) 2 (xz +y? + 22)
3Gm (x2 +y? + zz)_g
(8.20)

1’1+1 al+1
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We want to show that the above can simplify to 8.21, which is

; (8.21)
\/rz+ (5] -2 cost

rh
= —and cosf =x

2 2
Le’cR—=hthenR—=1’h,andE
ar a a R

8.21 becomes

R rh
e _ ®1
\/rz N (R_Z)Z _ 2r(R—2)cose \/1’2 + (rh)* = 2r(rh)x
a a
rh
Vi2 + 1212 — 2r2hx
rh
74

V1 + h? - 2hx

1

From 5.1 on page 490, we see that ®(x, h) = (1 - 2xh + hz)_E

So the above equation becomes

_ = B,
\/rz + (R—z) - 2r(R—2) cos 6
a a
Using 5.2, we expand the ®(x, h) as EhlPl(x)
I
Hence
Bq @‘7
2 = £-d(x, )
R2\? r
\/r2 + (7) - Zr(—) cos 6
h
- i)

2
Substitute back cos 6 = x, and % = h in above we get

) R21+1
=49 zllal+1rl+1 Pl(x)

Which is 8.20. Hence this shows that 8.20 can be simplified to 8.21
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4.10.8 chapter 13, problem 8.3, Mary Boas, second edition.

Do the problem in example 1 for the case of a charge g inside a grounded sphere to
obtain the potential V inside the sphere.

Solution

Starting the example from equation 8.15, which is the basic solution of Laplace in spher-
ical coordinates

7 sinmao
Pi*(cos 0)
-1

cos mao

Since we want a solution inside the sphere, we select the 7/ solution for r since we do
not want the solution to goto coasr — 0

Also, since the solution is independent of the ¢, we do not want solution with ¢, hence
set m = 0, hence the basic solution is

V = P(cos )

Since the general solution is a sum of these solutions, we get
V = Y 7 Py(cos 6)
I

Now add a solution to Laplace solution so that the potential is zero at the surface, this
is V,; as shown in the example on page 575:

_ q
7 V12 — 2arcos 0 + a2

hence the general solution now becomes

V=V, + Y1 Pcos 0)
1

_ 9 I
- Vr2 — 2arcos O + a2 * 2(?1 " Pilcos6) M

Now, boundary condition is V = 0 at r = R so from (1)

0=V, + Y, R Py(cos6)
l

_ q
VR2 - 24R cos O + a2

+ Y ¢ R! Py(cos 0) (2)
I

R'Py(cos 6)

VR2-2aR cos O+a2 qE a1

Hence (2) becomes

As per example,

3 R'P;(cos 0)

0=
q s

ch R! Py(cos 6)
)

R'P/(cos 6
Z (cos 6) ch R! Py(cos 0)
I

al+1
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Compare coefficients, we see that

, K 1
aR' = _qal+1 —a= _qal+1
Hence (1) becomes
V = q Z r P;(cos 6)
- Vr2 = 2ar cos 6 + a2 7 ] g+l !

Now we sum the series solution. Need to convert the series into f(%rm shown in 5.2:

D(x, h) = Zhl Py(x) then we can replace the sum with (1 — 2xh + h?) 2
l

1 I
So we need to have ;(2) = I hence

1 2\ 1

Then the series solution sums to be

V= q _ q
2— 2 r T
\/r 2arcos @ +a \/(l —ZCOSQ(H—Z) 4 (a_z)

The second term above is the potential of a charge —g at a point (O, 0, %), thus we could

replace the grounded sphere by this charge and get the same potential for r > R this is
called the method of images, per book, page 576 discussion.
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4.11.1 chapter 16, problem 1.1 Mary Boas, second edition

Find the probability that a single throw of die will give a number less than 3; an even
number; a 6.

Solution
Sample space S = {1,2,3,4,5, 6}, hence n, = 6

Let A the event that a number is less than 3
2 1

Hence Pr(A) = Z—;‘ =:=3

Let B the event that a number is even
3001

Hence Pr(B) = Z—i ==

Let C the event that a number is 6

Hence Pr(C) = % = %
S

4.11.2 chapter 16, problem 1.2 Mary Boas, second edition

3 coins are tossed; what is the probability that 2 are heads and one is tail? that the first
2 are heads and the third tail? if at least 2 are heads, what is the probability that all are
heads?

Solution
Sample space S = {hhh, hht, hth, htt, thh, tht, tth, ttt}, hence ny = 8

Let A the event that 2 are heads and one is tail
3

Hence Pr(A) = Z—‘: =3

Let B the event that the first 2 are heads and the third tail

Hence Pr(B) = Z—i = %

For the third case, since at least 2 are heads, hence our sample space now is different,
it is a subset of the original sample space and is the following: Sy = {hhh, hht, hth, thh},
and 7,4

Let C the event that all are heads out of the above same space S,

Hence Pr(C) = :—c =1

s, 4

4.11.3 chapter 16, problem 1.3, Mary Boas, second edition

In a box there are 2 whites, 3 blacks and 4 red balls. If a ball is drawn at random, what
is the probability that it is black? that it is not red?

Solution
Sample space S = {W, W, B, B, B,R,R, R, R}, hence n; =9
Let A be the event that ball thrown is black

Hence

3
Pr(A) = Z—;‘ =3

Let B the event that it is not red Hence Pr(B) = 1 — Pr(C) Where C is the event that ball

drawn is red. Hence 405
Pr(B)=1-C=1-2-2
7’[5 9 9
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4.11.4 chapter 16, problem 1.4, Mary Boas, second edition

A single card is drawn at random from a shuffled deck. What is the probability that it
is red? that it is the ace of hearts? that it is either a 3 or a 5? that it is either an ace or red
or both?

Solution
Sample space S = {... } the 52 cards, hence n, =9
For first part, let A be the event that card is red, Hence

na 13
PI'(A) = n—s = 5—2

For second part, let A the event that it is the ace of hearts Hence,
na
Pr(A) = — = fracl52
ng
For third part, let A be the event itis a 5, and let B be the event it is a 3. Hence
Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)
But Pr(A N B) = 0 since events are mutually exclusive. Hence

na ng 4 4 8
PrAUB)= A B2 =2 _ %
AVB) =t L TR TR TR

For last part, let A event that it is an Ace. Let B event that it is a red. Hence

Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B)

_4+13 1
52 52 52
16
Y

In the above, Pr(A N B) = 5% since there is only one card that is both an Ace and a red.

4.11.5 chapter 16, problem 1.5, Mary Boas, second edition

Given a family of 2 children, what is the probability that both are boys? that at least one
is girl? Given that at least one is girl, what is the probability that both are girls? Given
that the first 2 are girls, what is the probability that an expected 3rd child will be a boy?
(assume boys and girls are equally likely).

Solution
What is the probability that both are boys?

Let A be event that both are boys. The family could have had a boy followed by a girl
or a boy followed by a boy or a girl followed by a boy or a girl followed by a girl. Hence
the sample space S = {BG, BB, GB, GG} hence n; = 4

So Pr(A) = "2 = ;

At least one is girl?

Let A be event that at least one is girl So Pr(A) = :ll—A = Z

Given that at least one is girl, what is the probability that both are girls?

Since we are given that at least one is girl, then the sample space now is
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S = {BG, GB, GG}

hence ny, =3

Let A event that both are girls. So Pr(A) = Y;—A = %

Given that the first 2 are girls, what is the probability. that an expected 3rd child will be
a boy?
Since the event of having a new child is independent of gender of previous children,

the expected 3rd child being a boy is % regardless of what gender or number of children

already born. (This is like tossing a coin, getting a head will have Probability of 50%
regardless of the history of tosses.).

4.11.6 chapter 16, problem 1.8, Mary Boas , second edition

An integer N is chosen at random with 1 < N < 100. What is the probability that N is
divisible by 11? That N > 90? That N < 3? That N is a perfect square?

Solution

What is the probability. that N is divisible by 11?

Let A be event that N is divisible by 11. Sample space S = {1,2, ---,100} hence n; = 100
Numbers that are divisible by 11 are 11,22, 33,44, 55, 66,77, 88,99 so n4 = 9. So Pr(A) =

HA_ 9
ng 100

That N > 90?

Let A be event that N > 90. Numbers that are > 90 are 91,92,93,94,95,96,97,98, 99,100

_ _ra_10 _ 1
sony =10So Pr(A) = =100 = 10

That N < 3? Let A be eventthat N < 3

Numbers that N <3 arel,2,3son, =3.5S0Pr(A) = ':1—A = 1%

That N is a perfect number? Let A be event that N is perfect square.

Numbers that are perfect squares are 1,4, 9,16, 25, 36,49, 64, 91,100
10 1

_na_ 2
Pr(4) = ns 100 10

4.11.7 chapter 16, problem 1.10, Mary Boas, second edition

A shopping mall has 4 entrances, one in North, one in south, and 2 on the east. If you
enter at random, shop and then exit at random, what is the probability that you enter
and exist on the same side of the mall?

Solution
Let N, represent the event of entering using entrance x where x is north,south, or east.

So, N, the event of entering from the north entrance, Ny means enter from the south
entrance, N,; means enter from the first entrance on the east side, and N,, means enter
from the second entrance on the east side.

Let
Hence here S = {N,,, N;, N1, N}, ns = 4
Then n, = 2 (since there are 2 doors on the east side, and each is equally likely to use to

enter).

Hence, Pr(N,; U N,,;) =Probability of entering from the east side is % = z = %

Hence, Pr(N,,) =Probability of entering from the north side is nl = i
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Hence, Pr(N;) =Probability of entering from the south side is nl = i.

S

Similarly let E, represent the event of leaving the mall using exist x
Hence here S = {E,,E,,E.1,E»»}, ns =4

Then n, = 2 (since there are 2 doors on the east side, and each is equally likely to use to
leave).

Hence, Pr(E,; U E,;) = Probability of leaving from the east side is % = %
Hence, Pr(E,)) = Probability of leaving from the north side is i
Hence, Pr(E;) = Probability of leaving from the south side is z

4

Let X be the event of entering and exiting from the same side. So this is the probability
of leaving from the east side given that we entered from the east side, or leaving from
the north side given we entered from the north side, or leaving from the south side
given we entered from the south side. Using conditional probability, Hence we write:

Pr(X) = Pr ( [(Eq UEg) | (Neg UNg) ] U(E,IN,) U (E4N;))

= Pr((Eel U Ee2)|(Nel U NeZ)) + Pr(Enan) + Pr(Es|Ns) (1)
But
Pr((E;1 UEp) | (N UN,p)) = Pr(E,; UE,) X Pr(Ny»y U N,y)
1 1 1
= - X - = -
2 2 4
And
Pr(E,IN,) = Pr(E,) X Pr(N,)
1 1
_CxZ
4 4
1
16
And

Pr(EIN,) = Pr(E;) X Pr(N;)

Hence (1) becomes

Pr(X) = Pr((Eel U Ee2)|(Nel U NeZ)) + Pr(Enan) + Pr(Esle)

_1+1+1
4 16 16
3
-8

There is a much faster method to solve this.
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Label each entrance as N, S, Eq, E,. Set up the sample space (all possible events) as S =
{NN,NS,NE{,NE;, SN,SS,SEq,SEy,  EqiEy, EjEy, EiS, EIN,  ExEy, EjEp, E3S, E;N,}

Where the first letter is the entrance, and the second letter is the exit.

By counting we count all those with BOTH E as the first letter and the second letter. We

see there are 6 of these, and number of possible events is 16, hence the answer is % as
above

4.11.8 chapter 16, problem 2.12, Mary Boas, second edition
Use sample space of example 1 to answer the following questions.
Solution

Sample space of example 1 is

S = {hhh, hth, tt, tht, hht, thh, tth, htt}

(a) If there are more heads than tails, what is the probability of one tail?
The sample space here is

S = {nhh, hth, Fint, thi}

ng = 4. So from this sample space, Pr(one tail) = z
(b) If two heads did not appear in succession, what is the probability of all tails?

The sample space here is
S = {nth, Ht, tht, tth, htt}

ng = 5. So from this sample space, Pr(all tails) = %

(c) if the coins did not all fall alike, what is the probability that 2 succession were alike?

S = [hth, tht, it thi, t?fqi??t]

ng = 5 So from this sample space,

4 2
Pr(2 succession were alike) = c=3

(d) if N; =number of tails, N, =number of heads, what is the probability. that [N}, — N,| =
1?

From S = {hhh, hth, ttt, tht, hht, thh, tth, htt} , we see that [N}, — Ny| for each sample point is
3,1,3,1,1,1,1,1}

n, = 8. Hence Pr(N;, - Nj =1) = £ = 2
(e) If there is at least one head, what is the probability. of exactly two heads?

Since we are told there is at least one head, then we remove the sample points that has
no head in them, then our new sample space is

S = {nhh, hith, tht, iiht, thh, tth, htt}, ng =7

So Pr(exactly two heads) = ;
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4.11.9 chapter 16, problem 2.13, Mary Boas, second edition

A student claims in problem 1.5 that if one child is a girl, the probability that both are

girls is % Use appropriate sample spaces to show what is wrong with the following
argument: It does not matter whether the girl is the older child or the younger; in either

case the probability is % that the other child is a girl.
This is problem 1.5 for reference:

Given a family of 2 children, what is the probability that both are boys? that at least one
is girl? Given that at least one is girl, what is the probability that both are girls? Given
that the first 2 are girls, what is the probability. that an expected 3rd child will be a boy?
(assume boys and girls are equally likely).

Solution

Need to distinguish between the older and the younger child.

Let a subscript 0 means older child, and subscript y means younger child.

Then the sample space is written as

S = {B,B,, B,Gy, G,B,, G,G,}

Here we see that if one child is a girl, then the probability that the other child is a girl is
taken from this sample space S = {BOGy, GoBy, GOGy] which is then % and not %

If the older child is a girl G, then the sample spaceis S = { GoBy, GoGy}, and from this
the probability that the other child is a girl is %

If the younger child is a girl G,, then the sample space is S = { B,G,, GoGy}, and from
this the probability that the other child is a girl is %

We see that the student is wrong, since we do get a different probability for the other
child being a girl is we know that the first child is the older or the younger girl compared
to if we know only that the first child is a girl. The reason this happens is because in
each case we have different sample space to use.

4.11.10 chapter 16, problem 2.14, Mary Boas, second edition
Problem

2 dice are thrown, use the sample space in 2.4 to answer the following questions.
Solution

Sample space 2.4 is

1,1 1,2 1,3 1,4 1,5 1,6

2,1 2,2 2,3 24 25 2,6

3,1 3,2 3,3 3,4 3,5 3,6

4,1 4,2 4,3 4,4 45 4,6

51 5,2 5,3 54 55 5,6

6,1 6,2 6,3 6,4 6,5 6,6
Here ng = 36.

The entry in the above same space shows the number from the first die throw, followed
by the number from the second die throw.

(a) What is the probability of being able to form a 2 digit number greater than 33 with
the 2 numbers of the dice?
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Looking at the sample space above, we see that these numbers in bold are all greater
than 33:

1,1 1,2 1,3 1,4 1,5 1,6
2,1 2,2 2,3 2,4 2,5 2,6
3,1 3,2 3,3 3,4 3,5 3,6
4,1 4,2 4,3 4,4 4,5 4,6
51 52 53 54 55 56
6,1 6,2 6,3 6,4 6,5 6,6

. 27 3
Hence the Probability is %=1

(b) Repeat part (a) for the probability. of being able to form a 2 digit number greater
than or equal to 42.

1,1 1,2 1,3 1,4 1,5 1,6
2,1 2,2 2,3 2,4 2,5 2,6
3,1 3,2 33 3,4 3,5 3,6
4,1 4,2 43 4,4 45 4,6
51 52 53 54 55 5,6
6,1 6,2 6,3 6,4 6,5 6,6

Here the numbers in bold meet the condition. So Probability is %

(c) Can you find a 2 digit number (or numbers) such that the probability. of being able
to form a larger number is the same as the probability. of being able to form a small
number?

Let me write all the numbers that can occur in sequence.
11,12,13,14,15,16,21,22,23,24, 25,26, 31, 32,33, 34, 35, 36, 41, 42, 43, 44, 45, 46,51, 52, 53,
54,55,56,61,62,63, 64,65, 66

Since there are 36 numbers, we want to find the middle of the above sequence such that
there are as many numbers above as below.

We see that the numbers after the 18th indexed number and before the 19th indexed
number will meet this criteria. The 18th number is 36 and the 19th number is 40.

Hence the numbers with the probability that to form a larger number is the same as the
probability. of being able to form a small number are

37,38, 39,40

4.11.11 chapter 16, problem 2.15, Mary Boas, second edition

Use sample space in 2.4 and sample space 2.5 to answer the following questions about
a toss of 2 dice.

Solution

Sample space 2.4 is
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1,1 1,2 1,3 1,4 1,5 1,6
2,1 2,2 23 2,4 25 2,6
3,1 3,2 3,3 3,4 3,5 3,6
4,1 4,2 4,3 4,4 45 4,6
51 5,2 5,3 54 55 5,6
6,1 6,2 6,3 6,4 6,5 6,6

Here ng = 36.
Sample space 2.5 is
sum 2 |3 |4 |56 |7 |8 |9 |10]11 12
e |1l 2134|565 [4]3 2|1
Probability | 32| 3| 55 | 5 | 3 | 36 | 3 | 3 | 36 | % | %

Sum means the sum of one die throw and the second die throw. So Max sum 12 means
6 + 6, etc...
(a)What is the probability. that the sum is < 4?

.1 .1 2 3 6 1
Here the probability. is —= + = + = = = = -

(b) What is the probability. that the sum is even.
These are the sample points {2,4, 6,8,10,12}

Here the probability. is the sum of the probability of each of these sample points, which
is

1
36 36 36 36 36+36_36_§

To verify, I can use the 2.4 sample space to mark those points which sum to even number

1,1 1,2 1,3 1,4 1,5 1,6

2,1 22 23 2,4 25 2,6

31 32 3,3 3,4 3,5 3,6

4,1 4,2 4,3 4,4 45 4,6

51 52 53 5,4 55 5,6

6,1 6,2 6,3 6,4 6,5 6,6
We see that these are half the points. Which agrees with the above.
(c) What is the probability. that the sum is divisible by 3?
The sums that are divisible by 3 are: {3, 6, 9,12}

Here the probability. is the sum of the probability of each of these sample points, which
is

2+5+4+1_12_1
36 3 3 3 36 3

(d) If the sum is odd, what is the probability. that it is equal to 7?
Here the sample space is {3,5,7,9,11}

Since here the events are not equally likely, I can not say that probability of it being a 7
is %, instead, the probability. is given by
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Pr(7)

~ Pr(3) + Pr

—~

-2
=+

4
36 3

+
6

glo&Rl o

+

+

&=

T of4+6+4+2

6
18

Q=

Kln

5) + Pr(7) + Pr(9) + Pr(11)

(e) What is the probability that the product of the numbers on the 2 dice is 12?

Using sample space 2.4, the numbers marked in italic have product that is 12

1,1
2,1
3,1
4,1
51
6,1

1,2
2,2
3,2
4,2
5,2
6,2

1,3
2,3
3,3
4,3
5,3
6,3

1,4
2,4
3,4
4,4
54
6,4

1,5
2,5
3,5
4,5
55
6,5

1,6
2,6
3,6
4,6
5,6
6,6

So there are 4 tosses that can result in number whose product is 12. Hence the probability

is = = 1
36 9

4.11.12 chapter 16, problem 2.17, Mary Boas, second edition

Two dice are thrown. Given the information that the number on the first die is even and
the number on the second is < 4, set up an appropriate sample space and answer the
following questions

Solution
Sample spaceis S = {(2,1),(2,2),(2,3),(4,1),(4,2),(4,3),(6,1), (6,2),(6,3)}

Where in (a,b), a, is the first die number (which must be even), and b is the second die
number (which must be < 4). hence n; = 9, i.e. 9 sample points.

(a) what are the probable sums and their probabilities?

Possible sums are (1:1) corresponding with the sample space above :

Sum = {3,4,5,5,6,7,7, 8,9}

Hence Pr(3) = 5; Pr(4) = 5;Pr(5) = 2;Pr(6) = 5;Pr(7) = 3, Pr(8) = 5;Pr(9) = ;
(b) What are the most probable sums?

From above we see it is 5 and 7

(c) What is the probability that the sum is even?

From the sum sample space Sum = {3,74:, 5, 5,~6-, 7,7, ~8-, 9} we see that the probability of

. 3 3
the sum is even = 5%
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4.12.1 chapter 16, problem 3.3, Mary Boas, second edition

What is the probability of getting the sequence hhhttt in six tosses of a coin? If you know
the first 3 are heads, what is the probability that the last 3 are tails? If you do not know
anything about the first three, what is the probability. that the last three are tails?

Solution

First part:Looking at the sequence pattern we can get out of a six tosses of a coin, we
see that there are a total of 2° different sequences (since there are 2 choices at each
position, and there are 6 positions), this and the fact that each output of a toss of a coin

is independent of the output of the previous toss, means the chance of any one specific
sequence is the same as any other. Hence the chance of getting hhhttt will be 2l6 = 61—4
Second part: Now, if we know the first 3 are heads, we can solve this in 2 ways.

The first way: Since the first 3 positions are now known, then the total number of different

sequences we have to look at is reduced from 2° to 23, hence the chance of getting a ttt
11

S — = —
2378

The second way: Let A be the event of getting 3 heads in the first 3 tosses. Let B be the

event of getting 3 tails in the last 3 tosses. Hence we want to find P 4(B)

i

But since A and B are independent events, P 4(B) = P(B)

1

So PA(B) = P(B) = > = ¢

Last part, here we do not know anything about the first 3 tosses. So the first 3 positions

in the sequence of length 6 are unknown. Only the last 3 positions of the sequence are

known which are ttt. This means again that there is a chance of 2% = 1 that the last 3 are

T8
ttt

4.12.2 chapter 16, problem 3.5, Mary Boas, second edition

What is the probability that a number 1,1 < n < 99 is divisible by both 6 and 10? By
either 6 or 10 or both?

Solution

Let A=event that a number is divisible by 6. Hence P(A) = g since there are 16 numbers
between 1 and 99 that are divisible by 6.

Let B=event that a number is divisible by10. Hence P(B) = % since there are 9 numbers
between 1 and 99 that are divisible by 10.

First part: We want P(AB) since these 2 events are dependent on each others, then

P(AB) = P(A) PA(B)

Now to find P 4(B), this is the event a number is divisible by 10 given it is divisible by 6.

There are 3 numbers divisible by 10 out of the 16 numbers that are divisible by 6, and

they are 30, 60, 90. Hence P 4(B) = 1%

So

1 1
P(AB) = P(A) P4(B) = (%)(%) _3_1

For the second part:

Here we want to find
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P(A U B) = P(A) + P(B) — P(AB)

[5)+(55)- ()

O N

4.12.3 chapter 16, problem 3.10, Mary Boas, second edition

3 letters and their envelopes are piled on a desk. If someone puts the letters in the
envelopes at random, what is the probability that each letter gets into its own envelop?

Solution
(a) Set up the sample space. Let envelopes be A,B,C, let letters be a,b,c.

Each sample point is one row in the following table.

A|B|C
a | bjc
a |c|b
b |a|c
b |c|a
c |al|b
c |bla

From this table, we see that the probability that each letter gets into its own envelop is
%, which means one row above meets this condition out of 6 rows. (The first row)

. .1 . .
Another way to solve this: There is > chance of a letter getting into the correct envelop.

. 1 .
This leaves 2 letters and 2 envelopes, now we have a chance of  of one of the 2 remaining

letters going into one of the 2 remaining envelopes. After this, we have one letter and
one envelope, which have a 1 chance of getting into the right envelop. Hence the total

probability is % X % x1= % the same as stated above.
(b) What is the probability that at least one letter gets into its own envelope?
From looking at the table we see that this probability is %

This could be solved using probability calculus as well like this: Let n be the number of
envelopes or letters. Then the probability P of of all letters going to the wrong envelopes
will be
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P=1- —n(n—l)! R ](n—Z)! +[ n ](n_g)!]

n! 2 n! 3 n!

1 —3(3—1)! NE ](3—2)! +( i ](3_3)!1

3! 2 3! 3!
[ 2 61 1
=1-|13X—-=- ==+ -
6 26 6
1 1
=1-11-=-+ -
2 6
_4]
=1-]=
| 6
2
6

0. : . 4 2 _4
Hence the probability of at least one letter going to the correct envelopis1-P =1-¢ =

which agrees with the answer above obtained by direct counting from the table.

(c) Let A mean that a got into envelop A and so on. Find the probability P(A) (i.e. that a
got into A.) Find P(B) and P(C) . Find P(A + B) (means a or b got into correct envelopes).
Find P(AB) (meaning both a and b got into correct envelopes. Verify equation 3.6

Since there are envelopes, then P(A) = %

Similarly for P(B) and P(C)

Now, P(A+B) = % by looking at table above, we see that rows 1,2 and 6 meet this
criteria. so 3 sample points out of 6.

To find P(AB): There are n! ways to arrange n envelops, and there are (n — 2)! ways to

arrange the remaining letters (after 2 letters got into the correct envelopes). Hence the
=2 _ (-2 _ 1

n! 3! 6

chance of 2 letters getting into the correct envelopes is

from table, this is verified by seeing that only one row out of 6 meets this condition.
1
Hence P(AB) = A

To verify 3.6 which says P(A + B) = P(A) + P(B) — P(AB), then substitute values found,

we get for LHS %, and for RHS we get % + % - = % , hence equation verified.

4.12.4 chapter 16, problem 3.14, Mary Boas, second edition

A player succeeds in making a basket 3 tries out of 4. How many tries are needed to
have a probability of larger than 0.99 of at least one basket?

Solution

Let P be the probability of scoring at each try (in this example, P = Z).

Let E;=event of scoring in the first try.

Let E,=event of scoring in the second try.

To make notations shorts, let me call P, as the probability of even E, occurring.
Hence P(E;) will be written as P;

So chance of scoring after 2 tries =
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P(Ey + E) = P(Ey) + P(E;) — P(E{Ey)
:P1+P2—P(E1E2) (1)

But events Eq, E; here are independent of each others, hence P(E,E;) = P(E;)P(E;) =
Py P,

So (1), the chance of scoring after 2 tries, can now be written as:

P(E1+E2):P1+P2—P1P2 (2)

Similarly, the chance of scoring after 3 tries is

P((E; + Ep) + E3) = P(E; + Ep) + P(E3) — P((E; + E3)E3)
= P(Eq + Ep) + P(E3) - P(E; + E;) P(E3) (3)

Substitute (2) into (3) we get

P((Ey + Ep) + E3) = Py + Py = P1Py + P3 = [(Py + P — P1P3)P3]
= Py + P, — P{P, + P5 — [P1P5 + P,P5 — P{P,P5]
= Py + P, + Py - P{P, — P{P5 — P,P5 + P,P,P;
= Py + Py + P3 — (P1Py + P;P5 + P,P3) + P1P,P5

Now since each P; is the same, which is 7 in this example, I can write the above as

P((El +E2)+E3):P1+P2+P3—(P1P2+P1P3+P2P3)+P1P2P3
=P+P+P-(PP+ PP+ PP) + PPP
=3P -3P? 4+ P3

The above is the probability of at least one score after 3 tries. We can continue this
process, getting the probability of at least one score after 4 tries. This will result in the
following formula.

P((Ey + E, + E3) + E4) = 4P — 6P2 + 4P3 — P*

So, the pattern is clear, in general, after n tries, the chance of at least one score is

ap—| 2| o T | " |t pr
2 3 4 n-1

Now I need to find n which will cause the above chance of getting a value larger than
0.99

So need to solve the above for n = .99 and then take the next n after that.

i.e. need to solve

n n n n
nP - P? + P3 - P+t pr-t— pt=.99
2 3 4 n-1
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I do not know how to solve the above as is, so I'll just make trial and error.

Will try n = 2, for n = 2, the LHS of the above equation is

This is still less than 0.99. So try for larger n, forn = 3

rl2pe (AT

This is still less than 0.99 so try for n = 4

oL (P T

= 0.99609

This is larger than 0.99, hence the player needs to try 4 tries
Another way to solve the problem is

Let P be the probability of scoring at each try (in this example, P = Z).

o . 1
So probability of not scoringis1 - P = 7

o , o (1)!
So probability of not scoring after n tries is (Z)

So need to solve the equation

() <o
n log(%) = log(.01)

log(.01)
n=-————
log(.25)

= 3.3219

Hence n = 4 (the next higher integer value).

4.12.5 chapter 16, problem 3.15, Mary Boas, second edition

Use Baye’s formula 3.8 to repeat these simple problems previously done using reduced
sample space method

(a) In a family of children, what is the chance that both are girls if one is girl?

(b) What is the chance of all heads in a 3 tosses of a coin if you know that at least one is
head?

Solution
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The sample space here is [gg, gb, bg, bb}
Let A=event that both are girls
Let B=event that at least one is a girl

(a) We want to find Pg(A)

P(AB)

Py(4) = o 1)

Now P(B) =

To find P(AB) , I can not write P(AB) = P(A)P(B) since here these 2 events are not
independent. Here the probability of A implies B, hence P(AB) = P(A) = le

So substitute into (1)

Pp(A)

W oWk~

(b) What is the chance of all heads in a 3 tosses of a coin if you know that at least one is
head?

Let A=event of 3 heads.

Let B=event of at least one head.

{hhh, hth, hht, htt, thh, tht, tth, ttt}

P(BA)
P(B) (1)

Pp(A) =

But P(B) =

But P(BA) is the probability. of 3 heads and at least one head. So events are not indepen-
dent. So P(BA) is the same as P(A) which is %

Substitute into (1) we get

Pp(A)

N - ol |l =

A long way to solve the above is
The sample space here is {gg, gb, by, bb}
Let A=event that both are girls

Let B=event that at least one is a gitl

(a)We want to find P(A|B)
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P(A) P(B|A)

P(AIB) = P(A) P(B|A) + P(not A') P(Blnot A)

(1)

Now P(A) = 1 — P(not A) =
P(B|A) = 1 since given both are girl, then there is a 100% chance that one is a girl.

P(Blnot A) = g, since when not both are girls, the sample space is {gb, bg, bb}, and from

2
this, there is 2 sample points with at least a girl, hence 3

Substitute into (1) we get

1
ZXl
P(AIB) = 7 3_ 2
ZXl +ZX§
1
_ 4
-1 2
1 1
1
_ 4
ER
4
1
-3

(b)What is the chance of all heads in a 3 tosses of a coin if you know that at least one is
head?

Let A=event of 3 heads.

Let B=event of at least one head.

{hhh, hth, hht, htt, thh, tht, tth, ttt}

P(A) P(BJA)
(A) P(BIA) + P(not A ) P(Blnot A)

P(AB) = 5

so P(A) = ; — P(not A) = g
P(BIA) =1
P(Blnot A) = >

Substitute into (2) we get

1,6
P(AIB) = 1 Z Z 6
77 t7%7
5
_ 49
T 6%
49 49
6
42
1
N
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4.12.6 chapter 16, problem 3.16, Mary Boas, second edition

Suppose you have 3 nickels and 4 dimes in your right pocket and 2 nickels and a quarter
in your left pocket. You pick a pocket at random and from it select a coin at random. If
it is a nickel, what it the probability it came from the right pocket?

Solution

Use Baye’s formula.

Let A = event that the coin picked is a nickel.

Let B = event that the pocket selected was the right pocket.

We want to find

P(BA)

PA(B) = A

(1)

So need to find P(A) and P(BA)

P(A) is the probability of picking a nickel. But there are 2 pockets, so this probability is
the probability of picking the nickel from the left pocket or the probability of picking
the nickel from the right pocket.

Now the probability. of picking a nickel from the left pocket is the probability. of picking
the left pocket and then picking a nickel from the left pocket. This is % X %

Similarly, the probability. of picking a nickel from the right pocket is the probability. of

.1 . .1 . . ... 1 3
picking the right pocket and then picking a nickel from the right pocket. This is - x -

Hence P(A) = (% X %) + (% % ;) _ g

Now, need to find P(BA) which is the probability of picking the right pocket and then a
nickel was selected from the right pocket in this case. This is 7 X ; = 13—4

Substitute these values in (1) we get

4.12.7 chapter 16, problem 3.17, Mary Boas, second edition

(a)There are 3 red and 5 black balls in one box and 6 red and 4 white balls in another. If
you pick a box at random, and then pick a ball from it at random, what is the probability
it is red? black? white? That it is either a red or a white?

Solution

Let E=Event of selecting the first box (one with 3 red and 5 black balls)
Let M=Event of selecting the second box.

Let R=Event of selecting a red ball.

Let B=Event of selecting a black ball.

Let W=Event of selecting a white ball.
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(a) The probability of picking a red is the probability of picking the A box and then the
probability selecting a red ball from it, OR the probability of picking the B box and then
the probability of selecting a red ball from: it.

Hence

P(R) = P(ER) + P(MR) (1)

But P(ER) = % X g (since there are 3 red balls out of 8 in the E box)

and P(MR) = % X % since there are 6 red balls out of 10 in the M box

Hence (1) becomes

1 3 1 6
P(R)= =X -+ =-X—
278 2710
_ 3+3
16 10
39
~ 80

Now to find P(B) the probability of selecting a black ball.

Using similar logic as above, we get

P(B) = P(EB) + P(MB) (2)

But P(EB) =

| Ul

(since there are 5 black balls out of 8 in the E box)

N

and P(MB) = % X 0 = 0 since there are zero black balls out of 10 in the M box

Hence (2) becomes

| =

P(B) = = X

e
®| U1

Now to find P(W) the probability of selecting a white ball.

Using similar logic as above, we get

P(W) = P(EW) + P(MW) (3)

But P(EW) = % X 0 (since there are zero white balls out of 8 in the E box)

and PIMW) = % X 14—0 = é since there are 4 white balls out of 10 in the B box

Hence (3) becomes

il =

Q1| = (@]
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Now to find the probability that the ball selected is either a red or a white, we need to
find P(R) + P(W) but from above, this is % + % = %

(b)What is the probability of selecting a red on the second try given that we selected a
red on the first try (without placing it back into the box?)

Let A=Event that a red ball was selected on first try

Let B=Event that a red ball was selected on second try.
Then we are asked to find P4(B)
But by Bayes rule,

PAB) = o (1)

Where P(AB) is the probability of selecting a red ball on the first try and a red ball on
the second try (without replacement).

39

P(A) was found above in part (a) which is %

Now I need to find P(AB). To do this, I used a tree diagram which is shown below.

From this I find that P(AB) = %

Another method to find P(AB) is to say: it is the probability of selecting and red ball from
tirst box and then the probability of selecting a red ball from the same box OR it is the
probability of selecting and red ball from first box and then the probability of selecting
a red ball from the second box OR it is the probability of selecting and red ball from
second box and then the probability of selecting a red ball from the same box OR it is
the probability of selecting and red ball from second box and then the probability of
selecting a red ball from the first box. This will result in the following computation:

(5] 303) [+ )< 2] - 305 ) <36+ 3l <2 -5

which agrees with the number I obtained from the tree diagram.

Another method to find P(AB) is to say: Assume the red ball came from Box A, now do the
calculations to find the chance of picking a red ball on second try. Now multiply this by
the chance of the assumption being true. We get a number, say x. Next, assume the red
ball came from the second box B, now do the calculation to find the chance of picking a
red ball on second try. Now multiply this by the chance of the assumption being true.
call this number y. Now add x + y. and this is P(AB). This is really the exact same thing
as I did in the above alternative method, just expressed differently.

Hence, from (1) we finally get the conditional probability

187
_ 840 | 374
PA(B) = 35~ = | 55
80
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Box 2 was Box 1 was

Red Ball Red Ball

selected

Box 1 was
selected

Red Ball
selected
P=2/7

Red Ball
selected
P=5/9

5/60 9/160 9/160 3112

Tree diagram to find the probability of selecting
a red on first try and a red on second try.

The result is the sum of all the numbers at the
leaves of the tree above. Hence the result is

5/60 + 9/160 + 9/160 + 3/112=  187/840

(c) If both balls are red, what is the probability that they both came from the same box?
Let A=Event that both the first and second balls are red
Let B=Event that they both came from the same box

Hence we want to find

P(AB)

PA(B) = A (1)
P(A) is the probability of the first ball being red and then the second ball being red.
From part(b) we found this probability to be %

Now P(AB) is the probability that the first ball and the second ball both came from the
same box and both balls are red.

Looking at the tree diagram above, I see that the 2 leaves that leads to this have the

probability sum of 2y (These are the right-most branch, and the left-most

60 112~ 336
branch).

Hence (1) becomes

37

P4(B) = 157
510

185

374
= 0.49465

4.12.8 chapter 16, problem 3.19, Mary Boas, second edition

Suppose it is known that 1% of the population have a certain kind of cancer. It is also
known that a test of this kind of cancer is positive in 99% of the people who have it but
is also positive in 2% of the people who do not have it. What is the probability that a
person who tests positive has cancer of this type?

Solution
Let A=Event that a person has cancer
Let B=Event that a test is positive.

We want to find Pg(A)
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Using Baye’s rule

P(BA
Py(4) = —Iﬁ( A))
_ P(A)P4(B)

P(B)

P(A) is the probability a person has cancer. This is given as 1% or 0.01

P(B) is the probability that a test is positive, this is calculated as follows

P(B) = 99% x1% + 2% x (100% —1%) = 0.99 x 0.01 + 0.02 x (0.99) = 0.0297

P 4(B) is the probability that test is positive given the person has cancer= 99% = 0.99

Hence

P(A)P (B
Py(A) = ( P)(Bf;( )
_ 0.01 x 0.99

0.0297
~0.0099

©0.0297
=0.33333

So the chance a person has cancer given the test is positive is only 33%

4.12.9 chapter 16, problem 3.21, Mary Boas , second edition

2 people take turns tossing a pair of coins. The first who gets two tosses alike wins. What
is the probability for winning for the first player and for the second player?

Solution
I make a tree diagram. From this I find the needed probability sequence.

T 1
H = =
2

TN
P -
Ww- T M N
_- - ~
H H T H, T
& j\@ Q/x ¢ L
P1iDs , o "
HZ T FAN
, H I
7 N
n@ MY
T
H
n
Similar tree here as P
shown to tl

From diagram we see that the probability of player one winning after total of 3 tosses

3
(by both players) is 4 X (%) = %, (since there are 4 branches which leads to a win for
5
player one), and after 5 tosses 4 X (%) = % and so after 7 tosses probability of first player
1\ 1 1\’
winning is 4 X (E) =5 after 9 tosses, it is 4 X (E) = —

So the probability of first player winning is
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1 1 1 1
— -t =t =t
2 8 32 128

—11+1+1+1+
2 22 24 " 06

1 1% 1\t (1)
=—|1+|=z] +|=] +(=] +
2 2 2 2
11
=3 ~

1‘(5)
14
23
2
3

Hence the probability of the second player winning is 1 - § = %

4.12.10 chapter 16, problem 4.1, Mary Boas, second edition

(a)There are 10 chairs in a row and 8 people to be seated, in how many way can you
choose them?

There are 8! ways to arrange the 8 people.

For each one of these arrangements, there is o J ways to select 8 chairs out of the 10

chairs to seat each arrangement of the 8 people on.

Hence by the principle of counting, the final answer is

(10-8)!x8! (10-8)!

10 10! 101
81X = 8! = which is the same as saying| P}
So P =1, 814,400

(b)There are 10 questions on a test and you are to do 8 of them, in how many ways can
we choose them?

10
There are [ o ] ways to choose the 8 questions out of 10 without duplication.

=45

Hence

0] 10 10
8 T (10-8)! 8!~ (10-8)! 8!
(c) In part (a) what is the probability that the first 2 chairs in a row are vacant.

Here we want to find number of ways 2 chairs can be empty out of 10 chairs. This is

10
= 45.
2

Hence the probability that the first 2 chairs are the empty pairs is just % (one chance
out of total possible 45).

(d) In part(b), what is the probability you omit the first 2 problems in the test?

First we find the number of ways not to select 2 questions out of 10. This is given by

10
[ ) ] = 45, so the probability of not selecting any 2 questions is 41—5, and since any 2
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questions are equally likely not to be selected (we are not given any extra information

to suggest otherwise), then the probability of not selecting the first is also 41—5

(e) Explain why the answers to (a) and (b) are different, but the answers to (c) and (d)
are the same.

The answers to (a) and (b) are different, because in (b) we are looking for one set of 8
questions, and the order how the questions are arranged within the set is not important.
In (a), the order was important. That is why answer for (a) is much larger than (b).

Answer to (c) and (d) is the same since in both cases the order is not important.

4.12.11 chapter 16, problem 4.4, Mary Boas , second edition

5 cards are dealt from a shuffled deck. What is the probability that they are all of the
same suite?

Answer

52
There are a total of [ c ] ways to select 5 cards out of 52. (where the order of the 5

cards is not important).

13
There are ways to select 5 cards from one suite. and there are 4 ways to select one
5

suite. Hence number of ways to select 5 cards from the same suite is
13
4
5
13
5

So probability of selecting this will be =/ 1.98 x 1073
52

5

4

5 cards are dealt from a shuffled deck. What is the probability that they are all diamond?
Answer

This is just 7 of the above probability, since there is one out of 4 chance it is a diamond.

Hence the answer is i x1.98 x1073 = 4.95x107*

5 cards are dealt from a shuffled deck. What is the probability that they are all face
cards?

Answer

There are 3 X 4 = 12 face cards in a whole deck of cards (Jack, Queen, King).

12
The number of ways 5 cards can be selected from these is [ . ]

12
5

52
5

=3.047 x 104

Hence the probability they are all face cards is

5 cards are dealt from a shuffled deck. What is the probability that the 5 cards are in
sequence in the same suite?

Answer
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This is the probability of being in the same suite and then of being in sequence.
Let A=event of being in sequence

Let B=Event of being from same suite

So want to find P(AB)

P(BA) = Pg(A) x P(B)

To find Pp(A), this is the probability of being in sequence given the hand is already from
one suite, we need to find number of ways 5 cards in sequence can be selected out of
one suite. Thatis {1,2,3,4,5},{2,3,4,5,6},---, {9,10,],Q, K}

13
so there are 9 ways this could happen. But there [ c ] ways to select 5 cards from one

=7x1073

suite. Hence the probability of straight 5 cards given one suite is
13

5

Now P(B) was found first part of this problem, and it is 1.98 x 10~

Hence

P(BA) = Pg(A) x P(B) =7 x 1073 x 1.98 x 1073
=1.386 x107°
Another way to solve this: We want to find

13
4 x X probability of those
number of ways to select 5 cards all from same suite in sequence 5

number of ways to select 5 card - [ 52 ]
5

52
5
=1.39x%x10°

4.12.12 chapter 16, problem 4.5, Mary Boas, second edition
In a family of 5 children, what is the probability that there are 2 boys and 3 girls?
Answer

Looking at any sequence of 5 children, such as {bbgbg}, there are 2° different sequences
since for each position we can have either a boy or a girl (this is like looking at tail/head
sequence generated from flipping a coin 5 times).

So the probability of any one sequence is le

5
3 ] which is the number of

Now the number of sequences with only 3 boys in them is [

ways 3 positions can be selected out of 5 positions.
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Hence the probability of having only 3 boys (and hence 2 girls) is 2% X

51 54 5
3| 22 16
In a family of 5 children, what is the probability that the 2 oldest are boys and the others
are girls?

Answer

Let A=Event the first 2 born children are boys

Let B=Event that the last 3 born children are girls.

We want to find P(AB) the probability of A and B together.

P(AB) = P(A) P4(B) (1)

2
P(A)is (%) (since the chance of each child being a boy is %).
Now P 4(B) is the probability of the last 3 children being girls given the first 2 children
3
are boys. Since A and B are independent, then P 4(B) = P(B) which is (%)

Hence from (1)

P(AB B 1 2 1 3 B l 5 _ l
=1z) \2) =\2) ==
4.12.13 chapter 16, problem 4.7, Mary Boas, second edition

What is the probability that the 2 and 3 of clubs are next to each others in a shuffled
deck?

Answer

Let E,= event of having the 2 card as the top of the deck

Let E,= event of having the 2 card as the bottom of the deck

Let E3= event having the 2 card somewhere in the middle of the deck.

Let E = event we are looking for. (i.e. the 2 and 3 cards next to each others)

So we want to find

P(E) = P(E1)Pg,(E) + P(E»)Pg,(E) + P(E3)Pg,(E) (1)

But P(E;) = é since there is one position (the top) and there are 52 possible positions
the card can be in.

Similarly, P(E,) = % since there is one position (the bottom) and there are 52 position.
P(E3) = % since there are 50 possible positions (not counting the top and bottom) out
of 52 the card can be in.

Now need to find the conditional probabilities.

Pg, (E) this is the probability of having the 3 card below the 2 card, given the 2 card is in

the top position. Clearly this is - since there is 51 positions.

Similarly, Pg,(E) this is the probability of having the 3 card above the 2 card, given the 2

.. L ..o 1
card is in the bottom position. Clearly this is -also.
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Now Pg,(E) is the probability of having the 3 card next to the 2 card given that the 2 card
is somewhere in the middle. Now the 3 card can be above or below the 2 card. Hence

1 2
the probability now is =

Now substitute all these values in (1) gives

P(E) = P(Eq)Pg, (E) + P(E3)Pg,(E) + P(E3)Pg,(E)
1 1 1 1 5 2

= —X—+—=X—+—X—
5251 52 51 52 51
1

26

4.12.14 chapter 16, problem 4.8, Mary Boas, second edition

2 cards are drawn from a shuffled deck. What is the probability that both are aces?
Answer

Let A = event first card is an ace.

Let B = event the second card is an ace.

We want to find P(AB) = P(A) P4(B)

1 . . . 4
P(A) =The probability of first card being an ace is —

Now, Given the first card is an ace, the probability of the second card is an ace is 53—1

Hence P4(B) = 53—1
So

pamy = Ax 3oL
52 51 221

2 cards are drawn from a shuffled deck. If you know one is an ace, what is the probability
that both are aces?

Answer

Let A = event one of the two cards is an ace.
Let B = event both are an ace

Let C=event first is an ace

Let D=event second is an ace.

We want to find P4(B) = PIEZ:B)) = P(lja)fj)m) - %

are an ace, it is certain that one is an ace).
P(A) = P(C) + P(D) - P(CD)

But P(CD) is the probability of both being an ace, which is the same as P(B) which was

found in part(a) to be ﬁ

since Pg(A) = 1 (because given both

And P(C) = P(D) = &

4 4 1 33
HenceP(A)—§+§—E—E

1

Now P(AB) = P(B)P5(A), but P(B) =

from part(a).

Hence
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—
¥
N|—
=

~——

PA(B) =

2 cards are drawn from a shuffled deck. If you know that one is an ace of spades, what
is the probability that both are aces?

Answer

Let A = event one of the two cards is an ace of spades.
Let B = event both are an ace

Let C=event first card is an ace of spades

Let D=event second card is an ace of spades

We want to find

P(AB) _ P(B)Pg(A)

Pa®) =5 = " hay

(1)

1

Now Pp(A) = Py(C) + Pp(D) = ; +

NI

Hence (1) becomes

P(B)Pg(A) _ 1 P(B)

PAB) = =500 = 2p(a)

(2)

Now we need to find P(A) and P(B).

P(A) = P(C) + P(D) - P(CD)

But P(CD) is the probability of both cards being an ace of spades, this is zero since there
is only ONE card which is an ace of spades and so we can not have both being an ace of
spades.

Now P(C) = P(D) = o

Hence P(A) = si + 5% =%

1

To find P(B). this was was found in part(a) to be o

Hence (2) becomes
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4.12.15 chapter 16, problem 4.10, Mary Boas , second edition

What is the probability that you and your friend have different birthdays? (assume year
is 365 days). What is the probability that 3 people have different birthdays? show that
the probability that n people have all different birthdays is given by

P:(1—%)(1—3%)(1_%)...(1_%)

Estimate p for n < 365 by calculating Inp. Find the smallest n for which p < % hence
show that for a group of 23 people or more the probability is greater than % that 2 of
them will have the same birthday.

Answer

Let A=event that second person have different birthday from the first

Let B=event that 3rd person have different birthday from the second person.

Let C=event that all 3 have different birthdays

364

So P(C) = P(AB) = P(A) PA(B)

But P 4(B) is the probability that 3rd person have different birthday from second, given

that the second have a different birthday from the first. This leaves only 363 days to

select a birthday from. Hence P4(B) = %

Hence

364\(363
AO= (%)(%)

=1 ! 1 2
" 365/ 365
So when we add a 4th person we will get the probability that they have different birth-
daysP=(1-—|(1- =)1-=
ays = 365)( 365 365

Continue this for n people we get,

2 3 n

(-5a)l-s5)- (-5
365 365 365

Take the log of both sides we get

np = In|[1 - = |(1- =] [1- 222
A
:1n(1—i)+1n(1—i)---+1n(1—”—_1) (1)
365 365 365

But In(1 + x) = x for small x (i.e. for n < 365)

Hence (1) becomes

1 2 n-1

365 365 365
1+243+--+n-1)

365

Inp = -
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(n

Butl+2+43+---+(n-1)=[n-1)+1] x ;1) (by Gauss summation formula)

So we get

(n-1)
2
365
nxm-1)

2 x 365

n X

Inp =-
(2)

The above is an estimate of Inp for n < 365

Now need to Find the smallest n for which p < %
1. .. 1

p < impliesInp <In >

Hence Inp < —1n2

Solnp < -0.69315

so from (2)

nx(=1) 60315
2 % 365 ’

nx(n-1)> 506.00
n2-n-506>0

Hencen =23 orn =-22

since 1 is number of people, we select positive value. Hence for n > 23 there is a chance

just less than % that no 2 people will have the same birthday, or there is a chance just
over 50% that 2 people will have the same birthday.

4.12.16 chapter 16, problem 4.11, Mary Boas , second edition

The following game was being played on a busy street: Observe the last 2 digits on each
license plate. What is the probability of observing at least 2 cars with the same last 2
digits among the first 5 cars? 10 cars? 15 cars? How many cars must you observe in order
for the probability to be greater than 50% of observing 2 cars with the same last 2 digits?

Answer
This is similar to problem 4.10.

Replace the number of days in a year by the number of numbers, which is 100 numbers
(2 digits, 00,01, ..., 99 is 100 numbers).

Hence I can use the formula obtained in 4.10

=l ol i) - )

and for small #n compared to 100

So for n = 5 we get
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5x(5-1)
Inp=-——-7"-—
2 x100
1 1
np =--—
P="10

Solution is: p = 0.90484

The above is the probability of all 5 cars having different 2 digits numbers. Hence Prob-
ability of observing at least 2 cars with same last 2 digits is

1-p=1-0.90484 = 0.09516

Notice that is was based on the approximation formula. To get an exact number, I would
write

/—}2% /—/5%
1 2 3 4
P={1-—|[1-=]|[1-=][1-—
( 100)( 100)( 100)( 100)
= 0.903 45

Hence Probability of observing at least 2 cars with same last 2 digits is

1-0.90345 = 0.09655

To solve this for n = 10
_ nx(n-1)
2x100

FromInp =

10x (10-1)
Inp=-—7—-—
2 x100
Inp = -0.45

Solution is: p = 0.63763

Hence Probability of observing at least 2 cars with same last 2 digits is

1-0.63763 = 0.36237

Forn =15

Lo 15x(5-1)
nP =TT 100
Inp =-1.05

Solution is: p = 0.349 94

Hence Probability of observing at least 2 cars with same last 2 digits is

1-0.34994 = 0.65006

To find how many cars one must observe to get a probability of more than 50% of having
at least 2 cars with same last 2 digits, we solve for p = %
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Inp =

1

In=-=

2

-In2 =

Solution is: {[n = —=11.285], [n = 12.285]}

Hencen =13

nxmn-1)
2 x 100
nx(m-1)
2 x 100
nxm-1)
2 x 100

4.12.17 chapter 16, problem 4.15, Mary Boas , second edition

Problem 4.15 Chapter 16 (Mary Boas
second edition)

By Nasser Abbasi
A B o o o o
A B o o o o
A B o o oo
A B Box1 Box2 Box3 oo
B A o o
A B Fermi-Dirac distribution
of 2 balls into 3 boxes. °co
Balls are NOT
B A distinguishable, hence Box1 Box2  Box3
B A eachis a circle. In ' .
addition, each box can Bose-Einstein
have only ONE ball in it distribution of 2 balls into
B A at a time. Number of 3 boxes. Balls are NOT

ways of putting 2 balls

Box1 Box2 B i i
ox OX ox 3 into 3 boxes is C(3,2)=3

Maxwell-Blotzman
distribution of 2 balls into
3 boxes. Balls are
distinguishable from each
others, one ball labeled A
and the other B.

Total number of ways pf
putting the 2 balls into the
3 boxes is given by 322=9

distinguishable (just like
with the Fermi-Dirac),
however, here we can
put more than one ball in
the same box at one
time (unlike the Fermi-
Dirac).

Number of ways of
putting 2 balls into 3
boxes is C(3+1,2)=6 and
the probability of each
one permutation is 1/6
(each is equally likely).

4.12.18 chapter 16, problem 4.17 , Mary Boas, second edition

Find number of ways of putting 2 particles in 4 boxes according to the 3 kinds of statistics.
Answer

Let n be the number of Boxes, and N be the number of balls.

For Maxwell-Boltzmann (MB) it is n" . Hence the answer is 42 = 16
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4
For Fermi-Dirac (FM), itis ,Cy = 4Cp = [ ) ] = 6

4-1+2 5
For Bose-Einstein (BE) itis ,_1,nyCn = [ ) ] = [ X ] =10
4.12.19 chapter 16, problem 4.21 , Mary Boas, second edition

Find the number or ordered triplets of non-negative integers a, b, c whose sum adds to
a given positive integer n

Answer

If we imagine the number n written as 11111 --- 111 and then imagine we put one vertical
bar to the left most and to the right most like this: | 11111 ---111 |, then the problem
becomes on how many unique partitions we can create in-between these 2 vertical bars
by using 2 new vertical bars. A partition here is the same as a box.

For example, the following is an example of 2 different partitions created for n = 8

[111]1111 | 1 |

[1]11111 |11 |

Note that We can also create an empty partition, as follows

[1] 1111111 |
When we create an empty partition between the 2 vertical bars, it is as if there is a 0 in
there.

Hence the problem becomes a question of how many way can we insert the 2 vertical
bar among 7 different objects.

To count this, we start by putting the first vertical bar before the first object:

[ 111111111 |

So now the second bar can go before or after the second object, or after the third object,
or after the 4th object, etc... until we get to the nth object, where it can go after it. Hence
there are n choices for the second bar.

Now, the first bar can be put after the first object as this:

[1 1111111 |

So now the second bar can go into any of n — 1 positions.

We continue this way, until we get to the last object, where we can put the first bar after
it, as this:

| 11111111 | |
Now the second vertical bar have only one position to go which is after the first vertical
bar.

So, the first vertical bar has been placed in m = n +1 positions, and for each one of these
positions, the second vertical bar has been put in k + 1 positions where k indicates the
number of object to the right of the first vertical bar at the time.
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So, for example, for n = 3, we have n + 1 possible positions for the second vertical bar
when the first vertical bar at the left of the first object. Then we have n possible positions
for the second vertical bar when the first vertical bar to the right of the first object, then
we have 1 — 1 possible positions for the second vertical bar when the first vertical bar to
the right of the second object, and we have n — 2 or 1 possible positions for the second
vertical bar when the first vertical bar to the right of the third and final object.

This is the same as the number of ways to choose r object at a time from 7 objects.
Hence forn =3wehave (n+1)+ (n)+(n—-1)+ (n-2)=4n-2=10
So in general, we have (1 + 1) + (1) + --- + 1 possible ordered triples.

This is, using Gauss summation trick, is the same as

n+1)
+2
(1427
. a2l L n+2
But this is the same as —or which is the same as
121 "

But note that the Bose-Einstein statistics with the number of boxes being fixed at 3 gives

T

This is the same as the Bose-Einstein statistics with the number of boxes being fixed at
3.
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