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1.1. A bit about UC Berkeley CHAPTER 1. INTRODUCTION

This ismyweb page for courseMATH121 B,Mathematical methods in physical sciences,
that I took in spring 2004 at UC Berkeley.

Instructor: Prof. Richard E. Borcherds UC Berkeley Math department. Personal Home-
page http://math.berkeley.edu/ reb/

1.1 A bit about UC Berkeley
This below is a picture of Evans hall. It is a big tall building full of very smart people.
The math department is on the 9th floor. The course was in room 3, which is on the
ground floor on Evans hall

1.2 Textbook
MATHEMATICAL METHODS IN PHYSICAL SCI, BOAS. 2nd edition chapters 11, 12,
13, and 16

Textbook was Mary Boas, second edition. This seems to be the standard book for these
type of course are most universities, at least the ones I know about. It is a good book,
but more detailed examples would have been nice. So another book such as the problem
solvers type books might be useful to have.

1.3 Course description
Spring 2004 (January-May 2004) Course description: Functions of a complex variable,
Fourier series, finite-dimensional linear systems. Infinite-dimensional linear systems,
orthogonal expansions, special functions, partial differential equations arising in math-
ematical physics. Intended for students in the physical sciences who are not planning
to take more advanced mathematics courses.

Units: 4
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2.1. cheat sheets CHAPTER 2. STUDY NOTES

2.1 cheat sheets
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3.1. First exam CHAPTER 3. EXAMS

3.1 First exam

3.1.1 Questions

Figure 3.1: Questions
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3.2. Second exam CHAPTER 3. EXAMS

3.2 Second exam

3.2.1 Questions

u

Math 121B midterm, 2004 April 1.
'-'

Please make sure that your name is on everything you hand in.
You are allowed calculators and 1 page of notes.
All questions have about the same number of marks.

~

1. Solve the following differential equation by the method of Frobenius
(generalized power series):

x2y" - 6y = O.

2. Express d~Jo (x) in terms of J 1(x), using the definition

f'2 ~ "'f"'",

7Cr/~

~. Use the relation

(X)

Jp(x) = L (-1)~(x/2)~~+P
n=O .

'-' (X)

exp(2xh - h2) = L Hn(x)hn
n=O n!

to calculate the Hermite polynomials Ijo, Ijl, H2, and H3. What is the
coefficient of xn of Hn(x)?

4. The Laguerre differential equation is

xy" + (1 - x)y' + py = o.

Find the polynomial solution Lp(x) with constant term 1 for p = 3.

/ 5. A bar of length 7rwith insulated sides is initially at a temperature of
1. Starting at time t = 0, the ends are held at a temperature of o.
Find the temperature distribution T(x, t) in the bar at time t. The
temperature T satisfies the heat equation

aT a2T
at - ax2.

/

1

Figure 3.2: Questions
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3.3. Final exam CHAPTER 3. EXAMS

3.3 Final exam

3.3.1 Questions

Figure 3.3: Questions page 1
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3.3. Final exam CHAPTER 3. EXAMS

Figure 3.4: Questions page 2
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4.1. HW 1 CHAPTER 4. HWS

4.1 HW 1
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4.1. HW 1 CHAPTER 4. HWS
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4.1. HW 1 CHAPTER 4. HWS
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4.1. HW 1 CHAPTER 4. HWS
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4.1. HW 1 CHAPTER 4. HWS
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4.1. HW 1 CHAPTER 4. HWS

~ f fw" r s i /'''"4- ;'/7f"(5~ rl

r(nt-l)= /.3,5 .'- (2n-1)
Gh

CISCL

r (P+I):O ? j' (?) -tv <{JI'-~o",d r (YI -I t) .

/50 r(n-tlz) = (f)-f) (, (n-f)

t:tf!J~ tljd}J1 f(.J ~)( !41.o.Jr (n -( )

(l(h-i) = ((J-i)r(n-~)

T' (Y1 -~) ;:: (n - f) r ( n- f )
COY?fiJ'}v.L LM "'// "'-'... !.~ -f Iv r ( I-t;) uh;, t I j f if ( t)

-f -e X~~ I -r- n = 'f 4 +err/.1;ts

/,(Lf-ti)=(:,U(zt) (Ii) UJ ,(f)

50 J1(f/ T t) = (211-1) ('2f)- 0 (2f) -s-)_ _ ~ I' ({)
Z. 2. 7 :z

-
(2t1-1) (2.J1-3,)(2Yj-S)- , (I)

Zr)
r (\)

_ U)(:»------- ( LV) -_~_~ l LVI -~) C'2 ~ ... t ) P ( ~ ) -===0
=c~-- ---

24



4.1. HW 1 CHAPTER 4. HWS

-

- Z n /

heh~ ~ (9
LZ n) ~ _ / ' 3' S- ~ ~ - ~ ("2 V) - I)

?v n!

?1/h;;I;J..- '"b;v e.- b.. c/tC i 'fI f" er'" h'".", CD , 1- ~

,_..'-~ . -

(zn) !

L-jn ()!
....--

- - -

25



4.1. HW 1 CHAPTER 4. HWS

G. I

U

~)

~-I
(I-X) dx

i-- h -<-e4 f." .ft ~ Y-f
1£+ x:=: I -'J in CJ

dx = -cfJ

I

j ;yf>-I (I-X) 1-1 dx
o

tJ~ x= 0 -7 d=-J

l.JAA- x "'-I ~ j = 0 '_ID?of
)" @ be~_~~ j (;-j) - (/- (/-'j)

I

/
_ / 1-1 p-J_ ~ (,-x/ 1)(.

o

b~+ J i.s ~ ~~J v~.~,,~ I

I

J 1- I P-I
-==- -x: - (I-~) dX-

--

o

- - - - - ---- -

-(3)

26



4.1. HW 1 CHAPTER 4. HWS

0).r

pY4b/~ C~(/\.J>t-<I') b ,2-
C(j f-f

B (f, c;) = J J
CJ (I +j ) P+1-

-0

o

- - - -'-

0() r-I
o(J p_,

J d
J J ,p+}- - 4)

C P-I-t '}-I-tL
0

IT)
c) 0+') )

Ql3-t)

27



4.1. HW 1 CHAPTER 4. HWS

__ -e"r--- ~;'a ~ ",,;9 ~ ) L,. .-
f' ~ / aJ ~ f-- -n/.t- .

I I

I~ j

@

- J
J

= S
Q

-J.z

(1_y 3) dX,

o
c

I 1-/
~p- CJ-x) dx. (I)

_2/~

dx = j d dj

JC~( ~ ~~(

I . J

J (J-x3j-'Ld.x.
o o

1 =

o

2. I Q_ I - - I
P-I = -0 Cine. ,- - L

----

I
J. I

1,<- p= 3 4''''. t = 2-. /'
1=0 ~ f3(p,t) = ~p(~JU=l

_ 1 r(~)r{~)

- 3 r ( ~)

r (-3) r (f).
r ( ~ i-~)

-- --

28



4.1. HW 1 CHAPTER 4. HWS

(/r$. - I I

__ 10 If-t ffJdYL 4~ ~ f/UZ1U1( ~ £/So<.....

;1?~f"'/f'/?;"" 7z; fr'Y f> (;) ~. x ~ 114-1-

~ ~1~. ~ :r U51!./ dO(IU)-f ~ ~

;q};~ lL..$I-t.~ '

------ - -- --

29



4.1. HW 1 CHAPTER 4. HWS

@

(j)

t
'ZP-I =-2.- J

p =- -i + I = .2-5
-.:z

J

$t., I=

/7 ('];Y) =-

T' ((j.7) ) =

t (3 ( P, "t) = i (j (.2-5 I · >)

r(ZS} r(~)

r (CJI75)

,~ r ( PS) / =- 1j r {1'~5") =- Lf (iY 9061.()

_I r(i.75"} ~ L ( o,Q/Qb6 )
'

-7)

'1 q 1, ".r1,

J- r {; ~ 2 0 b { Ii.2, z. I/.tn
II.s- ~

--

30



4.2. HW 2 CHAPTER 4. HWS

4.2 HW 2

- -- --

---

31



4.2. HW 2 CHAPTER 4. HWS

{fJ

----

-2- -I 3

II

E!IJ
'1-

5
-¥

;. ==e

e. z-71 '3

j.,.,)t. "'I 1"- ?

?t- tj- -
CJ I

-tl Ye. = ;(;7 I
-rz.. 4 .CJI

!
e. ':

") "tJ..-..---+3
Ye. = ,r:::JQ"/l..

. 2-
Go -

-( lie ..:. r!Jbr 7

\-2...- 'leI.( -:;. .o/

-3 Ye .c,J. 11-
.J

::

7v put

1..-
L.-<)

-x

J1e

J

32



4.2. HW 2 CHAPTER 4. HWS

C0 II

fED p~ ~f e.,fCx) .;, "-,, ~ ~ -f It. .

@

I{-~) -;- - f(">t) ~ e..~ if f(-~) -=-+~J .

-41..!,
; -x I k:

/ .-' '.......

lei: i : - S

d,/;- :: -d 5

£cJ~ "i:.=- CI --i!> S = 0

w~ i--: -'X. -9 S = x-

---

wf (-x) ==

:c "1-

- J
-$

ff
€.. JS

CJ

I /
.s

..., "- d(/'V'....J '" J, k / ::: y.e ......,..:f <. "J,--. --0

u-f (- )
- -:2. J't '- /- (if" e -'t oft = - ev-f (x. )

33



4.2. HW 2 CHAPTER 4. HWS

cA II

(0) b~ vr ~ YlJ- q, j CtkJ '1 '2- C1.-

(b) bzJ r~ it- -f:b <c r ~ I ~

~ L (s; V-

34



4.2. HW 2 CHAPTER 4. HWS

F~ ~J.k , ~f(~J =- a.. f1S32 2.:z.~so

~ J7F::. ~ . i'~bZ~ b'f 2..~-2...

erfc.c. ~ J::: 1- earf (5)

~ -fr -«{-(x} .,"? ;Ji'#:~ vp tv 2. / ~~

l41:1lc- 7. 3 ;~ Ie~~ ~J:;... 4f dl4".. ~c.";"'s I Abr~...«u;'~~

p",S' 3/b;, ~f-q.;., ~4.lc. f-r ~r'fc. h) /-r :x =s .

-- - --- -- --- ----
- --- --

35



4.2. HW 2 CHAPTER 4. HWS

u"'- II

.I /0 · I ':>i ~ t'er 1« ; ~J.e;~ be;~ / F~./ '$"...,r,.-.( ~......

of ~ ~"i~-h(:; s~ (-t'
00

I = j t
n-/ --f:::- Jx. e- t:

(
() -/

)-! +
~-c

1 ~ ~~ ib; 1v exp~ ~f: H4 pttW~

S"~'~ ~ ~ ou,:~ ~ i:n-I br~
h~"""~ ~ dek~$. ~

- -- - - -_._- --~

I
"t- I

(fl. I) .

I

D()
-

--

36



4.2. HW 2 CHAPTER 4. HWS

...L. -

@

~

(
YJ-) \

f
n-2-.-~

- OT :") + (n-I) t e eft.
,/ ~ /

'1l/~ j~f~ 77 ,..n;tQ "'--()...:....)..,J drP ~+

-

= x.,,-J

-

-
(/~

--\-

(J-lv

)
(11-1) (11 -1.).-.-

(11-1) I,

----

37



4.2. HW 2 CHAPTER 4. HWS

k+ ~ -.x:: I

-e. T e. = ~

(n-I)

(
_ I-:L

It fn-IJ (n-V(n-'1'. -.12 I

)
(r1-I).

-+ --- 1-' , i-
eX;)( :x: ~ -.2. I e :x:.

- F -') I ~ r~(
~ (~fe.~t~,f. o~.

R ,.;r;.. _ (J ~ . ~ I ~:JL:., 1- rJ--f~
;J,L- 4. t!J f A,~ it- ~;...C<J~. ;;b/,.J-~""""h..v+
'-tJ;~ ~ (fL.-I) /. f..sa.-(I14. n. 61-1) . -

0fJ e;>L

!
,1-';;'-'--

I~ bo~" 5~ f -L"'''' --l ;c.". I (;1-1) '<.:J (()
~ e. dt.: -' J1"'- t- --- .

~ e~ ~

~_o.<, b f<. ...Is~ ~~,. wI x=- " w-<'5~ )it

.J?I- C"W>"''''r-~ rc,,). (?'r- 472)' ~, If Z

'P 1 x'"' Q";" M" I... (/-e.i Q . "''''.1 ;., -:J s.,<..J;v.\.,

7. ~ () e.:f I' ( ".J ~ -to /A-v- eo!.i-- fe..t CfL -I) f

38



4.2. HW 2 CHAPTER 4. HWS

Ch JI

J 1t!.N] e'</~ ~ -(-<fA':',....
I '.e1 ~ ~t-tt Lu~ -k j)k.- ~ ~~ f-r

@
.

~~II~ r~'
r (t1)~) t1b,p,;Vt~~ 10, r~

~(JL Cf ~:o v ~ ~It~l
:r ~.it rew~l f~ ~ ~ '

~'-- r(I I:it-,-) = {iT

~ I at (1<) = 1-

eY"fd'<J= fir (1- e r-f (~ 1)

r(tO'~) / /
{if-

- -- -- --- -

39



4.2. HW 2 CHAPTER 4. HWS

o
( Q

""'
)

-J...
1_ k ~<p) z. C:!-CP

--v---J
~ e>'p:.-A ~'

.
1.040

_1

(J -«) 2. -= '-t' t x + U x.1-+ 1-3. ~- x.1 -+- I. '3.~. 7
..<."I 2. 'f. 6 2. '-I.6' H

J. ~ ~ ~ ~ ~ ~~ h..-e-.-

I{
X. i-.-.

'3., J ,3- J + j ( I< ,jl1~) '+ _- ~ 2.'f

~ FCI<.,'f) = f:<i> -t i r (j<SiA"'/'H 1-Q

-- -- --- -

40



4.2. HW 2 CHAPTER 4. HWS

If +

3 J/ d'J .s).I / d)' 3 'I '1
-==32 f'. T - - r'\ ~ T ~ cp + - ~ cp -+ 3 _ k c ,,() ~ d)

J6 6'Lf 3:; 'f' r

q Jj '1

~/- ~f -2.. k. ~'1 ~dJG'i 31.. T

- I ~
we ~ ~.ri'~ ~~' f-r J ~ 6'44(1. ~frpfJ~ tv I I.

- I /<:,~ 1.:. f 3 ~ .
/.. (1</ f)::::. rp-t--- fJ - - ~ ~ ~ ~ + L A cJj - - J< GufJ ~ rJ ..- .r J f f 611 T 32

~ I ~ -h~ -/;p £ (Ie,1') I I v'~;1).,.- ~;.. of:.--::i-
- -- --

41



4.2. HW 2 CHAPTER 4. HWS

~ ~ ~p~.'
2- - ~

7T ., .:,- /. rr . T:- q I "I_ -t- -!!: - - C+<J - s !..L T - .~ K _ ~.5 ~JI ~ 7r
£of '-f 't ~ If 't 6r If ~~ 'f '1'

= J. ~ [".771S?>]

~'.. "l;ynl Aj);?/"rK:-ti-> ~ L ~ vs~1.
3 ~ ; ::th- ~. "'-'Y'>tN"i.s ...1 4- 2..5";:

j/~ J:. w:".u ~ ftv- ~~'I>~~ F ~-(I<,p).

ff

F-fy.{J)= j 'f/-I<"~2-rf Jll"

~ I eA<f'--1 (I-x)p u.-4. b;~ ~ J..,IL..-

J f:::~ y,.rf - 4. , ..., .:fA.- c..- Mi, F( ):,/~).

{/ -x ) P:: (I-x) 1i ~ 1_ L;>Co_ -.!:J..?to1- _ /. /.~ ~ '!:J, 2 .'I' - - ---.

~~ -x.~(j<~tp)2

~
J

f I
(/- x.)'/2..J (J :=.t:.J

--

42



4.2. HW 2 CHAPTER 4. HWS

'L.

_ 7T ., 7r_ _ - __ .LL. -t-

i 't 'I

p..;, .:.. 'I.V'~ ~ -fpn-;<:~ kJi-l1. nj :3 f~s'

~ I> ~ C)-I %.

ffi' ~ """'" ~ FU,1') ~ nrt 4f,,"-r- NO

ftMd-~ ,we /3 (J., V (twt-> I. ---'- ",-"..rr/ k] .

}G ~ £ ;

J<= F(i<.,f) /,.. ~/u<- q? ",,;/4. f ;,... iJ- ~ r F() f-l'

= ][ +- t::: Jr _ !i tv. 7L~.II: +- 1- ;/1F _ '3 I<.r~ ~...>:v 0/1-
2. Jj ~ Jt :2.. ;2.. Gf 2 E ~ T"

V =- lr..,... )<~ -r,- q ~- {
r;. .

J" 2. T /1 T --L-)t.. II + ~ ~ JL ::: to ~ '''JJ2-1.f ~ f~ .ldi5~1J e,.{

--

43



4.2. HW 2 CHAPTER 4. HWS

--

.L /2.2 I Fi~' ~ 7~~~ --r (~~~ k) fw---~
~ 1 ~t I

f\ (0./0) == F(j"Jf)
I~ ~ I<..

~ '46.'-=' ,/ C/~ ;4brq#V1 o..,;.{ ~J1 p~ ~o g J

Iw- ,.,.,=-)(.2- = eN ~ ...= 0 . .dG "'! ~
J; 0.01 r-
/4bk ..A~ I<. (~) = ~ It ~ 7lt7L(

~ 1\ (~) = ,~ J.5,e?:!;

(i.:>lv.-f .io ~i ~ f.. ~ v..l.-. -t-r K b..Pv-c'41e...~
~ Tc:;j,L ) (.$<- ~~?).

--r;;;i<-<- I k{CJ.J3) =_ ~ ~ rnm~},~'~ / I

ilS<4 0 '02. ~ c.lQ.JI4./".

---

44



4.2. HW 2 CHAPTER 4. HWS

@

~ ~ ~ f=(~.:i~ 7%;)

p""" ~ u-r~ -1 ft- I~ r 1 ~ ~ r

/

--

45



4.2. HW 2 CHAPTER 4. HWS

@

-I

I~~ Nt ~ ~CA I ~~ ~~~ ;f

~~ ~~

~ ;w-v z: ~ v,sotL

E~ to~

~ Jf ~'- Y 0 plc, f }
At.

~ ~ ~ ~/(7wi~
~.

u...::.I

j; JOII+ l/1I)u-5f>YlJYiJUr~vIJ,4),

11 ArJ~ ~ J[11- Cff~ ~~

( [jlt~? elf)

(M.JU~ ~ ~)( ~ ~ ~ ) ,

Yr

/' '<..

.....

~~

-- - - ----- - ----

C{.(> b ' I

k'"l.= a.. L_I:? 1-

it.."l.

I )< .:::.

46



4.2. HW 2 CHAPTER 4. HWS

cA II

- - - - - -- -- -

7- a 4b'-. (as =It,)

ef: u= 1 cf .,[d>
. ; F(J<, 41) \c) VI-):.'15;IIttQ .5 (k) = 5; <t?

CJ l) I

7Jie F ( )t) =
.'S I C). 3'52-

jr

I
F ( Yl1Tyl{) = (). f'JoL(

I o.7c;7-
't

I

71
I F (/It);r) = 1.235""

o. cr z
e

I71

!

F(j,t.)-r) = /. £&>.;- I-
2-

I

lt
I FlhJfn)=

2... / )
, c;.'("L

e ,

E-rr
\ F ( 2.) 7r) == 2.56

. t::) . 7 7
t

tJrr

\ r- (1/.) 7",,1Y) = z.Q7

I Q.3.fI

7r F- L'IJ... 7T) = '3. 7 \ C)

lr f 02.J {n) = f."C;- I -I
'l;P{ I F C Ill.) l.lj') = 6 ,1 'i I cJ

47



4.2. HW 2 CHAPTER 4. HWS

- --
_ \ J - .,..-. - -

- - - - - - - -

@

'5

48



4.2. HW 2 CHAPTER 4. HWS

this is a plot of sn function using mathematica, along with the sin function to compare the
two.

Plot[{JacobiSN[x, .52], Sin [x]}, {x, 0, 2Pi},

PlotStyle -+ {Dashing [{O.OS, O.OS}], Dashing [{0.01, O.Ol}]}]
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4.8.1 Chapter 13, problem 2.1 Mary Boas book. Second edition
Find the steady-state temperature distribution for the semi-infinite plate problem if the
temp at the bottom edge is 𝑇 = 𝑓(𝑥) = 𝑥 (in degrees; that is the temp at 𝑥 cm is x degrees).
The temperature of the others sides is zero degrees and the width of the plate is 10 cm.

T=f(x)

T=0T=0

T=0

w=10 cm

Semi-infinite plate

X-axis

Y-axis

Solution

Since we are looking for a steady state heat distribution, which means there is no heat
source, then we use Laplace PDE to represent the problem. We need to solve the follow-
ing PDE

∇ 2𝑇 =
𝜕2𝑇
𝜕𝑥2

+
𝜕2𝑇
𝜕𝑦2

= 0

For a 2D problem as the above, we start by assuming that the solution 𝑇(𝑥, 𝑦) is of the
form 𝑇(𝑥, 𝑦) = 𝑋(𝑥)𝑌(𝑦). We now substitute this assumed solution into the Laplace PDE
and obtain

𝑋′′𝑌 + 𝑌′′𝑋 = 0

dividing by 𝑋𝑌 gives

1
𝑋
𝑋′′ + 𝑌′′ 1

𝑌
= 0

1
𝑋
𝑋′′ = −

1
𝑌
𝑌′′ = −𝑘2

Since the left hand side in the above equation depends only on the independent variable
𝑥while the right hand side depends only on the independent variable 𝑦, and both sides
are equal to each others, then each sidemust be equal to the same constant. This is called
the separation of variables approach. Assuming this constant is −𝑘2 for 𝑘 ≥ 0 we obtain
two ODE’s to solve for 𝑋 and 𝑌
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𝑋′′ + 𝑘2𝑋 = 0

and
𝑌′′ − 𝑘2𝑌 = 0

To solve the 𝑋 ODE, we assume the solution is 𝑋 = 𝐴𝑒𝑚𝑥, for some constants 𝐴,𝑚 and
substitute this in the ODE to obtain 𝑚2𝐴𝑒𝑚𝑥 + 𝑘2𝐴𝑒𝑚𝑥 = 0, or 𝑚2 + 𝑘2 = 0. This is the
characteristic equation whose solution is 𝑚 = ±𝑖𝑘, hence 𝑋 = 𝐴𝑒±𝑖𝑘𝑥.

A general solution is found by adding all the individual solutions, hence 𝑋 = 𝐴𝑒𝑖𝑘𝑥 +
𝐴𝑒−𝑖𝑘𝑥 = 𝐴�𝑒𝑖𝑘𝑥 + 𝑒−𝑖𝑘𝑥�. But cos(𝑘𝑥) = 𝑒𝑖𝑘𝑥+𝑒−𝑖𝑘𝑥

2 , hence 𝑋 = 2𝐴 cos(𝑘𝑥) = cos(𝑘𝑥) by taking
constant 2𝐴 = 1.

Another general solution can be obtained by taking the difference of the individual
solutions, hence, 𝑋 = 𝐴𝑒𝑖𝑘𝑥 − 𝐴𝑒−𝑖𝑘𝑥 = 𝐴�𝑒𝑖𝑘𝑥 − 𝑒−𝑖𝑘𝑥�. But sin 𝑘𝑥 = 𝑒𝑖𝑘𝑥− 𝑒−𝑖𝑘𝑥

2𝑖 , hence

𝑋 = 2𝑖𝐴 sin 𝑘𝑥 = 𝑠𝑖𝑛(𝑘𝑥) by taking 2𝑖𝐴 = 1. Therefore solutions to 1
𝑋
𝑑2𝑋
𝑑𝑥2 = −𝑘

2 are

𝑋1(𝑥) = cos(𝑘𝑥)
𝑋2(𝑥) = sin(𝑘𝑥)

Now we solve 𝑌′′ − 𝑘2𝑌 = 0. Assuming solution is 𝑌 = 𝐴𝑒𝑚𝑦 hence the characteristic
equation is 𝑚2𝐴𝑒𝑚𝑦 − 𝑘2𝐴𝑒𝑚𝑦 = 0, or 𝑚2 − 𝑘2 = 0, hence 𝑚 = ±𝑘 , then 𝑌 = 𝐴𝑒±𝑘𝑦 , and let
𝐴 = 1, then 𝑌 = 𝑒−𝑘𝑦 or 𝑌 = 𝑒𝑘𝑦

Since 𝑇�𝑥, 𝑦� = 𝑋(𝑥)𝑌(𝑦), then the 𝑇 solution is a combination of all the above solutions.

𝑇�𝑥, 𝑦� =

⎧⎪⎪⎨
⎪⎪⎩

sin 𝑘𝑥
cos 𝑘𝑥

⎧⎪⎪⎨
⎪⎪⎩

𝑒𝑘𝑦

𝑒−𝑘𝑦

Nowwe use the boundary conditions on the plate to find which of the above 4 solutions
is the correct solution.

Since this is a semi-infinite plate, then as 𝑦 → ∞, 𝑇�𝑥, 𝑦� → 0, this means 𝑒𝑘𝑦 solution
must be rejected since they have the positive power of 𝑦 on the exponential function.
(since 𝑘 > 0). Therefore we now have

𝑇�𝑥, 𝑦� =

⎧⎪⎪⎨
⎪⎪⎩

sin 𝑘𝑥 𝑒−𝑘𝑦

cos 𝑘𝑥 𝑒−𝑘𝑦

Looking now at the left boundary condition where we want 𝑇 = 0 for 𝑥 = 0, this means
that solution cos 𝑘𝑥 𝑒−𝑘𝑦 must be rejected since it is not zero at 𝑥 = 0.

So, only solution left is
𝑇�𝑥, 𝑦� = sin 𝑘𝑥 𝑒−𝑘𝑦

Andwe have two boundary conditions to satisfy yet, the right hand side, and the bottom
side.

At the right side, where 𝑥 = 𝑤 = 10 𝑐𝑚, we need 𝑇 = 0, hence this can be achieved by
having sin 10𝑘 = 0 or 10𝑘 = 𝑛𝜋, or 𝑘 = 𝑛𝜋

10 for 𝑛 = 1, 2, 3,⋯ So the solution now looks like

𝑇(𝑥, 𝑦) = sin�
𝑛𝜋
10
𝑥�𝑒−

𝑛𝜋
10 𝑦 𝑛 = 1, 2, 3,⋯

We have the last boundary condition to satisfy, which is the bottom side. On that side
we have 𝑇 = 𝑓(𝑥) = 𝑥 at 𝑦 = 0 hence if we let 𝑦 = 0 in the above the solution becomes

𝑇(𝑥, 0) = 𝑥 = sin�
𝑛𝜋
10
𝑥�
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This solution is not satisfied for any 𝑛. for example, for 𝑥 = 5, 𝑛 = 1,we have sin� 𝜋105� =
sin 𝜋

2 = 1 ≠ 5

Hence we need to find another method to find this boundary condition. Since a sum of
scaled solutions is also a solution (this is a linear system), then we write

𝑇�𝑥, 𝑦� =
∞
�
𝑛=1

𝑏𝑛 𝑒
− 𝑛𝜋
10 𝑦 sin�

𝑛𝜋
10
𝑥�

Now we try to find 𝑏𝑛 when 𝑦 = 0. This is the Fourier series expansion for 𝑓(𝑥).

Since sin functions are orthogonal to each others, i.e. ∫
𝑤

0
sin 𝑎𝑥 sin 𝑏𝑥 𝑑𝑥 = 0 𝑎 ≠ 𝑏 ,the

above can be written as

�
𝑤

0
sin�

𝑛𝜋
10
𝑥� 𝑓(𝑥) 𝑑𝑥 = �

10

0
sin�

𝑛𝜋
10
𝑥��

∞
�
𝑚=1

𝑏𝑚 sin�
𝑚𝜋
10
𝑥��𝑑𝑥

=
∞
�
𝑚=1

𝑏𝑚�
10

0
sin�

𝑛𝜋
10
𝑥� sin�

𝑚𝜋
10
𝑥�𝑑𝑥

= 𝑏𝑛�
10

0
sin�

𝑛𝜋
10
𝑥� sin�

𝑛𝜋
10
𝑥� 𝑑𝑥

Since all terms vanish expect when 𝑚 = 𝑛 then

𝑏𝑛 =
∫10

0
sin�𝑛𝜋10 𝑥� 𝑓(𝑥) 𝑑𝑥

∫10

0
sin2�𝑛𝜋10 𝑥� 𝑑𝑥

=
∫10

0
sin�𝑛𝜋10 𝑥� 𝑥 𝑑𝑥

∫10

0
sin2�𝑛𝜋10 𝑥� 𝑑𝑥

But ∫
10

0
sin2�𝑛𝜋10 𝑥�𝑑𝑥 = 5 for 𝑛 ≠ 0. Hence 𝑏𝑛 =

2
10
∫10

0
𝑥 sin�𝑛𝜋10 𝑥�𝑑𝑥. integration by parts.

∫𝑢𝑑𝑣𝑑𝑥 = 𝑢𝑣 − ∫𝑣𝑑𝑢𝑑𝑥𝑑𝑥. Let 𝑢 = 𝑥, 𝑑𝑣 = sin�𝑛𝜋10 𝑥� then
𝑑𝑢
𝑑𝑥 = 1, 𝑣 = −𝑤

𝑛𝜋 cos�𝑛𝜋10 𝑥�. Hence
(using 𝑤 = 10)

𝑏𝑛
2
𝑤

= �−𝑥
𝑤
𝑛𝜋

cos�
𝑛𝜋
𝑤
𝑥��

𝑤

0
−�

𝑤

0

−𝑤
𝑛𝜋

cos�
𝑛𝜋
𝑤
𝑥� 𝑑𝑥

= �
−𝑤2

𝑛𝜋
cos(𝑛𝜋) − 0� +

𝑤
𝑛𝜋

⎡
⎢⎢⎢⎢⎣
1
𝑛𝜋
𝑤

sin
𝑛𝜋
𝑤
𝑥
⎤
⎥⎥⎥⎥⎦

𝑤

0

= �
−𝑤2

𝑛𝜋
cos(𝑛𝜋)� +

𝑤
𝑛𝜋�

𝑤
𝑛𝜋

sin 𝑛𝜋 − 0�

= �
−𝑤2

𝑛𝜋
cos(𝑛𝜋)� + �

𝑤2

𝑛2𝜋2 sin 𝑛𝜋�

=
𝑤2

𝜋 �
−1
𝑛

cos(𝑛𝜋) +
1
𝑛2𝜋

sin 𝑛𝜋�

Hence
𝑏𝑛 = 2

𝑤
𝜋�
−1
𝑛

cos(𝑛𝜋) +
1
𝑛2𝜋

sin 𝑛𝜋�

Since 𝑛 is an integer, all the sin 𝑛𝜋 terms vanish

𝑏𝑛 = 2
𝑤
𝜋�
−1
𝑛

cos(𝑛𝜋)�

Since 𝑤 = 10 then
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𝑏𝑛 =
20
𝜋 �

−1
𝑛

cos(𝑛𝜋)�

Then

𝑏𝑛 =
20
𝜋 �

−1
1
(−1)�,

20
𝜋 �

−1
2
(1)�,

20
𝜋 �

−1
3
(−1)�,⋯

𝑏𝑛 =
20
𝜋
,
20
𝜋 �

−1
2 �
,
20
𝜋 �

+1
3 �

,⋯

=
20
𝜋 �

−1𝑛+1

𝑛 �

Hence

𝑇�𝑥, 𝑦� =
∞
�
𝑛=1

𝑏𝑛 𝑒
− 𝑛𝜋
10 𝑦 sin�

𝑛𝜋
10
𝑥�

𝑇�𝑥, 𝑦� =
20
𝜋

∞
�
𝑛=1
�
−1𝑛+1

𝑛 � 𝑒−
𝑛𝜋
10 𝑦 sin�

𝑛𝜋
10
𝑥�

Here is a plot of the solution for 𝑛 up to 70.
L0 = 2; a = .2;
T0[x_, t_, m_] := 100 - 400/Pi Sum[(-1)^n/(2 n + 1)
Exp[-(a (2 n + 1)/2 Pi/L0)^2 t] Cos[(2 n + 1)/2 Pi/L0 x], {n, 0, m, 1}];
p = Plot3D[T0[x, t, 50], {x, 0, L0}, {t, 0, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]

4.8.2 Chapter 13, problem 2.2 Mary Boas book. second edition
Find the steady-state temperature distribution for the semi-infinite plate with bottom
edge of 20 cm if the temp at the bottom edge temp. is held at

𝑇 =

⎧⎪⎪⎨
⎪⎪⎩

00 0 < 𝑥 < 10
100 10 < 𝑥 < 20

The others sides at zero degrees.
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T=0T=0

T=0

10 cm

Semi-infinite plate

X-axis

Y-axis

10 cm

T=0 T=100

solution To solve this, I will follow the same steps as in 2.1, until I get to the step of
trying to fit to the bottom edge conditions into the solution, and then I will use 𝑓(𝑥) as
a step function:

𝑓(𝑥) =

⎧⎪⎪⎨
⎪⎪⎩

0 0 < 𝑥 < 10
100 10 < 𝑥 < 20

Hence, as shown in problem 2.1, the candidate solutions for 𝑇�𝑥, 𝑦� are

𝑇�𝑥, 𝑦� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

sin 𝑘𝑥 𝑒𝑘𝑦

sin 𝑘𝑥 𝑒−𝑘𝑦

cos 𝑘𝑥 𝑒𝑘𝑦

cos 𝑘𝑥 𝑒−𝑘𝑦

Nowwe use the boundary conditions on the plate to find which of the above 4 solutions
is the correct solution. We know by the uniqueness theorem of ODE solution that there
will be one solution only out of the above 4, and by the existence theorem, that a solution
will exist.

Since this is a semi-infinite plate, then as 𝑦 → ∞, 𝑇�𝑥, 𝑦� → 0, this means sin(𝑘𝑥)𝑒𝑘𝑦

and cos(𝑘𝑥)𝑒𝑘𝑦 solution must be rejected since they have the positive power of y on the
exponential function. (since 𝑘 > 0)

Looking now at the left boundary condition where we want 𝑇 = 0 for 𝑥 = 0, this means
that solution cos(𝑘𝑥)𝑒−𝑘𝑦 must be rejected since it is not zero at 𝑥 = 0.

So, only solution left is sin(𝑘𝑥)𝑒−𝑘𝑦 and we have 2 boundary conditions to satisfy yet, the
right hand side, and the bottom side.

At the right side, where 𝑥 = 𝑤 = 20 𝑐𝑚, we need 𝑇 = 0, hence this can be achieved by
having 𝑘𝑤 = 𝑛𝜋, or 𝑘 = 𝑛𝜋

𝑤 for 𝑛 = 1, 2, 3,⋯

so the solution now looks like

𝑇�𝑥, 𝑦� = sin�
𝑛𝜋
𝑤
𝑥� 𝑒−

𝑛𝜋
𝑤 𝑦 𝑛 = 1, 2, 3,⋯
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Now we have the last boundary condition to satisfy, Since a sum of scaled solutions is
also a solution (this is a linear system), then we write

𝑇�𝑥, 𝑦� =
∞
�
𝑛=1

𝑏𝑛 𝑒
− 𝑛𝜋

𝑤 𝑦 sin�
𝑛𝜋
𝑤
𝑥�

And now we try to find 𝑏𝑛 when 𝑦 = 0

This is the Fourier series expansion for 𝑓(𝑥).

Since sin functions are orthogonal to each others, i.e. ∫
𝑤

0
sin 𝑎𝑥 sin(𝑏𝑥) 𝑑𝑥 = 0 for 𝑎 ≠ 𝑏

then the above can be written as

�
𝑤

0
sin�

𝑛𝜋
𝑤
𝑥� 𝑓(𝑥) 𝑑𝑥 = �

𝑤

0
sin�

𝑛𝜋
𝑤
𝑥��

∞
�
𝑚=1

𝑏𝑚 sin�
𝑚𝜋
𝑤
𝑥��𝑑𝑥

=
∞
�
𝑚=1

𝑏𝑚�
𝑤

0
sin�

𝑛𝜋
𝑤
𝑥� sin�

𝑚𝜋
𝑤
𝑥�𝑑𝑥

= 𝑏𝑛�
𝑤

0
sin�

𝑛𝜋
𝑤
𝑥� sin�

𝑛𝜋
𝑤
𝑥� 𝑑𝑥

Since all terms vanish expect when 𝑚 = 𝑛, hence

𝑏𝑛 =
∫𝑤

0
sin�𝑛𝜋𝑤 𝑥� 𝑓(𝑥) 𝑑𝑥

∫𝑤

0
sin2�𝑛𝜋𝑤 𝑥� 𝑑𝑥

=
∫𝑤

0
sin�𝑛𝜋𝑤 𝑥� 𝑥 𝑑𝑥

∫𝑤

0
sin2�𝑛𝜋𝑤 𝑥� 𝑑𝑥

But ∫
𝑤

0
sin2�𝑛𝜋𝑤 𝑥� 𝑑𝑥 =

𝑤
2 for 𝑛 ≠ 0 Hence

𝑏𝑛 =
2
𝑤 �

𝑤

0
𝑓(𝑥) sin�

𝑛𝜋
𝑤
𝑥� 𝑑𝑥

=
2
20��

10

0
𝑓(𝑥) sin�

𝑛𝜋
𝑤
𝑥� 𝑑𝑥 +�

20

10
𝑓(𝑥) sin�

𝑛𝜋
𝑤
𝑥� 𝑑𝑥�

But 𝑓(𝑥) = 0 for 0 < 𝑥 < 10 , and 𝑓(𝑥) = 100 for 10 < 𝑥 < 20 therefore

𝑏𝑛 =
2
20��

10

0
0 sin�

𝑛𝜋
20
𝑥� 𝑑𝑥 +�

20

10
100 sin�

𝑛𝜋
20
𝑥� 𝑑𝑥�

=
200
20 �

20

10
sin�

𝑛𝜋
20
𝑥� 𝑑𝑥

= 10�
20

10
sin�

𝑛𝜋
20
𝑥� 𝑑𝑥

= 10
1
𝑛𝜋
20
�− cos

𝑛𝜋
20
𝑥�

20

10

=
−200
𝑛𝜋 �cos

𝑛𝜋
20
𝑥�

20

10

=
−200
𝑛𝜋 �cos

𝑛𝜋
20
20 − cos

𝑛𝜋
20
10�

=
−200
𝑛𝜋 �cos 𝑛𝜋 − cos

𝑛𝜋
2 �

Looking at few 𝑛 values starting from 𝑛 = 1
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𝑏𝑛 =
−200
𝜋 �cos𝜋 − cos

𝜋
2 �
,
−200
2𝜋

[cos 2𝜋 − cos𝜋],
−200
3𝜋 �cos 3𝜋 − cos

3𝜋
2 �
,
−200
4𝜋

[cos 4𝜋 − cos 2𝜋],

−200
5𝜋 �cos 5𝜋 − cos

5𝜋
2 �
,
−200
6𝜋

[cos 6𝜋 − cos 3𝜋],
−200
7𝜋 �cos 7𝜋 − cos

7𝜋
2 �
,
−200
8𝜋

[cos 8𝜋 − cos 4𝜋]

𝑏𝑛 =
−200
𝜋

[−1 − 0],
−200
2𝜋

[1 − (−1)],
−200
3𝜋

[−1 − 0],
−200
4𝜋

[1 − 1],
−200
5𝜋

[−1 − 0],
−200
6𝜋

[1 − (−1)],

−200
7𝜋

[−1 − 0],
−200
8𝜋

[1 − 1]

𝑏𝑛 =
−200
𝜋

[−1],
−200
2𝜋

[2],
−200
3𝜋

[−1],
−200
4𝜋

[0],
−200
5𝜋

[−1],
−200
6𝜋

[2],
−200
7𝜋

[−1],
−200
8𝜋

[0],⋯

We see a term multiplier is −1, 2, −1, 0, −1, 2, −1, 0, …

When 𝑛 is multiple of 4, this multiplier is zero. when n is odd, the multiplier is -1, and
when n is even (not multiple of 4), this multiplier is 2.

Solution is

𝑇�𝑥, 𝑦� =
∞
�
𝑛=1

𝑏𝑛 𝑒
− 𝑛𝜋
20 𝑦 sin�

𝑛𝜋
20
𝑥�

𝑇�𝑥, 𝑦� =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

200
𝜋
∑ 1

𝑛𝑒
− 𝑛𝜋
20 𝑦 sin�𝑛𝜋20 𝑥� n odd, 1, 3, 5, 7, ...

−400
𝜋
∑ 1

𝑛𝑒
− 𝑛𝜋
20 𝑦 sin�𝑛𝜋20 𝑥� n even 2, 6, 10, 14, 18, ...

0 Otherwise

L0 = 2; a = .2;
T0[x_, t_, m_] := 100 - 400/Pi Sum[(-1)^n/(2 n + 1)
Exp[-(a (2 n + 1)/2 Pi/L0)^2 t] Cos[(2 n + 1)/2 Pi/L0 x], {n, 0, m, 1}];
p = Plot3D[T0[x, t, 50], {x, 0, L0}, {t, 0, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]

4.8.3 Chapter 13, problem 2.3 Mary Boas book. second edition
Find the steady-state temperature distribution for the semi-infinite plate problem if the
temp at the bottom edge is 𝑇 = 𝑓(𝑥) = cos(𝑥) ( The temp. of the others sides is zero
degrees, and the width of the plate is 𝜋 cm.
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T= COS(x)

T=0T=0

T=0

w=PI cm

Semi-infinite plate

X-axis

Y-axis

Solution

This problem is similar to problem 2.1, but for a different boundary function at the
bottom edge.

As shown in problem 2.1, 𝑇�𝑥, 𝑦� is given by one of these solutions:

𝑇�𝑥, 𝑦� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

sin 𝑘𝑥 𝑒𝑘𝑦

sin 𝑘𝑥 𝑒−𝑘𝑦

cos 𝑘𝑥 𝑒𝑘𝑦

cos 𝑘𝑥 𝑒−𝑘𝑦

Nowwe use the boundary conditions on the plate to find which of the above 4 solutions
is the correct solution. We know by the uniqueness theorem of ODE solution that there
will be one solution only out of the above 4, and by the existence theorem, that a solution
will exist.

Since this is a semi-infinite plate, then as 𝑦 → ∞, 𝑇�𝑥, 𝑦� → 0, this means sin 𝑘𝑥 𝑒𝑘𝑦

and cos 𝑘𝑥 𝑒𝑘𝑦 solution must be rejected since they have the positive power of y on the
exponential function. (since 𝑘 > 0)

Looking now at the left boundary condition where we want 𝑇 = 0 for 𝑥 = 0, this means
that solution cos 𝑘𝑥 𝑒−𝑘𝑦 must be rejected since it is not zero at 𝑥 = 0.

Only solution left is sin 𝑘𝑥 𝑒−𝑘𝑦 and we have 2 boundary conditions to satisfy yet, the
right hand side, and the bottom side.

At the right side, where 𝑥 = 𝑤 = 𝜋 𝑐𝑚, we need 𝑇 = 0, hence this can be achieved by
having 𝑘𝜋 = 𝑛𝜋, or 𝑘 = 𝑛 for 𝑛 = 1, 2, 3,⋯

so the solution now looks like

𝑇�𝑥, 𝑦� = sin(𝑛𝑥) 𝑒−𝑛𝑦 𝑛 = 1, 2, 3,⋯

Now we have the last boundary condition to satisfy, which is the bottom side. On that
side we have 𝑇 = 𝑓(𝑥) = cos(𝑥) at 𝑦 = 0 hence if we let 𝑦 = 0 in the above the solution
becomes

𝑇�𝑥, 𝑦� = cos(𝑥) = sin(𝑛𝑥)
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This solution is not satisfied for any 𝑛.

Hence we need to find another method to find this boundary condition. Since a sum of
scaled solutions is also a solution (this is a linear system), then we write

𝑇�𝑥, 𝑦� =
∞
�
𝑛=1

𝑏𝑛 𝑒−𝑛𝑦 sin(𝑛𝑥)

Now we try to find 𝑏𝑛 when 𝑦 = 0, i.e. at 𝑦 = 0

𝑇�𝑥, 𝑦� = 𝑓(𝑥) = cos(𝑥) =
∞
�
𝑛=1

𝑏𝑛 sin(𝑛𝑥)

This is the Fourier series expansion for 𝑓(𝑥). Since sin functions are orthogonal to each
others, i.e. ∫

𝜋

0
sin 𝑎𝑥 sin 𝑏𝑥 𝑑𝑥 = 0 𝑎 ≠ 𝑏 ,the above can be written as (taking inner

product of RHS and LHS w.r.t. sin(𝑛𝑥)) :

cos(𝑥) =
∞
�
𝑛=1

𝑏𝑛 sin(𝑛𝑥)

�
𝜋

0
sin(𝑛𝑥) 𝑓(𝑥) 𝑑𝑥 = �

𝜋

0
sin(𝑛𝑥)�

∞
�
𝑚=1

𝑏𝑚 sin(𝑚𝑥)�𝑑𝑥

�
𝜋

0
sin(𝑛𝑥) cos(𝑥) 𝑑𝑥 =

∞
�
𝑚=1

𝑏𝑚�
𝜋

0
sin(𝑛𝑥) sin(𝑚𝑥)𝑑𝑥

�
𝜋

0
sin(𝑛𝑥) cos(𝑥) 𝑑𝑥 = 𝑏𝑛�

𝜋

0
sin(𝑛𝑥) sin(𝑛𝑥) 𝑑𝑥

Where on the RHS we simplified it since all terms vanish expect when𝑚 = 𝑛. The above
now becomes

�
𝜋

0
sin(𝑛𝑥) cos(𝑥) 𝑑𝑥 = 𝑏𝑛�

𝜋

0
sin2(𝑛𝑥) 𝑑𝑥

�
𝜋

0
sin(𝑛𝑥) cos(𝑥) 𝑑𝑥 = 𝑏𝑛

𝜋
2

𝑏𝑛 =
2
𝜋 �

𝜋

0
sin(𝑛𝑥) cos(𝑥) 𝑑𝑥

=
2
𝜋
𝑛(1 + cos(𝑛𝜋))

𝑛2 − 1

Looking at few values of 𝑛 = 2, 3, 4, ... (not defined for n=1).

𝑏𝑛 =
2
𝜋
2(1 + cos(2𝜋))

3
,
2
𝜋
3(1 + cos(3𝜋))

8
,
2
𝜋
4(1 + cos(4𝜋))

15
...

𝑏𝑛 =
2
𝜋
2(2)
3
, 0 ,

2
𝜋
4(2)
8
, 0, ...

=
4
𝜋

𝑛
𝑛2 − 1

for even n

Since

𝑇�𝑥, 𝑦� =
∞
�
𝑛=1

𝑏𝑛 𝑒−𝑛𝑦 sin(𝑛𝑥)

Then the final solution is
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𝑇�𝑥, 𝑦� =
4
𝜋

∞
�

𝑛=𝑒𝑣𝑒𝑛

𝑛
𝑛2 − 1

𝑒−𝑛𝑦 sin(𝑛𝑥)

L0 = 2; a = .2;
T0[x_, t_, m_] := 100 - 400/Pi Sum[(-1)^n/(2 n + 1)
Exp[-(a (2 n + 1)/2 Pi/L0)^2 t] Cos[(2 n + 1)/2 Pi/L0 x], {n, 0, m, 1}];
p = Plot3D[T0[x, t, 50], {x, 0, L0}, {t, 0, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]

4.8.4 Chapter 13, problem 2.7 Mary Boas book. second edition.
Find the steady-state temperature distribution of the following plate, height=1. Temp at
the bottom edge is 𝑇 = cos(𝑥) ( The temp. of the others sides is zero degree and width
of the plate is 𝜋 cm.

T= COS(x)

T=0
T=0

T=0

w=PI cm

X-axis

Y-axis

H=1

Solution As shown in problem 2.1, 𝑇�𝑥, 𝑦� is given by one of these solutions:

𝑇�𝑥, 𝑦� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

sin 𝑘𝑥 𝑒𝑘𝑦

sin 𝑘𝑥 𝑒−𝑘𝑦

cos 𝑘𝑥 𝑒𝑘𝑦

cos 𝑘𝑥 𝑒−𝑘𝑦
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Nowwe use the boundary conditions on the plate to find which of the above 4 solutions
is the correct solution. We know by the uniqueness theorem of ODE solution that there
will be one solution only out of the above 4, and by the existence theorem, that a solution
will exist.

Here we can not reject the 2 candidate solutions sin 𝑘𝑥 𝑒𝑘𝑦 and cos 𝑘𝑥 𝑒𝑘𝑦 as we did for
the semi-infinite plate cases because as 𝑦 → 1, these solutions do not blow up.

But to use one of them , looking at 𝑇�𝑥, 𝑦� = sin 𝑘𝑥 𝑒𝑘𝑦, then at 𝑦 = 1, where we require
𝑇 = 0, we get 0 = sin 𝑘𝑥 , and this means we must have 𝑘 = 𝑛𝜋 for integer 𝑛. but this
means that 𝑇 = 0 everywhere in the plate and on the other boundaries, which is not
correct.

Similarly if we try to fit cos(𝑘𝑥)𝑒𝑘𝑦.

One way to avoid this problem is to use a linear combination of the exponential 𝑎𝑒−𝑘𝑦 +
𝑏𝑒𝑘𝑦 and now we try to find 𝑎, 𝑏. If we choose 𝑎 = 1

2𝑒
ℎ𝑘, 𝑏 = −1

2𝑒
−ℎ𝑘, where ℎ is the height

of the plate, we get

1
2
𝑒ℎ𝑘𝑒−𝑘𝑦 −

1
2
𝑒−ℎ𝑘𝑒𝑘𝑦 =

1
2
𝑒𝑘�ℎ−𝑦� −

1
2
𝑒−𝑘�ℎ−𝑦�

To verify, We want 1
2𝑒

𝑘�ℎ−𝑦� − 1
2𝑒

−𝑘�ℎ−𝑦� = 0 when 𝑦 = ℎ, Hence

1
2
𝑒𝑘�ℎ−𝑦� −

1
2
𝑒−𝑘�ℎ−𝑦� =

1
2
−
1
2
= 0

The solutions to consider are now

𝑇�𝑥, 𝑦� =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

sin 𝑘𝑥 �12𝑒
𝑘�ℎ−𝑦� − 1

2𝑒
−𝑘�ℎ−𝑦��

cos 𝑘𝑥 �12𝑒
𝑘�ℎ−𝑦� − 1

2𝑒
−𝑘�ℎ−𝑦��

The initial 4 candidate solutions are now 2 candidate solutions since we have combined
a combination of two solutions together.

Looking now at the left boundary condition where we want 𝑇 = 0 for 𝑥 = 0, this means
the second candidate solution abovewhich is cos 𝑘𝑥 �12𝑒

𝑘�ℎ−𝑦� − 1
2𝑒

−𝑘�ℎ−𝑦��must be rejected
since it is not zero at 𝑥 = 0 for any 𝑦.

Only solution left is sin 𝑘𝑥 �12𝑒
𝑘�ℎ−𝑦� − 1

2𝑒
−𝑘�ℎ−𝑦��. Write 1

2𝑒
𝑘�ℎ−𝑦� − 1

2𝑒
−𝑘�ℎ−𝑦� = sinh 𝑘�ℎ − 𝑦�

then the final candidate solution which we want to fit on the remaining boundary con-
ditions can be written as

𝑇(𝑥, 𝑦) = sinh 𝑘(ℎ − 𝑦) sin(𝑘𝑥)

We have 2 boundary conditions to satisfy yet, the right hand side, and the bottom side.
At the right side, where 𝑥 = 𝑤 = 𝜋𝑐𝑚, we need

𝑇 = 0 = sinh 𝑘�ℎ − 𝑦� sin 𝑘𝜋

hence this can be achieved by having 𝑘𝜋 = 𝑛𝜋, or 𝑘 = 𝑛 for 𝑛 = 1, 2, 3,⋯ So the solution
now looks like

𝑇(𝑥, 𝑦) = sinh 𝑛(ℎ − 𝑦) sin(𝑛𝑥) 𝑛 = 1, 2, 3,⋯

Now we have the last boundary condition to satisfy, which is the bottom side. On that
side we have 𝑇 = 𝑓(𝑥) = cos(𝑥) at 𝑦 = 0 hence if we let 𝑦 = 0 in the above the solution
becomes

𝑇(𝑥, 𝑦) = cos(𝑥) = sinh(𝑛(ℎ)) sin(𝑛𝑥)
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This solution is not satisfied for any 𝑛. We need to find another method to find this
boundary condition. Since a sum of scaled solutions is also a solution (this is a linear
system), then we write

𝑇(𝑥, 𝑦) =
∞
�
𝑛=1

𝑏𝑛 sinh(𝑛(ℎ − 𝑦)) sin(𝑛𝑥)

And now we try to find 𝑏𝑛 when 𝑦 = 0, i.e. at 𝑦 = 0

𝑇�𝑥, 𝑦� = 𝑓(𝑥) = cos(𝑥) =
∞
�
𝑛=1

𝑏𝑛 sinh(𝑛ℎ) sin(𝑛𝑥)

This is the Fourier series expansion for 𝑓(𝑥). Since sin functions are orthogonal to each
others, i.e.

�
𝜋

0
sin(𝑎𝑥) sin(𝑏𝑥) 𝑑𝑥 = 0 𝑎 ≠ 𝑏

The above can be written as (taking inner product of RHS and LHS w.r.t. sin 𝑛𝑥) :

cos(𝑥) =
∞
�
𝑚=1

𝑏𝑚 sinh(𝑚ℎ) sin(𝑚𝑥)

�
𝜋

0
sin(𝑛𝑥) 𝑓(𝑥) 𝑑𝑥 = �

𝜋

0
sin(𝑛𝑥)�

∞
�
𝑚=1

𝑏𝑚 sinh(𝑚ℎ) sin(𝑚𝑥)�𝑑𝑥

�
𝜋

0
sin(𝑛𝑥) cos(𝑥) 𝑑𝑥 =

∞
�
𝑚=1

𝑏𝑚�
𝜋

0
sin(𝑛𝑥) sinh(𝑚ℎ) sin(𝑚𝑥)𝑑𝑥

�
𝜋

0
sin(𝑛𝑥) cos(𝑥) 𝑑𝑥 = 𝑏𝑛�

𝜋

0
sin(𝑛𝑥) sinh(𝑛ℎ) sin(𝑛𝑥) 𝑑𝑥

Where on the RHS we simplified it since all terms vanish expect when 𝑚 = 𝑛. Above
now becomes

�
𝜋

0
sin(𝑛𝑥) cos(𝑥) 𝑑𝑥 = 𝑏𝑛�

𝜋

0
sinh(𝑛ℎ) sin2(𝑛𝑥) 𝑑𝑥

�
𝜋

0
sin(𝑛𝑥) cos(𝑥) 𝑑𝑥 = sinh�𝑛𝑦� 𝑏𝑛�

𝜋

0
sin2(𝑛𝑥) 𝑑𝑥

=
𝜋
2
𝑏𝑛 sinh(𝑛ℎ)

𝑏𝑛 =
2
𝜋

1
sinh(𝑛ℎ) �

𝜋

0
sin(𝑛𝑥) cos(𝑥) 𝑑𝑥

=
2
𝜋

1
sinh(𝑛ℎ)

𝑛(1 + cos(𝑛𝜋))
𝑛2 − 1

Looking at few values of 𝑛 = 2, 3, 4, ... (not defined for n=1).

𝑏𝑛 =
2
𝜋

1
sinh(ℎ)

2(1 + cos(2𝜋))
3

,
2
𝜋

1
sinh(2ℎ)

3(1 + cos(3𝜋))
8

,
1

sinh(2ℎ)
2
𝜋
4(1 + cos(4𝜋))

15
...

𝑏𝑛 =
2
𝜋

1
sinh(ℎ)

2(2)
3
, 0 ,

1
sinh(3ℎ)

2
𝜋
4(2)
8
, 0, ...

=
4
𝜋

1
sinh(𝑛ℎ)

𝑛
𝑛2 − 1

for even n
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Since

𝑇�𝑥, 𝑦� =
∞
�
𝑛=1

𝑏𝑛 sinh�𝑛�ℎ − 𝑦�� sin(𝑛𝑥)

The final solution becomes

𝑇�𝑥, 𝑦� =
4
𝜋

∞
�

𝑛=even

1
sinh(𝑛ℎ)

𝑛
𝑛2 − 1

sinh�𝑛�ℎ − 𝑦�� sin(𝑛𝑥)

L0 = 2; a = .2;
T0[x_, t_, m_] := 100 - 400/Pi Sum[(-1)^n/(2 n + 1)
Exp[-(a (2 n + 1)/2 Pi/L0)^2 t] Cos[(2 n + 1)/2 Pi/L0 x], {n, 0, m, 1}];
p = Plot3D[T0[x, t, 50], {x, 0, L0}, {t, 0, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]

4.8.5 Chapter 13, problem 3.2 Mary Boas book. second edition
A bar length L=10 cm with insulated sides is initially at 100 degrees. starting at t=0, the
ends are held at zero degree. Find the temperature distribution in the bar at time 𝑡.

L=10 cm

X-axis

Y-axis

temp=100

Insulated boundaries 

Heat flow in x-direction

At t=0

L=10 cm

X-axis

Temp=ZERO

Insulated boundaries 

At t>0

Temp=0

Solution

This is a heat distribution problem governed by the diffusion or heat equation

∇ 2𝑢(𝑥, 𝑡) =
1
𝛼2
𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

This is for a one spatial dimension.

To solve this PDE, assume the solution is

𝑢(𝑥, 𝑡) = 𝐹(𝑥)𝑇(𝑡)

Where 𝐹(𝑥) is a function of the spatial x independent variable, and 𝑇(𝑡) is a function of
the time 𝑡.
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Solving using separation of variable as with the Laplace equation. By substituting in
the original PDE, we get

1
𝐹
𝑑2𝐹
𝑑𝑥2

=
1
𝛼2
1
𝑇
𝑑𝑇
𝑑𝑡

Since RHS and LHS are both equal, and each is a function of a different independent
variable, then both must be equal to a constant. Let this constant be −𝑘2. hence we get 2
ODE equations to solve

1
𝐹
𝑑2𝐹
𝑑𝑥2

= −𝑘2

1
𝑇
1
𝛼2
𝑑𝑇
𝑑𝑡

= −𝑘2

To solve 1
𝑇

1
𝛼2

𝑑𝑇(𝑡)
𝑑𝑡 = −𝑘2,

1
𝑇
𝑑𝑇
𝑑𝑡

= −𝛼2𝑘2

1
𝑇
𝑑𝑇 = −𝛼2𝑘2 𝑑𝑡

�
1
𝑇
𝑑𝑇 = �−𝛼2𝑘2 𝑑𝑡

ln𝑇 = −𝛼2𝑘2𝑡

𝑇 = 𝑒−𝛼2𝑘2𝑡

To solve 1
𝐹
𝑑2𝐹
𝑑𝑥2 = −𝑘

2. Assume solution is 𝐹(𝑥) = 𝑒−𝑚𝑥 then𝑑𝐹
𝑑𝑥 = −𝑚𝑒

−𝑚𝑥, 𝑑
2𝐹
𝑑𝑥2 = 𝑚

2𝑒−𝑚𝑥. Sub-
stituting in the ODE gives 𝑚2𝑒−𝑚𝑥 = −𝑒−𝑚𝑥 𝑘2 or 𝑚2 = −𝑘2, 𝑚 = ±𝑖𝑘, so 𝐹(𝑥) = 𝑒−𝑖𝑘𝑥 or
𝐹(𝑥) = 𝑒𝑖𝑘𝑥. By adding or subtracting these solutions we get a general solution that is
either cos 𝑘𝑥 or sin 𝑘𝑥.

hence

𝐹(𝑥) =

⎧⎪⎪⎨
⎪⎪⎩

sin 𝑘𝑥
cos 𝑘𝑥

So

𝑢(𝑥, 𝑡) = 𝐹(𝑥)𝑇(𝑡)

𝑢(𝑥, 𝑡) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

𝑒−𝛼2𝑘2𝑡 sin 𝑘𝑥

𝑒−𝛼2𝑘2𝑡 cos 𝑘𝑥

Now we have 2 candidate solutions. Since these are solutions for 𝑡 > 0, we need to find
the conditions that 𝑢 = 0 at 𝑥 = 0 and 𝑥 = 𝐿.

Since at 𝑥 = 0, 𝑢 = 0 , then we can not use the cos 𝑘𝑥, solution because that will not go to
zero at 𝑥 = 0.

So we are left with the solution

𝑢(𝑥, 𝑡) = 𝑒−𝛼2𝑘2𝑡 sin 𝑘𝑥

Now apply the second boundary condition, which is 𝑥 = 𝐿, 𝑢 = 0.
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This means 0 = 𝑒−𝛼2𝑘2𝑡 sin 𝑘𝐿, then 𝑘𝐿 = 𝑛𝜋 or 𝐾 = 𝑛𝜋
𝐿 for 𝑛 = 1, 2, 3, ...So our solution

now looks like

𝑢(𝑥, 𝑡) = 𝑒−𝛼
2� 𝑛𝜋𝐿 �

2
𝑡 sin

𝑛𝜋
𝐿
𝑥 𝑛 = 1, 2, 3, …

Since a scaled sum of these solutions is a solution, then the general solution is

𝑢(𝑥, 𝑡) =
∞
�
𝑛=1
𝑏𝑛 𝑒

−𝛼2� 𝑛𝜋𝐿 �
2
𝑡 sin

𝑛𝜋
𝐿
𝑥 (1)

Now we need to find the 𝑏𝑛
For this we use the initial conditions, i.e. for 𝑡 = 0. Then we had the sides at 𝑢 = 100, and
since no time was involved then (this is the initial steady state), the governing PDE is
the Laplace equation with only the x spatial coordinate.

∇ 2𝑢0(𝑥) = 0, a solution to this is 𝑢0(𝑥) = 𝑎𝑥 + 𝑏. when 𝑥 = 0, 𝑢0 = 100, hence 100 = 𝑏.

When 𝑥 = 𝐿, 𝑢 = 100, hence 100 = 𝐿𝑎 + 𝑏, or 𝐿𝑎 = 100 − 100 = 0. hence 𝑎 = 0.

Hence at 𝑡 = 0 , 𝑢0 = 100. So now from equation (1) above, we write

𝑢(𝑥, 0) = 𝑢0(𝑥) = 100 =
∞
�
𝑛=1
𝑏𝑛 sin

𝑛𝜋
𝐿
𝑥

Taking the inner product of the LHS and RHS w.r.t. sin 𝑛𝜋𝑥
𝐿 over [0, 𝐿] gives

�
𝐿

0
100 sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥 = �

𝐿

0
�

∞
�
𝑚=1

𝑏𝑚 sin
𝑚𝜋
𝐿
𝑥� sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥

100�
𝐿

0
sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥 =

∞
�
𝑚=1

𝑏𝑚 �
𝐿

0
sin

𝑚𝜋
𝐿
𝑥 sin

𝑛𝜋
𝐿
𝑥𝑑𝑥

100�
𝐿

0
sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥 = 𝑏𝑛 �

𝐿

0
sin2

𝑛𝜋
𝐿
𝑥 𝑑𝑥

−100 �
𝐿
𝑛𝜋

cos
𝑛𝜋𝑥
𝐿 �

𝐿

0
= 𝑏𝑛

𝐿
2

−100 �
𝐿
𝑛𝜋

cos 𝑛𝜋 −
𝐿
𝑛𝜋�

= 𝑏𝑛
𝐿
2

−
100𝐿
𝑛𝜋

[cos 𝑛𝜋 − 1] = 𝑏𝑛
𝐿
2

𝑏𝑛 = −
200
𝑛𝜋

[cos 𝑛𝜋 − 1]

Looking at few values of 𝑛 = 1, 2, 3, 4, ..., 𝑏𝑛 = −
200
𝑛𝜋 [cos 𝑛𝜋 − 1]

𝑏𝑛 = −
200
𝜋

[cos𝜋 − 1], −
200
2𝜋

[cos 2𝜋 − 1], −
200
3𝜋

[cos 3𝜋 − 1], −
200
4𝜋

[cos 4𝜋 − 1], ...

𝑏𝑛 = −
200
𝜋

[−1 − 1], −
200
2𝜋

[1 − 1], −
200
3𝜋

[−1 − 1], −
200
4𝜋

[1 − 1], .

𝑏𝑛 =
400
𝜋

, 0,
400
3𝜋

, 0,

Hence
𝑏𝑛 =

1
𝑛
400
𝜋

for odd 𝑛

From equation (1) above we had
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𝑢(𝑥, 𝑡) =
∞
�
𝑛=1
𝑏𝑛 𝑒

−𝛼2� 𝑛𝜋𝐿 �
2
𝑡 sin

𝑛𝜋
𝐿
𝑥

Hence

𝑢(𝑥, 𝑡) =
400
𝜋

∞
�

odd 𝑛

1
𝑛
𝑒−𝛼

2� 𝑛𝜋𝐿 �
2
𝑡 sin�

𝑛𝜋
𝐿
𝑥�

L0 = 2; a = .2;
T0[x_, t_, m_] := 100 - 400/Pi Sum[(-1)^n/(2 n + 1)
Exp[-(a (2 n + 1)/2 Pi/L0)^2 t] Cos[(2 n + 1)/2 Pi/L0 x], {n, 0, m, 1}];
p = Plot3D[T0[x, t, 50], {x, 0, L0}, {t, 0, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]

4.8.6 Chapter 13, problem 3.3 Mary Boas book. second edition
In the initial state of an infinite slab of thickness L, the face x=0 is at zero degrees, and
the face at 𝑥 = 𝑙 is at 100 degrees. from 𝑡 = 0 on, the face at 𝑥 = 0 is held at 100 degrees,
and the face at 𝑥 = 𝐿 at zero degrees. find the temp. distribution at time 𝑡.

L cm

X-axis

Y-axis

temp=100
Heat flow in x-direction

At t=0

L  cm

X-axis

Temp=ZERO

At t>0

temp=
0

temp=
100

temp=
100

Solution

This is a heat distribution problem governed by the diffusion or heat equation

∇ 2𝑢(𝑥, 𝑡) =
1
𝛼2
𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

This problem is similar to problem 2.2, where an infinite slab is considered the same as
a slab with 2 insulated sides. Similar to problem 3.2, we get the following 2 candidate
solutions to the above PDE
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𝑢(𝑥, 𝑡) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

𝑒−𝛼2𝑘2𝑡 sin 𝑘𝑥

𝑒−𝛼2𝑘2𝑡 cos 𝑘𝑥

Since these are solutions for 𝑡 > 0, we need to find the conditions that 𝑢 = 100 at 𝑥 = 0
and 𝑢 = 0 at 𝑥 = 𝐿.

discard the cos 𝑘𝑥 solution because at 𝑥 = 0wewant 𝑢 = 100, whichmeans 𝑒−𝛼2𝑘2𝑡 cos 𝑘𝑥 =
𝑒−𝛼2𝑘2𝑡 = 100 which is not generally true for all 𝑡.

So the second solution is 𝑒−𝛼2𝑘2𝑡 sin 𝑘𝑥, which is 0 at 𝑥 = 𝐿, hence 𝑒−𝛼2𝑘2𝑡 sin 𝑘𝐿 = 0, i.e.
𝑘𝐿 = 𝑛𝜋 or 𝑘 = 𝑛𝜋

𝐿 . So we start with the solution

𝑢(𝑥, 𝑡) = 𝑒−𝛼
2� 𝑛𝜋𝐿 �

2
𝑡 sin

𝑛𝜋
𝐿
𝑥

To make this solution fit at 𝑥 = 0, we need to have 100 = 𝑒−𝛼2𝑘2𝑡 sin 𝑛𝜋
𝐿 𝑥. but sin(𝑥) is zero

at 𝑥 = 0, hence to compensate, we start with the solution

𝑢(𝑥, 𝑡) = 100 − 𝑒−�𝛼
𝑛𝜋
𝐿 �

2
𝑡 sin

𝑛𝜋
𝐿
𝑥

This solution gives 100when 𝑥 = 0.

But now we need to check it again for 𝑥 = 𝐿, we see it gives 𝑢 = 100which is not correct.
So need to subtract the term 100

𝐿 𝑥 (which is found below for the initial steady state).
Now we have the candidate solution

𝑢(𝑥, 𝑡) = 100 −
100
𝐿
𝑥 + 𝑒−�𝛼

𝑛𝜋
𝐿 �

2
𝑡 sin

𝑛𝜋
𝐿
𝑥 (1)

To verify: at 𝑥 = 0, this given 𝑢 = 100, and at 𝑥 = 𝐿, this gives 𝑢(𝑥, 𝑡) = 100 − 100
𝐿 𝐿 = 0,

which is what we want.

Since a scaled sum of these solutions is a solution, then the general solution is

𝑢(𝑥, 𝑡) = 100 −
100
𝐿
𝑥 +

∞
�
𝑛=1
𝑏𝑛 𝑒

−�𝛼 𝑛𝜋
𝐿 �

2
𝑡 sin

𝑛𝜋
𝐿
𝑥 (2)

Now we need to find the 𝑏𝑛. For this we use the initial conditions, i.e. for 𝑡 = 0.

The sides 𝑥 = 0 is at 𝑢 = 0, and since no time was involved then (this is the initial steady
state), the governing PDE is the Laplace equation with only the x spatial coordinate.
∇ 2𝑢0(𝑥) = 0, a solution to this is 𝑢0(𝑥) = 𝑎𝑥 + 𝑏. when 𝑥 = 0, 𝑢0 = 0, hence 0 = 𝑏.

When 𝑥 = 𝐿, 𝑢 = 100, hence 100 = 𝐿𝑎 + 0, or 𝑎 = 100
𝐿 .Hence at 𝑡 = 0

𝑢0 =
100
𝐿
𝑥

So now from equation (2) above, we write

𝑢(𝑥, 0) = 𝑢0(𝑥) =
100
𝐿
𝑥 = 100 −

100
𝐿
𝑥 +

∞
�
𝑛=1
𝑏𝑛 sin

𝑛𝜋
𝐿
𝑥

100
𝐿
𝑥 = 100 −

100
𝐿
𝑥 +

∞
�
𝑛=1
𝑏𝑛 sin

𝑛𝜋
𝐿
𝑥

200
𝐿
𝑥 − 100 =

∞
�
𝑛=1
𝑏𝑛 sin

𝑛𝜋
𝐿
𝑥

206



4.8. HW 8 CHAPTER 4. HWS

Take the inner product of the LHS and RHS w.r.t. sin 𝑛𝜋
𝐿 𝑥 over [0, 𝐿], we get

�
𝐿

0
�
200
𝐿
𝑥 − 100� sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥 = �

𝐿

0
�

∞
�
𝑚=1

𝑏𝑚 sin
𝑚𝜋
𝐿
𝑥� sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥

100 �
𝐿

0
�
2𝑥
𝐿
− 1� sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥 =

∞
�
𝑚=1

𝑏𝑚 �
𝐿

0
sin

𝑚𝜋
𝐿
𝑥 sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥

100
−𝐿𝑛𝜋(1 + cos(𝑛𝜋)) + 2𝐿 sin(𝑛𝜋)

𝑛2𝜋2 = 𝑏𝑛 �
𝐿

0
sin2

𝑚𝜋
𝐿
𝑥 𝑑𝑥

100𝐿
−𝑛𝜋(1 + cos(𝑛𝜋)) + 2 sin(𝑛𝜋)

𝑛2𝜋2 = 𝑏𝑛
𝐿
2

𝑏𝑛 = 200 �
−𝑛𝜋(1 + cos(𝑛𝜋)) + 2 sin(𝑛𝜋)

𝑛2𝜋2 �

so looking at few values of 𝑛 = 1, 2, 3, 4, … . Hence 𝑏𝑛 = 200 �
−𝑛𝜋(1+cos(𝑛𝜋))+2 sin(𝑛𝜋)

𝑛2𝜋2
�

𝑏𝑛 = 200 �
−𝜋(1 − 1) + 0

𝜋2 �, 200 �
−2𝜋(1 + 1) + 0

22𝜋2 �, 200 �
−3𝜋(1 − 1) + 0

32𝜋2 �,

200 �
−4𝜋(1 + 1) + 0

42𝜋2 �, 200 �
−5𝜋(1 − 1) + 0

52𝜋2 �

𝑏𝑛 = 200 (0), 200 �
−4𝜋
4𝜋2 �, 200 (0), 200 �

−8𝜋
16𝜋2 �, 200 (0)...,

𝑏𝑛 = 0, −400
1
2𝜋
, 0, −400

1
4𝜋
, 0,

𝑏𝑛 = −400
1
𝑛𝜋

Hence

𝑏𝑛 = −400
1
𝑛𝜋

𝑛 = 2, 4, 6, …

From equation (2) above we had

𝑢(𝑥, 𝑡) = 100 −
100
𝐿
𝑥 +

∞
�
𝑛=1
𝑏𝑛 𝑒

−�𝛼 𝑛𝜋
𝐿 �

2
𝑡 sin

𝑛𝜋
𝐿
𝑥

Hence

𝑢(𝑥, 𝑡) = 100 −
100
𝐿
𝑥 +

∞
�

𝑛 even
− 400

1
𝑛𝜋

𝑒−�𝛼
𝑛𝜋
𝐿 �

2
𝑡 sin

𝑛𝜋
𝐿
𝑥

𝑢(𝑥, 𝑡) = 100 −
100
𝐿
𝑥 −

400
𝜋

∞
�

𝑛 even

1
𝑛
𝑒−�𝛼

𝑛𝜋
𝐿 �

2
𝑡 sin

𝑛𝜋
𝐿
𝑥

L0 = 2; a = .2;
T0[x_, t_, m_] := 100 - 400/Pi Sum[(-1)^n/(2 n + 1)
Exp[-(a (2 n + 1)/2 Pi/L0)^2 t] Cos[(2 n + 1)/2 Pi/L0 x], {n, 0, m, 1}];
p = Plot3D[T0[x, t, 50], {x, 0, L0}, {t, 0, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]
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4.8.7 Chapter 13, problem 3.7. Mary Boas book. second edition
A bar of length 𝐿 with insulated sides has its ends also insulated from time 𝑡 = 0.
Initially the temp. is 𝑢 = 𝑥, where is 𝑥 is the distance from one end. Determine the temp.
distribution inside the bar at time 𝑡.

L cm

X-axis

Y-axis

At t=0 At t>0

Initial temp. 
distribution is u=x

L cm

X-axis

Y-axis

Temp=
0

Temp=
L du/dx=0

du/dx=0

Solution

In this problem, since all 4 sides are insulated, there will be no heat loss. Hence given
the initial amount of heat inside the bar, we should obtain a solution that keeps this
amount of heat the same. The solution should give a heat distribution at 𝑡 large, such
that it will be equally distributed over the length of the bar.

Since the two end sides are insulated, this is a Neumann type problem, so at 𝑡 > 0 we
will use 𝜕𝑢

𝜕𝑥 = 0 at both ends (𝑥 = 0, 𝑥 = 𝐿)

This is a heat distribution problem governed by the diffusion or heat equation

∇ 2𝑢(𝑥, 𝑡) =
1
𝛼2
𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

Similar to problem 3.2, we get the following two candidate solutions to the above PDE

𝑢(𝑥, 𝑡) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

𝑒−𝛼2𝑘2𝑡 sin 𝑘𝑥

𝑒−𝛼2𝑘2𝑡 cos 𝑘𝑥
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Since these are solutions for 𝑡 > 0 we need to find the conditions that 𝜕𝑢
𝜕𝑥 = 0 at 𝑥 = 0

and 𝜕𝑢
𝜕𝑥 = 0 at 𝑥 = 𝐿. The above conditions tells us to discard the sin 𝑘𝑥 solution because

at 𝑥 = 0 𝜕𝑢
𝜕𝑥 = 𝑒

−𝛼2𝑘2𝑡 cos 𝑘𝑥 = 𝑒−𝛼2𝑘2𝑡 ≠ 0. So the second solution we are left with is

𝑒−𝛼2𝑘2𝑡 cos(𝑘𝑥)

Which satisfies 𝜕𝑢
𝜕𝑥 = 0 at 𝑥 = 0. Nowat 𝑥 = 𝐿,wealsowant 𝜕𝑢

𝜕𝑥 = 0, hence
𝜕
𝜕𝑥𝑒

−𝛼2𝑘2𝑡 cos 𝑘𝑥 =
−𝑘 𝑒−𝛼2𝑘2𝑡 sin 𝑘𝐿 = 0. For this to be true we need 𝑘 = 0 or sin 𝑘𝐿 = 0, i.e. 𝑘𝐿 = 𝑛𝜋 or 𝑘 = 𝑛𝜋

𝐿

So there are two solutions to look at, one for 𝑘 = 0 and one for 𝑘 = 𝑛𝜋
𝐿 . Looking at the

𝑘 = 𝑛𝜋
𝐿 solution first, we start with the solution

𝑢(𝑥, 𝑡) = 𝑒−�
𝛼𝑛𝜋
𝐿 �

2
𝑡 cos

𝑛𝜋
𝐿
𝑥

Now consider the initial conditions at 𝑡 = 0. At 𝑡 = 0, when 𝑥 = 𝐿/2, 𝑢 = 𝐿/2. Since we
are told that 𝑢0 = 𝑥. So from the above, we get

𝑢�
𝐿
2
, 0� = cos

𝑛𝜋
𝐿
𝐿
2
= cos

𝑛𝜋
2

Which is zero for integer 𝑛. Hence to force the outcome to be 𝐿
2 , we need to add this

term to the solution above. The solution now looks like

𝑢(𝑥, 𝑡) =
𝐿
2
+ 𝑒−�

𝛼𝑛𝜋
𝐿 �

2
𝑡 cos

𝑛𝜋
𝐿
𝑥 (1)

Now Since a scaled sum of these solutions is a solution, then the general solution is

𝑢(𝑥, 𝑡) =
∞
�
𝑛=1
𝑏𝑛 �𝑒

−�𝛼𝑛𝜋𝐿 �
2
𝑡 cos

𝑛𝜋
𝐿
𝑥� (2)

Now we need to find the 𝑏𝑛. For this we use the initial conditions, i.e. for 𝑡 = 0. We are
told that at 𝑡 = 0, 𝑢0 = 𝑥. From equation (1) above, we write, at time 𝑡 = 0

𝑢(𝑥, 0) = 𝑥

=
∞
�
𝑛=1
𝑏𝑛 cos

𝑛𝜋
𝐿
𝑥

Taking the inner product of the LHS and RHS w.r.t. cos 𝑛𝜋
𝐿 𝑥 over [0, 𝐿] gives

�
𝐿

0
𝑥 cos

𝑛𝜋
𝐿
𝑥 = �

𝐿

0
�

∞
�
𝑚=1

𝑏𝑚 cos
𝑚𝜋
𝐿
𝑥� cos

𝑛𝜋
𝐿
𝑥 𝑑𝑥

�
𝐿

0
𝑥 cos

𝑛𝜋
𝐿
𝑥 =

∞
�
𝑚=1

𝑏𝑚 �
𝐿

0
cos

𝑚𝜋
𝐿
𝑥 cos

𝑛𝜋
𝐿
𝑥 𝑑𝑥

𝐿2(−1 + cos(𝑛𝜋) + 𝑛𝜋 sin(𝑛𝜋))
𝑛2𝜋2 = 𝑏𝑛 �

𝐿

0
cos2

𝑚𝜋
𝐿
𝑥 𝑑𝑥

𝐿2(−1 + cos(𝑛𝜋) + 𝑛𝜋 sin(𝑛𝜋))
𝑛2𝜋2 = 𝑏𝑛

𝐿
2

𝑏𝑛 =
2𝐿(−1 + cos(𝑛𝜋) + 𝑛𝜋 sin(𝑛𝜋))

𝑛2𝜋2
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Looking at few values of 𝑛 = 1, 2, 3, 4…

𝑏𝑛 =
2𝐿(−1 + cos(𝑛𝜋) + 𝑛𝜋 sin(𝑛𝜋))

𝑛2𝜋2

Hence

𝑏𝑛 =
2𝐿(−1 + cos(𝜋) + 𝜋 sin(𝜋))

𝜋2 ,
2𝐿(−1 + cos(2𝜋) + 2𝜋 sin(2𝜋))

22𝜋2 ,

2𝐿(−1 + cos(3𝜋) + 3𝜋 sin(3𝜋))
32𝜋2 ,

2𝐿(−1 + cos(4𝜋) + 4𝜋 sin(4𝜋))
42𝜋2 , ...

𝑏𝑛 =
2𝐿(−1 − 1)

𝜋2 ,
2𝐿(−1 + 1)
22𝜋2 ,

2𝐿(−1 − 1)
32𝜋2 ,

2𝐿(−1 + 1)
42𝜋2 , ...

𝑏𝑛 =
2𝐿(−2)
𝜋2 ,

2𝐿(0)
22𝜋2 ,

2𝐿(−2)
32𝜋2 ,

2𝐿(0)
42𝜋2 , ...

𝑏𝑛 =
−4𝐿
𝜋2 , 0,

−4𝐿
32𝜋2 , 0, ...

𝑏𝑛 =
−4𝐿
𝑛2𝜋2

Hence

𝑏𝑛 =
−4𝐿
𝑛2𝜋2 𝑛 = 1, 3, 5, ...

From equation (1) above we had

𝑢(𝑥, 𝑡) =
𝐿
2
+ 𝑒−�

𝛼𝑛𝜋
𝐿 �

2
𝑡 cos

𝑛𝜋
𝐿
𝑥

=
𝐿
2
+

∞
�
odd
𝑏𝑛 �𝑒

−�𝛼𝑛𝜋𝐿 �
2
𝑡 cos

𝑛𝜋
𝐿
𝑥�

𝑢(𝑥, 𝑡) =
𝐿
2
+

∞
�
odd

−4𝐿
𝑛2𝜋2 𝑒

−�𝛼𝑛𝜋𝐿 �
2
𝑡 cos

𝑛𝜋
𝐿
𝑥

Hence

𝑢(𝑥, 𝑡) =
𝐿
2
−
4𝐿
𝜋2

∞
�
odd

1
𝑛2
𝑒−�

𝛼𝑛𝜋
𝐿 �

2
𝑡 cos

𝑛𝜋
𝐿
𝑥

L0 = 2; a = .2;
T0[x_, t_, m_] := 100 - 400/Pi Sum[(-1)^n/(2 n + 1)
Exp[-(a (2 n + 1)/2 Pi/L0)^2 t] Cos[(2 n + 1)/2 Pi/L0 x], {n, 0, m, 1}];
p = Plot3D[T0[x, t, 50], {x, 0, L0}, {t, 0, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]
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Now we need to consider the 𝑘 = 0 solution we had at the beginning. Starting with
𝑢(𝑥, 𝑡) = 𝑒−𝛼2𝑘2𝑡 cos 𝑘𝑥, for 𝑘 = 0, we have 𝑢(𝑥, 𝑡) = 1, and as before we want to look for a
general solution as 𝑢𝑔(𝑥, 𝑡) =

∞
∑
𝑛=1
𝑏𝑛 𝑢(𝑥, 𝑡), which is now will be

𝑢𝑔(𝑥, 𝑡) =
∞
�
𝑛=1
𝑏𝑛

To find 𝑏𝑛, as before we use the conditions at 𝑡 = 0, which is 𝑢(𝑥, 0) = 𝑥. Therefore

𝑢(𝑥, 0) = 𝑥 =
∞
�
𝑛=1
𝑏𝑛

Therefore
∞
∑
𝑛=1
𝑏𝑛 = 𝑥. The general solution in this case is given by

𝑢𝑔(𝑥, 𝑡) =
∞
�
𝑛=1
𝑏𝑛

𝑢𝑔(𝑥, 𝑡) = 𝑥

which is what we are required to show. What this means is that for 𝑘 = 0, the heat distri-
bution does not change. So this is the same as the time-independent initial conditions.

4.8.8 Chapter 13, problem 3.9. Mary Boas book. second edition
A bar of length 𝐿 = 2 with insulated side at 𝑥 = 0 only, at 𝑡 = 0 held at zero tempera-
ture. at 𝑡 > 0 the right side is held at 𝑇 = 100 degrees. Determine the time dependent
temperature distribution inside the bar

L =2cm

X-axis

Y-axis
At t=0

At t>0

X-axis

Y-axis

Temp=
0

Temp=
0 du/dx=0

Temp=100

211



4.8. HW 8 CHAPTER 4. HWS

Solution

In this problem, since left side is insulated, this is a Neumann condition at the 𝑥 = 0
side. So at 𝑡 > 0we will use 𝜕𝑢

𝜕𝑥 = 0 at 𝑥 = 0. This is a heat distribution problem governed
by the diffusion or heat equation

∇ 2𝑢(𝑥, 𝑡) =
1
𝛼2
𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

Similar to problem 3.2, we get the following 2 candidate solutions to the above PDE

𝑢(𝑥, 𝑡) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

𝑒−𝛼2𝑘2𝑡 sin 𝑘𝑥

𝑒−𝛼2𝑘2𝑡 cos 𝑘𝑥

Since these are solutions for 𝑡 > 0. We need to find the conditions that 𝜕𝑢
𝜕𝑥 = 0 at 𝑥 = 0

and 𝑢 = 100 at 𝑥 = 𝐿. Since we want 𝜕𝑢
𝜕𝑥 = 0 at 𝑥 = 0, then we can not use the sin 𝑘𝑥

solution. We are left with the solution 𝑒−𝛼2𝑘2𝑡 cos(𝑘𝑥)which satisfies 𝜕𝑢
𝜕𝑥 = 0 at 𝑥 = 0. Now

at 𝑥 = 𝐿,we want 𝑢 = 100, hence 𝑒−𝛼2𝑘2𝑡 cos(𝑘𝐿) = 100. The way this is presented will not
allow exact expression for 𝑘 so we have to write 𝑢(𝐿, 𝑡) = 100 + 𝑒−𝛼2𝑘2𝑡 cos(𝑘𝐿), and now
we are able to set only the 𝑒−𝛼2𝑘2𝑡 cos(𝑘𝐿) term to zero, which means we need to have
cos(𝑘𝐿) = 0 or 𝑘𝐿 = 2𝑛−1

2 𝜋 or 𝑘 = 2𝑛−1
2

𝜋
𝐿 . Hence we start with the solution

𝑢(𝑥, 𝑡) = 100 + 𝑒
−𝛼2� 2𝑛−12

𝜋
𝐿 �

2
𝑡
cos�

2𝑛 − 1
2

𝜋
𝐿
𝑥�

= 100 + 𝑒
−�𝛼 2𝑛−1

2
𝜋
𝐿 �

2
𝑡
cos�

2𝑛 − 1
2

𝜋𝑥
𝐿 �

(1)

Since a scaled sum of these solutions is a solution, then the general solution is

𝑢(𝑥, 𝑡) = 100 +
∞
�
𝑛=1
𝑏𝑛 𝑒

−�𝛼 2𝑛−1
2

𝜋
𝐿 �

2
𝑡
cos�

2𝑛 − 1
2

𝜋𝑥
𝐿 �

(2)

Now we need to find the 𝑏𝑛. For this we use the initial conditions. We are told that at
𝑡 = 0, 𝑢0 = 0. So now from equation (1) above

𝑢(𝑥, 0) = 0

= 100 +
∞
�
𝑛=1
𝑏𝑛 cos�

2𝑛 − 1
2

𝜋𝑥
𝐿 �

−100 =
∞
�
𝑛=1
𝑏𝑛 cos�

2𝑛 − 1
2

𝜋𝑥
𝐿 �

Taking the inner product of the LHS and RHS w.r.t. cos�2𝑛−12
𝜋𝑥
𝐿
� over [0, 𝐿] gives
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−100 �
𝐿

0
cos�

2𝑛 − 1
2

𝜋𝑥
𝐿 �

𝑑𝑥 = �
𝐿

0
�

∞
�
𝑚=1

𝑏𝑚 cos�
2𝑚 − 1
2

𝜋𝑥
𝐿 ��

cos�
2𝑛 − 1
2

𝜋𝑥
𝐿 �

−100

⎡
⎢⎢⎢⎢⎢⎣

1
2𝑛−1
2

𝜋
𝐿

sin�
2𝑛 − 1
2

𝜋𝑥
𝐿 �

⎤
⎥⎥⎥⎥⎥⎦

𝐿

0

=
∞
�
𝑚=1

𝑏𝑚 �
𝐿

0
cos�

2𝑚 − 1
2

𝜋𝑥
𝐿 �

cos�
2𝑛 − 1
2

𝜋𝑥
𝐿 �

𝑑𝑥

−100
2𝐿

(2𝑛 − 1)𝜋�
sin�

2𝑛 − 1
2

𝜋𝑥
𝐿 ��

𝐿

0
= 𝑏𝑛 �

𝐿

0
cos2�

2𝑛 − 1
2

𝜋𝑥
𝐿 �

𝑑𝑥

−200𝐿
(2𝑛 − 1)𝜋 �sin�

2𝑛 − 1
2

𝜋𝐿
𝐿 �

− sin(0)� = 𝑏𝑛
𝐿
2

−200𝐿
(2𝑛 − 1)𝜋 �sin�

2𝑛 − 1
2

𝜋�� = 𝑏𝑛
𝐿
2

𝑏𝑛 =
−400

(2𝑛 − 1)𝜋 �sin�
2𝑛 − 1
2

𝜋��

Looking at few values of 𝑛, 𝑏𝑛 =
−400

(2𝑛−1)𝜋�sin�
2𝑛−1
2 𝜋��, hence

𝑏𝑛 =
−400
(2 − 1)𝜋�

sin�
2 − 1
2

𝜋��,
−400
(4 − 1)𝜋�

sin�
4 − 1
2

𝜋��,

−400
(6 − 1)𝜋�

sin�
6 − 1
2

𝜋��,
−400
(8 − 1)𝜋 �sin�

8 − 1
2

𝜋��...

𝑏𝑛 =
−400
𝜋 �sin�

1
2
𝜋��,

−400
3𝜋 �sin�

3
2
𝜋��,

−400
5𝜋 �sin�

5
2
𝜋��, ...

𝑏𝑛 =
−400
𝜋

,
+400
3𝜋

,
−400
5𝜋

,…

𝑏𝑛 = −
(−1)𝑛

2𝑛 + 1
400
𝜋

𝑛 = 0, 1, 2, 3, …

Therefore
𝑏𝑛 = −

(−1)𝑛

2𝑛 + 1
400
𝜋

𝑛 = 0, 1, 2, 3, …

From equation (2) above we had

𝑢(𝑥, 𝑡) = 100 +
∞
�
𝑛=1
𝑏𝑛 𝑒

−�𝛼 2𝑛−1
2

𝜋
𝐿 �

2
𝑡
cos�

2𝑛 − 1
2

𝜋𝑥
𝐿 �

Substituting the value for 𝑏𝑛 and adjusting the summation index to start from 𝑛 = 0
since this is where 𝑏𝑛 is defined to start from, and so we need to replace 2𝑛−1

2 by 2𝑛+1
2 in

the rest of the above terms. Hence

𝑢(𝑥, 𝑡) = 100 +
∞
�
𝑛=0

−
(−1)𝑛

2𝑛 + 1
400
𝜋

𝑒
−�𝛼 2𝑛+1

2
𝜋
𝐿 �

2
𝑡
cos�

2𝑛 + 1
2

𝜋𝑥
𝐿 �

= 100 −
400
𝜋

∞
�
𝑛=0

(−1)𝑛

2𝑛 + 1
𝑒
−�𝛼 2𝑛+1

2
𝜋
𝐿 �

2
𝑡
cos�

2𝑛 + 1
2

𝜋𝑥
𝐿 �

L0 = 2; a = .2;
T0[x_, t_, m_] := 100 - 400/Pi Sum[(-1)^n/(2 n + 1)
Exp[-(a (2 n + 1)/2 Pi/L0)^2 t] Cos[(2 n + 1)/2 Pi/L0 x], {n, 0, m, 1}];
p = Plot3D[T0[x, t, 50], {x, 0, L0}, {t, 0, 10}, PlotRange -> All,
AxesLabel -> {x, "sec", u}, BaseStyle -> 15]
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4.8.9 Problem chapter 13, 3.10. Mary Boas book. Second edition

Separate the wave equation ∇ 2𝑢 = 1
𝑣
𝜕2𝑢
𝜕𝑡2 into space and time equation and show that the

space equation is the Helmholtz equation.

Solution

Assume that the solution is of this form 𝑢�𝑥, 𝑦, 𝑧, 𝑡� = 𝐹�𝑥, 𝑦, 𝑧�𝑇(𝑡)

That is, the solution of the PDE is the product of 2 functions, one that depends only on
the spatial displacements and a function that depends only on time.

Substituting back in the PDE which when written in the long form is:

𝜕2𝑢
𝜕𝑥2

+
𝜕2𝑢
𝜕𝑦2

+
𝜕2𝑢
𝜕𝑧2

=
1
𝑣
𝜕2𝑢
𝜕𝑡2

Hence,

𝜕𝑢
𝜕𝑥

= 𝑇(𝑡)
𝜕𝐹
𝜕𝑥

𝜕2𝑢
𝜕𝑥2

= 𝑇(𝑡)
𝜕2𝐹
𝜕𝑥2

similarly we get

𝜕2𝑢
𝜕𝑦2

= 𝑇(𝑡)
𝜕2𝐹
𝜕𝑦2

𝜕2𝑢
𝜕𝑧2

= 𝑇(𝑡)
𝜕2𝐹
𝜕𝑧2

𝜕2𝑢
𝜕𝑡2

= 𝐹�𝑥, 𝑦, 𝑧�
𝑑2𝑇
𝑑𝑡2

Now ∇ 2𝑢 = 1
𝑣
𝜕2𝑢
𝜕𝑡2 can be written as

𝑇(𝑡)
𝜕2𝐹
𝜕𝑥2

+ 𝑇(𝑡)
𝜕2𝐹
𝜕𝑦2

+ 𝑇(𝑡)
𝜕2𝐹
𝜕𝑧2

=
1
𝑣
𝐹�𝑥, 𝑦, 𝑧�

𝑑2𝑇
𝑑𝑡2

𝑇 ∇ 2𝐹 =
1
𝑣
𝐹
𝑑2𝑇
𝑑𝑡2
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dividing the equation by 𝑇 𝐹, we get

1
𝐹
∇ 2𝐹 =

1
𝑣
1
𝑇
𝑑2𝑇
𝑑𝑡2

Since the LHS is a function of space only, and RHS is a function of time only, and they
equal to each others, then they must be equal to a constant, say −𝑘2

Hence we get

1
𝐹
∇ 2𝐹 = −𝑘2

1
𝑣
1
𝑇
𝑑2𝑇
𝑑𝑡2

= −𝑘2

Looking at the space equation only:

1
𝐹�𝑥, 𝑦, 𝑧�

∇ 2𝐹�𝑥, 𝑦, 𝑧� = −𝑘2

∇ 2𝐹�𝑥, 𝑦, 𝑧� = −𝐹�𝑥, 𝑦, 𝑧� 𝑘2

∇ 2𝐹�𝑥, 𝑦, 𝑧� + 𝐹�𝑥, 𝑦, 𝑧� 𝑘2 = 0

So the space equation is the Helmholtz equation.
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4.9.1 Chapter 13, problem 6.1 Mary Boas. Second edition
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M=1 M=2

N=O

0-
N=ON=O

z = JO(klOr) COS(klOvt) z = JO(k20r) cos(k20vt) z = Jo(k30r) COS(k30vt)

M=1

N=1

M=2

N=1 +

M=3

M=3

z = J 1(kl1r) COSOCOS(k11vt) z = J1 (k21r) COSOCOS(k21vt) Z = J 1(k31r) COSOCOS(k31vt)

M=1
M=2

N=2 N=2

M=3

N=2

z = J2(k12r)Cos20cos(k12Vt)z = J2(k22r)Cos20cos(k22Vt) z = J2(k32r)Cos20cos(k32Vt)
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I

5eU>1C, = fA) II

/h' 'rei = W /2-

f;vrfA -:::: W;lO

-

02.2. -= fA..},c)

-

Fi RJ.

- -

00 ?-.
-::::=-----

2,1-t'Y1=- I

W1=2 -----" S- ' 65
\v13 -' <f,55

vY1=- I -..> 3.7

M=2.. (.t.P

""" - 2 C'- .J 'I') ..7).'-...J

J- r-.
Vv'I-:-1 -----? s-: o

---
j,oV'I.I ? -g.'-{

\N'"- -> 1;,1)"5"-,.;

J3-
w=- -> (;.

VV':7 -7> )3- )
Y'" "') )6,3'-J ->

4.9.2 chapter 13, problem 4.1. Mary Boas, second edition
Complete the plucked string problem to get equation 4.0

Solution

Here we start with the solution given in 4.8

𝑦0 =
∞
�
𝑛=1
𝑏𝑛 sin�

𝑛𝜋𝑥
𝐿
� = 𝑓(𝑥) (1)

Where 𝑓(𝑥) represents the initial position (shape) of the string.
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y

x

L

y0=f(x)

h

Plucked 
string

Now need to find 𝑏𝑛
First need to define 𝑓(𝑥), from diagram we see that from 𝑥 = 0 to 𝑥 = 𝐿/2 the slope is
ℎ
𝐿/2 =

2ℎ
𝐿 hence from equation of line we get 𝑦 = 2ℎ

𝐿 𝑥

From 𝑥 = 𝐿/2 to 𝑥 = 𝐿, slope is −2ℎ
𝐿 , so 𝑦 = ℎ− 2ℎ

𝐿
�𝑥 − 𝐿

2
� = ℎ− 2ℎ

𝐿 𝑥+ℎ = 2ℎ−
2ℎ
𝐿 𝑥 = 2�ℎ − ℎ𝑥

𝐿
�

so we have

𝑓(𝑥) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

2ℎ
𝐿 𝑥 0 ≤ 𝑥 ≤ 𝐿

2

2�ℎ − ℎ𝑥
𝐿
� 𝐿

2 < 𝑥 ≤ 𝐿

so from (1)we get, after applying inner product w.r.t. sin�𝑛𝜋𝑥𝐿 �

𝑏𝑛
𝐿

�
0

sin2�
𝑛𝜋𝑥
𝐿
� =

𝐿

�
0

𝑓(𝑥) sin�
𝑛𝜋𝑥
𝐿
� 𝑑𝑥

𝑏𝑛
𝐿
2
=

𝐿
2

�
0

𝑓(𝑥) sin�
𝑛𝜋𝑥
𝐿
� 𝑑𝑥 +

𝐿

�
𝐿
2

𝑓(𝑥) sin�
𝑛𝜋𝑥
𝐿
� 𝑑𝑥

𝑏𝑛
𝐿
2
=

𝐿
2

�
0

2ℎ
𝐿
𝑥 sin�

𝑛𝜋𝑥
𝐿
� 𝑑𝑥 +

𝐿

�
𝐿
2

2�ℎ −
ℎ𝑥
𝐿 �

sin�
𝑛𝜋𝑥
𝐿
� 𝑑𝑥

𝑏𝑛
𝐿
2
=
2ℎ
𝐿

𝐿
2

�
0

𝑥 sin�
𝑛𝜋𝑥
𝐿
� 𝑑𝑥 +

𝐿

�
𝐿
2

2ℎ sin�
𝑛𝜋𝑥
𝐿
� 𝑑𝑥 −

𝐿

�
𝐿
2

2ℎ𝑥
𝐿

sin�
𝑛𝜋𝑥
𝐿
� 𝑑𝑥

𝑏𝑛
𝐿
2
=
2ℎ
𝐿

𝐿
2

�
0

𝑥 sin�
𝑛𝜋𝑥
𝐿
� 𝑑𝑥 + 2ℎ

𝐿

�
𝐿
2

sin�
𝑛𝜋𝑥
𝐿
� 𝑑𝑥 −

2ℎ
𝐿

𝐿

�
𝐿
2

𝑥 sin�
𝑛𝜋𝑥
𝐿
� 𝑑𝑥

𝑏𝑛
𝐿
2
=
16 ℎ 𝐿 cos�𝑛𝜋4 � sin�

𝑛𝜋
4
�
3

𝑛2𝜋2

𝑏𝑛 =
32 ℎ cos�𝑛𝜋4 � sin�

𝑛𝜋
4
�
3

𝑛2𝜋2

so

𝑏𝑛 =
32 ℎ 𝐿 cos�𝑛𝜋4 � sin�

𝑛𝜋
4
�
3

𝑛2𝜋2

Looking at few values of n to see the pattern
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𝑏𝑛 =
32 ℎ cos�𝜋4 � sin�

𝜋
4
�
3

12𝜋2 ,
32 ℎ cos�2𝜋4 � sin�

2𝜋
4
�
3

22𝜋2 ,
32 ℎ cos�3𝜋4 � sin�

3𝜋
4
�
3

32𝜋2 , ...

=
8ℎ
𝜋2 , 0, −

8ℎ
9 𝜋2 , 0,

8ℎ
25 𝜋2 , …

=
8ℎ
𝜋2 �1, 0, −

1
9
, 0,

1
25
, … �

Notice that we have terms for only odd n.

Now, substituting the above in the general solution given in equation 4.7 in book, which
is

𝑦 =
∞
�
𝑛=1
𝑏𝑛 sin�

𝑛𝜋𝑥
𝐿
� cos�

𝑛𝜋𝑣𝑡
𝐿

�

Gives

𝑦 =
8ℎ
𝜋2 �sin�

𝜋𝑥
𝐿
� cos�

𝜋𝑣𝑡
𝐿
� + 0 + −

1
9
sin�

3𝜋𝑥
𝐿 � cos�

3𝜋𝑣𝑡
𝐿 � + 0 +

1
25

sin�
5𝜋𝑥
𝐿 � cos�

5𝜋𝑣𝑡
𝐿 � + ...�

𝑦 =
8ℎ
𝜋2 �sin�

𝜋𝑥
𝐿
� cos�

𝜋𝑣𝑡
𝐿
� −

1
9
sin�

3𝜋𝑥
𝐿 � cos�

3𝜋𝑣𝑡
𝐿 � +

1
25

sin�
5𝜋𝑥
𝐿 � cos�

5𝜋𝑣𝑡
𝐿 � + ...�

The above is the result we are asked to show.

4.9.3 chapter 13, problem 4.2. Mary Boas, second edition
A string of length L has zero initial velocity and a displacement 𝑦0(𝑥) as shown. Find
the displacement as a function of x and t.

y

x

L/2

y0=f(x)

h

Plucked 
string

L/2

Solution

The PDE that governs this problem is the wave equation ∇ 2𝑦 = 1
𝑣2

𝜕2𝑦
𝜕𝑡2

The candidate solutions are

𝑦 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

sin(𝑘𝑥) sin(𝜔𝑡)

sin(𝑘𝑥) cos(𝜔𝑡)

cos(𝑘𝑥) sin(𝜔𝑡)

cos(𝑘𝑥) cos(𝜔𝑡)

where 𝜔 = 𝑘𝑣 and 𝑘 = 2𝜋
𝜆 where 𝜆 is the wave length

Now we discard solutions that contains cos 𝑘𝑥 since the string is fixed at 𝑥 = 0.

So we are left with

𝑦 =

⎧⎪⎪⎨
⎪⎪⎩
sin(𝑘𝑥) sin(𝜔𝑡)

sin(𝑘𝑥) cos(𝜔𝑡)
223



4.9. HW 9 CHAPTER 4. HWS

Now, 𝑦 = 0 at 𝑥 = 𝐿 then from sin 𝑘𝑥 = 0 or sin 𝑘𝐿 = 0 we need 𝑘 = 𝑛𝜋
𝐿

Hence solutions become

𝑦 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

sin(𝑛𝜋𝐿 𝑥) sin(
𝑛𝜋
𝐿 𝑣𝑡)

sin(𝑛𝜋𝐿 𝑥) cos(
𝑛𝜋
𝐿 𝑣𝑡)

Applying initial conditions, which says that at time 𝑡 = 0, velocity is zero.

Hence from above, after taking 𝜕𝑦
𝜕𝑡 , we get

𝜕𝑦
𝜕𝑡

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

𝑛𝜋𝑣
𝐿 sin(𝑛𝜋𝐿 𝑥) cos(

𝑛𝜋𝑣
𝐿 𝑡)

−𝑛𝜋𝑣
𝐿 sin(𝑛𝜋𝐿 𝑥) sin(

𝑛𝜋𝑣
𝐿 𝑡)

For the above to be zero at 𝑡 = 0 then we discard first solution above with cos 𝑡 in it.
Hence final general solution is now

𝑦 = { sin(𝑛𝜋𝐿 𝑥) cos(
𝑛𝜋
𝐿 𝑣𝑡)

A general solution is a linear combination of the above solutions, hence

𝑦 =
∞
�
𝑛=1

𝑏𝑛 sin�
𝑛𝜋
𝐿
𝑥� cos�

𝑛𝜋
𝐿
𝑣𝑡� (1)

To find 𝑏𝑛, we apply the second initial condition, which is 𝑦 = 𝑦0 = 𝑓(𝑥)

(Notice that we use two initial conditions, i.e. at time t=0 we are looking at speed and
position, this is because we started with a PDE with 𝜕2𝑦

𝜕𝑡2 in it, which is a second order in
t.)

At t=0, (1) becomes

𝑦 =
∞
�
𝑛=1

𝑏𝑛 sin�
𝑛𝜋
𝐿
𝑥� = 𝑓(𝑥) (2)

To find 𝑓(𝑥) from diagram, we see that for 0 ≤ 𝑥 ≤ 𝐿
4 , 𝑦 = 𝑥

ℎ
𝐿/4 =

4ℎ
𝐿 𝑥

For 𝐿
4 < 𝑥 ≤

𝐿
2 , 𝑦 = −�𝑥 −

𝐿
4
� ℎ
𝐿/4 + ℎ = −�𝑥 −

𝐿
4
�4ℎ
𝐿 + ℎ = −𝑥

4ℎ
𝐿 +

𝐿
4
4ℎ
𝐿 + ℎ = −𝑥

4ℎ
𝐿 + 2ℎ

For 𝐿
2 < 𝑥 ≤ 𝐿, 𝑦 = 0

Hence

𝑦 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

4ℎ
𝐿 𝑥 0 ≤ 𝑥 ≤ 𝐿

4

2ℎ − 𝑥4ℎ𝐿
𝐿
4 < 𝑥 ≤

𝐿
2

0 𝐿
2 < 𝑥 ≤ 𝐿

Do the inner product on both sides of equation (2) w.r.t. sin 𝑛𝜋
𝐿 𝑥
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𝑏𝑛�
𝐿

0
sin2

𝑛𝜋
𝐿
𝑥 𝑑𝑥 = �

𝐿

0
𝑓(𝑥) sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥

𝑏𝑛
𝐿
2
= �

𝐿
4

0
𝑓(𝑥) sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥 + �

𝐿
2

𝐿
4

𝑓(𝑥) sin
𝑛𝜋
𝐿
𝑥 𝑑𝑥 +�

𝐿

𝐿
2

𝑓(𝑥) sin
𝑛𝜋
𝐿
𝑥 𝑑𝑥

= �
𝐿
4

0

4ℎ
𝐿
𝑥 sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥 +�

𝐿
2

𝐿
4

�2ℎ − 𝑥
4ℎ
𝐿 �

sin
𝑛𝜋
𝐿
𝑥 𝑑𝑥 +�

𝐿

𝐿
2

0 sin
𝑛𝜋
𝐿
𝑥 𝑑𝑥

= �
𝐿
4

0

4ℎ
𝐿
𝑥 sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥 +�

𝐿
2

𝐿
4

2ℎ sin�
𝑛𝜋
𝐿
𝑥� − 𝑥

4ℎ
𝐿

sin�
𝑛𝜋
𝐿
𝑥� 𝑑𝑥

= �
𝐿
4

0

4ℎ
𝐿
𝑥 sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥 +�

𝐿
2

𝐿
4

2ℎ sin�
𝑛𝜋
𝐿
𝑥�𝑑𝑥 −�

𝐿
2

𝐿
4

𝑥
4ℎ
𝐿

sin�
𝑛𝜋
𝐿
𝑥� 𝑑𝑥

=
4ℎ
𝐿 �

𝐿
4

0
𝑥 sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥 + 2ℎ�

𝐿
2

𝐿
4

sin�
𝑛𝜋
𝐿
𝑥�𝑑𝑥 −

4ℎ
𝐿 �

𝐿
2

𝐿
4

𝑥 sin�
𝑛𝜋
𝐿
𝑥� 𝑑𝑥

𝑏𝑛 =
8ℎ
𝑛2𝜋2 �2 sin�

𝑛𝜋
4
� − sin

𝑛𝜋
2
�

Looking at few values of 𝑏𝑛

𝑏𝑛 =
8ℎ
12𝜋2 �2 sin�

𝜋
4
� − sin

𝜋
2
�,

8ℎ
22𝜋2 �2 sin�

2𝜋
4 �

− sin
2𝜋
2 �

,
8ℎ
32𝜋2 �2 sin�

3𝜋
4 �

− sin
3𝜋
2 �

,…

=
8ℎ
𝜋2 ��2 sin�

𝜋
4
� − sin

𝜋
2
�,
1
22 �

2 sin
2𝜋
4
− sin

2𝜋
2 �

,
1
32 �

2 sin
3𝜋
4
− sin

3𝜋
2 �

,… �

=
8ℎ
𝜋2 �

1
𝑛2�

�2 sin�
𝜋
4
� − sin

𝜋
2
�, �2 sin

2𝜋
4
− sin

2𝜋
2 �

, �2 sin
3𝜋
4
− sin

3𝜋
2 �

,…��

=
8ℎ
𝜋2 �

1
𝑛2
�2 sin�

𝑛𝜋
4
� − sin

𝑛𝜋
2
��

Hence from equation (1) above, we get

𝑦 =
∞
�
𝑛=1

𝑏𝑛 sin
𝑛𝜋
𝐿
𝑥 cos

𝑛𝜋
𝐿
𝑣𝑡

=
∞
�
𝑛=1

8ℎ
𝜋2 �

1
𝑛2
�2 sin�

𝑛𝜋
4
� − sin

𝑛𝜋
2
�� sin

𝑛𝜋
𝐿
𝑥 cos

𝑛𝜋
𝐿
𝑣𝑡

=
8ℎ
𝜋2

∞
�
𝑛=1
𝐵𝑛 sin

𝑛𝜋
𝐿
𝑥 cos

𝑛𝜋
𝐿
𝑣𝑡

Where
𝐵𝑛 =

1
𝑛2
�2 sin�

𝑛𝜋
4
� − sin

𝑛𝜋
2
�

The above is the result required to show.

4.9.4 chapter 13, problem 4.6. Mary Boas, second edition
A string of length L is initially stretched straight, its ends are fixed for all time t. At
time t=0 its points are given the velocity 𝑉(𝑥) = �𝜕𝑦

𝜕𝑡
�
𝑡=0

as shown in diagram below.

Determine the shape of the string at time t.
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V(x)

x

L/2 L

h

2w

Solution

The PDE that governs this problem is the wave equation ∇ 2𝑦 = 1
𝑣2

𝜕2𝑦
𝜕𝑡2

The candidate solutions are

𝑦 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

sin(𝑘𝑥) sin(𝜔𝑡)

sin(𝑘𝑥) cos(𝜔𝑡)

cos(𝑘𝑥) sin(𝜔𝑡)

cos(𝑘𝑥) cos(𝜔𝑡)

Where 𝜔 = 𝑘𝑣 and 𝑘 = 2𝜋
𝜆 where 𝜆 is the wave length

Now we discard solutions that contains cos 𝑘𝑥 since the string is fixed at 𝑥 = 0.

So we are left with

𝑦 =

⎧⎪⎪⎨
⎪⎪⎩
sin(𝑘𝑥) sin(𝜔𝑡)

sin(𝑘𝑥) cos(𝜔𝑡)

Now, 𝑦 = 0 at 𝑥 = 𝐿 then from sin 𝑘𝑥 = 0 or sin 𝑘𝐿 = 0 we need 𝑘 = 𝑛𝜋
𝐿

Hence solutions become

𝑦 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

sin 𝑛𝜋
𝐿 𝑥 sin

𝑛𝜋
𝐿 𝑣𝑡

sin 𝑛𝜋
𝐿 𝑥 cos

𝑛𝜋
𝐿 𝑣𝑡

Applying initial conditions, which says that at time 𝑡 = 0, velocity is given by 𝑉(𝑥)

Hence from above, after taking 𝜕𝑦
𝜕𝑡 , we get

𝜕𝑦
𝜕𝑡

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

𝑛𝜋𝑣
𝐿 sin 𝑛𝜋

𝐿 𝑥 cos
𝑛𝜋𝑣
𝐿 𝑡

−𝑛𝜋𝑣
𝐿 sin 𝑛𝜋

𝐿 𝑥 sin
𝑛𝜋𝑣
𝐿 𝑡

For the above we discard velocity solution above with sin 𝑡 in it since that will give zero
velocity at time t=0, which is not the case here. Hence we discard y solution with cos 𝑡
in it, then the final general solution for y is now

𝑦 = sin 𝑛𝜋
𝐿 𝑥 sin

𝑛𝜋
𝐿 𝑣𝑡

A general solution is a linear combination of the above solutions, hence

𝑦 =
∞
�
𝑛=1

𝑏𝑛 sin
𝑛𝜋𝑥
𝐿

sin
𝑛𝜋𝑣𝑡
𝐿

(1)

To find 𝑏𝑛, we apply the velocity initial condition. Hence differentiate equation (1) and
set t=0, we have
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𝜕𝑦
𝜕𝑡

=
∞
�
𝑛=1

𝑏𝑛
𝑛𝜋𝑣
𝐿

sin
𝑛𝜋𝑥
𝐿

cos
𝑛𝜋𝑣𝑡
𝐿

Setting t=0

𝜕𝑦
𝜕𝑡

=
∞
�
𝑛=1

𝑏𝑛
𝑛𝜋𝑣
𝐿

sin
𝑛𝜋𝑥
𝐿

= 𝑉𝑡=0 (2)

Now to find 𝑉𝑡=0. From diagram, we see that for 0 ≤ 𝑥 ≤ 𝐿
2 − 𝑤, 𝑉𝑡=0 = 0

For 𝐿
2 − 𝑤 < 𝑥 ≤

𝐿
2 + 𝑤,𝑉𝑡=0 = ℎ

For 𝐿
2 + 𝑤 < 𝑥 ≤ 𝐿, 𝑉𝑡=0 = 0

Hence

𝑉𝑡=0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 0 ≤ 𝑥 ≤ 𝐿
2 − 𝑤

ℎ 𝐿
2 − 𝑤 < 𝑥 ≤

𝐿
2 + 𝑤

0 𝐿
2 + 𝑤 < 𝑥 ≤ 𝐿

Do the inner product on both sides of equation (2) w.r.t. sin 𝑛𝜋
𝐿 𝑥

𝑏𝑛
𝑛𝜋𝑣
𝐿 �

𝐿

0
sin2

𝑛𝜋
𝐿
𝑥 𝑑𝑥 = �

𝐿

0
𝑉(𝑥) sin

𝑛𝜋𝑥
𝐿

𝑑𝑥

𝑏𝑛
𝑛𝜋𝑣
2

= �
𝐿
2−𝑤

0
0 sin

𝑛𝜋
𝐿
𝑥 𝑑𝑥 + �

𝐿
2+𝑤

𝐿
2−𝑤

ℎ sin
𝑛𝜋𝑥
𝐿

𝑑𝑥 +�
𝐿

𝐿
2+𝑤

0 sin
𝑛𝜋
𝐿
𝑥 𝑑𝑥

𝑏𝑛
𝑛𝜋𝑣
2

= �
𝐿
2+𝑤

𝐿
2−𝑤

ℎ sin
𝑛𝜋𝑥
𝐿

𝑑𝑥

𝑏𝑛
𝑛𝜋𝑣
2

= −ℎ
𝐿
𝑛𝜋�

cos
𝑛𝜋𝑥
𝐿 �

𝐿
2+𝑤

𝐿
2−𝑤

𝑏𝑛
𝑛𝜋𝑣
2

= −ℎ
𝐿
𝑛𝜋

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
cos

𝑛𝜋�𝐿2 + 𝑤�

𝐿
− cos

𝑛𝜋�𝐿2 − 𝑤�

𝐿

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑏𝑛
𝑛𝜋𝑣
2

= −ℎ
𝐿
𝑛𝜋�

cos�
𝑛𝜋
2
+
𝑛𝜋𝑤
𝐿

� − cos�
𝑛𝜋
2
−
𝑛𝜋𝑤
𝐿

��

𝑏𝑛 = −
2ℎ𝐿
𝑛2𝜋2𝑣�

cos�
𝑛𝜋
2
+
𝑛𝜋𝑤
𝐿

� − cos�
𝑛𝜋
2
−
𝑛𝜋𝑤
𝐿

��

But cos(𝑎 + 𝑏) = cos(𝑎) cos(𝑏) − sin(𝑎) sin(𝑏)

and cos(𝑎 − 𝑏) = cos(𝑎) cos(𝑏) + sin(𝑎) sin(𝑏)

Let 𝑎 = 𝑛𝜋
2 , 𝑏 =

𝑛𝜋𝑤
𝐿

Hence 𝑏𝑛 becomes
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𝑏𝑛 = −
2ℎ𝐿
𝑛2𝜋2𝑣

[cos(𝑎 + 𝑏) − cos(𝑎 − 𝑏)]

= −
2ℎ𝐿
𝑛2𝜋2𝑣

[cos(𝑎) cos(𝑏) − sin(𝑎) sin(𝑏) − {cos(𝑎) cos(𝑏) + sin(𝑎) sin(𝑏)}]

= −
2ℎ𝐿
𝑛2𝜋2𝑣

[cos(𝑎) cos(𝑏) − sin(𝑎) sin(𝑏) − cos(𝑎) cos(𝑏) − sin(𝑎) sin(𝑏)]

= −
2ℎ𝐿
𝑛2𝜋2𝑣

[− sin(𝑎) sin(𝑏) − sin(𝑎) sin(𝑏)]

=
4ℎ𝐿
𝑛2𝜋2𝑣

sin(𝑎) sin(𝑏)

=
4ℎ𝐿
𝑛2𝜋2𝑣

sin�
𝑛𝜋
2
� sin�

𝑛𝜋𝑤
𝐿

�

For even 𝑛, the term sin�𝑛𝜋2 � is zero. For 𝑛 odd sin�𝑛𝜋2 � = 1 when 𝑛 = 1, 5, 9, … and
sin�𝑛𝜋2 � = −1 when 𝑛 = 3, 7, 11, …Hence

𝑏𝑛 = 𝐴(𝑛)
4ℎ𝐿
𝑛2𝜋2𝑣

sin�
𝑛𝜋𝑤
𝐿

� 𝑛 = 1, 3, 5, 7, …

And 𝐴(𝑛) is a function which returns 1 when 𝑛 = 1, 5, 9, .. and returns −1 when 𝑛 =
3, 7, 11, …

Hence now we have 𝑏𝑛 we can substitute in (1)

𝑦 =
∞
�
𝑛=1

𝑏𝑛 sin
𝑛𝜋𝑥
𝐿

sin
𝑛𝜋𝑣𝑡
𝐿

𝑦 =
∞
�
𝑛 𝑜𝑑𝑑

𝐴(𝑛)
4ℎ𝐿
𝑛2𝜋2𝑣

sin�
𝑛𝜋𝑤
𝐿

� � sin
𝑛𝜋𝑥
𝐿

sin
𝑛𝜋𝑣𝑡
𝐿 �

𝑦 =
4ℎ𝐿
𝜋2𝑣

∞
�
𝑛 𝑜𝑑𝑑

𝐴(𝑛)
1
𝑛2

sin�
𝑛𝜋𝑤
𝐿

� � sin
𝑛𝜋𝑥
𝐿

sin
𝑛𝜋𝑣𝑡
𝐿 �

Which is the general solution. Looking at few expanded terms in the series we get

𝑦 = 4ℎ𝐿
𝜋2𝑣 �sin�

𝜋𝑤
𝐿
� sin 𝜋𝑥

𝐿 sin 𝜋𝑣𝑡
𝐿 − 1

9 sin�3𝜋𝑤𝐿 � sin 3𝜋𝑥
𝐿 sin 3𝜋𝑣𝑡

𝐿 + 1
25 sin�5𝜋𝑤𝐿 � sin 5𝜋𝑥

𝐿 sin 𝑛𝜋𝑣𝑡
𝐿 �

Which is the result required.

4.9.5 chapter 13, problem 5.1. Mary Boas, second edition

Compute numerically the coefficients 𝑐𝑚 = 200
𝑘𝑚𝐽1(𝑘𝑚)

for the first 3 terms of the series

𝑢 =
∞
�
𝑚=1

𝑐𝑚𝐽0(𝑘𝑚𝑟)𝑒−𝑘𝑚𝑧 for the steady state temp. in a solid semi-infinite cylinder when

𝑢 = 0 at 𝑟 = 1 and 𝑢 = 100 at 𝑧 = 0. find 𝑢 at 𝑟 = 1/2, 𝑧 = 1

Solution

Here, we are looking at the solution for temp. inside a semi-infinite cylinder. This solu-
tion is for the case of a uniform temp. distribution on the boundary 𝑧 = 0 is given by 𝑢
equation shown above. Note that in the expression 𝑐𝑚 =

200
𝑘𝑚𝐽1(𝑘𝑚)

, the 𝑘𝑚 are the zeros of
𝐽0 not 𝐽1.

Need to find 𝑐1, 𝑐2, 𝑐3 where 𝑐1 =
200

𝑘1𝐽1(𝑘1)

To find 𝑘1 and 𝐽1(𝑘1) I used mathematica.

I plotted 𝐽0(𝑥) to see where the zeros are located first
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So I see there is a zero near 2,5, and 9. I use mathematica to find these:

Now I need to find 𝐽1(𝑘𝑚). This is the result for 3 terms:

Hence, now the 𝑐𝑚 terms can be found:

𝑐1 =
200

𝑘1𝐽1(𝑘1)
=

200
(2.404)(0.519)

= 160. 30

𝑐2 =
200

𝑘2𝐽1(𝑘2)
=

200
(5.52)(−0.34)

= −106. 56

𝑐3 =
200

𝑘3𝐽1(𝑘3)
=

200
(8.65)(0.27)

= 85. 635

Evaluating 𝑢 =
∞
�
𝑚=1

𝑐𝑚𝐽0(𝑘𝑚𝑟)𝑒−𝑘𝑚𝑧 for the first 3 terms when 𝑟 = 1/2, 𝑧 = 1

𝑢 = 𝑐1𝐽0(𝑘1𝑟)𝑒−𝑘1𝑧 + 𝑐2𝐽0(𝑘2𝑟)𝑒−𝑘2𝑧 + 𝑐3𝐽0(𝑘3𝑟)𝑒−𝑘3𝑧

= 𝑐1𝐽0�𝑘1
1
2�
𝑒−𝑘1 + 𝑐2𝐽0�𝑘2

1
2�
𝑒−𝑘2 + 𝑐3𝐽0�𝑘3

1
2�
𝑒−𝑘3

= (160.30)𝐽0�2.404
1
2�
𝑒−2.404 − (106.56)𝐽0�5.52

1
2�
𝑒−5.52 + (85.635)𝐽0�8.65

1
2�
𝑒−8.65

= (160.30)𝐽0(1.202)𝑒−2.404 − (106.56)𝐽0(2.76)𝑒−5.52 + (85.635)𝐽0(4.325)𝑒−8.65

Mathematica was used to evaluate 𝐽0 values above.
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Hence

𝑢 = (160.30)(0.67)𝑒−2.404 − (106.56)(−0.168)𝑒−5.52 + (85.635)(−0.356)𝑒−8.65

𝑢 = 9.704 3 + 7.171 3 × 10−2 − 5.3389 × 10−3

𝑢 = 9.7707 degrees

4.9.6 chapter 13, problem 5.2. Mary Boas, second edition
Find the solution for the steady state temp. distribution in a solid semi-infinite cylinder
if the boundary temp. are 𝑢 = 0 at 𝑟 = 1 and 𝑢 = 𝑦 = 𝑟 sin𝜃 at 𝑧 = 0.

Solution

The candidate solutions are given by the solution to the Laplace equation in cylindrical
coordinates which are

𝑢 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

𝐽𝑛(𝑘 𝑟) sin(𝑛𝜃)𝑒−𝑘 𝑧 (1)

𝐽𝑛(𝑘 𝑟) cos(𝑛𝜃)𝑒−𝑘 𝑧 (2)

Where 𝑘 is a zero of 𝐽𝑛 (This is because we have used the B.C. of 𝑢 = 0 at 𝑟 = 1 to
determine that the 𝑘′𝑠 have to be the zeros of 𝐽𝑛) when deriving the above solutions. See
book page 560.

From boundary conditions we want 𝑢 = 𝑟 sin𝜃when 𝑧 = 0, hence we need to keep the
solution (1) above, with 𝑛 = 1. Hence a solution is

𝑢 = 𝐽1(𝑘 𝑟) sin(𝜃)𝑒−𝑘 𝑧 (3)

A general solution is a linear series combinations (eigenfunctions) of (3), each eigen-
function for each of the zeros of 𝐽1. Call these zeros 𝑘𝑚

𝑢 =
∞
�
𝑚=1

𝑐𝑚 𝐽1(𝑘𝑚 𝑟) sin(𝜃)𝑒−𝑘𝑚 𝑧 (4)

We now apply B.C. at 𝑧 = 0 to find 𝑐𝑚. From (4) when 𝑧 = 0

𝑟 sin𝜃 =
∞
�
𝑚=1

𝑐𝑚 𝐽1(𝑘𝑚 𝑟) sin(𝜃) (5)

We use (5) to find 𝑐𝑚 and then substitute into (4) to obtain the final solution.

To find 𝑐𝑚 from (5), take the inner product of each side with respect to 𝑟𝐽1(𝑘𝑢 𝑟) from
𝑟 = 0 to 𝑟 = 1

230



4.9. HW 9 CHAPTER 4. HWS

�
1

0
𝑟 sin𝜃[𝑟𝐽1(𝑘𝑢 𝑟)] 𝑑𝑟 =

∞
�
𝑚=1

𝑐𝑚 ��
1

0
𝐽1(𝑘𝑚 𝑟) sin(𝜃)[𝑟𝐽1(𝑘𝑢 𝑟)] 𝑑𝑟�

sin𝜃�
1

0
𝑟2𝐽1(𝑘𝑢 𝑟) 𝑑𝑟 =

∞
�
𝑚=1

𝑐𝑚 sin(𝜃)��
1

0
𝐽1(𝑘𝑚 𝑟)[𝑟𝐽1(𝑘𝑢 𝑟)] 𝑑𝑟�

Dividing each side by sin𝜃

�
1

0
𝑟2𝐽1(𝑘𝑢 𝑟) 𝑑𝑟 =

∞
�
𝑚=1

𝑐𝑚 ��
1

0
𝐽1(𝑘𝑚 𝑟)[𝑟𝐽1(𝑘𝑢 𝑟)] 𝑑𝑟�

From orthogonality of Bessel function, we know that

�
1

0
𝐽𝑝(𝑘𝑚 𝑟)𝑟𝐽𝑝(𝑘𝑢 𝑟)𝑑𝑟 = 0

If𝑚 ≠ 𝑢. Hence in above equation all terms on the right drop except for one when 𝑢 = 𝑚.
We get

�
1

0
𝑟2𝐽1(𝑘𝑚 𝑟) 𝑑𝑟 = 𝑐𝑚 �

1

0
𝑟 𝐽1(𝑘𝑚 𝑟)𝐽1(𝑘𝑚 𝑟)𝑑𝑟

Or

𝑐𝑚 =
∫1

0
𝑟2𝐽1(𝑘𝑚 𝑟) 𝑑𝑟

∫1

0
𝑟 𝐽1(𝑘𝑚 𝑟) 𝐽1(𝑘𝑚 𝑟) 𝑑𝑟

(6)

The integral in the denominator above is found from equation 19.10 in text on page 523
which gives

�
1

0
𝑟 𝐽1(𝑘𝑚 𝑟) 𝐽1(𝑘𝑚 𝑟) 𝑑𝑟 =

1
2
[𝐽2(𝑘𝑚)]

2 (7)

Now, we need to find the integral of the numerator in equation (6).

Using equation 15.1 in text, page 514, which says

𝑑
𝑑𝑥
�𝑥𝑝𝐽𝑝(𝑥)� = 𝑥𝑝𝐽𝑝−1(𝑥)

Putting 𝑝 = 2 above, and letting 𝑥 = 𝑘𝑚𝑟 gives

1
𝑘𝑚

𝑑
𝑑𝑟
�(𝑘𝑚𝑟)

2𝐽2(𝑘𝑚𝑟)� = (𝑘𝑚𝑟)
2𝐽1(𝑘𝑚𝑟)

1
𝑘𝑚

𝑑
𝑑𝑟
�𝑘2𝑚𝑟2𝐽2(𝑘𝑚𝑟)� = 𝑘2𝑚𝑟2𝐽1(𝑘𝑚𝑟)

1
𝑘𝑚

𝑑
𝑑𝑟
�𝑟2𝐽2(𝑘𝑚𝑟)� = 𝑟2𝐽1(𝑘𝑚𝑟)

Integrating each side w.r.t 𝑟 from 0… 1
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1
𝑘𝑚

�
1

0

𝑑
𝑑𝑟
�𝑟2𝐽2(𝑘𝑚𝑟)� 𝑑𝑟 = �

1

0
𝑟2𝐽1(𝑘𝑚𝑟) 𝑑𝑟

1
𝑘𝑚

�𝑟2𝐽2(𝑘𝑚𝑟)�
1

0
= �

1

0
𝑟2𝐽1(𝑘𝑚𝑟) 𝑑𝑟

1
𝑘𝑚

[𝐽2(𝑘𝑚) − 0] = �
1

0
𝑟2𝐽1(𝑘𝑚𝑟) 𝑑𝑟

1
𝑘𝑚

𝐽2(𝑘𝑚) = �
1

0
𝑟2𝐽1(𝑘𝑚𝑟) 𝑑𝑟 (8)

Substituting (7) and (8) into (6)

𝑐𝑚 =
∫1

0
𝑟2𝐽1(𝑘𝑚 𝑟) 𝑑𝑟

∫1

0
𝑟 𝐽1(𝑘𝑚 𝑟) 𝐽1(𝑘𝑚 𝑟) 𝑑𝑟

=
1
𝑘𝑚
𝐽2(𝑘𝑚)

1
2 [𝐽2(𝑘𝑚)]

2

=
2

𝑘𝑚 𝐽2(𝑘𝑚)

Substituting this into (4) above, we get

𝑢 =
∞
�
𝑚=1

𝑐𝑚 𝐽1(𝑘𝑚 𝑟) sin(𝜃)𝑒−𝑘𝑚 𝑧

𝑢 =
∞
�
𝑚=1

2
𝑘𝑚 𝐽2(𝑘𝑚)

𝐽1(𝑘𝑚 𝑟) sin(𝜃) 𝑒−𝑘𝑚 𝑧

where 𝑘𝑚 are zeros of 𝐽1
The above is the result we are asked to show.

4.9.7 chapter 13, problem 5.4. Mary Boass, second edition

A flat circular plate of radius 1 is initially at temp. 1000. From 𝑡 = 0 on, the circumference
of the plate is held at 00. Find the time-dependent temp distribution 𝑢(𝑟, 𝜃, 𝑡)

Solution

First convert heat equation from Cartesian coordinates to polar.

heat equation in 2D Cartesian is

∇ 2𝑢 =
𝜕2

𝜕𝑥2
𝑢 +

𝜕2

𝜕𝑥2
𝑢 =

1
𝛼2

𝜕
𝜕𝑡
𝑢

First need to express Laplacian operator ∇ 2 in polar coordinates:

𝑥 = 𝑟 cos𝜃
𝑦 = 𝑟 sin𝜃

Hence
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𝜕𝑥
𝜕𝑟

= cos𝜃 (A)

𝜕𝑦
𝜕𝑟

= sin𝜃

And

𝜕𝑥
𝜕𝜃

= −𝑟 sin𝜃 (B)

𝜕𝑦
𝜕𝜃

= 𝑟 cos𝜃

r

theta

P(x,y)

r cos(theta)

r sin(theta)

x

y

From geometry, we also know that

𝑟 = �𝑥
2 + 𝑦2

𝜃 = arctan
𝑦
𝑥

The above 2 relations imply
𝜕
𝜕𝑟 =

𝜕𝑥
𝜕𝑟

𝜕
𝜕𝑥 +

𝜕𝑦
𝜕𝑟

𝜕
𝜕𝑦 and 𝜕

𝜕𝜃 =
𝜕𝑥
𝜕𝜃

𝜕
𝜕𝑥 +

𝜕𝑦
𝜕𝜃

𝜕
𝜕𝑦

Hence we can express the above, using equations (A) and (B) as follows:

𝜕
𝜕𝑟

=
𝜕𝑥
𝜕𝑟

𝜕
𝜕𝑥

+
𝜕𝑦
𝜕𝑟

𝜕
𝜕𝑦

= cos𝜃
𝜕
𝜕𝑥

+ sin𝜃
𝜕
𝜕𝑦

Multiply each side by 𝑟

𝑟
𝜕
𝜕𝑟

= 𝑟 cos𝜃
𝜕
𝜕𝑥

+ 𝑟 sin𝜃
𝜕
𝜕𝑦

= 𝑥
𝜕
𝜕𝑥

+ 𝑦
𝜕
𝜕𝑦

(1)

Squaring each sides of (1) gives
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𝑟
𝜕
𝜕𝑟�

𝑟
𝜕
𝜕𝑟�

= �𝑥
𝜕
𝜕𝑥

+ 𝑦
𝜕
𝜕𝑦�

2

𝑟�𝑟
𝜕2

𝜕𝑟2
+
𝜕
𝜕𝑟�

= 𝑥
𝜕
𝜕𝑥

𝑥
𝜕
𝜕𝑥

+ 𝑦
𝜕
𝜕𝑦

𝑦
𝜕
𝜕𝑦

+ 2𝑥
𝜕
𝜕𝑥

𝑦
𝜕
𝜕𝑦

𝑟2
𝜕2

𝜕𝑟2
+ 𝑟

𝜕
𝜕𝑟

= 𝑥
𝜕
𝜕𝑥�

𝑥
𝜕
𝜕𝑥�

+ 𝑦
𝜕
𝜕𝑦�

𝑦
𝜕
𝜕𝑦�

+ 2𝑥
𝜕
𝜕𝑥 �

𝑦
𝜕
𝜕𝑦�

= 𝑥

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝑥
𝜕2

𝜕𝑥2
+

=1
�𝜕
𝜕𝑥
𝑥
𝜕
𝜕𝑥

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 𝑦

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝑦
𝜕2

𝜕𝑦2
+

=1
�𝜕
𝜕𝑦
𝑦
𝜕
𝜕𝑦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 2𝑥

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝑦
𝜕2

𝜕𝑥𝜕𝑦
+

=0
�𝜕
𝜕𝑥
𝑦
𝜕
𝜕𝑦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 𝑥2
𝜕2

𝜕𝑥2
+ 𝑥

𝜕
𝜕𝑥

+ 𝑦2
𝜕2

𝜕𝑦2
+ 𝑦

𝜕
𝜕𝑦

+ 2𝑥𝑦
𝜕2

𝜕𝑥𝜕𝑦
(2)

Notice that when manipulating of differential operators, 𝑥 𝜕
𝜕𝑥 ≠

𝜕
𝜕𝑥𝑥. Similarly

𝜕
𝜕𝜃

=
𝜕𝑥
𝜕𝜃

𝜕
𝜕𝑥

+
𝜕𝑦
𝜕𝜃

𝜕
𝜕𝑦

= −𝑟 sin𝜃
𝜕
𝜕𝑥

+ 𝑟 cos𝜃
𝜕
𝜕𝑦

= −𝑦
𝜕
𝜕𝑥

+ 𝑥
𝜕
𝜕𝑦

(3)

Squaring each side of (3) gives

�
𝜕
𝜕𝜃�

2

= �−𝑦
𝜕
𝜕𝑥

+ 𝑥
𝜕
𝜕𝑦�

2

𝜕
𝜕𝜃

𝜕
𝜕𝜃

= −𝑦
𝜕
𝜕𝑥�

−𝑦
𝜕
𝜕𝑥�

+ 𝑥
𝜕
𝜕𝑦�

𝑥
𝜕
𝜕𝑦�

− 𝑦
𝜕
𝜕𝑥�

𝑥
𝜕
𝜕𝑦�

+ 𝑥
𝜕
𝜕𝑦�

−𝑦
𝜕
𝜕𝑥�

𝜕2

𝜕𝜃2
= −𝑦

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−𝑦

𝜕2

𝜕𝑥2
+

=0

���������𝜕
𝜕𝑥
�−𝑦�

𝜕
𝜕𝑥

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 𝑥

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝑥
𝜕2

𝜕𝑦2
+

=0
�𝜕
𝜕𝑦
(𝑥)

𝜕
𝜕𝑦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− 𝑦

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝑥
𝜕2

𝜕𝑦𝜕𝑥
+

=1
�𝜕
𝜕𝑥
𝑥
𝜕
𝜕𝑦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 𝑥

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
−𝑦

𝜕2

𝜕𝑥𝜕𝑦
+

=1
�𝜕
𝜕𝑦
𝑦
𝜕
𝜕𝑥

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 𝑦2
𝜕2

𝜕𝑥2
+ 𝑥2

𝜕2

𝜕𝑦2
− 𝑦𝑥

𝜕2

𝜕𝑦𝜕𝑥
− 𝑦

𝜕
𝜕𝑦

− 𝑥𝑦
𝜕2

𝜕𝑥𝜕𝑦
− 𝑥

𝜕
𝜕𝑥

= 𝑦2
𝜕2

𝜕𝑥2
+ 𝑥2

𝜕2

𝜕𝑦2
− 2𝑦𝑥

𝜕2

𝜕𝑦𝜕𝑥
− 𝑦

𝜕
𝜕𝑦

− 𝑥
𝜕
𝜕𝑥

(4)

Adding equation (2) and (4) and carry cancellations

𝑟2 𝜕2

𝜕𝑟2+𝑟
𝜕
𝜕𝑟+

𝜕2

𝜕𝜃2 = �𝑥
2 𝜕2

𝜕𝑥2 + 𝑥
𝜕
𝜕𝑥 + 𝑦

2 𝜕2

𝜕𝑦2 + 𝑦
𝜕
𝜕𝑦 + 2𝑥𝑦

𝜕2

𝜕𝑥𝜕𝑦
�+�𝑦2 𝜕2

𝜕𝑥2 + 𝑥
2 𝜕2

𝜕𝑦2 − 2𝑦𝑥
𝜕2

𝜕𝑦𝜕𝑥 − 𝑦
𝜕
𝜕𝑦 − 𝑥

𝜕
𝜕𝑥
�

𝑟2 𝜕2

𝜕𝑟2 + 𝑟
𝜕
𝜕𝑟 +

𝜕2

𝜕𝜃2 = �𝑥
2 𝜕2

𝜕𝑥2 + 𝑦
2 𝜕2

𝜕𝑦2
� + �𝑦2 𝜕2

𝜕𝑥2 + 𝑥
2 𝜕2

𝜕𝑦2
�

Hence we get
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𝑟2
𝜕2

𝜕𝑟2
+ 𝑟

𝜕
𝜕𝑟
+
𝜕2

𝜕𝜃2
= 𝑥2

𝜕2

𝜕𝑥2
+ 𝑦2

𝜕2

𝜕𝑦2
+ 𝑦2

𝜕2

𝜕𝑥2
+ 𝑥2

𝜕2

𝜕𝑦2

= �𝑥2 + 𝑦2��
𝜕2

𝜕𝑥2
+
𝜕2

𝜕𝑦2 �

Dividing by 𝑟2

𝜕2

𝜕𝑟2
+
1
𝑟
𝜕
𝜕𝑟
+
1
𝑟2
𝜕2

𝜕𝜃2
=
�𝑥2 + 𝑦2�

𝑟2 �
𝜕2

𝜕𝑥2
+
𝜕2

𝜕𝑦2 �

But 𝑟2 = 𝑥2 + 𝑦2 hence

𝜕2

𝜕𝑟2
+
1
𝑟
𝜕
𝜕𝑟
+
1
𝑟2
𝜕2

𝜕𝜃2
= �

𝜕2

𝜕𝑥2
+
𝜕2

𝜕𝑦2 �
= ∇ 2

Now that we have the Laplacian in polar coordinates, we can solve the problem by
applying separation of variables on the heat PDE expressed in polar coordinates.

𝜕2

𝜕𝑟2
𝑢 +

1
𝑟
𝜕
𝜕𝑟
𝑢 +

1
𝑟2
𝜕2

𝜕𝜃2
𝑢 =

1
𝛼2

𝜕
𝜕𝑡
𝑢 (5)

Let solution 𝑢(𝑟, 𝜃, 𝑡) be a linear combination of functions each depends on only 𝑟, 𝜃, or 𝑡

𝑢(𝑟, 𝜃, 𝑡) = 𝑅(𝑟)Θ(𝜃)𝑇(𝑡) (6)

Substitute (6) in (5). First evaluate the various derivatives:

𝜕
𝜕𝑟
𝑢 = Θ(𝜃)𝑇(𝑡)

𝜕
𝜕𝑟
𝑅(𝑟)

𝜕2

𝜕𝑟2
𝑢 = Θ(𝜃)𝑇(𝑡)

𝜕2

𝜕𝑟2
𝑅(𝑟)

𝜕
𝜕𝜃
𝑢 = 𝑅(𝑟)𝑇(𝑡)

𝜕
𝜕𝜃
Θ(𝜃)

𝜕2

𝜕𝜃2
𝑢 = 𝑅(𝑟)𝑇(𝑡)

𝜕2

𝜕𝜃2
Θ(𝜃)

𝜕
𝜕𝑡
𝑢 = 𝑅(𝑟)Θ(𝜃)

𝜕
𝜕𝑡
𝑇(𝑡)

Hence equation (5) becomes

𝜕2

𝜕𝑟2
𝑢 +

1
𝑟
𝜕
𝜕𝑟
𝑢 +

1
𝑟2
𝜕2

𝜕𝜃2
𝑢 =

1
𝛼2

𝜕
𝜕𝑡
𝑢

Θ(𝜃)𝑇(𝑡)
𝑑2

𝑑𝑟2
𝑅(𝑟) +

1
𝑟
Θ(𝜃)𝑇(𝑡)

𝑑
𝑑𝑟
𝑅(𝑟) +

1
𝑟2
𝑅(𝑟)𝑇(𝑡)

𝑑2

𝑑𝜃2
Θ(𝜃) =

1
𝛼2
𝑅(𝑟)Θ(𝜃)

𝑑
𝑑𝑡
𝑇(𝑡)

Divide by 𝑅(𝑟)Θ(𝜃)𝑇(𝑡)
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1
𝑅(𝑟)

𝑑2

𝑑𝑟2
𝑅(𝑟) +

1
𝑟
1
𝑅(𝑟)

𝑑
𝑑𝑟
𝑅(𝑟) +

1
𝑟2

1
Θ(𝜃)

𝑑2

𝑑𝜃2
Θ(𝜃) =

1
𝛼2

1
𝑇(𝑡)

𝑑
𝑑𝑡
𝑇(𝑡)

1
𝑅(𝑟)�

𝑑2

𝑑𝑟2
𝑅(𝑟) +

1
𝑟
𝑑
𝑑𝑟
𝑅(𝑟)� +

1
𝑟2

1
Θ(𝜃)

𝑑2

𝑑𝜃2
Θ(𝜃) =

1
𝛼2

1
𝑇(𝑡)

𝑑
𝑑𝑡
𝑇(𝑡)

We notice that the RHS depends only on 𝑡 and the LHS depends only on 𝑟, 𝜃 and they
equal to each others, hence they both must be constant. Let this constant be −𝑘2

Hence

1
𝛼2

1
𝑇(𝑡)

𝑑
𝑑𝑡
𝑇(𝑡) = −𝑘2 (7)

1
𝑅(𝑟)�

𝑑2

𝑑𝑟2
𝑅(𝑟) +

1
𝑟
𝑑
𝑑𝑟
𝑅(𝑟)� +

1
𝑟2

1
Θ(𝜃)

𝑑2

𝑑𝜃2
Θ(𝜃) = −𝑘2 (8)

equation (7) is a linear first order ODE with constant coeff. 𝑑
𝑑𝑡𝑇(𝑡) = −𝛼

2𝑇(𝑡)𝑘2 or 𝑑𝑇(𝑡)
𝑇(𝑡) =

−𝛼2𝑘2𝑑𝑡

Integrating to solve gives

�
𝑑𝑇(𝑡)
𝑇(𝑡)

= �−𝛼2𝑘2𝑑𝑡

ln𝑇(𝑡) = −𝛼2𝑘2𝑡

or

𝑇(𝑡) = 𝑒−𝛼2𝑘2𝑡 (9)

Looking at equation (8). Multiply each sides by 𝑟2 we get

𝑟2

𝑅(𝑟)�
𝑑2

𝑑𝑟2
𝑅(𝑟) +

1
𝑟
𝑑
𝑑𝑟
𝑅(𝑟)� +

1
Θ(𝜃)

𝑑2

𝑑𝜃2
Θ(𝜃) = −𝑟2𝑘2

𝑟2

𝑅(𝑟)�
𝑑2

𝑑𝑟2
𝑅(𝑟) +

1
𝑟
𝑑
𝑑𝑟
𝑅(𝑟)� + 𝑟2𝑘 +

1
Θ(𝜃)

𝑑2

𝑑𝜃2
Θ(𝜃) = 0

𝑟2�
1

𝑅(𝑟)�
𝑑2

𝑑𝑟2
𝑅(𝑟) +

1
𝑟
𝑑
𝑑𝑟
𝑅(𝑟)� + 𝑘2� +

1
Θ(𝜃)

𝑑2

𝑑𝜃2
Θ(𝜃) = 0 (10)

The second term depends only on 𝜃 and the first term depends only on 𝑟 and they are
equal, hence they must be both constant. Let this constant be −𝑛2 hence

1
Θ(𝜃)

𝑑2

𝑑𝜃2
Θ(𝜃) = −𝑛2

𝑑2

𝑑𝜃2
Θ(𝜃) = −𝑛2Θ(𝜃)

This is a second order linear ODE with constant coeff. Solution is

Θ(𝜃) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

sin 𝑛𝜃

cos 𝑛𝜃

(11)

236



4.9. HW 9 CHAPTER 4. HWS

From (10) we now have

𝑟2�
1

𝑅(𝑟)�
𝑑2

𝑑𝑟2
𝑅(𝑟) +

1
𝑟
𝑑
𝑑𝑟
𝑅(𝑟)� + 𝑘2� − 𝑛2 = 0

𝑟2

𝑅(𝑟)�
𝑑2

𝑑𝑟2
𝑅(𝑟) +

1
𝑟
𝑑
𝑑𝑟
𝑅(𝑟)� + 𝑟2𝑘2 − 𝑛2 = 0

𝑟2�
𝑑2

𝑑𝑟2
𝑅(𝑟) +

1
𝑟
𝑑
𝑑𝑟
𝑅(𝑟)� + �𝑟2𝑘2 − 𝑛2�𝑅(𝑟) = 0

𝑟2
𝑑2

𝑑𝑟2
𝑅(𝑟) + 𝑟

𝑑
𝑑𝑟
𝑅(𝑟) + �𝑟2𝑘2 − 𝑛2�𝑅(𝑟) = 0 (12)

Equation (12) is the Bessel D.E., its solutions are 𝐽𝑛(𝑘𝑟) and 𝑁𝑛(𝑘𝑟) . As described on
book on page 560, we can not use the 𝑁𝑛(𝑘𝑟) solution since plate contains the origin and
𝑁𝑛(0) is not defined. So we use solution 𝑅(𝑟) = 𝐽𝑛(𝑘𝑟). From boundary conditions, we
want solution to be zero at 𝑟 = 1, hence we want 𝐽𝑛(𝑘) = 0, hence the k’s are the zeros of
𝐽𝑛
Putting these solutions together, we get from (6)

𝑢(𝑟, 𝜃, 𝑡) = 𝑅(𝑟)Θ(𝜃)𝑇(𝑡)

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

𝐽𝑛(𝑘𝑟) sin 𝑛𝜃𝑒−𝛼
2𝑘2𝑡

𝐽𝑛(𝑘𝑟) cos 𝑛𝜃𝑒−𝛼
2𝑘2𝑡

From symmetry of plate, the solution can not depend on the angle 𝜃, hence let 𝑛 = 0 and
so as not to get 𝑢 = 0, we must pick the solution with cos 𝑛𝜃 term. Hence our solution
now is

𝑢(𝑟, 𝑡) = 𝐽0(𝑘𝑟) 𝑒−𝛼
2𝑘2𝑡

Where 𝑘 is a zero of 𝐽0
The general solution is a linear combination of this eigenfunction for all zeros of 𝐽0, hence

𝑢(𝑟, 𝑡) =
∞
�
𝑚=1

𝑐𝑚 𝐽0(𝑘𝑚𝑟) 𝑒−𝛼
2𝑘2𝑚 𝑡 (13)

We find 𝑐𝑚 by using initial condition. When 𝑡 = 0 , temp. was 1000 hence

100 =
∞
�
𝑚=1

𝑐𝑚 𝐽0(𝑘𝑚𝑟)

Applying inner product w.r.t. 𝑟𝐽0(𝑘𝑢𝑟) from 0… 1

�
1

0
100 𝑟𝐽0(𝑘𝑢𝑟) 𝑑𝑟 = �

1

0
�

∞
�
𝑚=1

𝑐𝑚 𝐽0(𝑘𝑚𝑟)� 𝑟𝐽0(𝑘𝑢𝑟) 𝑑𝑟

100�
1

0
𝑟𝐽0(𝑘𝑢𝑟) 𝑑𝑟 =

∞
�
𝑚=1

𝑐𝑚�
1

0
𝐽0(𝑘𝑚𝑟) 𝑟𝐽0(𝑘𝑢𝑟) 𝑑𝑟

From orthogonality of 𝐽0(𝑘𝑚𝑟) and 𝐽0(𝑘𝑢𝑟), all terms drop expect when 𝑚 = 𝑢
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100�
1

0
𝑟𝐽0(𝑘𝑢𝑟) 𝑑𝑟 = 𝑐𝑢�

1

0
𝑟[𝐽0(𝑘𝑢𝑟)]

2 𝑑𝑟

From here we can follow the book on page 561 to get

𝑐𝑚 =
200

𝑘𝑚𝐽1(𝑘𝑚)

Substitute this in equation 13

𝑢(𝑟, 𝑡) =
∞
�
𝑚=1

𝑐𝑚 𝐽0(𝑘𝑚𝑟) 𝑒−𝛼
2𝑘2𝑚 𝑡

=
∞
�
𝑚=1

200
𝑘𝑚𝐽1(𝑘𝑚)

𝐽0(𝑘𝑚𝑟) 𝑒−𝛼
2𝑘2𝑚 𝑡

= 200
∞
�
𝑚=1

1
𝑘𝑚𝐽1(𝑘𝑚)

𝐽0(𝑘𝑚𝑟) 𝑒−𝛼
2𝑘2𝑚 𝑡

Where 𝑘𝑚 are zeros of J0
Notice that final solution does not depend on 𝜃

4.9.8 chapter 13, problem 5.11. Mary Boas, second edition
Solve

𝑟
𝑑
𝑑𝑟�

𝑟
𝑑𝑅
𝑑𝑟 �

= 𝑛2𝑅

𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

= 𝑙(𝑙 + 1)𝑅

Solution

First equation, use power series method.

𝑟
𝑑
𝑑𝑟�

𝑟
𝑑𝑅
𝑑𝑟 �

= 𝑛2𝑅

𝑟 �𝑟
𝑑2𝑅
𝑑𝑟2

+
𝑑𝑅
𝑑𝑟 �

− 𝑛2𝑅 = 0

𝑟2
𝑑2𝑅
𝑑𝑟2

+ 𝑟
𝑑𝑅
𝑑𝑟

− 𝑛2𝑅 = 0

Let 𝑅 = 𝑎0𝑟𝑠 + 𝑎1𝑟𝑠+1 + 𝑎2𝑟𝑠+2 + 𝑎3𝑟𝑠+3 + 𝑎4𝑟𝑠+4 +⋯ then

𝑅 = 𝑎0𝑟𝑠 + 𝑎1𝑟𝑠+1 + 𝑎2𝑟𝑠+2 + 𝑎3𝑟𝑠+3 + 𝑎4𝑟𝑠+4 +⋯
−𝑛2𝑅 = −𝑛2𝑎0𝑟𝑠 − 𝑛2𝑎1𝑟𝑠+1 − 𝑛2𝑎2𝑟𝑠+2 − 𝑛2𝑎3𝑟𝑠+3 − 𝑛2𝑎4𝑟𝑠+4 −⋯
𝑑𝑅
𝑑𝑟

= 𝑠 𝑎0𝑟𝑠−1 + (𝑠 + 1) 𝑎1𝑟𝑠 + (𝑠 + 2) 𝑎2𝑟𝑠+1 + (𝑠 + 3) 𝑎3𝑟𝑠+2 + ⋯

𝑟
𝑑𝑅
𝑑𝑟

= 𝑠 𝑎0𝑟𝑠 + (𝑠 + 1) 𝑎1𝑟𝑠+1 + (𝑠 + 2) 𝑎2𝑟𝑠+2 + (𝑠 + 3) 𝑎3𝑟𝑠+3 + ⋯

𝑑2𝑅
𝑑𝑟2

= (𝑠 − 1)𝑠 𝑎0𝑟𝑠−2 + 𝑠(𝑠 + 1) 𝑎1𝑟𝑠−1 + (𝑠 + 1)(𝑠 + 2) 𝑎2𝑟𝑠 + (𝑠 + 2)(𝑠 + 3) 𝑎3𝑟𝑠+1 + ⋯

𝑟2
𝑑2𝑅
𝑑𝑟2

= (𝑠 − 1)𝑠 𝑎0𝑟𝑠 + 𝑠(𝑠 + 1) 𝑎1𝑟𝑠+1 + (𝑠 + 1)(𝑠 + 2) 𝑎2𝑟𝑠+2 + (𝑠 + 2)(𝑠 + 3) 𝑎3𝑟𝑠+3 + ⋯
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Table is

𝑟𝑠 𝑟𝑠+1 𝑟𝑠+2 𝑟𝑠+𝑚

−𝑛2𝑅 −𝑛2𝑎0 −𝑛2𝑎1 −𝑛2𝑎2 −𝑛2 𝑎𝑚

𝑟𝑑𝑅𝑑𝑟 𝑠 𝑎0 (𝑠 + 1) 𝑎1 (𝑠 + 2) 𝑎2 (𝑠 + 𝑚)𝑎𝑚

𝑟2 𝑑
2𝑅
𝑑𝑟2

(𝑠 − 1)𝑠 𝑎0 𝑠(𝑠 + 1) 𝑎1 (𝑠 + 1)(𝑠 + 2) 𝑎2 (𝑠 + 𝑚 − 1)(𝑠 + 𝑚) 𝑎𝑚

Hence, from first column we see , and since 𝑎0 ≠ 0 we solve for 𝑠

−𝑛2𝑎0 + 𝑠 𝑎0 + (𝑠 − 1)𝑠 𝑎0 = 0
𝑎0�−𝑛2 + 𝑠 + (𝑠 − 1)𝑠� = 0

−𝑛2 + 𝑠 + (𝑠 − 1)𝑠 = 0
−𝑛2 + 𝑠2 = 0

𝑠 = ±𝑛

We see from second column, 𝑎1�−𝑛2 + (𝑠 + 1) + 𝑠2 + 𝑠� = 0 or 𝑎1�−𝑠2 + 2𝑠 + 1 + 𝑠2� = 0,
hence 𝑎1(2𝑠 + 1) = 0

For 𝑎1 ≠ 0 then 𝑠 = −1
2 , this means 𝑛 is not an integer since 𝑠 = ±𝑛. hence 𝑎1 must be

zero.

The same applies to all 𝑎𝑚 , 𝑚 > 0 Hence solution contains only 𝑎0

𝑅 = 𝑎0𝑟±𝑛

𝑅 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

𝑎0𝑟−𝑛

𝑎0𝑟+𝑛

For some constant 𝑎0. This solution is when 𝑛 ≠ 0

If 𝑛 = 0, table is

𝑟𝑠 𝑟𝑠+1 𝑟𝑠+2 𝑟𝑠+𝑚

−𝑛2𝑅 0 0 0 0

𝑟𝑑𝑅𝑑𝑟 𝑠 𝑎0 (𝑠 + 1) 𝑎1 (𝑠 + 2) 𝑎2 (𝑠 + 𝑚)𝑎𝑚

𝑟2 𝑑
2𝑅
𝑑𝑟2

(𝑠 − 1)𝑠 𝑎0 𝑠(𝑠 + 1) 𝑎1 (𝑠 + 1)(𝑠 + 2) 𝑎2 (𝑠 + 𝑚 − 1)(𝑠 + 𝑚) 𝑎𝑚

From first column:

𝑠𝑎0 + 𝑠2𝑎0 − 𝑠𝑎0 = 0
𝑎0�𝑠 + 𝑠2 − 𝑠� = 0

𝑠2 = 0
𝑠 = 0

And all other 𝑎′𝑠 are zero. Hence 𝑅 = 𝑎0 or 𝑅 is constant.

Now for the second ODE
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𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

= 𝑙(𝑙 + 1)𝑅

𝑟2
𝑑2𝑅
𝑑𝑟2

+ 2𝑟
𝑑𝑅
𝑑𝑟

− 𝑙(𝑙 + 1)𝑅 = 0

Let 𝑅 = 𝑎0𝑟𝑠 + 𝑎1𝑟𝑠+1 + 𝑎2𝑟𝑠+2 + 𝑎3𝑟𝑠+3 + 𝑎4𝑟𝑠+4 +⋯ then

𝑅 = 𝑎0𝑟𝑠 + 𝑎1𝑟𝑠+1 + 𝑎2𝑟𝑠+2 + 𝑎3𝑟𝑠+3 + 𝑎4𝑟𝑠+4 +⋯
−𝑙(𝑙 + 1)𝑅 = −𝑙(𝑙 + 1)𝑎0𝑟𝑠 − 𝑙(𝑙 + 1)𝑎1𝑟𝑠+1 − 𝑙(𝑙 + 1)𝑎2𝑟𝑠+2 − 𝑙(𝑙 + 1)𝑎3𝑟𝑠+3 − 𝑙(𝑙 + 1)𝑎4𝑟𝑠+4 −⋯

𝑑𝑅
𝑑𝑟

= 𝑠 𝑎0𝑟𝑠−1 + (𝑠 + 1) 𝑎1𝑟𝑠 + (𝑠 + 2) 𝑎2𝑟𝑠+1 + (𝑠 + 3) 𝑎3𝑟𝑠+2 + ⋯

2𝑟
𝑑𝑅
𝑑𝑟

= 2𝑠 𝑎0𝑟𝑠 + 2(𝑠 + 1) 𝑎1𝑟𝑠+1 + 2(𝑠 + 2) 𝑎2𝑟𝑠+2 + 2(𝑠 + 3) 𝑎3𝑟𝑠+3 + ⋯

𝑑2𝑅
𝑑𝑟2

= (𝑠 − 1)𝑠 𝑎0𝑟𝑠−2 + 𝑠(𝑠 + 1) 𝑎1𝑟𝑠−1 + (𝑠 + 1)(𝑠 + 2) 𝑎2𝑟𝑠 + (𝑠 + 2)(𝑠 + 3) 𝑎3𝑟𝑠+1 + ⋯

𝑟2
𝑑2𝑅
𝑑𝑟2

= (𝑠 − 1)𝑠 𝑎0𝑟𝑠 + 𝑠(𝑠 + 1) 𝑎1𝑟𝑠+1 + (𝑠 + 1)(𝑠 + 2) 𝑎2𝑟𝑠+2 + (𝑠 + 2)(𝑠 + 3) 𝑎3𝑟𝑠+3 + ⋯

Table is

𝑟𝑠 𝑟𝑠+1 𝑟𝑠+2 𝑟𝑠+𝑚

−𝑛2𝑅 −𝑙(𝑙 + 1)𝑎0 −𝑙(𝑙 + 1)𝑎1 −𝑙(𝑙 + 1)𝑎2 −𝑙(𝑙 + 1) 𝑎𝑚

2𝑟𝑑𝑅𝑑𝑟 2𝑠 𝑎0 2(𝑠 + 1) 𝑎1 2(𝑠 + 2) 𝑎2 2(𝑠 + 𝑚)𝑎𝑚

𝑟2 𝑑
2𝑅
𝑑𝑟2

(𝑠 − 1)𝑠 𝑎0 𝑠(𝑠 + 1) 𝑎1 (𝑠 + 1)(𝑠 + 2) 𝑎2 (𝑠 + 𝑚 − 1)(𝑠 + 𝑚) 𝑎𝑚

From first column:

−𝑙(𝑙 + 1)𝑎0 + 2𝑠 𝑎0 + (𝑠 − 1)𝑠 𝑎0 = 0
𝑎0(−𝑙(𝑙 + 1) + 2𝑠 + (𝑠 − 1)𝑠 ) = 0

−𝑙(𝑙 + 1) + 2𝑠 + (𝑠 − 1)𝑠 = 0
−𝑙(𝑙 + 1) + 𝑠 + 𝑠2 = 0
(𝑠 − 𝑙)(𝑠 − (−𝑙 − 1)) = 0

Hence 𝑠 = 𝑙 or 𝑠 = −𝑙 − 1.

We also see that all other 𝑎′𝑠will be zero, since recursive formula has only 𝑎𝑚 in it and
no other 𝑎. Hence

𝑅 = 𝑎0𝑟𝑠

𝑅 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

𝑎0𝑟𝑙

𝑎0𝑟−𝑙−1

For some constant 𝑎0
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4.10.1 chapter 13, problem 6.3 Mary Boas, second edition
Problem

(my note: I’ll use 𝑓 for frequency instead of book 𝜈 (mu)) since 𝜈 looks very close to 𝑣
the speed of the wave, to avoid confusion).

Separate the wave equation in 2D rectangular coordinates. Consider the membrane
shown, rigidly attached to its supports along the sides. Show that its characteristic

frequencies are 𝑓𝑛𝑚 = �
𝑣
2
�
�
�𝑛
𝑎
�
2
+ �𝑚𝑏 �

2
where n,m are positive integers and sketch the

normal modes of vibration corresponding to the first few frequencies. Next suppose the
membrane is square, show that in this case there may be two or more normal modes of
vibration corresponding to a single frequency. Sketch several normal modes giving rise
to the same frequency.

Solution

x

Y

a

 b

Wave equation in rectangular coordinates is 𝜕2𝑧
𝜕𝑥2 +

𝜕2𝑧
𝜕𝑦2 =

1
𝑣
𝜕2𝑧
𝜕𝑡2

Let solution

𝑧�𝑥, 𝑦, 𝑡� = 𝑋(𝑥)𝑌(𝑦)𝑇(𝑡)

Then we get after substitution

𝑌𝑇𝑋′′ + 𝑋𝑇𝑌′′ =
1
𝑣
𝑋𝑌𝑇′′

Divide by 𝑌𝑇𝑋we get

𝑋′′

𝑋
+
𝑌′′

𝑌
=
1
𝑣
𝑇′′

𝑇

Each term above is a constant since no one term depend on more than one variable in
the others.

So, 𝑋′′

𝑋 =constant, 𝑌′′

𝑌 =constant, 1
𝑣
𝑇′′

𝑇 =constant

Let 𝑋′′

𝑋 = −𝑘2𝑥

Let 𝑌′′

𝑌 = −𝑘2𝑦

So 1
𝑣
𝑇′′

𝑇 = −𝑘2𝑥 − 𝑘2𝑦 = −𝑘2𝑡
So the 3 ODE equations are
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𝑋′′

𝑋
= −𝑘2𝑥 (1)

𝑌′′

𝑌
= −𝑘2𝑦 (2)

1
𝑣2
𝑇′′

𝑇
= −𝑘2𝑥 − 𝑘2𝑦 = −�𝑘2𝑥 + 𝑘2𝑦 � = −𝑣2�𝑘2𝑥 + 𝑘2𝑦 � (3)

equation (1) is an ODE whose solution is cos, sin

𝑋(𝑥) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

cos 𝑘𝑥𝑥

sin 𝑘𝑥𝑥

Similarly

𝑌(𝑦) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

cos 𝑘𝑦𝑦

sin 𝑘𝑦𝑦

similarly

𝑇(𝑡) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos�𝑡�𝑣
2�𝑘2𝑥 + 𝑘2𝑦 � �

sin�𝑡�𝑣
2�𝑘2𝑥 + 𝑘2𝑦 � �

Hence the general solution is

𝑧�𝑥, 𝑦, 𝑡� =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

cos 𝑘𝑥𝑥

sin 𝑘𝑥𝑥

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

cos 𝑘𝑦𝑦

sin 𝑘𝑦𝑦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos�𝑡�𝑣
2�𝑘2𝑥 + 𝑘2𝑦 � �

sin�𝑡�𝑣
2�𝑘2𝑥 + 𝑘2𝑦 � �

So we have a total of 6 possible general solutions

Now apply boundary conditions to remove solutions that can not be fitted.

Since membrane is fixed at 𝑦 = 0, then we want 𝑧 = 0 when 𝑦 = 0 hence we reject the
cos 𝑘𝑦𝑦 since that is not zero at 𝑦 = 0

And since we want want 𝑧 = 0 when 𝑥 = 0 hence we reject the cos 𝑘𝑥𝑥 since that is not
zero at 𝑥 = 0

So now our solution looks like

𝑧�𝑥, 𝑦, 𝑡� = sin(𝑘𝑥𝑥) sin�𝑘𝑦𝑦�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos�𝑡�𝑣
2�𝑘2𝑥 + 𝑘2𝑦 � �

sin�𝑡�𝑣
2�𝑘2𝑥 + 𝑘2𝑦 � �

Now need to find 𝑘𝑥 and 𝑘𝑦
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Since membrane if also fixed at 𝑦 = 𝑏 then we want 𝑧 = 0 when 𝑦 = 𝑏. hence was want
sin�𝑘𝑦𝑏� = 0 then happens when 𝑘𝑦𝑏 = 𝑚𝜋 for an integer 𝑚

So

𝑘𝑦 =
𝑚𝜋
𝑏

The same for 𝑘𝑥 we want 𝑧 = 0 when 𝑥 = 𝑎. hence was want sin(𝑘𝑥𝑎) = 0 then happens
when 𝑘𝑥𝑎 = 𝑛𝜋 for some integer 𝑛, so

𝑘𝑥 =
𝑛𝜋
𝑎

Hence the general solution now looks like

𝑧�𝑥, 𝑦, 𝑡� = sin�𝑛𝜋𝑎 𝑥� sin�𝑚𝜋𝑏 𝑦�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos
⎛
⎜⎜⎜⎜⎝𝑣𝑡�

�𝑛𝜋
𝑎
�
2
+ �𝑚𝜋𝑏 �

2
⎞
⎟⎟⎟⎟⎠

sin
⎛
⎜⎜⎜⎜⎝𝑣𝑡�

�𝑛𝜋
𝑎
�
2
+ �𝑚𝜋𝑏 �

2
⎞
⎟⎟⎟⎟⎠

𝑧�𝑥, 𝑦, 𝑡� = sin�
𝑛𝜋
𝑎
𝑥� sin�

𝑚𝜋
𝑏
𝑦�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos
⎛
⎜⎜⎜⎜⎝𝜋𝑣𝑡�

�𝑛
𝑎
�
2
+ �𝑚𝑏 �

2
⎞
⎟⎟⎟⎟⎠

sin
⎛
⎜⎜⎜⎜⎝𝜋𝑣𝑡�

�𝑛
𝑎
�
2
+ �𝑚𝑏 �

2
⎞
⎟⎟⎟⎟⎠

(4)

Now, from the general form of a wave equation, which can be written as 𝑧 = 𝐴 cos(𝜔𝑡)
or 𝐴 sin(𝜔𝑡)where 𝜔 is the angular velocity in radiance per second.

Hence by comparing to above, we see that

𝜋𝑣𝑡
�
�
𝑛
𝑎
�
2
+ �

𝑚
𝑏
�
2
= 𝜔𝑡

𝜋𝑣
�
�
𝑛
𝑎
�
2
+ �

𝑚
𝑏
�
2
= 𝜔

but 𝜔 = 2𝜋𝑓 where 𝑓 is the frequency in hertz or cycles per seconds.

hence

𝑓 =
𝑣
2�

�
𝑛
𝑎
�
2
+ �

𝑚
𝑏
�
2

Which is what we are required to show.

To plot the normal modes of vibrations, need to find where the solutions are zero as
I modify 𝑛,𝑚. from (4), looking at the space components of the solution since that is
what is of interest here,

𝑧�𝑥, 𝑦� = sin�𝑛𝜋𝑎 𝑥� sin�𝑚𝜋𝑏 𝑦�

For 𝑛 = 1,𝑚 = 1
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𝑧�𝑥, 𝑦, 𝑡� = sin�𝜋𝑎 𝑥� sin�𝜋𝑏 𝑦�

This is zero when 𝑥 = 𝑎 or 𝑦 = 𝑏 hence the whole membrane will vibrate internally
expect at boundaries.

𝑛 = 2,𝑚 = 1

𝑧�𝑥, 𝑦, 𝑡� = sin�2𝜋𝑎 𝑥� sin�𝜋𝑏 𝑦�

This is zero when 𝑥 = 𝑎 and 𝑥 = 𝑎
2or 𝑦 = 𝑏 Hence we have a normal mode at line

𝑥 = 𝑎/2 (see diagram below).

𝑛 = 3,𝑚 = 1

𝑧�𝑥, 𝑦, 𝑡� = sin�3𝜋𝑎 𝑥� sin�𝜋𝑏 𝑦�

This is zero when 𝑥 = 𝑎 and 𝑥 = 𝑎
3 , 𝑥 =

2𝑎
3 or 𝑦 = 𝑏 Hence we have a normal mode at line

𝑥 = 𝑎/3 and 𝑥 = 2𝑎
3 line (see diagram below).

𝑛 = 1,𝑚 = 2

𝑧�𝑥, 𝑦, 𝑡� = sin�𝜋𝑎 𝑥� sin�2𝜋𝑏 𝑦�

This is zero when 𝑥 = 𝑎 and or 𝑦 = 𝑏
2 Hence we have a normal mode at line 𝑦 = 𝑏

2 line
(see diagram below).

𝑛 = 1,𝑚 = 3

𝑧�𝑥, 𝑦, 𝑡� = sin�𝜋𝑎 𝑥� sin�3𝜋𝑏 𝑦�

This is zero when 𝑥 = 𝑎 or 𝑦 = 𝑏 and 𝑦 = 𝑏
3 , 𝑦 =

2𝑏
3 Hence we have a normal mode at

line 𝑦 = 𝑏/3 and 𝑦 = 2𝑏
3 line (see diagram below).

Y N=1,M=1 Y N=1,M=2

Y N=2,M=1 Y N=2,M=2

Y N=3,M=1 Y N=3,M=2
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When the membrane is square, we have 𝑎 = 𝑏 hence the solution becomes

𝑧�𝑥, 𝑦, 𝑡� = sin�
𝑛𝜋
𝑎
𝑥� sin�

𝑚𝜋
𝑎
𝑦�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos
⎛
⎜⎜⎜⎜⎝𝜋𝑣𝑡�

�𝑛
𝑎
�
2
+ �𝑚𝑎 �

2
⎞
⎟⎟⎟⎟⎠

sin
⎛
⎜⎜⎜⎜⎝𝜋𝑣𝑡�

�𝑛
𝑎
�
2
+ �𝑚𝑎 �

2
⎞
⎟⎟⎟⎟⎠

So, the frequency of the wave in the membrane takes values of

𝑓 =
𝑣
2�

�
𝑛
𝑎
�
2
+ �

𝑚
𝑎
�
2

𝑓 =
𝑣
2𝑎
√𝑛2 + 𝑚2

This shows that for example, for 𝑛 = 7 and 𝑚 = 1 we will get the same frequencies as
for 𝑛 = 1 and 𝑚 = 7. hence we will get two or more modes of vibrations for the same
frequency.

4.10.2 chapter 13, problem 7.2 Mary Boas, second edition
Find steady state temp. distribution inside a sphere of 𝑟 = 1 when the surface temp. is
𝑢 = cos𝜃 − (cos𝜃)3

Solution

Need to use Laplace equation here. The basic solution to this problem is derived and
given in text book at page 568

𝑢�𝑟, 𝜃, 𝜙� = 𝑟𝑙𝑃𝑚𝑙 (cos𝜃)

⎧⎪⎪⎨
⎪⎪⎩
sin𝑚𝜙

cos𝑚𝜙
(1)

Where 𝑙 is a constant (one that occurs in associated Legendre equation, equation 10.1 in
text, page 504):

�1 − 𝑥2�𝑦′′ − 2𝑥𝑦′ + �𝑙(𝑙 + 1) −
𝑚2

1 − 𝑥2 �
𝑦 = 0

and 𝑃𝑚𝑙 (𝑥) is the associated Legendre functions (solution of the associated Legendre
equation). and 𝑟, 𝜃, 𝜙 are the spherical coordinates.

Since the temp. at the surface is a function of 𝜃 then I can not remove the dependency
of the solution on 𝜃 as we have done in other problems. However, the solution is inde-
pendent of 𝜙 so 𝑚must be zero, and we can drop that 𝜙 dependency, hence the basic
solution becomes

𝑢(𝑟, 𝜃) = 𝑟𝑙𝑃𝑙(cos𝜃) (2)

Since a general solution is a sum of these solutions, we get

𝑢(𝑟, 𝜃) =
∞
�
𝑙=0
𝑐𝑙 𝑟𝑙 𝑃𝑙(cos𝜃) (3)
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When 𝑟 = 1

𝑢(1, 𝜃) = cos𝜃 − (cos𝜃)3 =
∞
�
𝑙=0
𝑐𝑙 𝑟𝑙 𝑃𝑙(cos𝜃) (4)

Writing cos𝜃 = 𝑥, I see that cos𝜃 − (cos𝜃)3 = 𝑥 − 𝑥3 But 𝑃3(𝑥) =
−3
2 𝑥 +

5
2𝑥

3 and 𝑃1(𝑥) = 𝑥

Hence I need a combination of 𝑃3(𝑥) and 𝑃1(𝑥)which will add to 𝑥 − 𝑥3 so I can put that
on the LHS of (4) to solve for the 𝑐𝑙

Try 4
10𝑃1(𝑥) −

2
5𝑃3(𝑥) =

4
10 (𝑥) −

2
5
�−3
2 𝑥 +

5
2𝑥

3� = 4
10𝑥 +

6
10𝑥 − 𝑥

3 = 𝑥 − 𝑥3

Which is what we want.

Hence (4) can be written as

𝑢(1, 𝜃) =
2
5
𝑃1(cos𝜃) −

2
5
𝑃3(cos𝜃) =

∞
�
𝑙=0
𝑐𝑙 𝑟𝑙 𝑃𝑙(cos𝜃) (5)

Expanding the sum and compare 𝑐𝑙 I only need to go up to 𝑙 = 3

2
5
𝑃1(cos𝜃)−

2
5
𝑃3(cos𝜃) = 𝑐0 𝑟0 𝑃0(cos𝜃)+ 𝑐1 𝑟1 𝑃1(cos𝜃)+ 𝑐2 𝑟2 𝑃2(cos𝜃)+ 𝑐3 𝑟3 𝑃3(cos𝜃)

Hence

𝑐1 =
2
5

𝑐3 = −
2
5

All other 𝑐𝑙 are zero

So final solution from (3) is

𝑢(𝑟, 𝜃) =
∞
�
𝑙=0
𝑐𝑙 𝑟𝑙 𝑃𝑙(cos𝜃)

=
2
5
𝑟 𝑃1(cos𝜃) −

2
5
𝑟3 𝑃3(cos𝜃)

4.10.3 chapter 13, problem 7.15 Mary Boas, second edition

Figure 4.1: the Problem statement
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Solution

Since we want the time-dependent solution, we use the heat diffusion equation

∇ 2𝑢 =
1
𝛼2
𝜕𝑢
𝜕𝑡

The heat equation in spherical coordinates is given by equation 7.5 on page 567, plus
an additional term called 𝜆 as was derived in class lecture, where 𝜆 = 𝑘2𝛼2, and 𝑇(𝑡) =
𝑒−𝑘2𝛼2𝑡 . Hence the equation is

1
𝑅(𝑟)

𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

+
1
Θ

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

−
𝑚2

sin2 𝜃
+ �𝑘2𝛼2�𝑟2 = 0

Where 𝑚 is a constant to make Φ�𝜙� periodic as per page 567 in text. Using separation
of variables we obtained as per lecture notes, the general solution is

𝑢�𝑟, 𝜃, 𝜙, 𝑡� = 𝑒−�𝑘
2𝛼2�𝑡

⎧⎪⎪⎨
⎪⎪⎩
cos𝑚𝜙

sin𝑚𝜙
𝑃𝑚𝑙 (cos𝜃)

𝑅(𝑟) 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

�������������1

√𝑟
𝐽𝑙+ 1

2
(𝑘𝑟) (1)

But from book, equation 17.4, on page 518, we have 𝑗𝑙(𝑟) = �
1
𝑟 𝐽 12+𝑙

(𝑟)Where 𝑗𝑙(𝑟) is the

spherical Bessel function, then 𝑗𝑙(𝑘𝑟) = �
1
𝑟 𝐽 12+𝑙

(𝑘𝑟), so (1) is written in terms of spherical
Bessel functions as

𝑢�𝑟, 𝜃, 𝜙, 𝑡� = 𝑒−�𝑘
2𝛼2�𝑡

⎧⎪⎪⎨
⎪⎪⎩
cos𝑚𝜙

sin𝑚𝜙
𝑃𝑚𝑙 (cos𝜃) 𝑗𝑙(𝑘𝑟) (2)

Equation (2) is the general solution of heat equation for spherical coordinates.

Since of symmetry w.r.t. 𝜃 and 𝜙 in the solution (since sphere surface temp does not
depend on 𝜃 nor 𝜙), we can drop the terms that depends on 𝜃 by setting 𝑚 = 0, and set
𝑙 = 0 since we do not want singularity at origin which we assumed in the center of the
sphere, therefore (2) becomes

𝑢(𝑟, 𝑡) = 𝑒−�𝑘
2𝛼2�𝑡 𝑗0(𝑘𝑟) (3)

Now, 𝑢 = 0 for time 𝑡 > 0 when 𝑟 = 𝐿, where 𝐿=radius of the sphere, hence for this
to occur, 𝑗0(𝑘𝐿)must be zero, so we want 𝑘𝐿 to be the zeros of the spherical coordinate
function. Since 𝑗0(𝑥) =

sin 𝑥
𝑥 (from equation 17.4 page 518), then we see that 𝑗0(𝑘𝐿) = 0

implies sin(𝑘𝐿) = 0 or 𝑘𝐿 = 𝑛𝜋 or 𝑘 = 𝑛𝜋
𝐿 for integer 𝑛.

Hence now (3) becomes

𝑢(𝑟, 𝑡) = 𝑒
−�� 𝑛𝜋𝐿 �

2
𝛼2�𝑡

𝑗0�
𝑛𝜋
𝐿
𝑟�

= 𝑒−�
𝑛𝜋
𝐿 𝛼�

2
𝑡 𝑗0�

𝑛𝜋𝑟
𝐿
� (4)

This is the basic candidate solution, which is in terms of 𝑗0 as is required to show. The
general solution is a sum of these solutions
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𝑢(𝑟, 𝑡) = �𝑐𝑛 𝑒
−�� 𝑛𝜋𝐿 �

2
𝛼2�𝑡

𝑗0�
𝑛𝜋
𝐿
𝑟�

Write 𝑗 in terms of sin since easier to deal with. (equation 17.4 in book)

𝑢(𝑟, 𝑡) = �𝑐𝑛 𝑒
−�� 𝑛𝜋𝐿 �

2
𝛼2�𝑡 sin

𝑛𝜋𝑟
𝐿

𝑛𝜋𝑟
𝐿

𝑢(𝑟, 𝑡) = �𝑐𝑛
𝐿
𝑛𝜋𝑟

𝑒−�
𝑛𝜋
𝐿 𝛼�

2
𝑡 sin

𝑛𝜋𝑟
𝐿

𝑢(𝑟, 𝑡) = �𝑧𝑛
1
𝑟
𝑒−�

𝑛𝜋
𝐿 𝛼�

2
𝑡 sin

𝑛𝜋𝑟
𝐿

(5)

where 𝑧𝑛 is a new constant. Now, set 𝑢 = −100 at time 𝑡 = 0 as in the hint, and since final
solution is a sum of the above solution (4), then we get

−100 = �𝑧𝑛
1
𝑟

sin
𝑛𝜋𝑟
𝐿

−100 𝑟 = �𝑧𝑛 sin
𝑛𝜋𝑟
𝐿

Now we need to find 𝑧𝑛. Taking inner product w.r.t. sin 𝑚𝜋𝑟
𝐿 , all terms on the RHS vanish

expect for when 𝑛 = 𝑚

−100 �
𝑟=𝐿

𝑟=0
𝑟 sin

𝑛𝜋𝑟
𝐿
𝑑𝑟 = �

𝐿

0
�

∞
�
𝑚=0

𝑧𝑚 sin�
𝑚𝜋𝑟
𝐿
�� sin

𝑛𝜋𝑟
𝐿
𝑑𝑟

−100 �
𝐿2(−𝑛𝜋 cos(𝑚𝜋) + sin(𝑛𝜋))

𝑛2𝜋2 � = �
𝐿

0
𝑐𝑛 sin2�

𝑛𝜋𝑟
𝐿
� 𝑑𝑟

100 �
𝐿2 𝑛𝜋 cos(𝑛𝜋)

𝑛2𝜋2 � = 𝑧𝑛 �
𝐿

0
sin2�

𝑛𝜋𝑟
𝐿
� 𝑑𝑟

100 �
𝐿2 cos(𝑛𝜋)

𝑛𝜋 � = 𝑧𝑛
𝐿
2

200 �
𝐿 cos(𝑛𝜋)
𝑛𝜋 � = 𝑧𝑛

200
𝐿
𝑛𝜋

cos(𝑛𝜋) = 𝑧𝑛

200
𝐿
𝑛𝜋

(−1)𝑛 = 𝑧𝑛

Substituting into (5) gives

𝑢(𝑟, 𝑡) = ��200
𝐿
𝑛𝜋

(−1)𝑛�
1
𝑟
𝑒−�

𝑛𝜋
𝐿 𝛼�

2
𝑡 sin

𝑛𝜋𝑟
𝐿

𝑢(𝑟, 𝑡) =
200𝐿
𝜋𝑟

� 1
𝑛
(−1)𝑛 𝑒−�

𝑛𝜋
𝐿 𝛼�

2
𝑡 sin

𝑛𝜋𝑟
𝐿

Now adding the 100which was subtracted at the start, hence the final solution is

𝑢(𝑟, 𝑡) = 100 +
200𝐿
𝜋𝑟

� 1
𝑛
(−1)𝑛 𝑒−�

𝑛𝜋
𝐿 𝛼�

2
𝑡 sin

𝑛𝜋𝑟
𝐿

To verify, setting 𝑟 = 𝐿 gives
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𝑢(𝐿, 𝑡) = 100 +
200𝐿
𝜋𝑟

� 1
𝑛
(−1)𝑛 𝑒−�

𝑛𝜋
𝐿 𝛼�

2
𝑡 sin

𝑛𝜋𝐿
𝐿

= 100 + 0
= 100

Which is the correct boundary condition for 𝑡 > 0.

Another way to solve the above is to not convert 𝑗0 to sin function, and use the orthogo-
nality based on the spherical Bessel functions to find the coefficients. The same answer
will be obtained.

4.10.4 chapter 13, problem 7.16 Mary Boas, second edition
Separate the wave equation in spherical coordinates and show that the 𝜃, 𝜙 solutions are
the spherical harmonics 𝑃𝑚𝑙 (cos𝜃)𝑒±𝑖𝑚𝜙 and the 𝑟 solutions are spherical Bessel functions
𝑗𝑙(𝑘𝑟) and 𝑦𝑙(𝑘𝑟)

Solution

Since we want the wave equation

∇ 2𝑢 =
1
𝑣2
𝜕2𝑢
𝜕𝑡2

Using the spherical Laplacian operator, the wave equation is written as

1
𝑟2
𝜕
𝜕𝑟�

𝑟2
𝜕𝑢
𝜕𝑟 �

+
1
𝑟2

1
sin𝜃

𝜕
𝜕𝜃�

sin𝜃
𝜕𝑢
𝜕𝜃�

+
1

𝑟2 sin2 𝜃
𝜕2𝑢
𝜕𝜙2 =

1
𝑣2
𝜕2𝑢
𝜕𝑡2

Let

𝑢�𝑟, 𝜃, 𝜙, 𝑡� = 𝑅(𝑟)Θ(𝜃)Φ�𝜙�𝑇(𝑡)

Substituting into the wave equation and multiplying by 1
𝑅(𝑟)Θ(𝜃)Φ�𝜙�𝑇(𝑡)

1
𝑅
1
𝑟2
𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

+
1
Θ
1
𝑟2

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

+
1

𝑟2 sin2 𝜃
1
Φ
𝑑2Φ
𝑑𝜙2 =

1
𝑣2
1
𝑇
𝑑2𝑇
𝑑𝑡2

(1)

Applying variable separation. Multiplying (1) by 𝑟2 sin2 𝜃 gives

sin𝜃
𝑅

𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

+
1
Θ

sin𝜃
𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

+
�������1
Φ
𝑑2Φ
𝑑𝜙2 =

𝑟2 sin2 𝜃
𝑣2

1
𝑇
𝑑2𝑇
𝑑𝑡2

The last term on the LHS is a constant. Therefore 1
Φ

𝑑2Φ
𝑑𝜙2 is a constant, say −𝑚2, hence

Φ =

⎧⎪⎪⎨
⎪⎪⎩
sin𝑚𝜙

cos𝑚𝜙
(2)

And (1) becomes

1
𝑅
1
𝑟2
𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

+
1
Θ
1
𝑟2

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

+
−𝑚2

𝑟2 sin2 𝜃
=
���������1
𝑣2
1
𝑇
𝑑2𝑇
𝑑𝑡2

(1A)
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Now separating the Time solution. The RHS does not depend on 𝑟, 𝜃, 𝜙, and is equal to
something that does. Hence it is a constant. Say −𝑘2, therefore

1
𝑣2
1
𝑇
𝑑2𝑇
𝑑𝑡2

= −𝑘2

The above do not need to be solved as not required by problem, however its solution is

𝑑2𝑇
𝑑𝑡2

= − 𝑣2𝑘2𝑇

𝑑2𝑇
𝑑𝑡2

+ 𝑣2𝑘2 𝑇 = 0

𝑇(𝑡) = 𝐴𝑒𝑖𝑘𝑣𝑡 + 𝐵𝑒−𝑖𝑘𝑣𝑡

Now (1A) becomes

1
𝑅
1
𝑟2
𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

+
1
Θ
1
𝑟2

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

+
−𝑚2

𝑟2 sin2 𝜃
= −𝑘2

1
𝑅
1
𝑟2
𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

+
1
Θ
1
𝑟2

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

+
−𝑚2

𝑟2 sin2 𝜃
+ 𝑘2 = 0 (1B)

Separating the 𝜃 solution. multiplying (1B) by 𝑟2 gives

1
𝑅
𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

+
�������������������������������������������1
Θ

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

+
−𝑚2

sin2 𝜃
+𝑟2𝑘2 = 0 (1C)

The bracketed term is a constant, hence

1
Θ

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

−
𝑚2

sin2 𝜃
= −𝜁

1
Θ

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

−
𝑚2

sin2 𝜃
+ 𝜁 = 0

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

−
𝑚2

sin2 𝜃
Θ + 𝜁Θ = 0

As per page 568 in text book, the above is the equation for the associated Legendre
functions if 𝜁 = 𝑙(𝑙 + 1) The solution is given by

Θ = 𝑃𝑚𝑙 (cos𝜃) (4)

Hence the 𝜃, 𝜙 solutions are given by equations (3) and (4)

= 𝑃𝑚𝑙 (cos𝜃)

⎧⎪⎪⎨
⎪⎪⎩
sin𝑚𝜙

cos𝑚𝜙

= 𝑃𝑚𝑙 (cos𝜃)𝑒±𝑖𝑚𝜙

Which is what we are required to show.
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(1C) now becomes

1
𝑅
𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

− 𝜁 + 𝑟2𝑘2 = 0

For the radial solution, from equation above for radial equation:

𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

+ 𝑅 𝑟2𝑘2 − 𝑅𝜁 = 0

𝑟2
𝑑2𝑅
𝑑𝑟2

+ 2𝑟
𝑑𝑅
𝑑𝑟

+ 𝑅 𝑟2𝑘2 − 𝑅𝜁 = 0

Dividing by 𝑟2

𝑑2𝑅
𝑑𝑟2

+
2
𝑟
𝑑𝑅
𝑑𝑟

+ 𝑅 𝑘2 − 𝑅
𝜁
𝑟2
= 0

𝑑2𝑅
𝑑𝑟2

+
2
𝑟
𝑑𝑅
𝑑𝑟

+ � 𝑘2 −
𝜁
𝑟2 �
𝑅 = 0 (5)

The above equation is of the form 16.1 on page 516:

𝑦′′ +
1 − 2𝑎
𝑥

𝑦′ + ��𝑏𝑐𝑥𝑐−1�
2
+
𝑎2 − 𝑝2𝑐2

𝑥2 �𝑦 = 0 (16.1)

Whose solution is given by 16.2: 𝑦 = 𝑥𝑎𝑍𝑝(𝑏𝑥𝑐).Hence by comparison between 16.1 and
(5) (and writing the independent variable 𝑥 as 𝑟

1 − 2𝑎
𝑟

=
2
𝑟

�𝑏𝑐𝑟𝑐−1�
2
= 𝑘2

𝑎2 − 𝑝2𝑐2

𝑟2
= −

𝜁
𝑟2

Therefore, 𝑐 = 1, and 𝑏 = 𝑘, 1 − 2𝑎 = 2 →𝑎 = 1
2 . And 𝑎2 − 𝑝2𝑐2 = −𝜁 ⇒ 1

4 − 𝑝
2 =

−𝜁 ⇒𝑝 = �
1
4 + 𝜁

So solution to radial component is

𝑅 = 𝑟
1
2𝑍

�
1
4+𝜁

(𝑘𝑟)

Where 𝑍 stands for 𝐽 or 𝑁. Let �
1
4 + 𝜁 = 𝑛 some constant (since 𝜁 is a constant). The

solution is

𝑅 = √𝑟 𝐽𝑛(𝑘𝑟)

Or

𝑅 = √𝑟𝑌𝑛(𝑘𝑟)

From equation (17.4) we see that the 𝐽 and 𝑌 Bessel function are related to the spherical
Bessel function 𝑗 and 𝑦, this means the radial solution 𝑅(𝑟) can be expressed in terms of
the spherical Bessel functions.
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4.10.5 chapter 13, problem 7.17 Mary Boas, second edition

Separate the Schrodinger equation ∇ 2𝜓 + (𝜖 − 𝑏𝑉)𝜓 = 0 in spherical coordinates

Solution

𝑉 is function of 𝑟 only, so we have

∇ 2𝜓�𝑟, 𝜃, 𝜙� + (𝜖 − 𝑏𝑉(𝑟))𝜓�𝑟, 𝜃, 𝜙� = 0

Using the spherical Laplacian operator , the above equation is written as
1
𝑟2
𝜕
𝜕𝑟�

𝑟2
𝜕𝑢
𝜕𝑟 �

+
1
𝑟2

1
sin𝜃

𝜕
𝜕𝜃�

sin𝜃
𝜕𝑢
𝜕𝜃�

+
1

𝑟2 sin2 𝜃
𝜕2𝑢
𝜕𝜙2 + (𝜖 − 𝑏𝑉(𝑟))𝜓�𝑟, 𝜃, 𝜙� = 0

Let

𝜓�𝑟, 𝜃, 𝜙� = 𝑅(𝑟)Θ(𝜃)Φ�𝜙�

Substitutingg into the above equation and multiplying by 𝑟2

𝑅(𝑟)Θ(𝜃)Φ�𝜙�
gives

���������������������������������������1
𝑅
𝑑
𝑑𝑟�

𝑟2
𝑑𝑅
𝑑𝑟 �

+ (𝜖 − 𝑏 𝑉(𝑟)) 𝑟2 +
1
Θ

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

+
1
Φ

1
sin2 𝜃

𝑑2Φ
𝑑𝜙2 = 0 (1)

The bracketed part above depends only on 𝑟 and is equal to a function that does not
depend on 𝑟, hence it must be constant. Calling it 𝑘, (1) becomes

𝑘 +
1
Θ

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

+
1
Φ

1
sin2 𝜃

𝑑2Φ
𝑑𝜙2 = 0 (2)

Multiplying by sin2 𝜃 gives

𝑘 sin2 𝜃 +
1
Θ

sin𝜃
𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

+
�������1
Φ
𝑑2Φ
𝑑𝜙2 = 0

The bracketed part can be separated out 1
Φ
𝑑2Φ
𝑑𝜙2 = −𝑚

2. Hence the solutions are

Φ =

⎧⎪⎪⎨
⎪⎪⎩
sin𝑚𝜙

cos𝑚𝜙

So now equation (2) becomes

𝑘 +
1
Θ

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

−
𝑚2

sin2 𝜃
= 0

1
sin𝜃

𝑑
𝑑𝜃�

sin𝜃
𝑑Θ
𝑑𝜃 �

−
𝑚2

sin2 𝜃
Θ + 𝑘Θ = 0

As per page 568 in text book, this has a solution ofΘ = 𝑃𝑚𝑙 (cos𝜃). Hence the 𝜃, 𝜙 solution
is

𝑃𝑚𝑙 (cos𝜃)Φ =

⎧⎪⎪⎨
⎪⎪⎩
sin𝑚𝜙

cos𝑚𝜙

We notice that the angular solution are identical to the Laplace equation and expressed
in terms of spherical harmonics.
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4.10.6 chapter 13, problem 8.1, Mary Boas, second edition.

Show that gravitational potential 𝑉�𝑥, 𝑦, 𝑧� = −𝐺𝑚
𝑟 satisfies Laplace equation

Solution

𝑉�𝑥, 𝑦, 𝑧� = −
𝐺𝑚
𝑟
= −

𝐺𝑚

�𝑥2 + 𝑦2 + 𝑧2
= −𝐺𝑚�𝑥2 + 𝑦2 + 𝑧2�

− 1
2

Hence

𝜕𝑉
𝜕𝑥

= −𝐺𝑚�−
1
2�
�𝑥2 + 𝑦2 + 𝑧2�

− 3
2 (2𝑥)

= 𝐺𝑚 �𝑥2 + 𝑦2 + 𝑧2�
− 3
2 (𝑥)

𝜕2𝑉
𝜕𝑥2

= 𝐺𝑚 ��𝑥2 + 𝑦2 + 𝑧2�
− 3
2 × 1 + 𝑥�−

3
2
�𝑥2 + 𝑦2 + 𝑧2�

− 5
2 (2𝑥)��

= 𝐺𝑚 ��𝑥2 + 𝑦2 + 𝑧2�
− 3
2 − 3𝑥2�𝑥2 + 𝑦2 + 𝑧2�

− 5
2 � (1)

Similarly, we find

𝜕2𝑉
𝜕𝑦2

= 𝐺𝑚 ��𝑥2 + 𝑦2 + 𝑧2�
− 3
2 − 3𝑦2�𝑥2 + 𝑦2 + 𝑧2�

− 5
2 � (2)

And

𝜕2𝑉
𝜕𝑧2

= 𝐺𝑚 ��𝑥2 + 𝑦2 + 𝑧2�
− 3
2 − 3𝑧2�𝑥2 + 𝑦2 + 𝑧2�

− 5
2 � (3)

Add (1),(2),(3) we get

𝜕2𝑉
𝜕𝑥2

+
𝜕2𝑉
𝜕𝑦2

+
𝜕2𝑉
𝜕𝑧2

= 3𝐺𝑚 �𝑥2 + 𝑦2 + 𝑧2�
− 3
2 − 3𝐺𝑚 �𝑥2 + 𝑦2 + 𝑧2�

− 5
2 �𝑥2 + 𝑦2 + 𝑧2�

∇ 2𝑉�𝑥, 𝑦, 𝑧� = 3𝐺𝑚 �𝑥2 + 𝑦2 + 𝑧2�
− 3
2 − 3𝐺𝑚 �𝑥2 + 𝑦2 + 𝑧2�

− 3
2

∇ 2𝑉�𝑥, 𝑦, 𝑧� = 0

Hence 𝑉�𝑥, 𝑦, 𝑧� satisfies Laplace equation.

4.10.7 chapter 13, problem 8.2 Mary Boas, second edition
Using formulas in chapter 12 section 5, sum the series in 8.20 to get 8.21

Solution

Series in 8.20 is

𝑞�
𝑙

𝑅2𝑙+1 𝑃𝑙(cos𝜃)
𝑟𝑙+1 𝑎𝑙+1

(8.20)
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We want to show that the above can simplify to 8.21, which is

𝑅
𝑎 𝑞

�
𝑟2 + �𝑅

2

𝑎
�
2
− 2𝑟�𝑅

2

𝑎
� cos𝜃

(8.21)

Let 𝑅2

𝑎𝑟 = ℎ then 𝑅2

𝑎 = 𝑟ℎ , and 𝑅
𝑎 =

𝑟ℎ
𝑅 and cos𝜃 = 𝑥

8.21 becomes

𝑅
𝑎 𝑞

�
𝑟2 + �𝑅

2

𝑎
�
2
− 2𝑟�𝑅

2

𝑎
� cos𝜃

=
𝑟ℎ
𝑅 𝑞

�𝑟
2 + (𝑟ℎ)2 − 2𝑟(𝑟ℎ)𝑥

=
𝑟ℎ
𝑅 𝑞

√𝑟2 + 𝑟2ℎ2 − 2𝑟2ℎ𝑥

=
𝑟ℎ
𝑅 𝑞

𝑟√1 + ℎ2 − 2ℎ𝑥

From 5.1 on page 490, we see that Φ(𝑥, ℎ) = �1 − 2𝑥ℎ + ℎ2�
− 1
2

So the above equation becomes

𝑅
𝑎 𝑞

�
𝑟2 + �𝑅

2

𝑎
�
2
− 2𝑟�𝑅

2

𝑎
� cos𝜃

=
𝑟ℎ
𝑅 𝑞
𝑟
Φ(𝑥, ℎ)

Using 5.2, we expand the Φ(𝑥, ℎ) as�
𝑙
ℎ𝑙𝑃𝑙(𝑥)

Hence

𝑅
𝑎 𝑞

�
𝑟2 + �𝑅

2

𝑎
�
2
− 2𝑟�𝑅

2

𝑎
� cos𝜃

=
𝑟ℎ
𝑅 𝑞
𝑟
Φ(𝑥, ℎ)

=
ℎ𝑞
𝑅
�
𝑙
ℎ𝑙𝑃𝑙(𝑥)

Substitute back cos𝜃 = 𝑥, and 𝑅2

𝑎𝑟 = ℎ in above we get

𝑅
𝑎 𝑞

�
𝑟2 + �𝑅

2

𝑎
�
2
− 2𝑟�𝑅

2

𝑎
� cos𝜃

=
�𝑅

2

𝑎𝑟
�𝑞

𝑅

𝑙
�
𝑙
�
𝑅2

𝑎𝑟 �
𝑙

𝑃𝑙(𝑥)

=
𝑅𝑞
𝑎𝑟

𝑙
�
𝑙

𝑅2𝑙

𝑎𝑙𝑟𝑙
𝑃𝑙(𝑥)

= 𝑞
𝑙
�
𝑙

𝑅2𝑙+1

𝑎𝑙+1𝑟𝑙+1
𝑃𝑙(𝑥)

Which is 8.20. Hence this shows that 8.20 can be simplified to 8.21
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4.10.8 chapter 13, problem 8.3, Mary Boas, second edition.
Do the problem in example 1 for the case of a charge 𝑞 inside a grounded sphere to
obtain the potential 𝑉 inside the sphere.

Solution

Starting the example from equation 8.15, which is the basic solution of Laplace in spher-
ical coordinates

⎧⎪⎪⎨
⎪⎪⎩
𝑟𝑙

𝑟−𝑙−1
𝑃𝑚𝑙 (cos𝜃)

⎧⎪⎪⎨
⎪⎪⎩
sin𝑚𝜙

cos𝑚𝜙

Since we want a solution inside the sphere, we select the 𝑟𝑙 solution for 𝑟 since we do
not want the solution to go to∞ as 𝑟 → 0

Also, since the solution is independent of the 𝜙, we do not want solution with 𝜙, hence
set 𝑚 = 0 , hence the basic solution is

𝑉 = 𝑟𝑙 𝑃𝑙(cos𝜃)

Since the general solution is a sum of these solutions, we get

𝑉 =�
𝑙
𝑐𝑙 𝑟𝑙 𝑃𝑙(cos𝜃)

Now add a solution to Laplace solution so that the potential is zero at the surface, this
is 𝑉𝑞 as shown in the example on page 575:

𝑉𝑞 =
𝑞

√𝑟2 − 2𝑎𝑟 cos𝜃 + 𝑎2

hence the general solution now becomes

𝑉 = 𝑉𝑞 +�
𝑙
𝑐𝑙 𝑟𝑙 𝑃𝑙(cos𝜃)

=
𝑞

√𝑟2 − 2𝑎𝑟 cos𝜃 + 𝑎2
+�

𝑙
𝑐𝑙 𝑟𝑙 𝑃𝑙(cos𝜃) (1)

Now, boundary condition is 𝑉 = 0 at 𝑟 = 𝑅 so from (1)

0 = 𝑉𝑞 +�
𝑙
𝑐𝑙 𝑅𝑙 𝑃𝑙(cos𝜃)

=
𝑞

√𝑅2 − 2𝑎𝑅 cos𝜃 + 𝑎2
+�

𝑙
𝑐𝑙 𝑅𝑙 𝑃𝑙(cos𝜃) (2)

As per example, 𝑞

√𝑅2−2𝑎𝑅 cos𝜃+𝑎2
= 𝑞�

𝑙

𝑅𝑙𝑃𝑙(cos𝜃)
𝑎𝑙+1

Hence (2) becomes

0 = 𝑞�
𝑙

𝑅𝑙𝑃𝑙(cos𝜃)
𝑎𝑙+1

+�
𝑙
𝑐𝑙 𝑅𝑙 𝑃𝑙(cos𝜃)

−𝑞�
𝑙

𝑅𝑙𝑃𝑙(cos𝜃)
𝑎𝑙+1

=�
𝑙
𝑐𝑙 𝑅𝑙 𝑃𝑙(cos𝜃)
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Compare coefficients, we see that

𝑐𝑙𝑅𝑙 = −𝑞
𝑅𝑙

𝑎𝑙+1
→ 𝑐𝑙 = −𝑞

1
𝑎𝑙+1

Hence (1) becomes

𝑉 =
𝑞

√𝑟2 − 2𝑎𝑟 cos𝜃 + 𝑎2
− 𝑞�

𝑙

𝑟𝑙

𝑎𝑙+1
𝑃𝑙(cos𝜃)

Now we sum the series solution. Need to convert the series into form shown in 5.2:
Φ(𝑥, ℎ) = �

𝑙
ℎ𝑙 𝑃𝑙(𝑥) then we can replace the sum with (1 − 2𝑥ℎ + ℎ2)−

1
2

So we need to have 1
𝑎
� 𝑟
𝑎
�
𝑙
= ℎ𝑙 hence

(1 − 2𝑥ℎ + ℎ2)−
1
2 = (1 − 2𝑥�

𝑟
𝑎2
� + �

𝑟2

𝑎3 �
)−

1
2

Then the series solution sums to be

𝑉 =
𝑞

√𝑟2 − 2𝑎𝑟 cos𝜃 + 𝑎2
−

𝑞

�
(1 − 2 cos𝜃� 𝑟

𝑎2
� + � 𝑟

2

𝑎3
�

The second term above is the potential of a charge −𝑞 at a point �0, 0, 1𝑎�, thus we could
replace the grounded sphere by this charge and get the same potential for 𝑟 > 𝑅 this is
called the method of images, per book, page 576 discussion.
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4.11.1 chapter 16, problem 1.1 Mary Boas, second edition
Find the probability that a single throw of die will give a number less than 3; an even
number; a 6.

Solution

Sample space 𝑆 = {1, 2, 3, 4, 5, 6}, hence 𝑛𝑠 = 6

Let 𝐴 the event that a number is less than 3

Hence Pr(𝐴) = 𝑛𝐴
𝑛𝑆
= 2

6 =
1
3

Let 𝐵 the event that a number is even

Hence Pr(𝐵) = 𝑛𝐵
𝑛𝑆
= 3

6 =
1
2

Let 𝐶 the event that a number is 6

Hence Pr(𝐶) = 𝑛𝑐
𝑛𝑆
= 1

6

4.11.2 chapter 16, problem 1.2 Mary Boas, second edition
3 coins are tossed; what is the probability that 2 are heads and one is tail? that the first
2 are heads and the third tail? if at least 2 are heads, what is the probability that all are
heads?

Solution

Sample space 𝑆 = {ℎℎℎ, ℎℎ𝑡, ℎ𝑡ℎ, ℎ𝑡𝑡, 𝑡ℎℎ, 𝑡ℎ𝑡, 𝑡𝑡ℎ, 𝑡𝑡𝑡}, hence 𝑛𝑠 = 8

Let 𝐴 the event that 2 are heads and one is tail

Hence Pr(𝐴) = 𝑛𝐴
𝑛𝑆
= 3

8

Let 𝐵 the event that the first 2 are heads and the third tail

Hence Pr(𝐵) = 𝑛𝐵
𝑛𝑆
= 1

8

For the third case, since at least 2 are heads, hence our sample space now is different,
it is a subset of the original sample space and is the following: 𝑆1 = {ℎℎℎ, ℎℎ𝑡, ℎ𝑡ℎ, 𝑡ℎℎ},
and 𝑛𝑆1=4
Let 𝐶 the event that all are heads out of the above same space 𝑆1

Hence Pr(𝐶) = 𝑛𝐶
𝑛𝑆1

= 1
4

4.11.3 chapter 16, problem 1.3, Mary Boas, second edition
In a box there are 2 whites, 3 blacks and 4 red balls. If a ball is drawn at random, what
is the probability that it is black? that it is not red?

Solution

Sample space 𝑆 = {𝑊,𝑊, 𝐵, 𝐵, 𝐵, 𝑅, 𝑅, 𝑅, 𝑅}, hence 𝑛𝑠 = 9

Let 𝐴 be the event that ball thrown is black

Hence
Pr(𝐴) =

𝑛𝐴
𝑛𝑆

=
3
9

Let 𝐵 the event that it is not red Hence Pr(𝐵) = 1 − Pr(𝐶)Where 𝐶 is the event that ball
drawn is red. Hence

Pr(𝐵) = 1 −
𝑛𝐶
𝑛𝑆

= 1 −
4
9
=
5
9
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4.11.4 chapter 16, problem 1.4, Mary Boas, second edition
A single card is drawn at random from a shuffled deck. What is the probability that it
is red? that it is the ace of hearts? that it is either a 3 or a 5? that it is either an ace or red
or both?

Solution

Sample space 𝑆 = {… } the 52 cards, hence 𝑛𝑠 = 9

For first part, let 𝐴 be the event that card is red, Hence

Pr(𝐴) =
𝑛𝐴
𝑛𝑆

=
13
52

For second part, let 𝐴 the event that it is the ace of hearts Hence,

Pr(𝐴) =
𝑛𝐴
𝑛𝑆

= 𝑓𝑟𝑎𝑐152

For third part, let 𝐴 be the event it is a 5, and let 𝐵 be the event it is a 3. Hence

Pr(𝐴 ∪ 𝐵) = Pr(𝐴) + Pr(𝐵) − Pr(𝐴 ∩ 𝐵)

But Pr(𝐴 ∩ 𝐵) = 0 since events are mutually exclusive. Hence

Pr(𝐴 ∪ 𝐵) =
𝑛𝐴
𝑛𝑆

+
𝑛𝐵
𝑛𝑆

=
4
52
+
4
52

=
8
52

For last part, let 𝐴 event that it is an Ace. Let 𝐵 event that it is a red. Hence

Pr(𝐴 ∪ 𝐵) = Pr(𝐴) + Pr(𝐵) − Pr(𝐴 ∩ 𝐵)

=
4
52
+
13
52
−
1
52

=
16
52

In the above, Pr(𝐴 ∩ 𝐵) = 1
52 since there is only one card that is both an Ace and a red.

4.11.5 chapter 16, problem 1.5, Mary Boas, second edition
Given a family of 2 children, what is the probability that both are boys? that at least one
is girl? Given that at least one is girl, what is the probability that both are girls? Given
that the first 2 are girls, what is the probability that an expected 3rd child will be a boy?
(assume boys and girls are equally likely).

Solution

What is the probability that both are boys?

Let 𝐴 be event that both are boys. The family could have had a boy followed by a girl
or a boy followed by a boy or a girl followed by a boy or a girl followed by a girl. Hence
the sample space 𝑆 = {𝐵𝐺, 𝐵𝐵,𝐺𝐵,𝐺𝐺} hence 𝑛𝑠 = 4

So Pr(𝐴) = 𝑛𝐴
𝑛𝑠
= 1

4

At least one is girl?

Let 𝐴 be event that at least one is girl So Pr(𝐴) = 𝑛𝐴
𝑛𝑠
= 3

4

Given that at least one is girl, what is the probability that both are girls?

Since we are given that at least one is girl, then the sample space now is
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𝑆 = {𝐵𝐺,𝐺𝐵,𝐺𝐺}

hence 𝑛𝑠 = 3

Let 𝐴 event that both are girls. So Pr(𝐴) = 𝑛𝐴
𝑛𝑠
= 1

3

Given that the first 2 are girls, what is the probability. that an expected 3rd child will be
a boy?

Since the event of having a new child is independent of gender of previous children,
the expected 3rd child being a boy is 1

2 regardless of what gender or number of children
already born. (This is like tossing a coin, getting a head will have Probability of 50%
regardless of the history of tosses.).

4.11.6 chapter 16, problem 1.8, Mary Boas , second edition
An integer N is chosen at random with 1 ≤ 𝑁 ≤ 100. What is the probability that 𝑁 is
divisible by 11? That 𝑁 > 90? That 𝑁 ≤ 3? That 𝑁 is a perfect square?

Solution

What is the probability. that 𝑁 is divisible by 11?

Let 𝐴 be event that 𝑁 is divisible by 11. Sample space 𝑆 = {1, 2,⋯ , 100} hence 𝑛𝑠 = 100

Numbers that are divisible by 11 are 11, 22, 33, 44, 55, 66, 77, 88, 99 so 𝑛𝐴 = 9. So Pr(𝐴) =
𝑛𝐴
𝑛𝑠
= 9

100

That 𝑁 > 90?

Let 𝐴 be event that 𝑁 > 90. Numbers that are > 90 are 91, 92, 93, 94, 95, 96, 97, 98, 99, 100
so 𝑛𝐴 = 10 So Pr(𝐴) = 𝑛𝐴

𝑛𝑠
= 10

100 =
1
10

That 𝑁 ≤ 3? Let 𝐴 be event that 𝑁 ≤ 3

Numbers that 𝑁 ≤ 3 are 1, 2, 3 so 𝑛𝐴 = 3. So Pr(𝐴) = 𝑛𝐴
𝑛𝑠
= 3

100

That 𝑁 is a perfect number? Let 𝐴 be event that 𝑁 is perfect square.

Numbers that are perfect squares are 1, 4, 9, 16, 25, 36, 49, 64, 91, 100

Pr(𝐴) = 𝑛𝐴
𝑛𝑠
= 10

100 = 1
10

4.11.7 chapter 16, problem 1.10, Mary Boas, second edition
A shopping mall has 4 entrances, one in North, one in south, and 2 on the east. If you
enter at random, shop and then exit at random, what is the probability that you enter
and exist on the same side of the mall?

Solution

Let 𝑁𝑥 represent the event of entering using entrance 𝑥where 𝑥 is north,south, or east.

So, 𝑁𝑛 the event of entering from the north entrance, 𝑁𝑠 means enter from the south
entrance, 𝑁𝑒1 means enter from the first entrance on the east side, and 𝑁𝑒2 means enter
from the second entrance on the east side.

Let

Hence here 𝑆 = {𝑁𝑛, 𝑁𝑠, 𝑁𝑒1, 𝑁𝑒2}, 𝑛𝑠 = 4

Then 𝑛𝑒 = 2 (since there are 2 doors on the east side, and each is equally likely to use to
enter).

Hence, Pr(𝑁𝑒1 ∪ 𝑁𝑒2) =Probability of entering from the east side is 𝑛𝑒
𝑛𝑠
= 2

4 =
1
2

Hence, Pr(𝑁𝑛) =Probability of entering from the north side is 1
𝑛𝑠
= 1

4
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Hence, Pr(𝑁𝑠) =Probability of entering from the south side is 1
𝑛𝑠
= 1

4 .

Similarly let 𝐸𝑥 represent the event of leaving the mall using exist 𝑥

Hence here 𝑆 = {𝐸𝑛, 𝐸𝑠, 𝐸𝑒1, 𝐸𝑒2}, 𝑛𝑠 = 4

Then 𝑛𝑒 = 2 (since there are 2 doors on the east side, and each is equally likely to use to
leave).

Hence, Pr(𝐸𝑒1 ∪ 𝐸𝑒2) = Probability of leaving from the east side is 2
4 =

1
2

Hence, Pr(𝐸𝑛) = Probability of leaving from the north side is 1
4

Hence, Pr(𝐸𝑠) = Probability of leaving from the south side is 1
4

Let 𝑋 be the event of entering and exiting from the same side. So this is the probability
of leaving from the east side given that we entered from the east side, or leaving from
the north side given we entered from the north side, or leaving from the south side
given we entered from the south side. Using conditional probability, Hence we write:

Pr(𝑋) = Pr ( [ (𝐸𝑒1 ∪ 𝐸𝑒2) | (𝑁𝑒1 ∪ 𝑁𝑒2) ] ∪ (𝐸𝑛|𝑁𝑛) ∪ (𝐸𝑠|𝑁𝑠) )
= Pr((𝐸𝑒1 ∪ 𝐸𝑒2)|(𝑁𝑒1 ∪ 𝑁𝑒2)) + Pr(𝐸𝑛|𝑁𝑛) + Pr(𝐸𝑠|𝑁𝑠) (1)

But

Pr((𝐸𝑒1 ∪ 𝐸𝑒2) | (𝑁𝑒1 ∪ 𝑁𝑒2)) = Pr(𝐸𝑒1 ∪ 𝐸𝑒2) × Pr(𝑁𝑒1 ∪ 𝑁𝑒2)

=
1
2
×
1
2
=
1
4

And

Pr(𝐸𝑛|𝑁𝑛) = Pr(𝐸𝑛) × Pr(𝑁𝑛)

=
1
4
×
1
4

=
1
16

And

Pr(𝐸𝑠|𝑁𝑠) = Pr(𝐸𝑠) × Pr(𝑁𝑠)

=
1
4
×
1
4

=
1
16

Hence (1) becomes

Pr(𝑋) = Pr((𝐸𝑒1 ∪ 𝐸𝑒2)|(𝑁𝑒1 ∪ 𝑁𝑒2)) + Pr(𝐸𝑛|𝑁𝑛) + Pr(𝐸𝑠|𝑁𝑠)

=
1
4
+
1
16
+
1
16

=
3
8

There is a much faster method to solve this.
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Label each entrance as 𝑁, 𝑆, 𝐸1, 𝐸2. Set up the sample space (all possible events) as 𝑆 =
{𝑁𝑁,𝑁𝑆,𝑁𝐸1, 𝑁𝐸2, 𝑆𝑁, 𝑆𝑆, 𝑆𝐸1, 𝑆𝐸2, 𝐸1𝐸1, 𝐸1𝐸2, 𝐸1𝑆, 𝐸1𝑁, 𝐸2𝐸1, 𝐸2𝐸2, 𝐸2𝑆, 𝐸2𝑁, }

Where the first letter is the entrance, and the second letter is the exit.

By counting we count all those with BOTH 𝐸 as the first letter and the second letter. We
see there are 6 of these, and number of possible events is 16, hence the answer is 3

8 as
above

4.11.8 chapter 16, problem 2.12, Mary Boas, second edition
Use sample space of example 1 to answer the following questions.

Solution

Sample space of example 1 is

𝑆 = {ℎℎℎ, ℎ𝑡ℎ, 𝑡𝑡𝑡, 𝑡ℎ𝑡, ℎℎ𝑡, 𝑡ℎℎ, 𝑡𝑡ℎ, ℎ𝑡𝑡}

(a) If there are more heads than tails, what is the probability of one tail?

The sample space here is
𝑆 = �ℎℎℎ, ⏞ℎ𝑡ℎ, ⏞ℎℎ𝑡, ⏞𝑡ℎℎ�

𝑛𝑠 = 4. So from this sample space, Pr(𝑜𝑛𝑒 𝑡𝑎𝑖𝑙) = 3
4

(b) If two heads did not appear in succession, what is the probability of all tails?

The sample space here is
𝑆 = �ℎ𝑡ℎ,⏞𝑡𝑡𝑡, 𝑡ℎ𝑡, 𝑡𝑡ℎ, ℎ𝑡𝑡�

𝑛𝑠 = 5. So from this sample space, Pr(𝑎𝑙𝑙 𝑡𝑎𝑖𝑙𝑠) = 1
5

(c) if the coins did not all fall alike, what is the probability that 2 succession were alike?

𝑆 = �ℎ𝑡ℎ, 𝑡ℎ𝑡, ⏞ℎℎ𝑡, ⏞𝑡ℎℎ, ⏞𝑡𝑡ℎ, ⏞ℎ𝑡𝑡�

𝑛𝑠 = 5 So from this sample space,

Pr(2 succession were alike) =
4
6
=
2
3

(d) if𝑁𝑡 =number of tails,𝑁ℎ =number of heads, what is the probability. that |𝑁ℎ − 𝑁𝑡| =
1?

From 𝑆 = {ℎℎℎ, ℎ𝑡ℎ, 𝑡𝑡𝑡, 𝑡ℎ𝑡, ℎℎ𝑡, 𝑡ℎℎ, 𝑡𝑡ℎ, ℎ𝑡𝑡} , we see that |𝑁ℎ − 𝑁𝑡| for each sample point is

{3, 1, 3, 1, 1, 1, 1, 1}

𝑛𝑠 = 8. Hence Pr(|𝑁ℎ − 𝑁𝑡| = 1) =
6
8 =

3
4

(e) If there is at least one head, what is the probability. of exactly two heads?

Since we are told there is at least one head, then we remove the sample points that has
no head in them, then our new sample space is

𝑆 = �ℎℎℎ, ⏞ℎ𝑡ℎ, 𝑡ℎ𝑡, ⏞ℎℎ𝑡, ⏞𝑡ℎℎ, 𝑡𝑡ℎ, ℎ𝑡𝑡�, 𝑛𝑠 = 7

So Pr�exactly two heads� = 3
7
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4.11.9 chapter 16, problem 2.13, Mary Boas, second edition
A student claims in problem 1.5 that if one child is a girl, the probability that both are
girls is 1

2 . Use appropriate sample spaces to show what is wrong with the following
argument: It does not matter whether the girl is the older child or the younger; in either
case the probability is 1

2 that the other child is a girl.

This is problem 1.5 for reference:

Given a family of 2 children, what is the probability that both are boys? that at least one
is girl? Given that at least one is girl, what is the probability that both are girls? Given
that the first 2 are girls, what is the probability. that an expected 3rd child will be a boy?
(assume boys and girls are equally likely).

Solution

Need to distinguish between the older and the younger child.

Let a subscript 𝑜means older child, and subscript 𝑦means younger child.

Then the sample space is written as

𝑆 = �𝐵𝑜𝐵𝑦, 𝐵𝑜𝐺𝑦, 𝐺𝑜𝐵𝑦, 𝐺𝑜𝐺𝑦�

Here we see that if one child is a girl, then the probability that the other child is a girl is
taken from this sample space 𝑆 = �𝐵𝑜𝐺𝑦, 𝐺𝑜𝐵𝑦, 𝐺𝑜𝐺𝑦�which is then 1

3 and not 1
2

If the older child is a girl 𝐺𝑜, then the sample space is 𝑆 = � 𝐺𝑜𝐵𝑦, 𝐺𝑜𝐺𝑦�, and from this
the probability that the other child is a girl is 1

2

If the younger child is a girl 𝐺𝑦, then the sample space is 𝑆 = � 𝐵𝑜𝐺𝑦, 𝐺𝑜𝐺𝑦�, and from
this the probability that the other child is a girl is 1

2

We see that the student is wrong, since we do get a different probability for the other
child being a girl is we know that the first child is the older or the younger girl compared
to if we know only that the first child is a girl. The reason this happens is because in
each case we have different sample space to use.

4.11.10 chapter 16, problem 2.14, Mary Boas, second edition
Problem

2 dice are thrown, use the sample space in 2.4 to answer the following questions.

Solution

Sample space 2.4 is

1, 1 1, 2 1, 3 1, 4 1, 5 1, 6

2, 1 2, 2 2, 3 2, 4 2, 5 2, 6

3, 1 3, 2 3, 3 3, 4 3, 5 3, 6

4, 1 4, 2 4, 3 4, 4 4, 5 4, 6

5, 1 5, 2 5, 3 5, 4 5, 5 5, 6

6, 1 6, 2 6, 3 6, 4 6, 5 6, 6

Here 𝑛𝑠 = 36.

The entry in the above same space shows the number from the first die throw, followed
by the number from the second die throw.

(a) What is the probability of being able to form a 2 digit number greater than 33 with
the 2 numbers of the dice?
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Looking at the sample space above, we see that these numbers in bold are all greater
than 33:

1, 1 1, 2 1, 3 1, 4 1, 5 1, 6

2, 1 2, 2 2, 3 2, 4 2, 5 2, 6

3, 1 3, 2 3, 3 3, 4 3, 5 3, 6

4, 1 4, 2 4, 3 4, 4 4, 5 4, 6

5, 1 5, 2 5, 3 5, 4 5, 5 5, 6

6, 1 6, 2 6, 3 6, 4 6, 5 6, 6

Hence the Probability is 27
36 =

3
4

(b) Repeat part (a) for the probability. of being able to form a 2 digit number greater
than or equal to 42.

1, 1 1, 2 1, 3 1, 4 1, 5 1, 6

2, 1 2, 2 2, 3 2, 4 2, 5 2, 6

3, 1 3, 2 3, 3 3, 4 3, 5 3, 6

4, 1 4, 2 4, 3 4, 4 4, 5 4, 6

5, 1 5, 2 5, 3 5, 4 5, 5 5, 6

6, 1 6, 2 6, 3 6, 4 6, 5 6, 6

Here the numbers in bold meet the condition. So Probability is 25
36

(c) Can you find a 2 digit number (or numbers) such that the probability. of being able
to form a larger number is the same as the probability. of being able to form a small
number?

Let me write all the numbers that can occur in sequence.

11, 12, 13, 14, 15, 16, 21, 22, 23, 24, 25, 26, 31, 32, 33, 34, 35, 36, 41, 42, 43, 44, 45, 46, 51, 52, 53,

54, 55, 56, 61, 62, 63, 64, 65, 66

Since there are 36 numbers, we want to find the middle of the above sequence such that
there are as many numbers above as below.

We see that the numbers after the 18th indexed number and before the 19th indexed
number will meet this criteria. The 18th number is 36 and the 19th number is 40.

Hence the numbers with the probability that to form a larger number is the same as the
probability. of being able to form a small number are

37, 38, 39, 40

4.11.11 chapter 16, problem 2.15, Mary Boas, second edition
Use sample space in 2.4 and sample space 2.5 to answer the following questions about
a toss of 2 dice.

Solution

Sample space 2.4 is
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1, 1 1, 2 1, 3 1, 4 1, 5 1, 6

2, 1 2, 2 2, 3 2, 4 2, 5 2, 6

3, 1 3, 2 3, 3 3, 4 3, 5 3, 6

4, 1 4, 2 4, 3 4, 4 4, 5 4, 6

5, 1 5, 2 5, 3 5, 4 5, 5 5, 6

6, 1 6, 2 6, 3 6, 4 6, 5 6, 6

Here 𝑛𝑠 = 36.

Sample space 2.5 is

sum 2 3 4 5 6 7 8 9 10 11 12

Probability 1
36

2
36

3
36

4
36

5
36

6
36

5
36

4
36

3
36

2
36

1
36

Sum means the sum of one die throw and the second die throw. So Max sum 12means
6 + 6, etc...

(a)What is the probability. that the sum is ≤ 4?

Here the probability. is 1
36 +

2
36 +

3
36 =

6
36 =

1
6

(b) What is the probability. that the sum is even.

These are the sample points {2, 4, 6, 8, 10, 12}

Here the probability. is the sum of the probability of each of these sample points, which
is

1
36 +

3
36 +

5
36 +

5
36 +

3
36 +

1
36 =

18
36 =

1
2

To verify, I can use the 2.4 sample space to mark those points which sum to even number

1, 1 1, 2 1, 3 1, 4 1, 5 1, 6

2, 1 2, 2 2, 3 2, 4 2, 5 2, 6

3, 1 3, 2 3, 3 3, 4 3, 5 3, 6

4, 1 4, 2 4, 3 4, 4 4, 5 4, 6

5, 1 5, 2 5, 3 5, 4 5, 5 5, 6

6, 1 6, 2 6, 3 6, 4 6, 5 6, 6

We see that these are half the points. Which agrees with the above.

(c) What is the probability. that the sum is divisible by 3?

The sums that are divisible by 3 are: {3, 6, 9, 12}

Here the probability. is the sum of the probability of each of these sample points, which
is
2
36 +

5
36 +

4
36 +

1
36 =

12
36 =

1
3

(d) If the sum is odd, what is the probability. that it is equal to 7?

Here the sample space is {3, 5, 7, 9, 11}

Since here the events are not equally likely, I can not say that probability of it being a 7
is 1

5 , instead, the probability. is given by
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=
Pr(7)

Pr(3) + Pr(5) + Pr(7) + Pr(9) + Pr(11)

=
6
36

2
36 +

4
36 +

6
36 +

4
36 +

2
36

=
6

2 + 4 + 6 + 4 + 2

=
6
18

=
1
3

(e) What is the probability that the product of the numbers on the 2 dice is 12?

Using sample space 2.4, the numbers marked in italic have product that is 12

1, 1 1, 2 1, 3 1, 4 1, 5 1, 6

2, 1 2, 2 2, 3 2, 4 2, 5 2, 6

3, 1 3, 2 3, 3 3, 4 3, 5 3, 6

4, 1 4, 2 4, 3 4, 4 4, 5 4, 6

5, 1 5, 2 5, 3 5, 4 5, 5 5, 6

6, 1 6, 2 6, 3 6, 4 6, 5 6, 6

So there are 4 tosses that can result in numberwhose product is 12. Hence the probability
is 4

36 =
1
9

4.11.12 chapter 16, problem 2.17, Mary Boas, second edition
Two dice are thrown. Given the information that the number on the first die is even and
the number on the second is < 4, set up an appropriate sample space and answer the
following questions

Solution

Sample space is 𝑆 = {(2, 1), (2, 2), (2, 3), (4, 1), (4, 2), (4, 3), (6, 1), (6, 2), (6, 3)}

Where in (𝑎, 𝑏), 𝑎, is the first die number (which must be even), and 𝑏 is the second die
number (which must be < 4). hence 𝑛𝑠 = 9, i.e. 9 sample points.

(a) what are the probable sums and their probabilities?

Possible sums are (1:1) corresponding with the sample space above :

𝑆𝑢𝑚 = {3, 4, 5, 5, 6, 7, 7, 8, 9}

Hence Pr(3) = 1
9 ;Pr(4) =

1
9 ;Pr(5) =

2
9 ;Pr(6) =

1
9 ;Pr(7) =

2
9 ;Pr(8) =

1
9 ;Pr(9) =

1
9

(b) What are the most probable sums?

From above we see it is 5 and 7

(c) What is the probability that the sum is even?

From the sum sample space 𝑆𝑢𝑚 = {3,⏞4, 5, 5,⏞6, 7, 7,⏞8, 9} we see that the probability of
the sum is even = 3

9 =
3
9
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4.12.1 chapter 16, problem 3.3, Mary Boas, second edition
What is the probability of getting the sequence ℎℎℎ𝑡𝑡𝑡 in six tosses of a coin? If you know
the first 3 are heads, what is the probability that the last 3 are tails? If you do not know
anything about the first three, what is the probability. that the last three are tails?

Solution

First part:Looking at the sequence pattern we can get out of a six tosses of a coin, we
see that there are a total of 26 different sequences (since there are 2 choices at each
position, and there are 6 positions), this and the fact that each output of a toss of a coin
is independent of the output of the previous toss, means the chance of any one specific
sequence is the same as any other. Hence the chance of getting ℎℎℎ𝑡𝑡𝑡will be 1

26 =
1
64

Second part: Now, if we know the first 3 are heads, we can solve this in 2 ways.

The first way: Since the first 3 positions are now known, then the total number of different
sequences we have to look at is reduced from 26 to 23, hence the chance of getting a 𝑡𝑡𝑡
is 1

23 =
1
8

The second way: Let A be the event of getting 3 heads in the first 3 tosses. Let B be the
event of getting 3 tails in the last 3 tosses. Hence we want to find 𝑃𝐴(𝐵)

But since A and B are independent events, 𝑃𝐴(𝐵) = 𝑃(𝐵)

So 𝑃𝐴(𝐵) = 𝑃(𝐵) =
1
23 =

1
8

Last part, here we do not know anything about the first 3 tosses. So the first 3 positions
in the sequence of length 6 are unknown. Only the last 3 positions of the sequence are
known which are 𝑡𝑡𝑡. This means again that there is a chance of 1

23 =
1
8 that the last 3 are

𝑡𝑡𝑡

4.12.2 chapter 16, problem 3.5, Mary Boas, second edition
What is the probability that a number 𝑛, 1 ≤ 𝑛 ≤ 99 is divisible by both 6 and 10? By
either 6 or 10 or both?

Solution

Let A=event that a number is divisible by 6. Hence 𝑃(𝐴) = 16
99 since there are 16 numbers

between 1 and 99 that are divisible by 6.

Let B=event that a number is divisible by10. Hence 𝑃(𝐵) = 9
99 since there are 9 numbers

between 1 and 99 that are divisible by 10.

First part: We want 𝑃(𝐴𝐵) since these 2 events are dependent on each others, then

𝑃(𝐴𝐵) = 𝑃(𝐴) 𝑃𝐴(𝐵)

Now to find 𝑃𝐴(𝐵), this is the event a number is divisible by 10 given it is divisible by 6.
There are 3 numbers divisible by 10 out of the 16 numbers that are divisible by 6, and
they are 30, 60, 90. Hence 𝑃𝐴(𝐵) =

3
16

So

𝑃(𝐴𝐵) = 𝑃(𝐴) 𝑃𝐴(𝐵) = �
16
99��

3
16�

=
3
99

=
1
33

For the second part:

Here we want to find
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𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴𝐵)

= �
16
99�

+ �
9
99�

− �
1
33�

=
2
9

4.12.3 chapter 16, problem 3.10, Mary Boas, second edition
3 letters and their envelopes are piled on a desk. If someone puts the letters in the
envelopes at random, what is the probability that each letter gets into its own envelop?

Solution

(a) Set up the sample space. Let envelopes be A,B,C, let letters be a,b,c.

Each sample point is one row in the following table.

𝐴 𝐵 𝐶
a b c

𝑎 𝑐 𝑏
𝑏 𝑎 𝑐
𝑏 𝑐 𝑎
𝑐 𝑎 𝑏
𝑐 𝑏 𝑎

From this table, we see that the probability that each letter gets into its own envelop is
1
6 , which means one row above meets this condition out of 6 rows. (The first row)

Another way to solve this: There is 1
3 chance of a letter getting into the correct envelop.

This leaves 2 letters and 2 envelopes, nowwe have a chance of 1
2 of one of the 2 remaining

letters going into one of the 2 remaining envelopes. After this, we have one letter and
one envelope, which have a 1 chance of getting into the right envelop. Hence the total
probability is 1

3 ×
1
2 × 1 =

1
6 the same as stated above.

(b) What is the probability that at least one letter gets into its own envelope?

From looking at the table we see that this probability is 4
6

This could be solved using probability calculus as well like this: Let 𝑛 be the number of
envelopes or letters. Then the probability 𝑃 of of all letters going to the wrong envelopes
will be
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𝑃 = 1 −

⎡
⎢⎢⎢⎢⎢⎣𝑛
(𝑛 − 1)!
𝑛!

−

⎛
⎜⎜⎜⎜⎜⎝
𝑛
2

⎞
⎟⎟⎟⎟⎟⎠
(𝑛 − 2)!
𝑛!

+

⎛
⎜⎜⎜⎜⎜⎝
𝑛
3

⎞
⎟⎟⎟⎟⎟⎠
(𝑛 − 3)!
𝑛!

⎤
⎥⎥⎥⎥⎥⎦

= 1 −

⎡
⎢⎢⎢⎢⎢⎣3
(3 − 1)!
3!

−

⎛
⎜⎜⎜⎜⎜⎝
3
2

⎞
⎟⎟⎟⎟⎟⎠
(3 − 2)!
3!

+

⎛
⎜⎜⎜⎜⎜⎝
3
3

⎞
⎟⎟⎟⎟⎟⎠
(3 − 3)!
3!

⎤
⎥⎥⎥⎥⎥⎦

= 1 − �3 ×
2
6
−
6
2
1
6
+
1
6�

= 1 − �1 −
1
2
+

1
6�

= 1 − �
4
6�

=
2
6

Hence the probability of at least one letter going to the correct envelop is 1−𝑃 = 1− 2
6 =

4
6

which agrees with the answer above obtained by direct counting from the table.

(c) Let 𝐴mean that 𝑎 got into envelop 𝐴 and so on. Find the probability 𝑃(𝐴) (i.e. that 𝑎
got into𝐴.) Find 𝑃(𝐵) and 𝑃(𝐶) . Find 𝑃(𝐴 + 𝐵) (means 𝑎 or 𝑏 got into correct envelopes).
Find 𝑃(𝐴𝐵) (meaning both 𝑎 and 𝑏 got into correct envelopes. Verify equation 3.6

Since there are envelopes, then 𝑃(𝐴) = 1
3

Similarly for 𝑃(𝐵) and 𝑃(𝐶)

Now, 𝑃(𝐴 + 𝐵) = 1
2 by looking at table above, we see that rows 1, 2 and 6 meet this

criteria. so 3 sample points out of 6.

To find 𝑃(𝐴𝐵): There are 𝑛! ways to arrange 𝑛 envelops, and there are (𝑛 − 2)! ways to
arrange the remaining letters (after 2 letters got into the correct envelopes). Hence the
chance of 2 letters getting into the correct envelopes is (𝑛−2)!

𝑛! = (3−2)!
3! = 1

6

from table, this is verified by seeing that only one row out of 6 meets this condition.
Hence 𝑃(𝐴𝐵) = 1

6

To verify 3.6 which says 𝑃(𝐴 + 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴𝐵), then substitute values found,
we get for LHS 1

2 , and for RHS we get 1
3 +

1
3 −

1
6 =

1
2 , hence equation verified.

4.12.4 chapter 16, problem 3.14, Mary Boas, second edition
A player succeeds in making a basket 3 tries out of 4. How many tries are needed to
have a probability of larger than 0.99 of at least one basket?

Solution

Let 𝑃 be the probability of scoring at each try (in this example, 𝑃 = 3
4).

Let 𝐸1=event of scoring in the first try.

Let 𝐸2=event of scoring in the second try.

To make notations shorts, let me call 𝑃𝑛 as the probability of even 𝐸𝑛 occurring.

Hence 𝑃(𝐸1)will be written as 𝑃1
So chance of scoring after 2 tries =
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𝑃(𝐸1 + 𝐸2) = 𝑃(𝐸1) + 𝑃(𝐸2) − 𝑃(𝐸1𝐸2)
= 𝑃1 + 𝑃2 − 𝑃(𝐸1𝐸2) (1)

But events 𝐸1, 𝐸2 here are independent of each others, hence 𝑃(𝐸1𝐸2) = 𝑃(𝐸1)𝑃(𝐸2) =
𝑃1𝑃2
So (1), the chance of scoring after 2 tries, can now be written as:

𝑃(𝐸1 + 𝐸2) = 𝑃1 + 𝑃2 − 𝑃1𝑃2 (2)

Similarly, the chance of scoring after 3 tries is

𝑃((𝐸1 + 𝐸2) + 𝐸3) = 𝑃(𝐸1 + 𝐸2) + 𝑃(𝐸3) − 𝑃((𝐸1 + 𝐸2)𝐸3)
= 𝑃(𝐸1 + 𝐸2) + 𝑃(𝐸3) − 𝑃(𝐸1 + 𝐸2) 𝑃(𝐸3) (3)

Substitute (2) into (3) we get

𝑃((𝐸1 + 𝐸2) + 𝐸3) = 𝑃1 + 𝑃2 − 𝑃1𝑃2 + 𝑃3 − [(𝑃1 + 𝑃2 − 𝑃1𝑃2)𝑃3]
= 𝑃1 + 𝑃2 − 𝑃1𝑃2 + 𝑃3 − [𝑃1𝑃3 + 𝑃2𝑃3 − 𝑃1𝑃2𝑃3]
= 𝑃1 + 𝑃2 + 𝑃3 − 𝑃1𝑃2 − 𝑃1𝑃3 − 𝑃2𝑃3 + 𝑃1𝑃2𝑃3
= 𝑃1 + 𝑃2 + 𝑃3 − (𝑃1𝑃2 + 𝑃1𝑃3 + 𝑃2𝑃3) + 𝑃1𝑃2𝑃3

Now since each 𝑃𝑖 is the same, which is 3
4 in this example, I can write the above as

𝑃((𝐸1 + 𝐸2) + 𝐸3) = 𝑃1 + 𝑃2 + 𝑃3 − (𝑃1𝑃2 + 𝑃1𝑃3 + 𝑃2𝑃3) + 𝑃1𝑃2𝑃3
= 𝑃 + 𝑃 + 𝑃 − (𝑃𝑃 + 𝑃𝑃 + 𝑃𝑃) + 𝑃𝑃𝑃
= 3𝑃 − 3𝑃2 + 𝑃3

The above is the probability of at least one score after 3 tries. We can continue this
process, getting the probability of at least one score after 4 tries. This will result in the
following formula.

𝑃((𝐸1 + 𝐸2 + 𝐸3) + 𝐸4) = 4𝑃 − 6𝑃2 + 4𝑃3 − 𝑃4

So, the pattern is clear, in general, after 𝑛 tries, the chance of at least one score is

𝑛𝑃 −

⎛
⎜⎜⎜⎜⎜⎝
𝑛
2

⎞
⎟⎟⎟⎟⎟⎠𝑃

2 +

⎛
⎜⎜⎜⎜⎜⎝
𝑛
3

⎞
⎟⎟⎟⎟⎟⎠𝑃

3 −

⎛
⎜⎜⎜⎜⎜⎝
𝑛
4

⎞
⎟⎟⎟⎟⎟⎠𝑃

4 +⋯+

⎛
⎜⎜⎜⎜⎜⎝

𝑛
𝑛 − 1

⎞
⎟⎟⎟⎟⎟⎠𝑃

𝑛−1 − 𝑃𝑛

Now I need to find 𝑛 which will cause the above chance of getting a value larger than
0.99

So need to solve the above for 𝑛 = .99 and then take the next 𝑛 after that.

i.e. need to solve

𝑛𝑃 −

⎛
⎜⎜⎜⎜⎜⎝
𝑛
2

⎞
⎟⎟⎟⎟⎟⎠𝑃

2 +

⎛
⎜⎜⎜⎜⎜⎝
𝑛
3

⎞
⎟⎟⎟⎟⎟⎠𝑃

3 −

⎛
⎜⎜⎜⎜⎜⎝
𝑛
4

⎞
⎟⎟⎟⎟⎟⎠𝑃

4 +⋯+

⎛
⎜⎜⎜⎜⎜⎝

𝑛
𝑛 − 1

⎞
⎟⎟⎟⎟⎟⎠𝑃

𝑛−1 − 𝑃𝑛 = .99
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I do not know how to solve the above as is, so I’ll just make trial and error.

Will try 𝑛 = 2, for 𝑛 = 2, the LHS of the above equation is

2𝑃 −

⎛
⎜⎜⎜⎜⎜⎝
2
2

⎞
⎟⎟⎟⎟⎟⎠𝑃

2 = 2 ×
3
4
− �

3
4�

2

= 0.9375

This is still less than 0.99. So try for larger 𝑛, for 𝑛 = 3

3𝑃 −

⎛
⎜⎜⎜⎜⎜⎝
3
2

⎞
⎟⎟⎟⎟⎟⎠𝑃

2 +

⎛
⎜⎜⎜⎜⎜⎝
3
3

⎞
⎟⎟⎟⎟⎟⎠𝑃

3 = 3�
3
4�
− 3�

3
4�

2

+ �
3
4�

3

= 0.98438

This is still less than 0.99 so try for 𝑛 = 4

4𝑃 −

⎛
⎜⎜⎜⎜⎜⎝
4
2

⎞
⎟⎟⎟⎟⎟⎠𝑃

2 +

⎛
⎜⎜⎜⎜⎜⎝
4
3

⎞
⎟⎟⎟⎟⎟⎠𝑃

3 −

⎛
⎜⎜⎜⎜⎜⎝
4
4

⎞
⎟⎟⎟⎟⎟⎠𝑃

4 = 4�
3
4�
− 6�

3
4�

2

+ 4�
3
4�

3

− �
3
4�

4

= 0.99609

This is larger than 0.99, hence the player needs to try 4 tries

Another way to solve the problem is

Let 𝑃 be the probability of scoring at each try (in this example, 𝑃 = 3
4).

So probability of not scoring is 1 − 𝑃 = 1
4

So probability of not scoring after 𝑛 tries is �14�
𝑛

So need to solve the equation

�
1
4�

𝑛

= .01

𝑛 log�
1
4�
= log(.01)

𝑛 =
log(.01)
log(.25)

= 3.3219

Hence 𝑛 = 4 (the next higher integer value).

4.12.5 chapter 16, problem 3.15, Mary Boas, second edition
Use Baye’s formula 3.8 to repeat these simple problems previously done using reduced
sample space method

(a) In a family of children, what is the chance that both are girls if one is girl?

(b) What is the chance of all heads in a 3 tosses of a coin if you know that at least one is
head?

Solution
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The sample space here is �𝑔𝑔, 𝑔𝑏, 𝑏𝑔, 𝑏𝑏�

Let A=event that both are girls

Let B=event that at least one is a girl

(a) We want to find 𝑃𝐵(𝐴)

𝑃𝐵(𝐴) =
𝑃(𝐴𝐵)
𝑃(𝐵)

(1)

Now 𝑃(𝐵) = 3
4

To find 𝑃(𝐴𝐵) , I can not write 𝑃(𝐴𝐵) = 𝑃(𝐴)𝑃(𝐵) since here these 2 events are not
independent. Here the probability of A implies B, hence 𝑃(𝐴𝐵) = 𝑃(𝐴) = 1

4

So substitute into (1)

𝑃𝐵(𝐴) =
1
4
3
4

=
1
3

(b) What is the chance of all heads in a 3 tosses of a coin if you know that at least one is
head?

Let A=event of 3 heads.

Let B=event of at least one head.

{ℎℎℎ, ℎ𝑡ℎ, ℎℎ𝑡, ℎ𝑡𝑡, 𝑡ℎℎ, 𝑡ℎ𝑡, 𝑡𝑡ℎ, 𝑡𝑡𝑡}

𝑃𝐵(𝐴) =
𝑃(𝐵𝐴)
𝑃(𝐵)

(1)

But 𝑃(𝐵) = 7
8

But 𝑃(𝐵𝐴) is the probability. of 3 heads and at least one head. So events are not indepen-
dent. So 𝑃(𝐵𝐴) is the same as 𝑃(𝐴)which is 1

8

Substitute into (1) we get

𝑃𝐵(𝐴) =
1
8
7
8

=
1
7

A long way to solve the above is

The sample space here is �𝑔𝑔, 𝑔𝑏, 𝑏𝑔, 𝑏𝑏�

Let A=event that both are girls

Let B=event that at least one is a girl

(a)We want to find 𝑃(𝐴|𝐵)
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𝑃(𝐴|𝐵) =
𝑃(𝐴) 𝑃(𝐵|𝐴)

𝑃(𝐴) 𝑃(𝐵|𝐴) + 𝑃(𝑛𝑜𝑡 𝐴 ) 𝑃(𝐵|𝑛𝑜𝑡 𝐴)
(1)

Now 𝑃(𝐴) = 1
4 → 𝑃(𝑛𝑜𝑡 𝐴) = 3

4

𝑃(𝐵|𝐴) = 1 since given both are girl, then there is a 100% chance that one is a girl.

𝑃(𝐵|𝑛𝑜𝑡 𝐴) = 2
3 , since when not both are girls, the sample space is �𝑔𝑏, 𝑏𝑔, 𝑏𝑏�, and from

this, there is 2 sample points with at least a girl, hence 2
3

Substitute into (1) we get

𝑃(𝐴|𝐵) =
1
4 × 1

1
4 × 1 + 3

4 ×
2
3

=
1
4

1
4 + 2

4

=
1
4
3
4

=
1
3

(b)What is the chance of all heads in a 3 tosses of a coin if you know that at least one is
head?

Let A=event of 3 heads.

Let B=event of at least one head.

{ℎℎℎ, ℎ𝑡ℎ, ℎℎ𝑡, ℎ𝑡𝑡, 𝑡ℎℎ, 𝑡ℎ𝑡, 𝑡𝑡ℎ, 𝑡𝑡𝑡}

𝑃(𝐴|𝐵) =
𝑃(𝐴) 𝑃(𝐵|𝐴)

𝑃(𝐴) 𝑃(𝐵|𝐴) + 𝑃(𝑛𝑜𝑡 𝐴 ) 𝑃(𝐵|𝑛𝑜𝑡 𝐴)
(2)

so 𝑃(𝐴) = 1
7 → 𝑃(𝑛𝑜𝑡 𝐴) = 6

7

𝑃(𝐵|𝐴) = 1

𝑃(𝐵|𝑛𝑜𝑡 𝐴) = 6
7

Substitute into (2) we get

𝑃(𝐴|𝐵) =
1
7 ×

6
7

1
7 ×

6
7 + 6

7 ×
6
7

=
6
49

6
49 + 36

49

=
6
42

=
1
7
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4.12.6 chapter 16, problem 3.16, Mary Boas, second edition
Suppose you have 3 nickels and 4 dimes in your right pocket and 2 nickels and a quarter
in your left pocket. You pick a pocket at random and from it select a coin at random. If
it is a nickel, what it the probability it came from the right pocket?

Solution

Use Baye’s formula.

Let A = event that the coin picked is a nickel.

Let B = event that the pocket selected was the right pocket.

We want to find

𝑃𝐴(𝐵) =
𝑃(𝐵𝐴)
𝑃(𝐴)

(1)

So need to find 𝑃(𝐴) and 𝑃(𝐵𝐴)

𝑃(𝐴) is the probability of picking a nickel. But there are 2 pockets, so this probability is
the probability of picking the nickel from the left pocket or the probability of picking
the nickel from the right pocket.

Now the probability. of picking a nickel from the left pocket is the probability. of picking
the left pocket and then picking a nickel from the left pocket. This is 1

2 ×
2
3

Similarly, the probability. of picking a nickel from the right pocket is the probability. of
picking the right pocket and then picking a nickel from the right pocket. This is 1

2 ×
3
7

Hence 𝑃(𝐴) = �12 ×
2
3
� + �12 ×

3
7
� = 23

42

Now, need to find 𝑃(𝐵𝐴)which is the probability of picking the right pocket and then a
nickel was selected from the right pocket in this case. This is 1

2 ×
3
7 =

3
14

Substitute these values in (1) we get

𝑃𝐴(𝐵) =
𝑃(𝐵𝐴)
𝑃(𝐴)

=
3
14
23
42

=
9
23

4.12.7 chapter 16, problem 3.17, Mary Boas , second edition
(a)There are 3 red and 5 black balls in one box and 6 red and 4 white balls in another. If
you pick a box at random, and then pick a ball from it at random, what is the probability
it is red? black? white? That it is either a red or a white?

Solution

Let E=Event of selecting the first box (one with 3 red and 5 black balls)

Let M=Event of selecting the second box.

Let R=Event of selecting a red ball.

Let B=Event of selecting a black ball.

Let W=Event of selecting a white ball.
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(a) The probability of picking a red is the probability of picking the A box and then the
probability selecting a red ball from it, OR the probability of picking the B box and then
the probability of selecting a red ball from it.

Hence

𝑃(𝑅) = 𝑃(𝐸𝑅) + 𝑃(𝑀𝑅) (1)

But 𝑃(𝐸𝑅) = 1
2 ×

3
8 (since there are 3 red balls out of 8 in the E box)

and 𝑃(𝑀𝑅) = 1
2 ×

6
10 since there are 6 red balls out of 10 in the M box

Hence (1) becomes

𝑃(𝑅) =
1
2
×
3
8
+
1
2
×
6
10

=
3
16
+
3
10

=
39
80

Now to find 𝑃(𝐵) the probability of selecting a black ball.

Using similar logic as above, we get

𝑃(𝐵) = 𝑃(𝐸𝐵) + 𝑃(𝑀𝐵) (2)

But 𝑃(𝐸𝐵) = 1
2 ×

5
8 (since there are 5 black balls out of 8 in the E box)

and 𝑃(𝑀𝐵) = 1
2 × 0 = 0 since there are zero black balls out of 10 in the M box

Hence (2) becomes

𝑃(𝐵) =
1
2
×
5
8

=
5
16

Now to find 𝑃(𝑊) the probability of selecting a white ball.

Using similar logic as above, we get

𝑃(𝑊) = 𝑃(𝐸𝑊) + 𝑃(𝑀𝑊) (3)

But 𝑃(𝐸𝑊) = 1
2 × 0 (since there are zero white balls out of 8 in the E box)

and 𝑃(𝑀𝑊) = 1
2 ×

4
10 =

1
5 since there are 4 white balls out of 10 in the B box

Hence (3) becomes

𝑃(𝑊) = 0 +
1
5

=
1
5
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Now to find the probability that the ball selected is either a red or a white, we need to
find 𝑃(𝑅) + 𝑃(𝑊) but from above, this is 39

80 +
1
5 =

11
16

(b)What is the probability of selecting a red on the second try given that we selected a
red on the first try (without placing it back into the box?)

Let A=Event that a red ball was selected on first try

Let B=Event that a red ball was selected on second try.

Then we are asked to find 𝑃𝐴(𝐵)

But by Bayes rule,

𝑃𝐴(𝐵) =
𝑃(𝐴𝐵)
𝑃(𝐴)

(1)

Where 𝑃(𝐴𝐵) is the probability of selecting a red ball on the first try and a red ball on
the second try (without replacement).

𝑃(𝐴)was found above in part (a) which is 39
80

Now I need to find 𝑃(𝐴𝐵). To do this, I used a tree diagram which is shown below.

From this I find that 𝑃(𝐴𝐵) = 187
840

Another method to find 𝑃(𝐴𝐵) is to say: it is the probability of selecting and red ball from
first box and then the probability of selecting a red ball from the same box OR it is the
probability of selecting and red ball from first box and then the probability of selecting
a red ball from the second box OR it is the probability of selecting and red ball from
second box and then the probability of selecting a red ball from the same box OR it is
the probability of selecting and red ball from second box and then the probability of
selecting a red ball from the first box. This will result in the following computation:

�
1
2�
3
8�
×
1
2�
2
7��

+ �
1
2�
3
8�
×
1
2�

6
10��

+ �
1
2�

6
10�

×
1
2�
5
9��

+ �
1
2�

6
10�

×
1
2�
3
8��

=
187
840

which agrees with the number I obtained from the tree diagram.

Another method to find 𝑃(𝐴𝐵) is to say: Assume the red ball came from Box A, now do the
calculations to find the chance of picking a red ball on second try. Now multiply this by
the chance of the assumption being true. We get a number, say 𝑥. Next, assume the red
ball came from the second box B, now do the calculation to find the chance of picking a
red ball on second try. Now multiply this by the chance of the assumption being true.
call this number 𝑦. Now add 𝑥 + 𝑦. and this is 𝑃(𝐴𝐵). This is really the exact same thing
as I did in the above alternative method, just expressed differently.

Hence, from (1) we finally get the conditional probability

𝑃𝐴(𝐵) =
187
840
39
80

= 374
819
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Box 1 was 

selected

P=1/2

Box 2 was 

selected

P=1/2

Red Ball 

selected

P=3/8

Red Ball 

selected

P=6/10

Box 1 was 

selected

P=1/2

Box 2 was 

selected

P=1/2

Red Ball 

selected

P=2/7

Red Ball 

selected

P=6/10

Box 1 was 

selected

P=1/2

Box 2 was 

selected

P=1/2

Red Ball 

selected

P=2/7

Red Ball 

selected

P=5/9

5/60
9/160 9/160 3/112

Tree diagram to find the probability of selecting 

a red on first try and a red on second try.

The result is the sum of all the numbers at the 

leaves of the tree above. Hence the result is 

      5/60 + 9/160 + 9/160 + 3/112 =     187/840

(c) If both balls are red, what is the probability that they both came from the same box?

Let A=Event that both the first and second balls are red

Let B=Event that they both came from the same box

Hence we want to find

𝑃𝐴(𝐵) =
𝑃(𝐴𝐵)
𝑃(𝐴)

(1)

𝑃(𝐴) is the probability of the first ball being red and then the second ball being red.
From part(b) we found this probability to be 187

840

Now 𝑃(𝐴𝐵) is the probability that the first ball and the second ball both came from the
same box and both balls are red.

Looking at the tree diagram above, I see that the 2 leaves that leads to this have the
probability sum of 5

60 +
3
112 =

37
336 (These are the right-most branch, and the left-most

branch).

Hence (1) becomes

𝑃𝐴(𝐵) =
37
336
187
840

=
185
374

= 0.49465

4.12.8 chapter 16, problem 3.19, Mary Boas , second edition
Suppose it is known that 1% of the population have a certain kind of cancer. It is also
known that a test of this kind of cancer is positive in 99% of the people who have it but
is also positive in 2% of the people who do not have it. What is the probability that a
person who tests positive has cancer of this type?

Solution

Let A=Event that a person has cancer

Let B=Event that a test is positive.

We want to find 𝑃𝐵(𝐴)
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Using Baye’s rule

𝑃𝐵(𝐴) =
𝑃(𝐵𝐴)
𝑃(𝐴)

=
𝑃(𝐴)𝑃𝐴(𝐵)
𝑃(𝐵)

𝑃(𝐴) is the probability a person has cancer. This is given as 1% or 0.01

𝑃(𝐵) is the probability that a test is positive, this is calculated as follows

𝑃(𝐵) = 99% × 1% + 2% × (100% − 1%) = 0.99 × 0.01 + 0.02 × (0.99) = 0.029 7

𝑃𝐴(𝐵) is the probability that test is positive given the person has cancer= 99% = 0.99

Hence

𝑃𝐵(𝐴) =
𝑃(𝐴)𝑃𝐴(𝐵)
𝑃(𝐵)

=
0.01 × 0.99
0.029 7

=
0.009 9
0.029 7

= 0.333 33

So the chance a person has cancer given the test is positive is only 33%

4.12.9 chapter 16, problem 3.21, Mary Boas , second edition
2 people take turns tossing a pair of coins. The first who gets two tosses alike wins. What
is the probability for winning for the first player and for the second player?

Solution

I make a tree diagram. From this I find the needed probability sequence.

T

T

H

H

TH

P1 wins

TH

TH

P1 wins

Legend:  

Second 
player 
play

First 
player 
play

P  1

2

TH

P1 wins

T
H

H
T

P1 wins

H
T

P1 wins TH

T
H

Similar tree here as 
shown to the right

P2 wins
P2 wins

P1 wins

From diagram we see that the probability of player one winning after total of 3 tosses

(by both players) is 4 × �12�
3
= 1

2 , (since there are 4 branches which leads to a win for

player one), and after 5 tosses 4×�12�
5
= 1

8 and so after 7 tosses probability of first player

winning is 4 × �12�
7
= 1

32 , after 9 tosses, it is 4 × �12�
9
= 1

128

So the probability of first player winning is
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1
2
+
1
8
+
1
32
+

1
128

+⋯

=
1
2�
1 +

1
22
+
1
24
+
1
26
+⋯�

=
1
2

⎛
⎜⎜⎜⎜⎝1 + �

1
2�

2

+ �
1
2�

4

+ �
1
2�

6

+⋯
⎞
⎟⎟⎟⎟⎠

=
1
2

1

1 − �12�
2

=
1
2
4
3

=
2
3

Hence the probability of the second player winning is 1 − 2
3 =

1
3

4.12.10 chapter 16, problem 4.1, Mary Boas , second edition
(a)There are 10 chairs in a row and 8 people to be seated, in how many way can you
choose them?

There are 8!ways to arrange the 8 people.

For each one of these arrangements, there is

⎛
⎜⎜⎜⎜⎜⎝
10
8

⎞
⎟⎟⎟⎟⎟⎠ways to select 8 chairs out of the 10

chairs to seat each arrangement of the 8 people on.

Hence by the principle of counting, the final answer is

8!×

⎛
⎜⎜⎜⎜⎜⎝
10
8

⎞
⎟⎟⎟⎟⎟⎠ = 8!

10!
(10−8)!×8! =

10!
(10−8)! which is the same as saying 𝑃𝑛𝑟

So 𝑃108 = 1, 814, 400

(b)There are 10 questions on a test and you are to do 8 of them, in how many ways can
we choose them?

There are

⎛
⎜⎜⎜⎜⎜⎝
10
8

⎞
⎟⎟⎟⎟⎟⎠ways to choose the 8 questions out of 10 without duplication.

Hence

⎛
⎜⎜⎜⎜⎜⎝
10
8

⎞
⎟⎟⎟⎟⎟⎠ =

10!
(10−8)! 8! =

10!
(10−8)! 8! = 45

(c) In part (a) what is the probability that the first 2 chairs in a row are vacant.

Here we want to find number of ways 2 chairs can be empty out of 10 chairs. This is⎛
⎜⎜⎜⎜⎜⎝
10
2

⎞
⎟⎟⎟⎟⎟⎠ = 45.

Hence the probability that the first 2 chairs are the empty pairs is just 1
45 (one chance

out of total possible 45).

(d) In part(b), what is the probability you omit the first 2 problems in the test?

First we find the number of ways not to select 2 questions out of 10. This is given by⎛
⎜⎜⎜⎜⎜⎝
10
2

⎞
⎟⎟⎟⎟⎟⎠ = 45, so the probability of not selecting any 2 questions is 1

45 , and since any 2
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questions are equally likely not to be selected (we are not given any extra information
to suggest otherwise), then the probability of not selecting the first is also 1

45

(e) Explain why the answers to (a) and (b) are different, but the answers to (c) and (d)
are the same.

The answers to (a) and (b) are different, because in (b) we are looking for one set of 8
questions, and the order how the questions are arranged within the set is not important.
In (a), the order was important. That is why answer for (a) is much larger than (b).

Answer to (c) and (d) is the same since in both cases the order is not important.

4.12.11 chapter 16, problem 4.4, Mary Boas , second edition
5 cards are dealt from a shuffled deck. What is the probability that they are all of the
same suite?

Answer

There are a total of

⎛
⎜⎜⎜⎜⎜⎝
52
5

⎞
⎟⎟⎟⎟⎟⎠ ways to select 5 cards out of 52. (where the order of the 5

cards is not important).

There are

⎛
⎜⎜⎜⎜⎜⎝
13
5

⎞
⎟⎟⎟⎟⎟⎠ways to select 5 cards from one suite. and there are 4 ways to select one

suite. Hence number of ways to select 5 cards from the same suite is

4

⎛
⎜⎜⎜⎜⎜⎝
13
5

⎞
⎟⎟⎟⎟⎟⎠

So probability of selecting this will be

4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

13
5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

52
5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 1.98 × 10−3

5 cards are dealt from a shuffled deck. What is the probability that they are all diamond?

Answer

This is just 1
4 of the above probability, since there is one out of 4 chance it is a diamond.

Hence the answer is 1
4 × 1.98 × 10

−3 = 4.95 × 10−4

5 cards are dealt from a shuffled deck. What is the probability that they are all face
cards?

Answer

There are 3 × 4 = 12 face cards in a whole deck of cards (Jack, Queen, King).

The number of ways 5 cards can be selected from these is

⎛
⎜⎜⎜⎜⎜⎝
12
5

⎞
⎟⎟⎟⎟⎟⎠

Hence the probability they are all face cards is

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

12
5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

52
5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 3.047 × 10−4

5 cards are dealt from a shuffled deck. What is the probability that the 5 cards are in
sequence in the same suite?

Answer
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This is the probability of being in the same suite and then of being in sequence.

Let A=event of being in sequence

Let B=Event of being from same suite

So want to find 𝑃(𝐴𝐵)

𝑃(𝐵𝐴) = 𝑃𝐵(𝐴) × 𝑃(𝐵)

To find 𝑃𝐵(𝐴), this is the probability of being in sequence given the hand is already from
one suite, we need to find number of ways 5 cards in sequence can be selected out of
one suite. That is {1, 2, 3, 4, 5}, {2, 3, 4, 5, 6},⋯ , {9, 10, 𝐽, 𝑄, 𝐾}

so there are 9 ways this could happen. But there

⎛
⎜⎜⎜⎜⎜⎝
13
5

⎞
⎟⎟⎟⎟⎟⎠ways to select 5 cards from one

suite. Hence the probability of straight 5 cards given one suite is 9
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

13
5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 7 × 10−3

Now 𝑃(𝐵)was found first part of this problem, and it is 1.98 × 10−3

Hence

𝑃(𝐵𝐴) = 𝑃𝐵(𝐴) × 𝑃(𝐵) = 7 × 10−3 × 1.98 × 10−3

= 1.386 × 10−5

Another way to solve this: We want to find

number of ways to select 5 cards all from same suite in sequence
number of ways to select 5 card

=

4 ×

⎛
⎜⎜⎜⎜⎜⎝
13
5

⎞
⎟⎟⎟⎟⎟⎠ × probability of those 5 being in sequence

⎛
⎜⎜⎜⎜⎜⎝
52
5

⎞
⎟⎟⎟⎟⎟⎠

=

4 ×

⎛
⎜⎜⎜⎜⎜⎝
13
5

⎞
⎟⎟⎟⎟⎟⎠ ×

9
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

13
5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝
52
5

⎞
⎟⎟⎟⎟⎟⎠

= 1.39 × 10−5

4.12.12 chapter 16, problem 4.5, Mary Boas , second edition
In a family of 5 children, what is the probability that there are 2 boys and 3 girls?

Answer

Looking at any sequence of 5 children, such as {𝑏𝑏𝑔𝑏𝑔}, there are 25 different sequences
since for each position we can have either a boy or a girl (this is like looking at tail/head
sequence generated from flipping a coin 5 times).

So the probability of any one sequence is 1
25

Now the number of sequences with only 3 boys in them is

⎛
⎜⎜⎜⎜⎜⎝
5
3

⎞
⎟⎟⎟⎟⎟⎠which is the number of

ways 3 positions can be selected out of 5 positions.
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Hence the probability of having only 3 boys (and hence 2 girls) is 1
25 ×

⎛
⎜⎜⎜⎜⎜⎝
5
3

⎞
⎟⎟⎟⎟⎟⎠ =

5×4
25×2 =

5
16

In a family of 5 children, what is the probability that the 2 oldest are boys and the others
are girls?

Answer

Let A=Event the first 2 born children are boys

Let B=Event that the last 3 born children are girls.

We want to find 𝑃(𝐴𝐵) the probability of A and B together.

𝑃(𝐴𝐵) = 𝑃(𝐴) 𝑃𝐴(𝐵) (1)

𝑃(𝐴) is �12�
2
(since the chance of each child being a boy is 1

2 ).

Now 𝑃𝐴(𝐵) is the probability of the last 3 children being girls given the first 2 children

are boys. Since 𝐴 and 𝐵 are independent, then 𝑃𝐴(𝐵) = 𝑃(𝐵) which is �12�
3

Hence from (1)

𝑃(𝐴𝐵) = �
1
2�

2

�
1
2�

3

= �
1
2�

5

=
1
32

4.12.13 chapter 16, problem 4.7, Mary Boas , second edition
What is the probability that the 2 and 3 of clubs are next to each others in a shuffled
deck?

Answer

Let 𝐸1= event of having the 2 card as the top of the deck

Let 𝐸2= event of having the 2 card as the bottom of the deck

Let 𝐸3= event having the 2 card somewhere in the middle of the deck.

Let 𝐸 = event we are looking for. (i.e. the 2 and 3 cards next to each others)

So we want to find

𝑃(𝐸) = 𝑃(𝐸1)𝑃𝐸1(𝐸) + 𝑃(𝐸2)𝑃𝐸2(𝐸) + 𝑃(𝐸3)𝑃𝐸3(𝐸) (1)

But 𝑃(𝐸1) =
1
52 since there is one position (the top) and there are 52 possible positions

the card can be in.

Similarly, 𝑃(𝐸2) =
1
52 since there is one position (the bottom) and there are 52 position.

𝑃(𝐸3) =
50
52 since there are 50 possible positions (not counting the top and bottom) out

of 52 the card can be in.

Now need to find the conditional probabilities.

𝑃𝐸1(𝐸) this is the probability of having the 3 card below the 2 card, given the 2 card is in
the top position. Clearly this is 1

51 since there is 51 positions.

Similarly, 𝑃𝐸2(𝐸) this is the probability of having the 3 card above the 2 card, given the 2
card is in the bottom position. Clearly this is 1

51also.
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Now 𝑃𝐸3(𝐸) is the probability of having the 3 card next to the 2 card given that the 2 card
is somewhere in the middle. Now the 3 card can be above or below the 2 card. Hence
the probability now is 2

51

Now substitute all these values in (1) gives

𝑃(𝐸) = 𝑃(𝐸1)𝑃𝐸1(𝐸) + 𝑃(𝐸2)𝑃𝐸2(𝐸) + 𝑃(𝐸3)𝑃𝐸3(𝐸)

=
1
52
×
1
51
+
1
52
×
1
51
+
50
52
×
2
51

=
1
26

4.12.14 chapter 16, problem 4.8, Mary Boas , second edition
2 cards are drawn from a shuffled deck. What is the probability that both are aces?

Answer

Let A = event first card is an ace.

Let B = event the second card is an ace.

We want to find 𝑃(𝐴𝐵) = 𝑃(𝐴) 𝑃𝐴(𝐵)

𝑃(𝐴) =The probability of first card being an ace is 4
52

Now, Given the first card is an ace, the probability of the second card is an ace is 3
51

Hence 𝑃𝐴(𝐵) =
3
51

So

𝑃(𝐴𝐵) =
4
52
×
3
51
=

1
221

2 cards are drawn from a shuffled deck. If you know one is an ace, what is the probability
that both are aces?

Answer

Let A = event one of the two cards is an ace.

Let B = event both are an ace

Let C=event first is an ace

Let D=event second is an ace.

We want to find 𝑃𝐴(𝐵) =
𝑃(𝐴𝐵)
𝑃(𝐴) =

𝑃(𝐵)𝑃𝐵(𝐴)
𝑃(𝐴) = 𝑃(𝐵)

𝑃(𝐴) since 𝑃𝐵(𝐴) = 1 (because given both
are an ace, it is certain that one is an ace).

𝑃(𝐴) = 𝑃(𝐶) + 𝑃(𝐷) − 𝑃(𝐶𝐷)

But 𝑃(𝐶𝐷) is the probability of both being an ace, which is the same as 𝑃(𝐵) which was
found in part(a) to be 1

221

And 𝑃(𝐶) = 𝑃(𝐷) = 4
52

Hence 𝑃(𝐴) = 4
52 +

4
52 −

1
221 =

33
221

Now 𝑃(𝐴𝐵) = 𝑃(𝐵)𝑃𝐵(𝐴), but 𝑃(𝐵) =
1
221 from part(a).

Hence
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𝑃𝐴(𝐵) =
� 1
221
�

� 33
221
�

=
1
33

2 cards are drawn from a shuffled deck. If you know that one is an ace of spades, what
is the probability that both are aces?

Answer

Let A = event one of the two cards is an ace of spades.

Let B = event both are an ace

Let C=event first card is an ace of spades

Let D=event second card is an ace of spades

We want to find

𝑃𝐴(𝐵) =
𝑃(𝐴𝐵)
𝑃(𝐴)

=
𝑃(𝐵)𝑃𝐵(𝐴)
𝑃(𝐴)

(1)

Now 𝑃𝐵(𝐴) = 𝑃𝐵(𝐶) + 𝑃𝐵(𝐷) =
1
4 +

1
4 =

1
2

Hence (1) becomes

𝑃𝐴(𝐵) =
𝑃(𝐵)𝑃𝐵(𝐴)
𝑃(𝐴)

=
1
2
𝑃(𝐵)
𝑃(𝐴)

(2)

Now we need to find 𝑃(𝐴) and 𝑃(𝐵).

𝑃(𝐴) = 𝑃(𝐶) + 𝑃(𝐷) − 𝑃(𝐶𝐷)

But 𝑃(𝐶𝐷) is the probability of both cards being an ace of spades, this is zero since there
is only ONE card which is an ace of spades and so we can not have both being an ace of
spades.

Now 𝑃(𝐶) = 𝑃(𝐷) = 1
52

Hence 𝑃(𝐴) = 1
52 +

1
52 = 1

26

To find 𝑃(𝐵). this was was found in part(a) to be 1
221

Hence (2) becomes

𝑃𝐴(𝐵) =
1
2

� 1
221
�

� 1
26
�

=
1
17
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4.12.15 chapter 16, problem 4.10, Mary Boas , second edition
What is the probability that you and your friend have different birthdays? (assume year
is 365 days). What is the probability that 3 people have different birthdays? show that
the probability that 𝑛 people have all different birthdays is given by

𝑃 = �1 − 1
365
��1 − 2

365
��1 − 3

365
�⋯�1 − 𝑛−1

365
�

Estimate 𝑝 for 𝑛 ≪ 365 by calculating ln 𝑝. Find the smallest 𝑛 for which 𝑝 < 1
2 hence

show that for a group of 23 people or more the probability is greater than 1
2 that 2 of

them will have the same birthday.

Answer

Let A=event that second person have different birthday from the first

Let B=event that 3rd person have different birthday from the second person.

Let C=event that all 3 have different birthdays

𝑃(𝐴) = 364
365

So 𝑃(𝐶) = 𝑃(𝐴𝐵) = 𝑃(𝐴) 𝑃𝐴(𝐵)

But 𝑃𝐴(𝐵) is the probability that 3rd person have different birthday from second, given
that the second have a different birthday from the first. This leaves only 363 days to
select a birthday from. Hence 𝑃𝐴(𝐵) =

363
365

Hence

𝑃(𝐶) = �
364
365��

363
365�

= �1 −
1
365��

1 −
2
365�

So when we add a 4th person we will get the probability that they have different birth-
days 𝑃 = �1 − 1

365
��1 − 2

365
��1 − 3

365
�

Continue this for 𝑛 people we get,

𝑝 =

2

�����������
�1 −

1
365�

3

�����������
�1 −

2
365�

⋯

𝑛

�������������
�1 −

𝑛 − 1
365 �

Take the log of both sides we get

ln 𝑝 = ln��1 −
1
365��

1 −
2
365�

⋯�1 −
𝑛 − 1
365 ��

= ln�1 −
1
365�

+ ln�1 −
2
365�

⋯ + ln�1 −
𝑛 − 1
365 �

(1)

But ln(1 + 𝑥) = 𝑥 for small 𝑥 (i.e. for 𝑛 ≪ 365)

Hence (1) becomes

ln 𝑝 = −
1
365

−
2
365

⋯ −
𝑛 − 1
365

= −
1 + 2 + 3 +⋯ + (𝑛 − 1)

365
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But 1 + 2 + 3 +⋯ + (𝑛 − 1) = [(𝑛 − 1) + 1] × (𝑛−1)
2 (by Gauss summation formula)

So we get

ln 𝑝 = −
𝑛 × (𝑛−1)

2
365

= −
𝑛 × (𝑛 − 1)
2 × 365

(2)

The above is an estimate of ln 𝑝 for 𝑛 ≪ 365

Now need to Find the smallest 𝑛 for which 𝑝 < 1
2

𝑝 < 1
2 implies ln 𝑝 < ln 1

2

Hence ln 𝑝 < − ln 2

So ln 𝑝 < −0.693 15

so from (2)

𝑛 × (𝑛 − 1)
2 × 365

> 0.693 15

𝑛 × (𝑛 − 1) > 506. 00
𝑛2 − 𝑛 − 506 > 0

Hence 𝑛 = 23 or 𝑛 = −22

since 𝑛 is number of people, we select positive value. Hence for 𝑛 > 23 there is a chance
just less than 1

2 that no 2 people will have the same birthday, or there is a chance just
over 50% that 2 people will have the same birthday.

4.12.16 chapter 16, problem 4.11 , Mary Boas , second edition
The following game was being played on a busy street: Observe the last 2 digits on each
license plate. What is the probability of observing at least 2 cars with the same last 2
digits among the first 5 cars? 10 cars? 15 cars? Howmany cars must you observe in order
for the probability to be greater than 50% of observing 2 cars with the same last 2 digits?

Answer

This is similar to problem 4.10.

Replace the number of days in a year by the number of numbers, which is 100 numbers
(2 digits, 00, 01, … , 99 is 100 numbers).

Hence I can use the formula obtained in 4.10

𝑃 = �1 −
1
100��

1 −
2
100��

1 −
3
100�

⋯�1 −
𝑛 − 1
100 �

and for small 𝑛 compared to 100

ln 𝑝 = −
𝑛 × (𝑛 − 1)
2 × 100

So for 𝑛 = 5 we get
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ln 𝑝 = −
5 × (5 − 1)
2 × 100

ln 𝑝 = −
1
10

Solution is: 𝑝 = 0.90484

The above is the probability of all 5 cars having different 2 digits numbers. Hence Prob-
ability of observing at least 2 cars with same last 2 digits is

1 − 𝑝 = 1 − 0.90484 = 0.09516

Notice that is was based on the approximation formula. To get an exact number, I would
write

𝑃 =

2

�����������
�1 −

1
100��

1 −
2
100��

1 −
3
100�

5

�����������
�1 −

4
100�

= 0.903 45

Hence Probability of observing at least 2 cars with same last 2 digits is

1 − 0.90345 = 0.09655

To solve this for 𝑛 = 10

From ln 𝑝 = −𝑛×(𝑛−1)
2×100

ln 𝑝 = −
10 × (10 − 1)
2 × 100

ln 𝑝 = −0.45

Solution is: 𝑝 = 0.63763

Hence Probability of observing at least 2 cars with same last 2 digits is

1 − 0.63763 = 0.36237

For 𝑛 = 15

ln 𝑝 = −
15 × (15 − 1)
2 × 100

ln 𝑝 = −1.05

Solution is: 𝑝 = 0.349 94

Hence Probability of observing at least 2 cars with same last 2 digits is

1 − 0.34994 = 0.65006

To find howmany cars one must observe to get a probability of more than 50% of having
at least 2 cars with same last 2 digits, we solve for 𝑝 = 1

2
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ln 𝑝 = −
𝑛 × (𝑛 − 1)
2 × 100

ln
1
2
= −

𝑛 × (𝑛 − 1)
2 × 100

− ln 2 = −
𝑛 × (𝑛 − 1)
2 × 100

Solution is: {[𝑛 = −11.285], [𝑛 = 12.285]}

Hence 𝑛 = 13

4.12.17 chapter 16, problem 4.15 , Mary Boas , second edition

Box 1 Box 2 Box 3

A

A

B

B

A B

A B

AB

A B

AB

AB

AB

Maxwell-Blotzman 
distribution of 2 balls into 
3 boxes.  Balls are 
distinguishable from each 
others, one ball labeled A 
and the other B. 
Total number of ways pf 
putting the 2 balls into the 
3 boxes is given by 3^2=9

Box 1 Box 2 Box 3

o

o

o

o

o o

Fermi-Dirac distribution 

of 2 balls into 3 boxes. 

Balls are NOT 

distinguishable, hence 

each is a circle. In 

addition, each box can 

have only ONE ball in it 

at a time. Number of 

ways of putting 2 balls 

into 3 boxes is C(3,2)=3

Box 1 Box 2 Box 3

o

o

o

o

o o

o o

oo

oo

Bose-Einstein 

distribution of 2 balls into 

3 boxes. Balls are NOT 

distinguishable (just like 

with the Fermi-Dirac), 

however, here we can 

put more than one ball in 

the same box at one 

time (unlike the Fermi-

Dirac).

Number of ways of 

putting 2 balls into 3 

boxes is C(3+1,2)=6 and 

the probability of each 

one permutation is 1/6 

(each is equally likely).

Problem 4.15  Chapter 16 (Mary Boas 
second edition)

By Nasser Abbasi

4.12.18 chapter 16, problem 4.17 , Mary Boas , second edition
Find number of ways of putting 2 particles in 4 boxes according to the 3 kinds of statistics.

Answer

Let 𝑛 be the number of Boxes, and 𝑁 be the number of balls.

For Maxwell-Boltzmann (MB) it is 𝑛𝑁 . Hence the answer is 42 = 16
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For Fermi-Dirac (FM), it is 𝑛𝐶𝑁 = 4𝐶2 =

⎛
⎜⎜⎜⎜⎜⎝
4
2

⎞
⎟⎟⎟⎟⎟⎠ = 6

For Bose-Einstein (BE) it is 𝑛−1+𝑁𝐶𝑁 =

⎛
⎜⎜⎜⎜⎜⎝
4 − 1 + 2

2

⎞
⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝
5
2

⎞
⎟⎟⎟⎟⎟⎠ = 10

4.12.19 chapter 16, problem 4.21 , Mary Boas , second edition
Find the number or ordered triplets of non-negative integers 𝑎, 𝑏, 𝑐whose sum adds to
a given positive integer 𝑛

Answer

If we imagine the number 𝑛written as 11111⋯111 and then imagine we put one vertical
bar to the left most and to the right most like this: | 11111⋯111 |, then the problem
becomes on how many unique partitions we can create in-between these 2 vertical bars
by using 2 new vertical bars. A partition here is the same as a box.

For example, the following is an example of 2 different partitions created for 𝑛 = 8

| 111| 1111 | 1 |

| 1 | 11111 | 11 |

Note that We can also create an empty partition, as follows

| 1 | |1111111 |

When we create an empty partition between the 2 vertical bars, it is as if there is a 0 in
there.

Hence the problem becomes a question of how many way can we insert the 2 vertical
bar among 𝑛 different objects.

To count this, we start by putting the first vertical bar before the first object:

| | 11111111 |

So now the second bar can go before or after the second object, or after the third object,
or after the 4th object, etc... until we get to the nth object, where it can go after it. Hence
there are 𝑛 choices for the second bar.

Now, the first bar can be put after the first object as this:

| 1 | 1111111 |

So now the second bar can go into any of 𝑛 − 1 positions.

We continue this way, until we get to the last object, where we can put the first bar after
it, as this:

| 11111111 | |

Now the second vertical bar have only one position to go which is after the first vertical
bar.

So, the first vertical bar has been placed in𝑚 = 𝑛+ 1 positions, and for each one of these
positions, the second vertical bar has been put in 𝑘 + 1 positions where 𝑘 indicates the
number of object to the right of the first vertical bar at the time.
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So, for example, for 𝑛 = 3, we have 𝑛 + 1 possible positions for the second vertical bar
when the first vertical bar at the left of the first object. Then we have 𝑛 possible positions
for the second vertical bar when the first vertical bar to the right of the first object, then
we have 𝑛 − 1 possible positions for the second vertical bar when the first vertical bar to
the right of the second object, and we have 𝑛 − 2 or 1 possible positions for the second
vertical bar when the first vertical bar to the right of the third and final object.

This is the same as the number of ways to choose 𝑟 object at a time from 𝑛 objects.

Hence for 𝑛 = 3 we have (𝑛 + 1) + (𝑛) + (𝑛 − 1) + (𝑛 − 2) = 4𝑛 − 2 = 10

So in general, we have (𝑛 + 1) + (𝑛) +⋯ + 1 possible ordered triples.

This is, using Gauss summation trick, is the same as

(𝑛 + 2)
(𝑛 + 1)
2

But this is the same as (𝑛+2)!
𝑛! 2! which is the same as

⎛
⎜⎜⎜⎜⎜⎝
𝑛 + 2
𝑛

⎞
⎟⎟⎟⎟⎟⎠

But note that the Bose-Einstein statistics with the number of boxes being fixed at 3 gives⎛
⎜⎜⎜⎜⎜⎝
3 − 1 + 𝑛

𝑛

⎞
⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝
2 + 𝑛
𝑛

⎞
⎟⎟⎟⎟⎟⎠

This is the same as the Bose-Einstein statistics with the number of boxes being fixed at
3.
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