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Chapter 1

Introduction

This is my web page for course MATH 121 A, Mathematical methods in physical sciences,
that I took in spring 2004 at UC Berkeley. Hard course. Lots of HWs.

This is the syllubus

Ilath 121 A, Spring 2004
Fraydoun Rezakhanlou

Homework from Mathematical Methods in Physical Sciences, by Boas, second edition

Homework set 1. Due Monday Feb. 2
Chapter 1: 1.5 2.(6-7), 4.(24 8), 5.(1,8)
6.(1-3, 5,7,8,11,12,15-18,21,33-35), T.(2,3,5,6)
9.(1,3,7,12,21), 10.(1,3,15,19,20)
13.(2,6,8,13,14,16,17,33,37,40)

Homework set 2. Due Monday, Feb. 9

Chapter 1: 14(5,6,9), 15.(5,11,16,18), 16.(3,158,22)
Chapter 2: 4.(7,14), 5.(6, 13, 20,32,39,45,51,53,55,56,60,62)
6.(4,10,12), 7.(3,12), 8.(1,2)

Homework set 3. Due Wednesday, Feb. 18
Chapter 2: 9.(2,12,19,24 27,28), 10.(18,22 28), 11.(5,6,11,18) 14.(6.9,19.24(b)
15.(3, 17), 16.11, 17.(7,14,17,23,24,30,32)

Homework set 4. Due Monday, Feb. 23
Chapter 4: 1.(6,7,23,24), 2.(3,6,8) 4.(2,8-10,13)

The first midterm is Wednesday, Feb. 25 , in class and will cover Chapter 1,
Chapter 2 and Sections 1-4 of Chapter 4.

Homework set 5. Due Monday, March 1
Chapter 4: 5.(3,4), 6.(3,5,6), 7.(3,5,8,15,19), 8.(1-3)

Homework set 6. Due Monday, March 8
Chapter 4: 9.(2-8), 10.(2,7,10}, 11.{1,3.6-9), 12.{1-4,7 8)
Chapter 14: 1.{G,12)



CHAPTER 1. INTRODUCTION

Homework set 7. Due Monday, March 15
Chapter 14: 2.(22,23,34,37,40, 55,56,60), 3.(3b,5,17-20,23), 4.(6,7,9,10)
5.1

Homework set 8. Due Monday, March 29
Chapter 14: 6.(5-9,15,19,23,31) , 7.(4,5,12,18,20,29,30a,34,45), 8.(4,5,15),

The second midterm is on Friday, April 2, in class and will cover Sections 5-12
of Chapter 4 and Sections 1-8 of Chapter 14.

Homework =et 9. Due Monday, April 5 -
Chapter 14: 9.(2,3,4,7), 10.(5,6,11,13)
Chapter T: 3.(4,6)

Homework set 10. Due Monday, April 12
Chapter 7: 4.(5, 12,13,15 ), 5.(2,5,8,10), 6.5, 7.(4,12,13) 8.12

Homework set 11. Due Monday, April 19
Chapter T: 9.(2,6,10), 11.(7,10), 12.(8.13)
Chapter 15: 2.(2-59,11,17,18,21.23), 3.{4,5.3,11.24,25.?5,30}

Homework set 12, Due Monday, April 26
Chapter 15: 4.(3,5,7,12,18,20,21,23,25) , 5.(1,2,4,10,22) , 6.{2,4,5,9), T.07.9,11)

Homeworksget 13. Due Monday, May 3
Chapter, ° §(2,3,12,1517) _
Chapter 9: 2.(1,3,6), 3.(2.4.6,9), 5.(2,6) 6.(1,2,3).

Final Exam On Friday 5—1_3 pm, May 21

R S

No make-up exams, make sure you can make all the exams. _
Grading Policy: HWs (25 points), Midterms (each 20 poi nts), Final (35 points)

Professor Fraydoun Rezakhanlou, UC Berkeley Math department, gave the course. A

very good teacher. Teaches without using notes, all from memory, which I thought was
really amazing.

This course was lots of work. About 30-40 problems for HW each week. But only 2
random problems are graded. So it is possible to solve 39 of out 40 problems correctly
and get only 50%, if the problem missed happened to be selected to grade.

Exams as closed notes and closed book. No cheat sheet either. No calculators.

Textbook was Mary Boas, second edition. This seems to be the standard book for this
type of course are most universities, at least the ones I know about. It is a a very good
book, but more detailed worked examples would have been nice. So another book such
as the problem solvers type book might be useful to have.
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MATHEMATICAL
METHODS IN THE

For some reason this course (and Math121B) did not have discussion period, this was
unfortunate since discussion periods can be really useful. I was told this is because of
budget cuts in the California university system.

This below is a picture of Evans hall. It is a big tall building full of very smart people.
The math department is on the 9th floor. The course was in room 75, which is on the
ground floor on Evans hall.

1.0.1 Course description

These are the Course outline handouts. Page 1, and page 2. it contains the problems to
solve for each HW.

Spring 2004 (January-May 2004)

Course description: Functions of a complex variable, Fourier series, finite-dimensional
linear systems. Infinite-dimensional linear systems, orthogonal expansions, special func-
tions, partial differential equations arising in mathematical physics. Intended for stu-
dents in the physical sciences who are not planning to take more advanced mathematics
courses.

Units: 4

Book: MATHEMATICAL METHODS IN PHYSICAL SCI, BOAS. 2nd edition chapters
1,24,7,9,14,15

Instructor: Professor Fraydoun Rezakhanlou, Math department, UC Berkeley
Position: Associate Professor

E-mail: rezakhan@math.berkeley.edu To reduce spam, this address is javascript en-
coded.

Phone: +1 (510) 642-2838
Office: 815 Evans Hall
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Research: Probability theory, Partial differential equations



Chapter 2

My notes, study notes

Near the end of the course I started to write down some study notes to have ready for
the final exam, Here you find my own study notes for this course and Math 121B I took
at the same time. I should have started this earlier in the course.

2.1

1.
2.

9.

Misc. notes

it is OVER !! finals finished.

math 121A. review HW 11 done 11 PM wed. review of HW 12...finished 3:20 AM.
(4 hrs per HW to go over!). getting ready to start on HW 13...6 AM, almost finished
HW 13 most of the rest I know, about calculus of variations, studied that before,
but need to finish HW13 (may be one more hr). Then start on the HW 10 (Fourier
series). will do after wake up. now going to sleep. 1 pm Thursday.. finishing HW
13 now.... 3:00 PM finished HW 13. This contained important stuff. 8 hrs study
only today

. now midnight Thursday. 1 hr study. went over some problem from midterm2,

and Lagrange equations physics problem derivations. need to finish review of
midterm 2, then back to HW review. it is 4 AM now, read notes and finished
midterm, starting on HW 9, getting tired, will not be able to review everything
before finals, need to try to concentrate on last stuff only... 4:40 AM finished HW
10 (Fourier series, easy stuff), now starting on HW 9...5:20 AM Friday, finished
HW 9. HW 8 is on Laurent series, so important... 6:40 AM, ok finished. going to
eat something and sleep and wake up for the exam.

. finals for math 121B over. I made 3 very stupid mistakes., can’t believe I did those.

blow away 3 fairly easy questions I could have full credit on. but I think I can pull
a B in the course. keep fingers crossed.

. Practice more chapter 7 Fourier series tricks (odd/even) stuff

. Make sure I remember ds? in all coordinates

n
learn better how to evaluate this:(—j—(%) (

sinx)
X

. HW’s for 121B went over since midterm exam: HW5 chapter 12, HW 6 done, HW

7 stop here. Saturday night.., HW 11 done, HW 12 working on..finished. Now
studying probability distribution, last HW

write down the same space for the 2 die, with the sum, some problems use it.

questions:

1.

Why did we use series method to find solution to Legendre ODE, but used gen-
eralized series method to find solution to Bessel ODE? how to know when to use
which? Answer: if ODE has something like (1 - x)y”’, then at x = 0 we'll have
problem, then use the generalized power series)
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2. The Legendre ODE is solved using series method, assuming [ is an integer. We
get one solution which is Legendre function of first kind p;(x). What if / is not an
integer? A: Legendre P is only defined for integer [? YES? No, there are tables for
non-integer, but these cases are not important.

3. What if we get a legendre ODE and we want to find solution for x > 1 ? Since
legendre functions are only defined for x less than one (to have convergence).
Physics example? usually x is the cosine of an angle so it is < 1.

4. What if ] is not an integer in the legendre ODE? how to get a solution? this is
special cases, not important, look up handbooks.

5. problem I solved in HW#6, chapter 12, 16.3. check my solution. I claimed that the
second solution is N, but since I found P NOT to be an integer, hence the second
solution is one containing log and not a combination of J_,. When I solved it
in mathematica, I get this solution (notice complex number?), could this second
solution be converted to log function? answer: OK, the solution I did will turn out
to have log in it if I put p=integer and use L'hospital’s rule to evaluate.

eq=xy'"[x]+2y'[x] +4y[x] =0

g0l = DSolveleq, y[x], x]

allY =y[x] /. sol;

allY = ally /. {C[1] -1, C[2] » 2}
Plot[{Evaluate[Re[allY]], Evaluate[Im[all¥Y]]}, {x, 0, 10}]

2 Besaeld[1,4 x| C[1] i BeaselY[1,4+ x| C[2]
| v[x] = o - - |

2y S

6. When solving for equation 16.1 on page 516, we seem to only take the positive
root for the variables, why? see for example page 516. b = 2 but it is really b = +2
answer: OK, any of these will give a good solution, just pick one.

7. onpage 528, can I just set n = 0 always to solve for the indical equation as shown in
the example? is it better to solve this using the }; directly as shown in the example
instead of setting up a table? table seems more clear, but the example method
seems shorter.

8. How to solve chapter 16, 4.1 part (c) using Bayes rule? I write: Let A=event
first chair is empty, let B=event second chair is empty. We need to find P(AB) =

P(A)P4(B) = (11—0)(%) = 91—0, but the answer should be %, what is it I am doing
wrong? wrong. P(A) = 1/5 not 1/10.

9. for problem HW 12, chapter 16, 4.8, part b. It says given 2 cards drawn from deck,
if you know one is an ace, what it the chance the BOTH are an ace? I know how
to solve by the book. but why can I not say the following: since we KNOW that
one card is an ace, then the chance that both cards are an ace is just the chance the

second card being an ace (since we know the first is an ace). So this should give
3

51
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CHAPTER 2. MY NOTES, STUDY NOTES

10. random variable is defined as a function on the sample space. however, it is multi-
valued. for example, if x= sum of 2 die throw, then more than one event can give
the same random variable. is this OK? I thought a function must be single valued?

11.

answer: I am wrong. it is NOT multivalued.

check that my solution for chapter 16, 5.1 MATH 121B is correct, I have solution

on paper. this is the last HW

2.2 Table summary of topics to study

2.2.1

Math 121A

ch.

title

topics

Exam

series

infinite series, power series,def. of cover-
gence, tests for convergence,

test for alternating series, power series, bi-
nomial series

complex numbers

finding circle of convergence (limit test),
Euler formula

power and roots of complex numbers, log,
inverse log

partial differentiation

total diffenertials, chain rule, implicit dif-
ferentiation

partial diff for max and minumum, La-
grange muktipliers,

change of variables Leibniz rule for differ-
netiation of integrals

14

complex functions

Def. of analytic fn, Cauchy-Riemann con-
ditions, laplace equation,

contour integrals, Laurent series, Residue
theorm, methods

of finding residues, pole type, evaluating
integrals by

residue, Mapping, conformal

Fourier series

expansion of function in sin and cosin,
complex form, how to find

coeff, Dirichlet conditions, different inter-
vals, even/odd, Parseval’s
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15

Laplace/Fourier transforms

Laplce transform, table, how to use
Laplace to solve

ODE, Methods of finding inverse laplace,
partial fraction, convolution,

sum of residues, Fourier transform, sin/-
consine transforms, Direc Delta

Green method to solve ODE using im-
pluse

Calculus of variations

Euler equation solving, Setting up La-
grange equations, KE, PE

Solving Euler with constrainsts

CHAPTER 2. MY NOTES, STUDY NOTES
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CHAPTER 2. MY NOTES, STUDY NOTES

2.2.2 Math 121B

ch. | title topics Exam
11 | Special functions Gamma, Debta, Error function 1
12 | Series solution to ODE | Legendre, Bessel, orthogonality 1
13 | PDE separation of variables, Laplace (steady | 2
state),
Heat (diffusion), Wave equation. Laplce
in different coordinates,
Laplacian, Wave in different coord.Pois-
sion equation
16 | Probability Baye’s formula, how to find probability, | final

methods

of counting, Random variable concept,
mean, Var, SD,

distributions (Binomial, Gauss, Poisson)
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2.3 Math 121 A notes

2.3.1 Chapter 1. Series
a(1-r")
2 1-r
we get 5, = —. Always start by looking for a constant term a here, and then a term that
is multiplied each time, r here.

a+ar+ar’+ - +ar'* + - =

, Now, if |r] < 1, then the above is convergent, hence

2.3.2 Chapter 14. Complex functions

2.3.2.1 How to find the residue?

seek book page 598

2.3.3 Chapter 7. Fourier Series
Expand a periodic function (must be periodic) in sin and cos functions.

Let the function angular velocity be w, which is defined as angles (radian) per second,
ie w = 2?71 where T is the period in time, which is the time to make 27t angle.

1
flx) = an + a1 cos wx + ap cos 2w x+

-+ + by sinwx + by sin2wx + -+

So, for a function whose period is 27, i.e. w =1, the above can be written as

1
X) = —ag + a1 COS X + dy COS 2Xx+
%0 1 2

o+ bysinx + by sin2x + ---

Now, to find a,, and b,,

2
a, = Tj;f(x) cos wnx dx

2
b, :—ff(x)sina)nx dx
TJr

So, I only need to remember ONE formula

note: Remember, when finding a,, for a4, do it separately, set n = 0 in the integral first
and integrate that, do not set n = 0 in the result, leave that for n # 0. For b,, we do not
need to worry about this, since for sin series it starts atn =1

note: When will this expansion converge to f(x)? when the function meet the Dirichlet
conditions. Basically it needs to be periodic of period 27, single valued, has finite number
of jumps. At jumps, the series converges to average of the function there.

In these kind of problems, we are given a function f(x) and asked to find its F. series. So
need to apply the above formulas to find the coefficients. Need to know some tricks for
quickly evaluating the integrals.

Now there is a complex form of all the above equations.

f(x) =co+ ey +c_qe + e + e 4 = Y]

—00

10
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1 ‘
c, = T fT f(x) e dx

2
Now, w, is the angular velocity. i.e. 0 = wt, so for ONE period T, 6 = 27, hence w = Tn,
so ¢, can be written as

1 —inxz—n
cn:?f;f(x)e T dx

Notice that in this chapters we use distance for period (i.e. wave length A1) instead of
time as period T. it does not matter, they are the same, choose one. i.e. we can say that
the function repeats every A, or the function repeats every one period T.

When using A for period, say -,/ or —m, 7w the above equation becomes
c, = 1 fl f(x) e_inx%T dx = 1 fl f(x) T gy
S 21J

note: Above integral for c,, is for negative n as well as positive n. In non-complex expo-
nential expansion, there is no negative n, only positive.

note:c_, = ¢,
note: there is a relation between the a,, b,, and the c,, which is

a, =c_,+c,and b, =i(-c_, + c,)

IF given f(x), defined over (0, L), The algorithm to find Fourier series is this:

IF asked to find a(n) i.e. the COSIN series, THEN
extend f(x) so that it is EVEN (this makes b(n)=0)
and period now is 2L

ELSE

IF asked to find b(n), i.e. the SIN series, THEN
extend f(x) to be ODD (this makes a(n)=0)

and period now is 2L

ELSE we want the standard SIN/COSIN

period remains L, and use the c(n) formula

(and remember to do the c(0) separatly for the DC term)
END IF

END IF

2.3.3.1 Parseval’s theorem for fourier series

This theory gives a relation between the average of the square of f(x) over a period and
the fourier coefficients. Physically, it says that this:

the total energy of a wave is the sum of the energies of the individual harmonics it carries

2 1 2 lgoo 2, 1 Qoo .
Average of [f(x)] =(340) +3 X, an+ 5 X, by over ONE period.

In complex form, Average of | f (x)2| = Ziooolcnlz. Think of this like pythagoras theorem.

21

1
2

00 2
3~ Z_oolcnl

In the above we used the standard formula for average of a function, which is

For example, given f(x) = x, then [ f (x)] [ 1 x?dx = %, then

average of f(x) = % 11: f(x) dx, here we should need to square f(x)

11
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2.3.4 Chapter 15. Integral transforms (Laplace and Fourier
transforms)

2.3.4.1 Laplace and Fourier transforms definitions

Pf(x):P(p):j(;oof(x)e‘pxdx p>0

1 00 ‘
Fe)=g@=5- | feeax

. . a1 . . . oo 1 .
Associate Fourier with Py (mind pic: Fourier=Fractioni.e.— E) and Fourier goes from

—00 to +oco (mind pic: Fourier=whole Floor), Fourier imaginary exponent, Laplace real
exponent.

Note: Laplace transform is linear operator, hence L[ ft)+ g(t)] = Lf(t) + Lg(t) and
Llc f®] = c Lf(t)

2.3.4.2 Inverse Fourier and Laplace transform formulas

(We do not really use the inverse Laplace formula directly (called Bromwich integral),
we find inverse Laplace using other methods, see below)

1 c+i 00
f(x) = 5o f F(z) é* dz t>0  Inverse laplace
e

c—i o

1 > .
flx) = o f g(a) e da Inverse fourier

The Fourier transform has 2 other siblings to it (which Laplace does not), these are the
sin and cos transform and inverse transform. I'll add these later but I do not think we
will get these in the exam.

Note: To get the inverse Laplace transform the main methods are

1. using partial fractions to break the expression to smaller ones we can lookup in
tables

2. Use Convolution. i.e. given Y = L(fl) L(fz) Y= f g(t-1) f(tr) dt =g¢® f use
this as an alternative to partial fraction decomposition if easier. mind pic: t one
time, 7 2 times.

3. Use the above integral (Bromwich) directly (hardly done)

4. To find f(t) from the Laplace transform, instead of using the above formula, we
can write

f(t) = sum of residues of F(z)e* at all poles. For example given F(z), we multiply
it by e#, and then find all the poles of the resulting function (i.e. the zeros of the
denominator), then add these.

Note: To find Fourier transform , g(«), must carry the integration (i.e. apply the integral
directly, no tables like with Laplace).

Note: we use Laplace transform as a technique to solve ODE. Why do we need Fourier
transform? To represent an arbitrary function (must be periodic or extend to be period
if not) as a sequence of sin/cosine functions. And why do we do this? To make it easier
to analyze it and find what frequency components it has. For continuous function, use
fourier transform (integral).

note: Function must satisfy Dirichlet conditions to use in fourier transform or Fourier
series.

12
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note: Fourier series expansion of a function will accurately fit the function as more terms
are added. But in places where there is a jump, it will go to the average value of the
function at the jump.

question: When do we use fourier series, and when to use fourier transform? Why do we
need F. transform if we can use F. Series? We use F. transform for continuous frequencies.
What does this really mean?

2.3.4.3 Using Laplace transform to solve ODE

Remember

Ly) =Y
L(y') =pY - vo
L(y”) = p*Y = pyo - ¥
note: p has same power as order of derivative. do not mix up where the p goes in the y"

equation. remember the y; has no p with it. mind pic: think of the y, as the senior guy
since coming from before so it is the one who gets the p.

note: if yg = yy = 0 (which most HW problem was of this sort), then the above simplifies
to

L(y)=p

=pY
L(y”) — pZY
So given an ODE such as y”’ + 4y’ +y = f(t) — (p2 +4p + 4)Y = L(f(1))

i.e. just replace y”’ by p?, etc... This saves lots of time in exams. Now we get an equation
with Y in terms of p, now solve to find y(t) from Y using tables. Notice that solution
of ODE this way gives a particular solution, since we used the boundary conditions
already.

For an ODE such as

Ay" + By’ + Cy = h(t)

its Laplace transform can be written immediately as

Ap?Y + BpY + CY = L h(t)
L)
~ Ap2+Bp+C

whenever the B.C. arey; =0and yy =0

2.3.4.4 Partial fraction decomposition

When denominator is linear time quadratic or quadratic time quadratic PFD is probably
needed.

This is how to do PFD for common cases

13
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1 __ A Bx+C
(x+c)(x2+x+6)_(x+c) (x2+x+6)

(quadratic in denominator case)

1 Ax + B Cx+D o .
(x2 43y 4+ 4) (xz txt 6) = (x2 N 4) + (x2 o 6) (quadratic in denominator case)

1 A B
+o0x+d) G+D)  (x+d

x2+x+b_A+B . B
(x+)x—dP @+1) (x-d) (x-dy

(repeated roots case)

we get some equations which we solve for A, B, etc... This part can be time consuming
in exam.

2.3.4.5 convolution

Main use of convolution in this class is to find the inverse laplace transform.

If we are given the transform itself (i.e. frequency domain) function, and asked to find
the inverse, i.e. the time domain function. Then look at the function given, if it made of
2 functions multiplied by each others, then good chance we use convolution.

Y(p) = G(n) Hip
(p ) (p ) (p) Step (1) convert to
Find g(t) Find h(t) this form. Most of
from l l{ﬂ; the time we use
Tables here to find
_ _ g(t) and h(t)
g() ® h(z)
We want to Step (2) Evaluates the
find y(t) above convolution by

computing the convolution
integration. Done. The
result is y(t)

(1) = [ g(x) h(z— 1) dr

Finding the inverse Laplace transform using convolution

Example:

Given this equation

Y(p) = G(p) H(p)

We first find the inverse of G(p) and H(p) separately. i.e. we find g(t) and h(t). we usually
do this by looking up tables. Once we do this step, the next step is to take the convolution
of these 2 time domain functions.

The result, will be y(t), i.e. the inverse of Y(z).

Notice that you can NOT just say y(t) = g(t) h(t), DO NOT DO THIS. But we must use
convolution to find y(t):

14
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y(t) = g(t)® h()
= t h(t —7)dt
y(t) fo 3(7)

- ftg(t—r) h(t) dr
0

Notice, choose the simpler function to put the (f — 7) in. It does not matter if it is the f
or the h. remember, the 7 occur 2 times in the integral, the ¢ one time.

The above means

Ly =Lgt) Lhit)= L gt) ®ht)]
y=g(t) ®h(t)

The above comes when we want to solve an ODE. Usually we know g(t) which is the
transfer function, and h(t) is given (the forcing function of the ODE).

For Fourier transform, convolution can be used as well. it is very similar equation:

1
F () F i) = o 7] st) ®h(t)]
So difference is the %

2.3.4.6 Parseval’s theorem

(total energy in a signal equal the sum of the energies in the harmonics that make up
the signal).

00 1 (o]
[ @l da=o [ |feof ax

2.3.4.7 Dirac delta and Green function for solving ODE

Dirac delta function is a function defined for ¢, who has an area of 1 and zero width and
oo value at t. (not a real function). Used to represent an impulse force being applied at
t.

When multiplied with any other function inside an integral will given that other function
at the time the impulse was applied. i.e. [ f(t) 5(t —to) dt = f(ty), here t is the time the
impulse is applied.

. . 1 i ;
note: Fourier transform of delta function: g(a) = P f * O(x — xg)e ' dx = e7'@*0
—00

note: Green function G(t,t’) is the response of a system (solution of an ODE) when the
force (input) is an impulse at time t = #/

How to use Green function to solve an ODE? Given G(t,t'), y(t) = fo Gt t') ft')dt

Where f(t) is the force on the system (the RHS to the ODE). Usually we are given the
Green function and asked to solve the ODE. So just need to apply the above integral.

Question: ask about if the above is correct for the finals or is it possible we need to find
G as well?
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2.3.4.7.1 Solving an ODE using green method Here we are given an ODE, with a
forcing function (i.e. nonhomogeneous ODE). And given 2 solutions to it, and asked to
find the particular solution.

Example, y” —y = f(t) and solutions are y;,y, then the particular solution is y, =

/

Y1 Vs
Y1 Y2

yz f ylv{/(t)dt - yl f y—zvj\;(t)dt where W =

2.3.5 Chapter 2. Complex Numbers

1
note: When given a problem such as evaluate (-2 - 2i)5, always start by finding the
length of the complex number, then extract it out before converting to the re"® form. For

example, (-2 — 2i)5 —2\/—(\/_ 7
has length ONE. So we now get 2v2 (

) the reason is that now the stuff inside the brackets

% \/_ ) 2v2e” " "and only now apply the last

3 im+2nn

5 2
raising of power to get (2\/5 ed" ) =2W¢ 5 forn =0,1,2,3, - make sure not to

forget the 2nm, I seem to forget that.

2.3.6 Chapter 9. Calculus of variations

2.3.6.1 Euler equation

JF JF
How to construct Euler equation — (—) - — = 0. If integrand does not depend on x
dx \ dy’ Ay

then change to y. Example fx . Y2 ydx — gz = y x’ dy) - Lz % y dy this is done
by making the substitution v’ = l, and dx = x’ dy. Now Euler equation changes from
£{2)-Z 0w s(2)-2-

dx \ dy’ y dy \ dx’ dx

ad d
Normally, —; will be zero. Hence we end up with _(a_;) = 0 and this means any =,

and so we only need to do ONE integral (i.e. solve a first order ODE). If I find myself
with a 2 order ODE (for this course!) , I have done something wrong since all problems
we had are of this sort.

2.3.6.2 Lagrange equations

are just Euler equations, but one for each dimension.

Fisnow called L. where L =T — Vwhere T =K.E.and V=P.E., T = %mvz, V =mgh

So given a problem, need to construct L ourselves. Then solve the Euler-Lagrange equa-
tions

d(JL\ IL _
M
4y _dL
dat\dy) dy
4oLy L
dt\ o0z Jz

The tricky part is finding v? for different coordinates. This is easy if you know ds?, so
just remember those

16
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ds? = dr* + r?d6? (polar)
ds? = dr? + r?d6? + dz? (cylindrical)
ds? = dr? + 12d6? + r* sin® 0d¢?  (spherical)

So to find ©? just divide by d#? and it follows right away the following

v? = i? + 1262 (polar)
v? = i? + r20% + 22 (cylindrical)

v? = 2 +120% + 1?sin® 0 ¢?  (spherical)

To help remember these: Note ds? all start with dr? + r2d6? for each coordinates system.
So just need to remember the third terms. (think of polar as subset to the other two).
Also see that each variable is squared. So the only hard think is to remember the last
term for the spherical.

Remember that in a system with particles, need to find the KE and PE for each particle,
and then sum these to find the whole system KE and PE, and this will give one L for the
whole system before we start using the Lagrange equations.

2.3.6.3 Solving Euler-Lagrange with constraints

The last thing to know is this chapter is how to solve constraint problems. This is just
like solving for Euler, expect now we have an additional integral to deal with.

So in these problems we are given 2 integrals instead of one. One of these will be equal
to some number say /.

So we need to minimize ] = f r (x,y’,y)dx subject to constraint thatg = f " G, v, y)dx =
X2 X2
l

Follow the same method as Euler, but now we write

4(2 (F+ AG) —i(FMG)—o
dx\ dy’ dy -

So replace Fby F + AG

This will give as equation with 3 unknowns, 2 for integration constants, and one with A,
we solve for these given the Boundary conditions, and I but we do not have to do this,
just need to derive the equations themselves.

Some integrals useful to know in solving the final integrals for the Euler problems are
these

= ccosh_l(%) +k

J "

fﬁd}/ = csin_l(c y) +k
= —cos~

[t )
VAVt Y

17
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2.4 MATH 121B Notes

2.4.1 Chapter 12. Series solution of ODE and special functions

Bessel ODE

first solution

second solution

second solution

Orthogonality

2y +xy + (xz — pz)y =0  defined for INTEGER and NON integer P
_qn 2n+p .
1= =2 W(g) (for p an integer or not)

cos(np)Jp ()]

Yo = Np(x) = Y,(x) = np (note: p here is NOT an integer)

v, contains a log function. note: p here IS an integer.

0 ifa#b

% p1(0) = 215_1(01) = %],;Z(a) ifa=b

f x J(ax) ], (b) dx =

a,b are zeros

of ],

recursive formula

2 l4
Lo Jp1= o1 = 25

d dl1 1
E[xp]p] = xp]p—lr E[x_p]p] = _x_p]p+1l ]p—l +]p+1 =

I = —Z]p +Jp1 = Z]p = Jp+1 NOTICE: No Rodrigues formula for Bessel func,
since not polyn.

notes:

We used a generalized power series method to find the solutions.
IF p is NOT an integer, then ], and J_, (or N,,) are two independent solutions

IF p is an integer, then ], and ]_, are NOT two independent solutions, use log
for y,

J, is called Bessel function of first kind, and Y/, is called second kind. p is
called the ORDER.

[Fp=n+ % , a special case, we get spherical bessel functions j,(x) and y,,(x)

i = iy = ) ()
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Legendre ODE

first solution

(1 - xz) v -2xy +10+1)y=0 defined for INTEGER [ only

y1 = Pix) examples: Py(x) = 1,Pi(x) = x,Py(x) = %(3x2—1),P3(x) =

%(5x3 — Sx)

Py(x) = 5(35x* - 30x% +3), P5(x) = £(632° — 702° +15%)

second sol. We do not use this. Called Legendre polynomials of second kind Q;(x)
Orthogonality f_ 1 Pi(x) P,(x)dx =0if m #n,also f_ 1 Pi(x) x (any poly degree < | ) dx =0
N 1 2
Normalization f_ 1[Pl(x)]zdx = o
Generating function | ®(x, h) = ﬁ, Ih <1, D(x, h) = Py(x)+hP;(x)+h?Py(x)+--- = ZhlPl(x)
1-2xh+h 1=0

recursive formula

later, see book page 491

: o 1d !
Rodrigues b, = ﬁﬂ(x - 1)
notes: we used series method to find the solution (not generalized series method).

x must be less than 1, this is needed to have convergence. Hence Legendre
solution only defined

over -1,1. Also, [ is assumed to be a non-negative integer.! is called the
ORDER of legendre poly.

Associated Legendre

first solution

second solution

Orthogonality

Normalization

(1—x2)y”—2xy’+[l(l+1)—g]y:0

v = PP = (1-22)7 o (pi)
do not use

did not cover, but should be the same as Legendre polynomials P;

2 m!
[[PreoTax = 2 (1)

example using recursive formula for Legendre: ®(x, h) =

1

V=)

then ®(x, h) =

,lety = 2xh — I?
(1-2xh+12)
13
222

1 Y
=1+ 2y +<y° + -, then sub back for y, and simplify we get

1

D= 1+xh+h2(§x2 - %)+ = Py+hPy+hPy+--- hence Py=1,P; = x, P, = (§x2 - —),etc..

2 2

Series solution: y = ag + a;x + ayx? + -+

Generalized series solution: y = agx® + a,x°*! + a,x°*2 + --- solve for s, we get indicial eq.

for each s we solve again to find the gy and the a; solutions. Final solution is the sum of
the solutions for both s values. Will only get 2 solutions in total (for second order ODE).
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24.1.1 Leibniz Rule for differentiation of product

n|d gar .\ nld d1 .\ n|d® d2 s nld®  d°
0 dxof xS 1 dxf d-18 ) dxzf A28 n dx”f 1308
A d  dari -1d2  gr2 a 40

B e e e By

dx07 dxn dx’ dxn-1 21 dx?? dxn-2 dx"’ dx0

d n
- (f8)

3

& . . d_ a3 . .
F(g)r example @(x sinx) = x 5 sinx + 9 x —-X —5sinXx + rest is ZERO terms, so we get

d
—5(x sinx) = x cosx + 9sinx this is much faster than actually differentiating 9 times !

This can be remembered since it is the same form as the binomial expansion

(f+g) ={ Z ]fog”+[ 1n ]flg“+[ Z )fz g’”+~--+[ Z ]f”go
osf= eorg 2 p gt p

2.4.1.2 Finding second solution for ODE

when the indicial equation gives only one value for s (from the generalized power series
method), we can find the second solution by assuming

y2 = y1In(x) + D) b, xS
n=0

Then find y’, y”, from these, and sub back into ODE and set nn = 0 to solve for the new
indicial equation, find s from it (should get one solution), then most likely you'll find
b, = 0 for all n > 0 (for the HW’s we did), and so just need to use byx"** and this gives

the complete solution.y = Ay; + By, = Ay + (y1 In(x) + Z;T:o b, x”*s)

note: IF when solving the indicial equation, 2 values for s that differ by an integer from
each others (say 4, 6), then must use the value 6, also when we solve for the second
solution, s there must come out to be the first s which we did not use for the first solution,
i.e. 4 in this example (so I really do not need to solve for s again!, expect I need to find
the recursive formula).

2.4.2 Chapter 16. Probability

Let A, B are 2 successive events.

P 4(B) is the probability that B will happen KNOWING that A has already happened.
P(AB) is the prob. that A and B will both happen

P(AB) = P(A)P A(B)
= P(B)Pp(A)

If A and B are independent, then P 4(B) = P(B)
Then it follows that
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P(AB) = P(A) (B) If A,B independent

Probability that A OR B will happen is:

P(A + B) = P(A) + (B) — P(AB)
P(A+B) =P(A)+ (B) IF A,B are mutually exclusive

This means that P(AB) = 0 if they are mutually exclusive (obvious)

P(A+ B+ C)=P(A) + P(B) + P(C) — {P(AB) + P(AC) + P(BC)} + P(ABC)

note: P} = number of permutations (arrangements) or n things taken r at a time. P} =
n!

—— Here order is important. i.e. ABC is DIFFERENT from CAB, hence this number

(n-r)!
will be larger than the one below.

n . n!
[r ):Cr_(n—l)!r!

Number of combinations OR selections of n things 7 at a time. here order is NOT impor-
tant. so ABC is counted the same as CAB, hence this number will be smaller.

note: In how many ways can 10 people be seated on a bench with 4 seats?

A) 614! "

10
]4!:34'=@=10x9x8x7
4 6!

10
To understand this: A is the number of ways 4 people can be selected out of 10.

ONCE those 4 people have been selected, then there are 4! different ways they can be
arranged on the bench. Hence the answer is we multiply these together.

note: Find number of ways of putting r particles in n boxes according to the 3 kinds of
statistics.

Answer
1. For Maxwell-Blotzman (MB) it is n”
2. For Fermi-Dirac (FM), itis ,,C,
3. For Bose-Einstein (BE) it is ,,,;C,

note: If asked this: there is box A which has 5 red balls and 6 black balls, and box B
which has 5 red balls and 8 white balls, what is the prob. of picking a red ball? Answer:

P(pick box A) P(pick red ball from it) + P(pick box B) P(pick red ball from it)

note: If we get a problem such as 2 boxes A,B, and more than more try picking balls, it is
easier to draw a tree diagram and pull the chances out the tree than having to calculate
them directly in the exam. Tree can be drawn in 2 minutes and will have all the info I
need.

note: write down the cancer chance problem.

note: random variable x is a function defined on the sample space (for the example, the
sum of 2 die throw). The probability density is the probability of each random variable.

average or mean of a random variable u = ) x; P; where P; is the probability of the
random variable.

The Variance Var measures the spread of the random variable around the average, also
called dispersion defined as
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Var(x) = Z(xi - y)z P;

Standard deviation is another measure of the dispersion, defined as o(x) = vVar(x)

Distribution function is just a histogram of the probability density. it tells one what the
probability of a random variable being less than a certain x value. see page 711.

2.4.3 Chapter 13. PDE

PDE solution equation notes

Laplace u(x, Y, z) Vau=0 describes steady state (no time) of region with
no source
for example, gravitional potential with no matter,
electrostatic
potential with no charge, or steady state Temp. dis-
tribution

Poisson u(x, Y, z) Vau = f (x, Y, z) Same as Laplace, i.e. sescribes steady state, how-
evere
here the source of the field is present. f (x, Y, z) is
called
the source density. i.e. it is a function that de-
scribes the
density distribution of the source of the potential.

1 4

Diffusion or u(t, XY, z) V2 = 3 a—L: Here u is usually the temperature T function.
Now time

heat equation is involved. So this equation is alive.

. 2 1 9%u . ‘s .

Wave equation u(t, XY, z) Viu == == Here u is the position of a point on the wave at
time f.
Notice the wave equation has second derivative
w.r.t. time
while the diffusion is first derivative w.r.t. time

Helmholtz F (x, Y, z) V2F +k?F =0 | The diffusion and wave equation generate this.
This is the

equation SPACE only solution of the wave and heat equa-

tions. i.e.

u=F (x, Y, Z)T(t) is the solution for both heat and
wave eq.

Each of these equations has a set of candidate solutions, which we start with and try
to fit the boundary and initial condition into to eliminate some solution of this set that
do not fit until we are left with the one candidate solution. We then use this candidate
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solution to find the general solution, which is a linear combination of it. We use fourier
series expansion in this part of the solution.

In table below I show for each equation what the set of candidate solutions are. Use
these to start the solution with unless the question asks to start at an earlier stage, which
is the separation of variables.

So the algorithm for solving these PDE is

Select THE PDE to use ---->

Obtain set of candidate solution ---->

Eliminate those that do not fit ----- >

obtain the general solution by linear combination
(use orthogonality principle here)

PDE candidate solutions notes

ek cos kx

) ek sinkx . ‘

Vau=0 u(x, y) = for 2 dimensions

e coskx

e Y sinkx

1 f(x’,y’,z’) ’ / ’ AT I :

V2y :f(x,y,z) u(x,y,z) =-r fff = - dx’ dy’ dz f(x Y,z ) is a function

that describes mass density

distribution evaluated at
point

x',y’,z'. The point x,y, z is

where we are calculating
the

potential u itself

2.2
e Xt cos kx
Viu=== u(t,x) = for one space dimension

22
e Kt ginkx
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) 1 92u cos kx cos wt ) )
Véu == 7 Y = XT, where X(x) = t) = v is the wave velosity, 1D
v ot sin kx sin wt
coskx cos wt o
cos kx sin wt Nﬁ
Y(x,t) = ;
sinkx sin wt
sinkx cos wt
cosk,x
Z = XYT, where X(x) = Y(x) 2D case in rectangular co-
sink,x ord
cos k,x
sink,x
cos wt
T(t) =
sin wt
V2F+k’F=0

Now the solutions in different coordinates systems

sin wt

2.4.3.1 Laplace equation in cylindrical coordinates

The Laplacian in cylindrical is V?u =
written as u = R(r)©(0)Z(z)

ekz
Z(z) = e

up as z becomes larger. ©(0) =

Cylindrical coordinates

cosnf

10

rar

P2 4
ar

1 J%u
r2 962

A

point (r,8,2)

2%u
972

= 0, the solution can be

, we quickly eliminate the ¢ since we do not want the potential to blow

, R(r) = J,,(kr) where ], (kr) is Bessel function of

order n, we do not use N,,(kr) solutions since we origin is on base of cylinder. see book
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for more details, all problems we will get will be like this. We find k from boundary
conditions, it will turn out to be the zeros of ,,. From above, the set of candidate solutions
for Laplace on cylindrical is

J,,(kr) sinn@ e
u(r,0,z) =

J..(kr) cosn@ e

Now usually we eliminate the 6 dependency if boundary condition is such that it is
not dependent of angle. So we get u(r, 0,z) = Jy(k,,7) e~*n% and from this we need to
solve u = Zomozl ¢ Jolkr) €%, now we use boundary condition to find ¢, for example
if given that base (z = 0) was at temp (or potential) = 100, then we need to solve
100 = 2:1:1 cm Jo(k,,v) and here to use orthogonality of bessel functions to expand RHS.

2.4.3.2 Laplace equation in spherical coordinates

2
The Laplacian in spherical is V2u = l1(1’2@) + i(sin@ %) TR S

2 Jr\  or r2sin 0 90 12 sin 0 d¢p?
Separate using u = R(r)@(@)@(gb)

!
and © = P}"(cos 0) and R(r) = { ! . here [ is an inte-

sinmao

r

The solutions are ® =
cos ma

ger (came from separation of constants by setting k = (I + 1)), Here P}" is the associated

Legendre function.

Now we quickly discard solution -1 because we want solution inside the sphere, so
sinma¢

our set of candidate solutions are u = R(r)@(G)CD(qb) =7 Pi*(cos 0) { " . For
cosm

symmetry w.r.t. ¢ we set m = 0 and solution reduces to #* Pj(cos ) and then the
general solution is u = Y,¢; 7 Pj(cos 0)
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2.4.3.3 Wave equation in polar coordinates

2.5 General equations

inx —inx
e —e

2i

emx + e—mx

2

sinnx =

cosnx =

f st dx = In(sin x)

COSs X
1
CSCX = —
sinx
[ fG)x
average value of f(x) over [b,a] = abT

1+ 2k
cos? kx = %()
1- 2k
sin? o = L= 0%20)
2
1
sin A sinB = E[ cos(A — B) — cos(A + B)]
1
cos A cosB = E[ cos(A — B) + cos(A + B)]
1
sinA cosB = E[ sin(A — B) + sin(A + B)]

I need a geometric way to visualize these equations, but for now for the exam remember
them as follows: they all start with A — B, and when the functions being multiplied are
different on the LHS, we get sin on the RHS, else we get cos (think of cos as nicer, since
even function :).

f tanh(x) = In(cosh x)

f tanx = —In(cos x)

b _
f cos? kx dx = bz—a if k(b - a) is an integer multiple of 7. (the same for sin® kx), for
a
example f_i cos?mxdx =1, f_i cos?Bmx dx =1, f_; cos?7nx dx =3, f_i sin®7ix dx = 1,

etc... this can be very useful so remember it!

b
f cos kx dx = 0 if over a complete period. same for sin x, for example f " coskxdx =0
a —Tt

sinh x = —i sin(ix)
cosh x = cos(ix)
tanh x = —i tan(ix)

elnz =z
Zb — eblnz
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1
=l+x+2x2+x3+ -
1-x
1 2_,3
—=1l-x+x"-x"+--
1+x
3 45
t = - — 4+ ...
arctanx = x - — + =
3 x
smx:x—§+§—---
x?  xt
cosx:1—§+z—---
XX
s1nhx:x+§+§+---
2 4
coshx=1+5+a+---
- 2 43
e = +X+E+§—"'
x? i
In(1 =X-——=+—=-" -1 <1
n(l+x)=x 2+3 <x<
-1
(1+x)p:1+px+p(p2' )x2+ e+ x| <1
Leibinz rule for differentiation of integrals
4 t) dt a a "9 t) dt
- = -5 - ’ ™ + 5. s
70 )., )t = e o00) o) f ) )+ [ Sfn
example:

d 2x Xt ex(Zx) d ex(x) d 2x ) (Xt
— | —at= —(2x) - — f —(—| a4t
dxfx t a 2x dx( %) x dx ) &x( t )

X

erz ex2 2x text
LA S f Yo
X X y
erz ex2 xt 12X
= - — 4+ | —
X X X

To help remember the above 2 formulas, notice that when +x we get a — shown (i.e.
terms flip flop), but when we have —x the series is all positive terms. These are very
important to remember for problems when finding Laurent expansion of a function.

Expansion of cos and sin around a point different than 0

expand cos(z) around 4, we get

cos(a)(z — a)2 cos(a)(z — a)4
2 T 4l

sin(a)(z — a)3
TR

(cos(a) - - ) + (— sin(a)(z — a) +

For example to expand cos(x) about 7 we get
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=0

sin(a)(z - n)°
-

cos(m)(z — 71)2 cos(m)(z — 71)4
TR

(cos(n) - - ) + [— sin(mt)(z — ) +

1 1
= —1+E(n—z)z—ﬁ(n—z)4+

so above is easy to remember. The cos(z) part is the same as around zero, but it has
cos(a) multiplied to it, and the sin part is the same as the sin(z) about zero but has sin(a)
multiplied to it, and the signs are reversed.

For expansion of sin(z) use

sin(a)(z - a)2 sin(a)(z - a)4 cos(a)(z — a)3 )

(sin(a) - o + o - ) + (cos(a)(z —a) - 3l

This is the same as the expansion of cos(z) but the roles are reversed and notice the cos
part start now with positive not negative term. SO all what I need to remember is that
expansion of cos(z) starts with cos(a) terms while expansion of sin(z) start with the sin(a)
term. This is faster than having to do Taylor series expansion to find these series in the
exam.

-

T(P +1) = PT(P)
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Chapter 3

HWs

3.1 HW table

This is list of all the HWSs. All problems are from Mary Boas, second edition.

HW

notes

HW 1

chapter one
1.5,26,2.7,4.2,44,58,6.1,6.2,6.3,6.5,6.7,
6.8, 6.11, 6.12, 6.15, 6.16, 6.17, 6.18, 6.21,
6.27, 6.33, 6.34, 6.35,7.2,7.3,7.5,7.6,9.1,
9.3,9.7,9.12,9.21, 10.1, 10.3, 10.15, 10.19,
10.20, 13.2, 13.6, 13.8, 13.13, 13.14, 13.16,
13.17,13.33, 13.37, 13.40

Infinite series, power series, convergence, interval
of, etc.

HW 2

chapter one

14.9,15.5,15.11, 15.16, 15.18, 16.3, 16.22
chapter 2
47,4.14,5.6,5.13,5.20,5.32,5.39,5.45,5.51,
5.53,5.55,5.56,5.60,5.62,6.4,6.10,6.12,7.3,
7.12,8.1,8.2

Rest of chapter one, on infinite series and power
series. And chapter 2, complex numbers, complex
series, circle of convergence.

HW 3

chapter 2

9.2,9.12,9.19,9.24,9.27,9.28, 10.18, 10.22,
10.28, 11.5, 11.6, 11.11, 11.18, 14.6, 14.9,
14.14,14.22,14.24,15.13,16.7, 16.11, 17.14,
17.17,17.23,17.23,17.24, 17.30, 17.32

Rest of chapter 2, complex numbers, Euler formu-
las, log and powers of complex numbers, complex
roots, inverse trig and some applications.

HW 4

chapter 4
1.6,1.7,1.23,1.24,2.3,2.6,2.8,4.2,4.8,4.9,
4.10,4.13

Partial differentiation, power series in 2 variables.

HW 5

chapter 4
53,54,63,65,6.6,7.3,75,7.8,7.15,7.19,
8.1,82,83

More Partial differentiation, Chain rule, min and
max problems.
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HW 6 More Partial differentiation, min and max prob-
chapter 4 lems.
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3.8 HW?7

Local contents

3.8.1 chapter 14, problem 1.6 . . .. .. ... ... ... ... .. L
3.82 chapter 14, problem 1.12 . . . . . . . ... ... 202
3.8.3 chapter 14, problem 2.22 . . . . . . ... 202]
3.84 chapter 14, problem 223 . . . . . ... ... . o 203]
3.8.5 chapter 14, problem2.34 . . . . .. ... ... .. L
3.8.6 chapter 14, problem 237 . . . . . .. ... ... 204
3.8.7 chapter 14, problem 2.40 . . . . . . . ... .. o 205
3.8.8 chapter 14, problem 255 . . . . . ... ... L Lo 2051
3.89 chapter 14, problem 2.55 . . . . . ... 206l
3.8.10 chapter 14, problem 2.60 . . . . . ... ... ... ...
3.8.11 chapter 14, problem 3.3(b) . . . . . . ... .. ... oL 209
3.8.12 chapter 14, problem 3.5 . . . .. .. ... ... Lo 209
3.8.13 chapter 14, problem 3.17 . . . . . . . .. ... Lo 2101
3.8.14 chapter 14, problem 3.18 . . . . . . . . .. ... 211
3.8.15 chapter 14, problem 3.19 . . . . . .. ... ... L 11l
3.8.16 chapter 14, problem 3.20 . . . . . . ... ... ... L 212
3.8.17 chapter 14, problem 3.23 . . . . .. . ... ... 212
3.8.18 chapter 14, problem 4.6 . . . . . ... ... ... 213
3.8.19 chapter 14, problem 4.7 . . . . . . ... .. 214
3.8.20 chapter 14, problem4.9 . .. .. ... ... 214
3.8.21 chapter 14, problem4.10 . . . . . . . ... ... ... L 215]
3.8.22 chapter 14, problem 5.1 . . . . .. .. ... oo R17
3.8.1 chapter 14, problem 1.6

Problem Find real and imaginary parts u, v of ¢*

Solution

Let z = x + iy, then

f@)=¢
= Xty
= e*elY
= ex(cosy + isiny)

=e*cosy +ie*siny

Hence u(x, y) = e* cosy and v(x, y) = e siny

3.8.2

Problem Find real and imaginary parts u, v of f(z) =

chapter 14, problem 1.12

z
2241

Solution

Let z = x + iy then

Hence

zz+1=(x+iy)2+1
= (xz—y2+l) +i(2xy)

X+ 1y
X2 —y? + 1) + i(2xy)

f@) =
(

202
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Multiplying numerator and denominator by conjugate of denominator gives
)= (x + iy)((xz -2+ 1) — i(2xy))
((x2 -2+ 1) + i(2xy))((x2 -2+ 1) - i(ny))
_ (- y? + 1)+ y(2w)) + iy -2 + 1) (v(2x))
) (x2 -2+ 1)2 + (2xy)2

x(x2 —y?+ 1) +2xy? y(xz -2+ 1) - 2x%y
= +i

(x2 -2+ 1)2 + (2xy)2 (x2 -2+ 1)2 + (2xy)2

Hence

x(x2 —y?+ 1) + 2xy?

U(X,]/) ) (x2 -y? + 1)2 + 2xy
2_ .2 9,2
o) = L) 2
(xz -2+ 1) + (ny)

3.8.3 chapter 14, problem 2.22
Problem Use Cauchy-Riemann conditions to find if f(z) = y + ix is analytic.
Solution

CR says a complex function f(z) = u + iv is analytic if

ou_ o 1
dx  dy 1)
du dv

"oy T ox (2)

Ju

ax
And g—; =1and Z—Z =1, hence (2) is NOT satisfied. Therefore not analytic.

Here u = y and v = x, since f(z) = z = x + iy. Therefore O,j—; =0 and (1) is satisfied.

3.8.4 chapter 14, problem 2.23

Problem Use Cauchy-Riemann conditions to find if f(z) = leyyz is analytic.
Solution
CR says a complex function f(z) = u + iv is analytic if
du dv
= M
dx dy
du Jv
E il (2)
y x
Here f(z) = ﬁ - i#, hence
_x
YTy y?
__ 7Y
7 y?
Therefore
du 1
— = - (2x)
2112 2
Jx x*+y (x2+y2)

x2+y2_2x2 yz_xz

2+ (e
203
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And

Hence (1) is satisfied. And

And

du  —2xy

Y (@)

Ju 2y
ox (xz +y2)2

Hence (2) is satisfied also. Therefore f(z) is analytic.

3.8.5 chapter 14, problem 2.34

Problem Write power series about origin for f(z) = In(1 - z). Use theorem 3 to find circle

of convergence for each series.

Solution

From page 34, for -1 <x <1

Xt x X
n(1 — T
n(l+x)=x 2+3 4+

Hence

(-2? (-2’ (-2
In(1 - —z) — + -
n(l-2) = () - o o -
22 B A
T
22 B A
—Nz4+—+—+—+
2 3 4
1
_Z_Zn
n:ln

2 3 4

To find radius of convergence, use ratio test.

I = lim |an+1|

n—o0 |gn|
=
= lim Ul

n—00 l

n

n

= lim
n—oeop +1
1
Hence R = - = 1. Therefore converges for |z| < 1.

L
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3.8.6 chapter 14, problem 2.37

Problem Find circle of convergence for tanh(z)

Solution

tanh(z) = —itan(iz)
3

s 25 VT
Buttanx = x + T T X X+ , therefore
(. @ 2 . 5 17
tanh(z) = —i|iz+ — + — +— + e
anh(z) z(zz 3 15(12) 325(12)
(i 2.,
=—iliz— — + —iz°> + -
3 15
=z ZS+ 225+
-7 3 15

o = sy 20
cos(iz) =0atiz = ig then |z] < g to avoid hitting a singularity. So radius of convergence

. T
isR=—-.
S 2

This is the power series of tanh(z) about z = 0. Since tanh(z) =

3.8.7 chapter 14, problem 2.40

. . . 1
Problem Find series and circle of convergence for —
Solution

From Binomial expansion
1 24 .3
—=1+z+z°+22+ -
1-z

For |z| <1. Hence R =1.

3.8.8 chapter 14, problem 2.55

Problem Show that 3x?y —y? is harmonic, that is, it satisfies Laplace equation, and find a

function f(z) of which this function is the real part. Show that the function U(x, y) which
you also find also satisfies Laplace equation.

Solution

The given function is the real part of f(z). Hence u(x, y) = 3x%y — y°. To show this is

. . . L 2 %u %u
harmonic, means it satisfies V“u = 0 or = + - = 0. But
dx dy
u 6x
ox Y
u ‘
o2 Y
Ju
— =3 2 3 2
dy x Y
u
=
Therefore 24 + 2% = 0, h is harmonic. N tto find f(z) =
erefore —— + o =0 ence u(x, y) is harmonic. Now, we want to find f(z) = u(x, y) +

iv(x, y) and analytic function, where its real part is what we are given above. So we need
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to find v(x, y). Since f(z) is analytic, then we apply Cauchy-Riemann equations to find

v(x, y) CR says a complex function f(z) = u + iv is analytic if
Ju Jv
dx  dy
Ju _ Jv
dy  Ix

But % = 6xy, so (1) gives

dv
oxy = 8_y

v(x,y) = f oxydy
= 3xy? + g(x)

From (2) we obtain

d
—3x2 + 3y? = 8_z

But from (3), we see that % = 3y? + ¢’(x), hence the above becomes

—3x% +3y% = 3> + ¢’ (x)

g'(x) = -3x?
g(x) = f —3x2dx
=-x*+C

Therefore from (3), we find that
v(x, y) =3xy?-x°+C
We can set any value to C. Let C = 0 to simplify things. Hence
fz)y=u+iv
= (3x2y - y3) + i(3xy2 - x3)

Now we show that v(x, y) is also harmonic. i.e. it satisfies Laplace.

% = 3y? - 3x?
&—20 = —6x

ox2

dv

&—y = 6xy

&—20 = 6x

dy?

H thta—zv+&—zv—0 QED
ence we see that 5 + =55 = 0. .

3.8.9 chapter 14, problem 2.55

(1)
(2)

Problem Show that xy is harmonic, that is, it satisfies Laplace equation, and find a

function f(z) of which this function is the real part. Show that the function v(x, y) which

you also find also satisfies Laplace equation.

Solution
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The given function is the real part of f(z). Hence u(x, y) = xy. To show this is harmonic,

. . 92 92
means it satisfies V2u = 0 or —1; + —Z = 0. But
dx Iy

du
g—y
dx?
du
&_y_
%u
o

X

=0

%u %u . . .
Therefore — + = 0, hence u(x, y) is harmonic. Now, we want to find f(z) = u(x, y) +

FICEANEY
iv(x, y) and analytic function, where its real part is what we are given above. So we need
to find v(x, y). Since f(z) is analytic, then we apply Cauchy-Riemann equations to find

v(x, y) CR says a complex function f(z) = u + iv is analytic if

Ju Jv
ox  dy
Ju _ Jv
_0_)_}/_%

(1)
(2)

But Z—Z =1y,s0 (1) gives

From (2) we obtain

dv

_x:&_x

But from (3), we see that % = ¢’(x), hence the above becomes

—x=g'(x)
g(x) = f —xdx
2
X
= —E +C
Therefore from (3), we find that
2 2
_yr_x
v(x, y) =53 +C

We can set any value to C. Let C = 0 to simplify things. Hence

fz)=u+iv

= (xy) + i(y2 ;xz)
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Now we show that v(x, y) is also harmonic. i.e. it satisfies Laplace.

dv
Jx
v
ox?
Ju
ay Yy
2%v
7

= —X

=-1

=1

H thta—zv+a—zv—0 QED
ence we see that 5 + =55 = 0. .

3.8.10 chapter 14, problem 2.60

Problem Show that ln(x2 + yz) is harmonic, that is, it satisfies Laplace equation, and

find a function f(z) of which this function is the real part. Show that the function v(x, y)
which you also find also satisfies Laplace equation.

Solution

The given function is the real part of f(z). Hence u(x, y) = xy. To show this is harmonic,

2 2
means it satisfies VZu = 0 or 8—;’ + &—Z = 0. But
dx Ay
Ju  2x
dx  x2+y?
ALY S D B (2x)
= x| ————(2x
Ix? X2 + 2 (x2+ yz)z
2 4x*

= x2+y2 - (x2+y2)2

(2+12)
_ 2x% - 2y?
(2+12)

Therefore

u  Pu  -2x*+2%  2x% - 2°
o2 T o2 2t 2
T (2ry) (249
=0
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Hence u(x, y) is harmonic. Now, we want to find f(z) = u(x, y) + iv(x, y) and analytic
function, where its real part is what we are given above. So we need to find v(x, y). Since

f(z) is analytic, then we apply Cauchy-Riemann equations to find v(x, y) CR says a
complex function f(z) = u + iv is analytic if

Ju _ dv )
dx  dy
du Jdvu
_— = 2
dy Jdx 2)
B t&u . 2x 1) oi
ut 5° = 7,7/ 50 (1) gives
2x  Jv
X2 +y2 dy
2x
o) = [ 2
= 2arctan(%) + g(x) (3)
From (2) we obtain
2y  Jdu

X242 ox

But from (3), we see that % = —yzzj/xz + ¢’(x), hence the above becomes
2y L
2+ 12 - P2+ xR t§W
g'(x)=0
g =C

Therefore from (3), we find that

_ Yy
v(x,y) = 2arctan(;) +C

We can set any value to C. Let C = 0 to simplify things. Hence

)
=2 z
v(x, y) arctan( .
And therefore

fz)=u+iv

_ 2 0.2\ 4 ¥
= ln(x +v ) + 1(2 arctan(x))

Now we show that v(x, y) is also harmonic. i.e. it satisfies Laplace. We find that

?v  4xy
dx? (xz +y2)2
d%v 4xy

Iy? (x2 " yz)z

Hence wi that&+a—zv—OQED
ence we see 52t 5z =0 .

3.8.11 chapter 14, problem 3.3(b)

Problem Find § z2dz over the half unit circle arc shown.
C
Solution

Since f(z) = z? is clearly analytic on and inside C and no poles are inside, then by

Cauchy’s theorem ¢ z%dz =0

C
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3.8.12 chapter 14, problem 3.5

Problem Find f e *dz along positive part of the line y = 7. This is frequently written as
! T ez

Solution

Let z = x + iy, then

00+1TT
I= f e “dz

1Tt

00+iTT .
= f e e Wdz

in
But dz = dx + idy, the above becomes

00+iTT
I= f e¥e™ (dx + z'dy)

1

00 ] i )
= f e Ye Ydx +1i f e Ydy
0 ,

17t
0 .
= f e e Wdx
0

But y = 7 over the whole integration. The above simplifies to

[=¢im f e *dx
0

(),
— e—lT( _
. _1 0
= (0 -1)

— elT(

=-1

3.8.13 chapter 14, problem 3.17

Problem Using Cauchy integral formula to evaluate § Z%;dz where (a) Ciscircle|z| =1
C

and (b) C is circle |z| = 2
Solution
For part (a), since the pole is at z = g, it is outside the circle |z| = 1 and f(z) is analytic

dz =0.

sinz
22Tt

inside and on C, then by Cauchy theorem §
C

For part(b), since now the pole is inside, then

Sz dz =27 Residue(z)
22— T 2
C
But
T
Re51due(—) = lim (z - —)f(z)
Z_)E 2
T\ sinz
= lim(z - —)
Z_g 2)2z-m
n . (Z-3)
= sm(—) lim
st 22— T
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Applying L'Hopital
T 1

Residue(g) = sin(z)zli_r)% >

1

2
sinz

§ dz = 1t
2Z2—-T

C

3.8.14 chapter 14, problem 3.18

Hence

Problem Integrate § Zl—_zidz over circle |z| = 3
C
Solution

The poleis atz = %. This is inside |z| = 3. Hence

in2
SN 22 dz = 2mi Residue(z)
6z—T 6
C
But
Resid (n)_l ( n)sinZz
esidue 3 —Zgl’gl z e
T
() (z-%)
=sin| =) lim
3/,,7 6z—m
Applying L'Hopitals
1
Re51due(—) = sin(z) lim -
3 Z_>% 6
s(3)
= —sin| =
6 3
Hence - )
SIn 22 dz = 27| = sin(z)
6z—Tt 6 3
Nz V3 . .
But sm(g) = - and the above simplifies to

3.8.15 chapter 14, problem 3.19

3z

e
Problem Integrate gg .
C

Solution
The pole is at z = In2 = 0.693 so inside C. Hence

3z
3€ 0 iz = 2niResidue(In2)
z—1n2

C

dz if C is square with vertices +1, +i
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But
Residue(In2) = lignz(z -In2)f(z)
Z—In
_ A2 z—In2
z—n2z-1n2
— 63 In2
Hence

e3Z
9§Z — 1nzdz = 2mje3n2

= 2mi(2)3
=16mi

3.8.16 chapter 14, problem 3.20

coshz
2In2-z

Problem Integrate §
C

dz if C is (a) circle with |z| =1 and (b) Circle with |z| = 2

Solution

Part (a). Pole is at z = 2In2 = 1.38. Hence pole is outside C. Therefore § zclons z_zzdz =0

C
since f(z) is analytic on C

Part(b). Now pole is inside. Hence

h
ﬂdz = 27ti Residue(21n 2)
2In2 -z
C
But
Residue(2In2) = liznln 2(z -2In2)f(z)
z—ZIn
cosh z
= i -2In2)——
z—g{;z(z i )21n2—z
z—2In2
=cosh(2In2) lim ———
cosh(2ln )z—lﬂz 2In2-z
= —cosh(21In2)
Therefore
coshz )
mdz = —2micosh(2In2)
C
= —4.257i
3.8.17 chapter 14, problem 3.23
3z
Problem Integrate § ( j o dz if C is square between +1, +i
z—In

Solution

The pole is at z = In2 = 0.69 which is inside the square. The order is 4. Hence

3z
56 e—4dz = 27i Residue(In 2)
- (z-In2)
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To find Residue(In 2) we now use different method from earlier, since this is not a simple
pole.

1d
Residue(In2) = hm 23135
3

1 d 4 €3Z
= Hm ——(z-In2)}——
Jim, 3G -In2) ((z—1n2)4)

1 42 (632)

(z In2)*f(z)

Iim ——
z—In2 3! dZ3

1 d2
— 1; - 3z
B 21_1)11?22 3! dz? (38 )

lim —9—
z—1>I122 3'9dze

= lim —27e3Z
z—In2

Hence

56 dz = 2736
(z—1In 2)

= 727

3.8.18 chapter 14, problem 4.6

1
22(1+2)%

Problem Find Laurent series and residue at origin for f(z) =

Solution

There is a pole at z = 0 and at z = —1. We expand around a disk of radius 1 centered at
z = 0 to find Laurent series around z = 0. Hence

1 1

1 z2 z3
f(z) = 2—2(1 +(-2)z + (—2)(—3)5 + (—2)(—3)(—4)5 + )

1
__(1_ 2 _ 43 4 ...
= ZZ(1 2z +322 - 42% + )
1 2
=—5--+3-4z+-
z¢  z
Hence residue is —2. To find Laurent series outside this disk, we write
1 1
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1 1 . . . .
And now we can expand > for |;| <1 or |z| > 1 using Binomial and obtain
1

1+=
z

2 3
) = 14[1 vty <—2><—3>(1) . M(l) R )
Z Z Z

2! 3! z

St )

1 2 3 4
AT 7T

We see that outside the disk, the Laurent series contains only the principal part and no
analytical part as the case was in the Laurent series inside the disk.

3.8.19 chapter 14, problem 4.7

Problem Find Laurent series and residue at origin for f(z) = 12_;;2
Solution

There is a pole at z = £1. So we need to expand f(z) for |z| <1 around origin. Here there
is no pole at origin, hence the series expansion should contain only an analytical part

flo) =1
B 2-z
T 1-2d+2)
A B
-2 "1+2
11 3 1

= — + —

2(1-z) 201 +2)

1 3
25(1 +z+zz+z3+~-~)+§(1—z+zz—z3+z4—-~-)
=2-z+4222 -3 4+2z4 - 4.

No principal part. Only analytical part, since f(z) is analytical everywhere inside the
region. For |z| >1 we write

301
1-2 20+2)

1
f(Z):E

We see that outside the disk, the Laurent series contains only the principal part and no
analytical part.

3.8.20 chapter 14, problem 4.9

Problem Determine the type of singularity at the point given. If it is regular, essential,
or pole (and indicate the order if s0). (a) f(z) = %,z =0 (b) f(z) = C(;—zz,z =0, ()
231 e
fz) = T L(d) flz) = 7z=1
214
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Solution

(a) There is a singularity at z = 0, but we will check if it removable

3 5
f(Z)=Z_§+§_
1 22 A
"3 TE

So the series contain no principal part (since all powers are positive). Hence we have
pole of order 1 which is removable. Therefore z = 0 is a regular point.

(b) There is a singularity at z = 0, but we will check if it removable

2 4

z z

—_— + _

f(Z) — 2! 234!
1 1 z
B2 T

Hence we could not remove the pole. So the the point is a pole of order 3.
(c) There is a singularity atz =1,

Z3

0=
(z—1)(z +1 +z)
INCESTE
_ (zz +1+ z)
CE:
Hence a pole of order 2.
(@) Z
e
f@ =

There is no cancellation here. Hence z = 1 is a pole or order 1.

3.8.21 chapter 14, problem 4.10

Problem Determine the type of singularity at the point given. If it is regular, essential

or pole (and indicate the order if s0). (a) f(z) = ,z2=2i (b) f(z) = tan’z,z = - (c)
f(z )—ﬂ =0, (d)f(z)—cos( )z—n
Solution

(a) To find if the point is essential or pole or regular, we expand f(z) around the point,
and look at the Laurent series. If the number of b, terms is infinite, then it is essential
singularity. If the number of b, is finite, then it is a pole of order that equal the largest
order of the b,, term. If the series contains only analytical part and no principal part (the
part which has the b, terms), then the point is regular.

-1 . o
So we need to expand —4 around z = 2i. For the numerator, this gives

2i
. . e
" =e? + (z-20)e¥ + (z - 21')25 + e

For
1 1
2+4  (z-2i)(z+2i)
i1

bt oo - - 2ip?
=—- z— z——z 0" —-
1z-2) 16 o4 256
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Hence

2i ;
f(z) = (1 —e% 4 (z-20)e% + (z - 21')262—! + ...)(_i(z _121_) 116 + a(z 2i) — (z 2i)?

We see that the resulting series will contain infinite number of b, terms. These are the

terms w1th 2 . Hence the point z = 2i is essential singularity.

(b) We need to find the series of tan®z around z = g

n) B sinz(z— g)

20 - )= — N 27
tan (z > o2 (z—g)

So we see that the number of b, terms will be 2 if we simplify the above. We only need
to look at the first 2 terms, which will come out as

f2) = 1 2 1( n)2

m_?rﬁz_i
2

Since the order of the b,, is 2, from %, then this is a pole of order 2. If the number of
T

b, was infinite, this would have been essential singularity.

(c) fz) = Lo , Hence expanding around z = 0 gives

2 4 ZG
1- (1—E+Z—a+"')

f@) =
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Since b, = ; > and highest power is 2, then this is pole of order 2.

(d) f(z) = cos(ﬁ). We need to expand f(z) around z = 7 and look at the series. Since
cos(x) expanded around 7 is
1 1
cos(x) = -1+ E(x - n)* - ﬂ(x —m)t 4
Replacing x = ——, the above becomes
Z—Tt

e . [

The series diverges at z = 7t so it is essential singularity at z = 7. One can also see there

are infinite number of b,, terms of the form (z—ln)n

3.8.22 chapter 14, problem 5.1

Problem If C is circle of radius R about z,, show that

3 271 n=1
2 (z - Zo)n 0 otherwise
Solution

Since z = z + Re'? then dz = Rie' and the integral becomes

21 Ri i0 27T
f = 0= [ (Rie?) "do
0 (Rele )

27
= (R)I fo i€l00-1 g (1)

When nn =1 the above becomes

And when n # 1, then (1) becomes
27

270 RZezG ei@(l—n)
[ o =i "[ . ]
0 (Rel ) 0

R].—n . 277

— — [616(1—11)]
(e

— — (61271(1—71) _ 1)

But 21" =1 since 1 - n is integer. Hence the above becomes

271 Ri i0 Rl—n
f © o= (1-1)
o (Re) 1-n
~0

QED.
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3.9.20 chapter 14, problem 85 . . ... .. ... ... .. ...

3.9.1 chapter 14, problem 6.5

Problem Find Laurent series for f(z) = Z;—il around z =1

Solution

There are two poles z = £1. Hence the expansion around z = 1 will extend around z =1
up to the next pole, at z = —1. So it will make a circle centered at z = 1 and radius 2.

region of convergence

-

Radius = 2

Method one
Let

g(z)=(z-1f(2)
=(z-1)

Z

e
(z-1)(z+1)
— ez

(z+1)

Now ¢(z) is can be expanded around z = 1 since it is analytic at z = 1. Using Taylor
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series.
’(z) = M
§= (z + 1)
ooy = EEFDTE -1~ @+ -2+ )
(z+ 1)4
Hence
/ _ 2e—e _ e
g =——=7
//(1) (23 +e—- e)(4) (26 — 6)2( ) % ~ E
(2)* 16 4

Therefore, Taylor series for g(z) around z =1 is

(1 _12
ﬂﬁ=(ﬂ+gm@—n+&i%§_L+

_§+4(Z 1)+ (z 1% +-

But f(z) = g() , hence

e
f@) = 1)(2+4(z 1)+ (z 19+ )

e e
T2z "_(Z D+

Method two
In this method, and when the expansion is about a point z, which is not zero, it is easiest
to use the substitution u = z -z, first. Hence u = z—~1 or z = u + 1 and now f(z) becomes

eu+1

w+1)7°> -1
eu+1

f@) =

u2 +2u
eu+1

- u(u + 2)
eu+1 1

U u+?2
eu+1 1

N "

. . . . u u
And now we can expand using Binomial series for |§| <lor-1< 7 <1lor

1
(1+3)

-2<u<2or-2<z-1<2or-1<z<3. Hence (1) becomes
eu+1 u u\2 u\3
o3
/@ 2u( 2 "\2) 72
3

I/lz u .
Bute =1+u+ sttt hence the above can be written as

o= 515 (- oo )

e uw? ol u > ud 2 > ud
=—1+u+—=+=+|-=1+u+—+ -+ +(—) 1+u+—+—+--
2! 3! 2 20 3! !

21 " 3l 272 "4 T (3

el u?r oyl u ur oud o ud w?r ouwdout W
=—[1+u+—+=—+-|-|=+—+ —+ — + - |+ Z+Z+§+_+m
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The above simplifies to

e u u? ul
— 1 — - -
/@ 2u( BRI )
1 1 u u?
=el—+-+—-—+—+
2u 4 8 48
Replacing u back by z — 1 gives
e e e(z-1) e(z- 1)2
fO=3t1t 3 8

Hence residue is g The above is valid for -1 < z < 3. Or |z —1| < 2. The above is the
same answer found using method one. Method one is more direct, but requires lots of
differentiations to find the Taylor series for g(z).

3.9.2 chapter 14, problem 6.6

Problem Find Laurent series for f(z) = sin(%) around z =0
Solution

Since expansion about zero is

¥ X ¥
sm(x):x—§+§—ﬁ+---
Then
M1 1 1,
inl-1=-- — e
ST eNE T NS

Residue is 1. Since the series contains only the principal part and no analytical part
and then number of terms with negative powers is infinite, then z = 0 is an essential
singularity.

3.9.3 chapter 14, problem 6.7

i 1
Problem Find Laurent series for f(z) = il;fi around z = 5
Solution
1sinmz
fl2) =+
4,2_1
S
1 sin iz

Let us first consider g(z) = . When we have the expansion about point z; not

1
D)2+l
“2)\* 2
s . e . 1 1
zero, it is easiest to use the substitution u = z — z; first. Hence u = z — Sorz=u+z and
now g(z) becomes
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Hence (1) becomes

f(e) = § sin(n2)g(@)

1 1 1 1\?
:Zsm(nz) Z_l—1+(z—§)—(z—§) + -
2

1
Now we expand sin(nz) but remember to expand it around z = 5 The above becomes

2 4 2
f(Z):%(l—%nz(z—%) +21—47z4(z—%) —...](zi§—1+(z—%)—(z—%) +]
11 1 1 n? 1
_ZZ_%_Z+(Z_§JF_E)+W

. .1
Hence residue is T

—_

3.9.4 chapter 14, problem 6.9

Problem Find Laurent series for f(z) = 1(+C0jzz around z = 7
Z—Tt

Solution

We just need to expand cos z around z = 7 here. This gives
1 1
cosz =-1+ E(Z - 77)2 - 5(z — 71)4 + .-
Hence f(z) becomes

1+ (—1 + %(z—n)z— %(z—n)4+ )

(z - n)

f@)=

1 1
_ Sz-m)’ -t
(z - )’
:%—%@—nﬁ+

Residue is zero.

3.9.5 chapter 14, problem 6.8

Problem Find Laurent series for f(z) = m around z = 2

Solution

1
6= 362
Letu =z—-2orz=u+ 2 and the above becomes

1
f@ =

:_71(1:[)

=_71(1+u+u2+u3+---)

(e
=—|l-+14+u+u+--
u
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But u# = z — 2 hence the above becomes

f(z)=—(zi—2+1+(z—2)+(z—2)2+---)

=Z__—12—1—(z—2)—(z—2)2—---

Reside is —1.

3.9.6 chapter 14, problem 6.15

. . _ 1 _4 _ 1
Problem Find residue at z = 5 and z = 5for f(z) = Ry

Solution
. 1 . 1
Res1due(—) = lim|z - = |f(2)
2} 10 2
I 1 1
= lim|z- =
z—>% 2](1-2z)(5z—4)
. 1 1
= lim|z - = -
23 2 (2(5 - Z))(5Z —-4)
. 1 -1
= lim|z - = -
g\ (2(2 - E))(5z - 4)
) -1
= lim
Z_% 2(5z —4)
B -1
= -
2(5(3)-4)
1
-3
And
4 4
Residue(g) = il_l;r‘_} z-¢ £(2)
5
lim|z 4 1
= limlz - =
z—>%l 5 (1 - 22)(52 - 4)
4 1
= lim|z- = -
z—>§ 5 - 22)5(2 - E)
1
=1
Z—)% 5(1 - ZZ)
_ 1
B 4
5(1 - 2(§))
B -1
= -
209
1
3
3.9.7 chapter 14, problem 6.19
2
Problem Find residue at z = g for f(z) = Szlzn_ ;
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Solution

7'() sin?z

Resid (n) li (z
i —|=lim(z- =
estate 3 i\ T2

3.9.8 chapter 14, problem 6.23

. . _ % _ eiz
Problem Find residue at z = 3 for f(z) = )

Solution

2i 2i iz
Residue(—l) = lim (z - —Z) ¢
3 zZ

3.9.9 chapter 14, problem 6.31

e¥-3z-1
24

Problem Find residue at z = 0 for f(z) =
Solution

Pole is of order m = 4, so we use the formula.
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qm 1
Residue(0) = Iin 0( )|(—( -0) f(Z))
1 (d e -3z-1 3z 1
=lim g —3( ))
1({d®
— 1 3
- tim (e -21)
1(d,
— 1; Z
—211)1(1)5 22(3e 3))
1(d
— 13 1 20,3z
_ilg(}?;! Z9e )

-ty )

27

N1 |

3.9.10 chapter 14, problem 7.4

2 2
Problem Evaluate I = £ ' 5?3110(;

Solution let z = ¢ then

dz = ie'?do
dz
d@ = ze?
dz
= —1—
z

Hence dO = —i%. Now using

1- 20
2 cos(260)

sin =
2
o120 4 o—i20
-
B 2
7224772
()
- 2
2-72_72
_ 2
2
1
~ 2-72— =
- 4
~ 272 -4 -1
B 472

And
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Then the integral becomes

I fzn sin? 0 6
o 95+3cosO
272741
_ 9§L(_id_ﬂz)
z4+z71 z
5+ 3(—2 )
272741
. 4 2
- _l§ Zz+z‘1 dz
z(s ; 3( ))
2
o 2(22-7-1)
= —1§
423(10 + 3(z + 271))
—i [ 222-74-1
= — —Zdz
2 ZS(1Oz+3(z +1))

4

—i 272 — 74 -1

) 22(102 + 322 + 3) 4z

Using residue theorem,

272 - 24 -1
56 Zz dz:fﬁf(z)dz
22(10z + 322 + 3)
= 2711 Z residues of f(z) inside

Hence
—i 2722 -4 -1
[= —
2.J 22(10z + 322 + 3)
= > [2ri Y R(E)]
= —i’n Z R(f(2))
=7 Z R(f(2))

Now we need to find residues of f(z)

dz

222 —z4 -1 f ¢(z)
= Z) = ——
z2 (102 + 322 + 3) h(z)

factoring h(z) = z2(3 + z)(1 + 3z) gives

_glr) 222 -Z24-1
f@ = h(z) z2(3+2)(1 +3z2)

Need to find residue inside a unit circle. 3z = -1 or zy = —1/3 is inside the unit circle,
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also z; = 0 is inside the circle

8 1\ 222-z'-1
lim (2 =20y, o =, 1im (Z+3)z2(3+z)(1+3z)

22271
= m —-
z— -1/3 322(3 + Z)

_ -8
9
To find residue at zero, since it is order m = 2
1 gt 28(2) 1 d 272 -z -1

lim ————
Fath (m —1)! dzm-1

~ _ N2
(Z Zl) ]’l(Z) ZILI(} (2 - 1)' dz (Z) 22(3 + 2)3(% + Z)

d 222-7z4-1
im———
z— 0dz 3 + 10z + 322

1
= lim —————(4z - 42°
lim a4+

-1
272 —z4 -1 (10 + 62)
2 == )[(3+1Oz+322)2] )

1 -1
=30+ (—1)(@)(1@

10

Hence
—i 272 -4 -1

"2 22(10z + 322 + 3)
=T Z R(f(z))

10 8
=7 — - —
9 9

277

1 dz

Therefore

= sin® 6
~J, 5+3cos6

3.9.11 chapter 14, problem 7.5

do
1-2r cos 0+12

Problem Evaluate gz for0<r<1
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Solution

Since even function then,

fﬂ do _1f2” do
o 1-2rcos0+12 2J, 1-2rcosf+r?

-1 , ,
Using cos 0 = % and z = ¢'? then dz = i¢'%d0 = izd6. The integral becomes

1 1 dz
I:— o1 -—
2C 1—2r(%)+r2 z
1. 1 dz
= ——1 —
2 C 1—r(z+§)+r2 z
1 1
Z—Ei > de
z z—r(z +1)+zr
1 1
=i d
2Z zZ—1Z2 — 1+ 212 z
C
1 1

dz

_Eic z2(-r) + z(l + r2) —r

11 1
:§1§ 1 dz
e 22+z(_7—r)+1

C

1i 1
=59 W‘f

Since || <1 then only pole inside the unit circle is z = . We do not need to find residue

1. .
for the pole at z = — since it is outside. Hence

i
I = —27i Residue(r
P 7ti Residue(r)

= ? Residue(r)

Where f(z) = for purpose of finding residue.

_r
(z—r)(z—%)

Residue(r) = lim(z — r)

Hence
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3.9.12 chapter 14, problem 7.12

(oe] xz
Problem Evaluate £ mdx

Solution
The integrand is even. Hence I = £ 4+ N 6 = % f e 6dx First we find location of
poles. These are roots of
xt+16=0
xt=-16
1
= (-16)3
LN
= (16)4(-1)*
1
= 2(-1)3
1
To find (-1)4, we write it as
1 1
(_1)1 — (em)4
{2 0123

=e 4

Therefore the four roots are X s )
LT . . .
1— 1-=TC 1—=TC 1=TC
2e'4,2e47,2e47,2¢4

+iZ  xitm
2 4,2¢ 4

Now we use the following contour to do the integration, such that the upper half circle
include inside it the first two roots above, since these are the only ones in the upper half
plane.

§ f(z)dz = 2mi Z sum of residues inside
C

Where C above is the contour from —R to +R and around C, as shown. So all what we

. TU
need to do now if found the residues. There are two poles inside C. These are z; = 2¢'%

.3
and z, = 2¢'t". Therefore using
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Residue(z;) = ‘211_{21 (z=-2z1)f(2)

Residue (261'Z )

1'7
z—2e 4

72

z4 +16

limn (z - 2615)

iﬁ
o 8- 27%7
lim ————
T z=+16

s
z—2e 4

Applying I'Hopitals rules gives

Residue(z;) =

if
z—2e 4

Similarly

Residue(zy)

Residue (2615 )

Applying L’'Hopitals rules gives

Residue(z,) =

i 322 — 4ze%
im ——
T 423
T\ 2 T in
3(2&1) -4(252)e1
\3
4(281)

1262 — 8¢'2

;3
32¢ 4
LT

lim(z - /@)
2

z4 +16

3
lim3 (z - 26147-[)
22047

.3
B0z
lim ———

z—>2€i4§ . z¢+16
i 322 — 4z¢'1"
im
3 473
z—2e 4

(1)
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From (1) and (2) then

= 2ni(—%i‘/§ )

1
=-V2n
Therefore, since
R 42 72
= i _— +1 -
ff(z)dz am | et Am | e
Then
R 42 72
V27 = 1li —dx+ i —dz 3
T REIOIO _Rx4+16 X RE)IC}O CRZ4+16 ( )

The only thing left is to show that limp_,, L a 16dz =0.Letz =R ie? then = Rie'?,
therefore the second integral above can be written as

2
2 7 R2 (iezﬂ) B
lim 2 dz = lim Rie'?do
oo Jep 224160 RoeJo (Rigio)” 116
2
n R3 (ieﬁ) '
= lim ie'9do

R—oo Jy R4€i46+16

As R — oo the integrand goes to zero, since the numerator has R3 and the denominator
1

3
has R*. In other words, —— or R—416 which goes to zero as R — oo. Hence (3) simplifies
1+—

’ R4+16
R4
to
R 42
—V27t = li —dx
n Rl—r>r010 R x4 16
o 42 1
—dx 2
f_ +16 4\/_7Z
Therefore

2

© 1
[ =L
0

+16 8

3.9.13 chapter 14, problem 7.18

Problem Evaluate
I f°° COS TIX q
= —dx
o 1+x2+x4

Since this is an even function then

Solution

©  COoS X 1 > cosmix
—_—ix = = F—
o 1+x%2+x% 2J o 1+x%2+x4
ZTL’X

=-Ref At 0

Now consider the contour shown
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ASz
Cy
>Rz
-R +R
Then considering the integral
I= 56 F(2)dz
R s einz
= li f ————dx + f ———d 2
Rgrgo( _R1+x2+x4x cl+2z2+z4 Z) 2)
But by Cauchy theorem,

27 Z residues of f(z) inside contour = § f(z)dz

The second integral to the right in (1) can be shown to go to zero as R — oo (See below).
Hence the above simplifies to
R einx

27t Z residues of f(z) inside contour = 1%1_{1010 . mdx (3)

Now we need to find residues of
einz
f@= 1422 +24

Looking at 1 + z2 + z%, let z2 = B, then find root of 1 + 8 + % = 0, the roots are

—b + Vb? — 4ac _-1xvV1-4

2a 2
_-1+iV3
=—
Hence
-1+iV3 -1-iV3
(s s

Replacing z? = B gives

2 2

(ZZ_—1+1\/§ ZZ_—l—i\/§)=0

looking at each term. z% — _1+21\/§ = O results in
—b = Vb? - 4ac
zZ =

2a

0=+ \/o - 4(—‘12%)

Il
H+
|
—
SIhd
S
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Hence the first 2 roots are
-1 iWV3) (1 N i3
2 2 12 2
-1-iy/3

2

Now to find the second 2 roots, looking at second (Z2 - ) = 0 results in

b=+ Vb2 — 4ac

z= 2a

0+ —4(—

B 2
+4/-2 - 2iV/3
B 2

-1—1‘«/3)

2

Hence

2 2 2 2
So the poles of f(z) are
7]
Z1=|—-—
2 2
(1,13
2727 2
1 i
23—(5‘5@)
1 i
Z4—(—§+§\/§)

Now need to find which ones are inside the contour. Need the poles with a positive
imaginary parts. Hence looking at above, these are z; and z,. To find the residue of f(z)
at zp

1 s Z'\/g )) einz

IR

2 2 1 +z2+24
Zeinz _ l + ﬂ ez’nz
y 2 2
= lim
2572 1+22+24

Applying L'Hopitals
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e + imze'™ — 1'7'((1 + ﬂ)emz
. 1 - :
Residue(z,) = ;E?;Z 2z + 423
in(%+%) . (1 i\/§) m(%#) ; (1 i‘/g) in(%+¥)
e +in|-+—|e —imly e
1
o5+ 8) vaft+10)
5%), (1,06 i“(%”‘L) it 26,
) e m\z+—)e 2T =2 )¢
iV3 -3
ie 2 V%7

Now to find the second residue

l7'(Z

Zli_glz(z —24)f(2) = Zh_)m (Z - (__ s \/—))1 +z2+24
pinz (__+ z\/_) inz

Applying L'Hopitals

e + imze'™ — zn(—— + i\/g)e”m
) , 2 2
Residue(zp) = lim

z—2p 2z + 423

V3 +3
The above is the second residue. Hence Sum of residues is

iexp(—%) iexp(—%) ' /3 1 1
W3-3  iV3+3 :leXp(_Z (i\/§—3_i3+3)

() (6 3)- (5

=1exp|— 5 (i\/§—3)(i\/§+3))

. 71\/5 6

B —3—9)

V3 —1)

=lexp —T 7

Now, from (3) we obtain

+R iTx i
lim —  dv=2ni (—% exp(—i]]

Roood g 14 x2 +x* 2
=T exp| ———
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Taking the real part of both sides above gives

f*‘” cosmx ., _ exp(—n\/_)

1+ x2 + x4

Using the above in (1) gives

> COSTIX f+°° COS TIX
dx
2

0 1+x2+x4 1+x2+x4
V3
= —exp| —
e

What is left is to show that limg_, £eimz f(z)dz = 0. To do this, we use Jordan Lemma,

which says that integral limg_,, L e f(z)dz — 0 if | f (z)|max — 0 as |z| = oo. But

. 1
I%I—Iilgolf(zﬂmax - I%E)r.}o |1 +22 + Z4|
min

1
= lim 1
R—e0 |1 + Re19) + (R )

min

1 -

R—>001+R2+R4

1

. R4

= lim +—5—
N
Ooﬁ'i‘ﬁ'i‘l

Il
= Y e

Therefore limg_, ., L e f(z)dz = 0, which is all what we needed to show to complete
the solution.

3.9.14 chapter 14, problem 7.20

Problem Evaluate
= f‘“’ CcoSs X i Jx
0 (1+9x2)

Solution consider

eiz
—zdz
(1+922)
over the contour shown.
ASz
Cy
> Rz
—-R +R
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By Cauchy theorem,

eiz
>dz = 2mi Z residues of f(z) inside contour
(1+922)

But iz +R ix 1z
- f & ix+ f 4
$ (+92)  Jx (leo2) (o)

second integral to the right above can be shown to go to zero as R — oo as was done in
earlier problem. Hence

eiz +00 elx
§ — dz = f —zdx = 271 Z residues f(z)
(1+922) o (1+922)

+00 ezx
f (—de =27 Z residues f(z)

1+ 9x2)

Now we need to find residues of

iz

e
f(z) = 5
(1 +922)
Looking at
14+922=0
72 = 1
9
+i
zZ=+-
3
Hence the poles of f(z) are
b i
1773
+i
Zn = +—
2773

2 ‘ 12 2 2
Eachis of order m = 2. Hence, (1 + 922) can be written as (9(2 - i)(z + %)) or 81(2 - é) (z + é) .

3
Therefore ‘
1 elZ

e

Now need to find which ones are inside the contour. Need the poles with a positive
imaginary parts. Looking at above, z, is the pole we need to find residue for. Hence, to

f2) =
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find the residue R of f(z) at zp, using m = 2

1 dm 1
R=lim g2 f@)
d ) 1 elZ

= lim —(z—-2y)" —

1. d é=
=—lim ——
81 2z dz (Z — 21)2

1 , , 1
= 1 iz iz _n

im (ie*) + e ( (2_21)3)
= l(;(ieiZz) + eiZz[_zél)
- 81(z - 2))” (22~ 21)’

81 z—2) (Z 21)2
= _elzz( Z 2~ : 3)
81 (zp —z1) (zp — 71)

15 i 2
= —¢ -
81 i i\\? i i)’
-6 6-62)
1 2] i 2
= —e3 2 T 3
81 2i 2i
3 3
1 (-9 54
= —=e3|— + =
81 4 81)
1 =1({-18i—54i
= —¢ [}
81 8
1 -1
= 8—1e 3 (-9i)
Hence
1.2
R =——ies
916
Since ;
+00 ezx
f ————dx =27 Z residues f(z)
o (1+9x2)
Then
+00 ix 1.
f e—zdx = 27'(i(—§ie 3 )
00 (1 + 9x2)

Taking the real part of both sides above gives

COS X 2 ( —_1)

f+oo
o (14 9x2)2 9

IS an even functlon then

+00 +00
f COos Xx zdx _ 2f COs X de
= "

1+ 9x2)

Since
(1+9x2)
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3.9.15 chapter 14, problem 7.29

Evaluate the following integral. Find principal value if necessary

® gin ax
I:f dx
0 X

consider

over the contour shown.

The contour avoids the singularity at z = 0, hence by Cauchy theorem,
elaz
fﬁ —dz =0
z

since f(z) is analytic on and everywhere inside the contour. Then

mz —r zax az +R ezux 'az
—dz—O f —dx+f—dz+f —dx+f—dz
X

+r
. ei”z i0 . 0 dz .
Looking at f sz letz = re’Y,dz = ire'Vdo, — = id6, then
Cl
elllZ
f—dz— fe””e ido
c =

: i0
Asr—0,¢ %" — 1, hence

eiaz 0
[—dz - [ido =Tio]) = -
z Tt
c’ m
Hence,asr — 0 and R — oo

—0 zax +00 eiax eiaz
0= f —dx m+f —dx+f—dz
+w0 X c 2

But f ?dz — 0 as R — oo as from before and as shown in book page 603. Hence

-0 zax +00 eiux
0= f —dx—m + f —dx
+0 X
zux +00 eiax
in= f —dx + f —dx
o X +0 X

+00 eiax
in = f € ix
X

—00
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Equating imaginary and real parts part of the above equation

. + cosax + isin ax
in =

dx
oo X
Hence
T gin ax
= dx
o X
T cos ax
0= dx
oo X
sinax . . . sin(—ax —sinax sin ax
Now, — isan even function, since f(-x) = Ex ) —— == f(x). Therefore
T gin ax + gin ax
= dx =2 dx
—o0 X 0 X
And

0 gin ax e
dx = —
0 X 2

3.9.16 Chapter 14, problem 7.30 part (a)

Evaluate the following integral by the method of example 2

]
I:f dx
0 1+x4

First, let me find what function we have.

1
fl=x) = m
B 1
T 1+ ()t
= f(x)

Hence an even function. Consider

over the contour shown.

+R

Hence

1 R 1] 1
§ dz:f dx+f dz
1424 R 1+x4 cl+z4

= 2mi Z residues f(z) inside
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AsR — oo, f %dz — 0 as shown before and as shown in book page 603. Hence
e 1+z

1 teo
561 +Z4dz = j:oo 1 +x4dx = Zninesidues f(z) inside

+00 1
f_ o TiA dx = 2mi E residues f(z) inside

Now to find residues of

1
f@ = 1+z4
At poles inside C. Finding roots of polynomial 1 + z* = 0
=41
1 . 1 . (mt+2mn)
z=-li=(e")i=¢" 4  1n=01,23

Hence the roots are

i() % —i(7t+27) 411 —i(rt+4m) % —i(1t+677) %
()", (2], (eriam), (oo

The poles are

2, = )
i(én)

Zy = e\t

ry = i)
_i(én)

zg=e \*

Out of these zeros, we want the ones with positive imaginary parts since those are the
ones inside the contour. From above, those are z; and z,. Therefore to find residue at z;

1
1424

lim (z - 2;)f(2) = lim (z - eig)
z—71 z—71

iz
zZ—e4

= lim 1
z-z1 1+ 2

Applying L'Hopitals

1
Residue(z;) = Zh_)r?1 e

Now we find residue at the other pole, at z,

3 1
lim(z - 2,)f(z) = lim(z - elin)
z—>zz( 2)f( ) z—2y 1+ 74
3
. 7 — elZT(
= lim
2521 1+ 24
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Applying L'Hopitals

1
Residue(z;) = Z11_)1:9; 3

Hence sum of residues is

.31 1 .=

. —1— —1
residues = —¢ "4 + —¢ 4
)y 1 7

)

i
4

Therefore

—+00 1 ' . . .
f_m 1+ x4 dx = 2mi ) residues f(z) inside
-2
= 2711'[ :L/_ i]
\2
2

=Tt

1 . .
But T isaneven function, hence

oo ] 1 1 1 V2 2
f dxz—f ——dx==m =7
0 2J o 1424 72

1+ x4

Therefore

iy

[

3.9.17 chapter 14, problem 7.45

Problem determine in which quadrants the roots of the following equation lie
fiz)=22+22+z+4=0

Look at f(z) in the first quadrant, put a contour as shown in figure,

Q
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And using theorem 7.8, which says

1
N-P= E(Change of angle of f(z) around contour)

Where N is number of zeros of f(z) INSIDE contour, and P is number of poles of f(z)
INSIDE contour. The main idea is that we want to see how much does the argument
changes as the complex number is mapped by f(z) from z — z% + z2 + z + 4, then using
7.8 theorem this will tell us the number of zeros in the first quadrant. From this was can
tind where the other 2 roots are.

First, along path OP, f(z) is real and equals x° + x? + x + 4 which is always > 0. On path
QO, i.e. on imaginary y axis,

£@) = (iy) + (iy) +iy+4=—iP — P +iy+4
=il +y)+ (4-v)

If this to be zero, then (4 - yz) =0, or y? = 4, or y = +2.Then looking at the imaginary
part of f(z) which is (—y3 + y) and substitute these y values, we get , when y = +2,

(—23 + 2) = -6 # 0, and when y = -2, we get (—(—2)3 - 2) =6 # 0, hence f(z) is not zero
on OP and not zero on QO.

Now on the arc PQ, we can make the radius as large as we want to contains all zeros
of f(z) inside, so to make no zeros on PQ or outside. So, now we need to find the angle
change of f(z). on OP, z is real x, so any point on x is mapped to a point on x , hence no
argument is changed, i.e. angle change is zero by the function. On arc PQ write z = re’?
, 5o mapping of f(z) results in

\3 N2
f(z) = (rele) + (relg) +re? +4
- \3 N2
= (rele) + (1’616) +rel? + 4
= r3e3i0 4 12219 4 yl? 1 4
For very large radius r, r*term dominates, and so f(z) ~ r°¢*¢, so as z moves from 0 to

T . . T 3n . . .
5+ the change in angle cause by f(z) will be 30 or 3 X 7 = —-. On QO, i.e. the imaginary
axis, z = iy then

N3 N2 :
f(z) = (zy) + (zy) +iy+4= z(—y3 + y) + (4 —yz)
Hence in the w domain, i.e. looking at the output of w = f(z), the angle that the complex
(v-v°)
(+v2)

For very large y, tan ® = —y = —co0 and from above we see that the angle start at 3777 when
y is very large. now we decrease i as we move down to the origin and see how the angle
¥
(4-2)’
negative, this is until y - y3 =0, or y = 0 at which time the angle is 27t (note the final
angle is 27, for arctan 0 and not angle of zero, since the tangent was negative when we
started and continued to be negative but smaller and smaller, hence the final angle is
27).

number w makes is tan © =

changes. Looking at tan ® = as y get smaller y — y® becomes smaller but remains

Since we got to y = 0, this completes the contour. So angle change is 27t. From

1
N-P= Z—(Change of angle of f(z) around contour)
e
And since poles of f(z) do not exist (it has no denominator), then

1
N=—@2n) =1
7 2m)
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Hence f(z) has ONE zero in the first quadrant. Now using the same argument as on
page 611 of text book, we know that a polynomial of real coefficients, when it has a
complex root, then they come in conjugate pairs, hence the second complex root will
be in the 4th quadrant (since when take a conjugate of a complex number in the first
quadrant, we get a complex number in the fourth quadrant).

Now since a 3rd order polynomial must have number of zeros as its order, then the 3rd
zero must be real (it can’t be complex since complex roots come in pairs). In addition
the third root(the real root) must be on the negative x-axis to make x> + x> + x + 4 a zero
quantity.

3.9.18 chapter 14, problem 8.15

Evaluate the following integral by computing residue at co check answer by computing
residues at all finite poles.

around |z| = 5, where in the above, the circle is going in the positive direction, i.e.

anticlockwise. We know that
$ f@=- § f@

clockwise anticlockwise
around zero around oo

z2 dz

2z + 1)(22 + 9)

but § f(z) = 2mi Y residues of f(z) inside circle, therefore § f(z) = —2ni(residues f(z) at 00)

clockwise clockwise

Hence we need to find residue of f(z) at co. We know that residue of f(z) at oo is residue
of —lz f (1) at zero. Therefore
z z

L f(z) _1_ e
2°\z)  2a/2) +1)(/2) +9)

1 1
)
z (2— + 1)(12 + 9)
z z
11
T A (242 [ 1492
Tz z2
1 z3
242 +2)(1 +922)
B -1
z(2 + z)(l + 922)

So we have a simple pole at z = 0, hence residue of the above function at zero is

-1 -1
lim z = —
=0 z(2+ z)(l + 922) 2

) 2 dz )=—m%;):m

2z + 1)(22 +9

Hence

To find the same integral by standard method, we write

Z2 dz , ,
§(22 " 1)(22 " 9) =27 Z residues f(z)

242



39. HW 8 CHAPTER 3. HWS

Poles are at _71 and at z = +3i. Notice that all poles are inside |z| = 5 so must add residue
of f(z) for each pole. Residue at ;is

ZZ

1
lim (z + —)
I\ 2/ @z +1)(2+9)

Residue at 3i is
2 2
lim (z — 31) = lim(z — 3i) - -
23 2z + 1)(22 + 9) z53i (2z +1)(z - 3i)(z + 3i)

2

) z
=l T e 3
_ (3)°
~ (2(Bi) +1) (3i + 3i)
-9
(6i + 1)(61)
-9

-36 + 61
-3

~12 +2i
3 (-12-2i
_—12+2i(—12—2i)
_ 36+6i

144 + 4
_ 36+6i

148
B 18 + 31

74

. . 18-3i . . .
Hence the residue at the last pole will be % symmetric. Hence sum of residues is

18-3i 18+3i 1 18+18+1

+ + —

74 74 74 74

37

- 74

Hence

9§ z2 dz 5 37
= 27—
(2z+1)(22+9) 74

= 71l
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which agrees with my answer earlier using the residue around co approach. I think the
approach using residue around oo required less effort to do.

3.9.19 chapter 14, problem 8.4

Problem Determine if oo is a regular point, essential singularity or a pole (and of what
order) and find the residue
2z+3

f& =0

1
Solution We start by doing the transformation w = — and examine the function f(w) at
Zero.

f = 1(3]
2
% + 2)2

2+3z
z

142z 2
=)
2+3z
Z
(1+22)°
2

_ 2(2+32)
(A +22)

| —

+3

N

—_

—_

Atz=0, f (%) = 0, hence f(z) is a reqular function at co. To find the residue at co, we

want to find the residue of
1 1
_ 5 fl=
(z = zp) z

at zy = 0. The term —( ! ? comes from doing Z = 1/z, dZ = —Zizdz. Hence, we want to
Z=2Z(

(_ 1 )f(l) B (_ 1 )2(2 + 3z)
-z \z] \ @-2)%) (1 +22)

( 1 )2(2 + 3z)

the residue of

22 (1 + 22)
_ —(2+3z2)
z(1+ 22)2
To find the residue of _((12;37;)2 at 0, we see the function has a pole of order 2 at —1/2 and a
z(1+2z
simple pole of at z = 0, therefore
-2+3
residue = lim(z)(—zz
=0 z(1 + 2z2)
_ —(2+3(0)
(1+2(0))°
2
-2
=-2
Or
residue of sat 0o is — 2
(z+2)
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3.9.20 chapter 14, problem 8.5

Problem Determine if oo is a regular point, essential singularity or a pole (and of what
order) and find the residue

1
f(z) = sm;

We start by doing the transformation w = % and examine the function f(w) at zero.
1 .
f(w) = f(;) =sinz
atz=0, f (%) =0, hence f(z) = sin % is a reqular function at co. To find the residue at oo,

(_(z —1zO>2 )f (é)

term above comes from doing Z = 1/z,dZ = —Zizdz. Hence, we want

(_(z —120)2 )f(é) B (_ (z —120)2) oInz

1.
= ——sinz
2

we want to find the residue of

1

at Zy = 0. The - 3
(z—20)

to the residue of

To find the residue of —le sinz at 0, we see the function has a pole of order m =2 atz =0,

hence
m—1
. . m
residue = —— lim zZ—z z
— lim - 20)"f)
= lim S (z- )2 P
= lim Z -2y 5 |sinz
z—z0 dz z
= lim — —-sinz = lim —cosz
z—z9 (z z—70
= —Cos 2
= —cos0
=-1
Hence

1
residue of sin —atocois —1
z
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Local contents
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3.10.1 chapter 14, problem 9.2

For following function w = f(z) = u + iv find 1 and v as functions of x and y. Sketch the

graphs in the (x, y) plane of the images of u = const and v = const for several values of u

z+1
and several values of v where w = -

. z+1 x+iy+1 Lx+iy+1 —ix+y—i [-1-x
Answer let z = x + iy, hence w = e A A —y+z(

T= T =T = T = L) S0 sinee
. -1-x . .
w=u+ivthen u = % and v = (T) Then u = C, where C is a constant, gives the

v _

uation
eq o >

C. Which is the equation of a straight line y = C.

. . -1- . . . .
v =constant, gives the equation (Tx) = C, gives the equation of the straight line x =
C-1

These two equations are plotted for few points. The following shows the plots generated
for the mapping from the z-plane to the w-plane, and then the image of u=const and
the image of v=const back into the xy plane.

Output from HW#9, problem
9.2 chapter 14
by Nasser Abbasi

W plane

‘T
ux,y) =7

N

| =
v

vy =—"-

]

Mapping of f(z) from the Z plane to the W plane.

40 4 10

&

Showing the images of U and V on the Z plane (the X,Y plane). The DASHED lines are the image of the
equation U=const, and the solid lines are the image of the V=const equation.

3.10.2 chapter 14, problem 9.3

For following function w = f(z) = u + iv find u and v as functions of x and y. Sketch
the graphs in the (x,y) plane of the images of u = C and v = C, where C is constant, for
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1
several values of u and several values of v. w = ~
. 1 1 1 x-iy x—iy x —iy
Answer letz = x +iy, hencew = - = — = —— = 5— = —— + 55— Hence,
—_— z x+iy x+iy x—1y xe+y x4+ xX2+y
. . X - . .
since w = u +ivthen u = — and v = . Then u = C gives the equation — =
X<ty X<ty X<ty
_ . . -y
v = C gives the equation T = C

These 2 equations were plotted for few points. The following shows the plots generated
for the mapping from the z-plane to the w-plane, and then the image of u = C and the
image of v = C back into the xy plane.

Mary Boas text book.
by Nasser Abbasi

g

Showing the images of U and V on the Z plane (the X,Y plane). The DASHED lines are the image of the
equation U=const, and the solid lines are the image of the V=const equation.

3.10.3 chapter 14, problem 9.4

For the function w = f(z) = u + iv shown below, find 1 and v as functions of x and y.
Sketch the graphs in the (x, y) plane of the images of u = const and v = const for several
values of u and several values of v. w = ¢*

Answer let z = x + iy, hence w = ¢ = & = ¢%e¥ = ex(cosy + isiny) = ¢e*cos(y) +
i e* sin(y). Therefore, since w = u + iv then u = e*cos(y) and v = e*sin(y). Thenu = C
gives the equation e* cos(y) = C and v = C gives the equation ¢* sin(y) = C

These 2 equations are plotted for few points. The following shows the plots generated
for the mapping from the z-plane to the w-plane, and then the image of u=const and
the image of v=const back into the xy plane.
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Analysis for problem 9.4 chapter 14
Mary Boas text book.
by Nasser Abbasi

fl=e"

ufx,y) = e* cos(y)

vix,y) = et sin(y)

Showing the images of U and V on the Z plane (the X,Y plane). The DASHED lines are the image of the
equation U=const, and the solid lines are the image of the V=const equation.

3.10.4 chapter 14, problem 9.7

For the function w = f(z) = u + iv shown below, find 1 and v as functions of x and y.
Sketch the graphs in the (x, y) plane of the images of u = C and v = C for several values
of u and several values of v. use w = sin(z)

Answer let z = x + iy, hence

w = sin(z) = sin(x + iy)

= sin(x) cos(iy) + cos(x) sin(iy)

But cos(iy) = cosh(y) and sin(iy) = isinh(y), therefore
w = sin(x) cosh(y) + cos(x)i sinh(y)

Since w = u + iv then u = sin(x) cosh(y) and v = cos(x)sinh(y). Then u = C gives the
equation
sin(x) cosh(y) = C

And v = C gives the equation
cos(x) sinh(y) = C

These 2 equations are plotted for few points. The following shows the plots generated

for the mapping from the z-plane to the w-plane, and then the image of u=const and
the image of v=const back into the xy plane.
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Analysis for problem 9.7 chapter 14
Mary Boas text book.
by Nasser Abbasi

flz) = sin(z)

ufx,y) = sin(x ) cosh(y)

v(x,y) = cos(x ) smh(y)

Mapping of f(

z) from the Z plane to the W plane.

Image ol v—const, v—const lor dillerent constanls

I-J,;rl\-l|l\'\\\
TN
S - \ b

R

|

LA R

£ I'\ \\\ S Y T
‘ I‘a\:\\}}é /{J %\\ \ /'jif,r'fr'll{tt \,\'\‘\'
s 4 LA
b
Y P |
S T \\/L| v

Showing the images of Uand V on the Z plane (the X,Y plane). The DASHED lines are the image of the
equation U=const, and the solid lines are the image of the V=const equation.

3.10.5 chapter 7, problem 3.4

Draw a graph over a whole period for f(t) = cos(2mt) + cos(4mnt) + % cos(67t)

Answer First, find the period of the above function. A function is periodic with period

pif f (t + p) = f(t) for all t. We know that cos(nt) has the same period as cos(nt + 2nm)
for n integer, since the function cos(x) has a period of 27. So a period of f(t) is 27t since
it is the sum of cos(x) functions. To plot this function, we plot each of its components
over the same period of 27t and then sum them together.

This plot below shows the result
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Analysis for problem 3.4 chapter 7

Mary Boas text book. plot o cos(Z2 Pi )
by Nasser Abbasi

3.10.6 chapter 7, problem 3.6

Draw a graph of f(x) = sin(2x) +sin 2(x + g) what are the period and amplitude? Write
as a single harmonic.

Answer

Since sin(x + y) = sin(x) cos(y) + cos(x) sin(y) then

T _ 2 ‘ 2 . (2
sin Z(x + 5) = sm(2x + 57{) = sin(2x) cos(gn) + cos(2x) sm(§n)
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Hence

f(x) = sin(2x) + sin Z(x + g) = sin(2x) + sin(2x) cos(%n) + cos(2x) sin(%n)

3 2 3 2

Now cos(gn) =1 and sin(gn) = &S so above can be written as
1 3
f(x) = sin(2x) — > sin(2x) + % cos(2x)
1 3
f(x) = > sin(2x) + g cos(2x)

But sin(2x) = cos(g - 2x)

Fx) = %cos(g “ow) + g cos(2x)

Now this is in term of a single harmonic function. Hence, we see that f(x) is the sum of
harmonics of the same periods (the cos function have period of 27).hence the period of
f(x)is 2m. To find Max amplitude, this is a problem of finding a maximum of a function.

d 1 = V3 .

o flx) = ~5 sm(E - 2x) (-2) - - sin(2x)(2)
= sin(g -2x) — V3 sin(2x)
= cos(2x) - V3 sin(2x)

Hence for a maximum, cos(2x) - \3 sin(2x) = 0. A root for this equation is found at
x = 0.261799 so I use this value in f(x) to find the amplitude.

£(0.261799) = 1. This is the maximum value, or the amplitude.The following is a plot of
this function
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Analysis for problem 3.6 chapter 7
Mary Boas text book.

by Nasser Abbasi
y sin bx Il |
1
0.5
-3 -2 -1 1 2
-0,
-1

sin bw ki

nb o +I\

N/
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3.11 HW10

Local contents

3.11.1 chapter 7, problem4.10 . . .. ... ... ... ... ... o .. 262
3.11.2 chapter 7, problem 4.2 . . . ... ... ... 263
3.11.3 chapter 7, problem4.5 . . . ... .. ... ... o 263
3.114 chapter 7, problem 4.8 . . . . . . . ...
3.11.5 chapter7, problem5.4 . . ... ... ... ... . o oL 260
3.11.6 Firstpartof HW 10wasscanned . . .. ... ... ... .. ... ...... 267/

3.11.1 chapter 7, problem 4.10

I wrote a Mathematica program to help me understand the Fourier problems. This below
is the output showing how series converges to the function for a number of n-values as
n increases. Problem 4.10, chapter 7. Mary Boas second edition.
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This is fougisr serias for

fIx_]=x+x/;-me<=x<l
fIx_]=-x/0<=x2x

=5

N=10

N=20

3.11.2 chapter 7, problem 4.2

I wrote a Mathematica program to help me understand the Fourier problems. This below

is the output showing how series converges to the function for a number of n-values as
n increases.

263



3.11. HW 10 CHAPTER 3. HWS

[ wrote a ppathematica programto help me understandthe Fourier problems.
This below is the output showing how series converges to the function for a numberofn-

values asnincreases.

N=5
1.5
1 = ~
7 N>
— -
P
-0.5 ?
-1
=1.5
N=10
1.8

N=20

3.11.3 chapter 7, problem 4.5

I wrote a Mathematica program to help me understand the Fourier problems. This below
is the output showing how series converges to the function for a number of n-values as
n increases.
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I'wrote a mathematica programto help me understandthe Founer problems
This below is the output showing how senes converges to the function for a number of n-
vahues asnincreases. Problem 4.5, chapter 7. Mary Boas second edition

NS
1.8
1
). 6
m o
=f) .
- <7
=-1.8
N=10

N=20

3.11.4 chapter 7, problem 4.8

I wrote a Mathematica program to help me understand the Fourier problems. This below
is the output showing how series converges to the function for a number of n-values as
n increases.
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I wrots 2 athematics program to halp me understand the Fourier problems
This below is the output showing how series converges to the function for a number of n-
values as n increases Problam 4 8 chaptar 7 Marv Boas second adition

This is fougisr series for
FxE=l+x

N=5

=20

3.11.5 chapter 7, problem 5.4

I wrote a Mathematica program to help me understand the Fourier problems. This below

is the output showing how series converges to the function for a number of n-values as
n increases.
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3.11.6 First part of HW 10 was scanned

Mt h 12\ A

Hw %10 @
Mogsser Abbas)
B, exten ;
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3.12 HW11

Local contents

3.12.1 chapter 15, problem 2.11 . . . . . . . ... ... ... .. L 295
3.12.2 chapter 15, problem 2.17 . . . . . . .. ... 296
3.12.3 chapter 15, problem 2.18 . . . . . . . ... L Lo 297]
3.12.4 chapter 15, problem 2.2 . . . .. ... ... .. L L 298]
3.12.5 chapter 15, problem 2.21 . . . . . .. ... ... 299
3.12.6 chapter 15, problem 2.22 . . . . . ... ... ... 300
3.12.7 chapter 15, problem 223 . . . . . .. ... .. oo 300
3.12.8 chapter 15, problem 2.3 . . . .. .. ... .. oo 301]
3.12.9 chapter 15, problem 2.4 . . . . ... .
3.12.10chapter 15, problem 2.5 . . . . . ... ... 303}
3.12.11 chapter 15, problem 2.9 . . . . ... ... ... ... oL 303
3.12.12 chapter 15, problem 3.11 . . . . . . . ... ... L Lo o B304
3.12.13 chapter 15, problem 3.24 . . . . . . . .. ... Lo o 306
3.12.14 chapter 15, problem 3.25 . . . . . . ... B07I
3.12.15chapter 15, problem 3.29 . . . . . ... ...
3.12.16 chapter 15, problem 3.30 . . . . . .. ... ... oo 309
3.12.17 chapter 15, problem 3.4 . . . . .. .. ... B11]
3.12.18 chapter 15, problem 3.6 . . . . . .. ... ... 312
3.12.19 chapter 15, problem 3.8 . . . . ... ... ... .. L L L

3.12.1 chapter 15, problem 2.11

. . 1 3 2
Problem Find the inverse transform of the function F (p) = 3p2z;p_2

Solution

Need to simplify the above expression to some expressions which are shown in the table
on page 636.

. 3p+2
C 3p2+5p-2

N (1)

(3;9 - 1)(;9 + 2) (3;9 - 1)(;9 + 2)

E(p)

Expanding in partial fractions. For the first term in (1):

1 A B Alp+2)+B(3p-1)

Go-0p+2) @r-1) (+2)  (Er-1)p+2)
Alp+2)+B(3p-1) =1
Ap+2A+3Bp-B=1

Hence2A—B:1and(A+3B):OwhichgivesA:%+§.Therefore%+§+3B:0 or
-1
1+B+6B _ _ - 1,5 1 1 _71_ 6
5 —Oor1+7B—00rB—7.Hen(:eA—2+2—2 VEETEET!

6 -1
Now the first term in (1) can be written as 2( 4,05 ) or 2( 17 ) or
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. . . . . . 3p .
Doing partial fraction on the second term in (1) which is ) gives

p A B _A(p+2)+B(3p—1)

Go-1)p+2) (@p-1) (+2)  (Er-1)p+2)
Alp+2)+B(3p-1)=p
p

Ap+2A+3Bp-B =

Hence 2A - B = 0 and (A + 3B) = 1, therefore A = E. Hence (g + 3B) =1lor B+26B =1
— _ 2 _B_ 2 3p _ A B _
or7B = 2 or B = . Therefore A = 7 ;- Hence —(3p_1) ) 3((3p_1) + (p+2))

3(% " (1:2)) 7

3 6
+

7(3p-1) 7(p+2)

(3)

Combining (2) and (3) gives

F(p) = 6 2 3 ., 6
6(3][);1) 72(p+12) 2( 1) 7(6p+i)
_i(f‘i?l 1) 9(17:2) TT-1) 7(pe2)
762 76
) A

Now we can use the table to find the inverse transform. Use property L2, which says

1

;y(e_at) - p+a

1

. . 1 . 1 . -=t)3
Hence , setting a = 2, gives a%e‘m) ) and setting a = —= ; gives J(e 3t) = —.

Hence f(t) = e‘Zt +3 e3 and the inverse Laplace transform is

31
f) = —e 2 + Ze3'
f(®) 7€

3.12.2 chapter 15, problem 2.17

Problem Use .32 and L11 to obtain Q?(tz sin at)

Solution

nd" F(P)

(L32)

Arf(t) =

At sinat) = Zap > (L11)
(¢ + %)
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we set f(t) =t sinat then we can write using L32

At f) = (-1)—— g(f o)

(1)
But g(f(t)) = At sinat) = ( 3 5 from table L11 (1) becomes
p?+a
B _i 2ap
At f1) = dp[ e az)z]
-2X2a 2a
At xtsinat) = - X2p + x1
sina [P (p2 B a2)3 p (p B u2)2 ]
. 8ap? 2a
t2 t) = -
,E”( sina ) (p2 N 42)3 (pZ N 1,12)2
_ 8ap? - Za(pz + az)
(2 + )
B a(8p2 —2p? - 2a2)
(7 + @)
_ a(6p2 - 2a2)
(2 +a?)
Or
, _ 6ap® - 2a°
.,?(t sin at) = —(pz N az)S
3.12.3 chapter 15, problem 2.18
Problem Use L31 to derive L21
Solution
f(f (t)) f F(u)du (L31)
Z(g)_ 1ngiz (1.21)

we set f(t) = e — ¢! then we can write using 1.31

but ,,7[ f (t)] = .;?(e_”t - e_bt) = iﬂ(e‘“t) ,,%e_bt) pia ~ 575 By using L2. But since we

are using u in place of p in integral, we need to call p = u. Hence
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fOY 1 1
é%(T) - fu:p(u+a u+b) du
© 1 © 1
:fu:,,umd”‘fu:pm a
= [In(u + a)];° —[In(u + b)];O
= [ln(00+a)—ln(p+a)]— [ln(00+b)—ln(p+b)]
= ln(OO)—ln(p+a) —ln(00)+ln(p+b)

= ln(p + b) - ln(p + a)

butlnA-InB =1In %, therefore

ALO) = il +1) -y +)
A5

3.12.4 chapter 15, problem 2.2
Problem Use relation L2 to find L7 and L8 in laplace table.

Solution

Ae) = ; 1 - (L2)

for ‘R(p + a) >0

—at _ ,—bt 1
ST (L7)

b-a (p+a)(p+b)

—at _ b bt
gae e _ p (L8)

a-b (p+a)(p+b)

For ‘R(p + a) > 0 and iR(p + b) > 0. Where Zf(t) is the laplace transform of f(t) defined
as Zf(t) = F(p) = 1)‘“ ePLF(H)dt.

From the linearity property of the 2’ operator, expand the LHS of L7, we get

e—at _ e—bt

A = Ao M) = (Ao ) - Ae™))

Now applying L2 gives for ‘R(p + a) > 0and iR(p + b) >0
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b-a  b-a p+a_p+b
1 p+b—(p+a)
“b-a (p+a)(p+b)

et _ o7t 1 1 1 )

1 b-a ]
~b-a (p+a)(p+b)
(p+a)(p+b)

For Which is L7 as required to show. Similarly for L8, expand the LHS of L8 we get for
iR(p+a) >Oand§R(p+b) >0

gae‘“; : Ze_bt = i bﬂae‘“t — be‘bt)
= (A - A)
(a:Ae™) ~0A™)

a bap+a_bp+b)
1 a(p+b)—b(p+a))
a—"b (p+a)(p+b)
_ 1 ap+ab—bp—ba]
a—"b (p+a)(p+b)

_ 1 ap —bp
a-b (p+a)(p+b))

_ 1 p(a—Db)
a-b (p+a)(p+b)]

p
(p + a)(p + b)

1
-b
1

a

Which is LS.

3.12.5 chapter 15, problem 2.21

Problem Use .29 and L11 to obtain ;?(te‘“t sin bt)

Solution
_Y(e‘”t f(t)) = P(p + a) (L29)
At sinat) = —F . (L11)
(v +a?)
Then from L11 we get
At sinbt) = —2F >
(7 +17)
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Now, letp = (p + a) then from L29, the above becomes

ﬂe‘“t t sin bt) = 2b(p i a)

((p + a)z + bz)z

3.12.6 chapter 15, problem 2.22

Problem similar to problem 2.21, Use L29 and L12 to obtain ff(te‘”t cos bt)

Solution
A f(B) = Fp +a) (L29)
P2 — a2
At cosat) = —— (L12)
(¢ +2)
then from L12 we get
2 _ 2
At cosbt) = p—bz
(v +2)

Now, letp = (p + a) then from L29, the above becomes

Y
,?(e‘”tt CoS bt) = (p+a) b

((p + a)z + b2)2

3.12.7 chapter 15, problem 2.23

Problem use result obtained in problem 2.21 and 2.22 to find inverse transform for
p2+2p—1

(pz+4p+5)2
Solution

2b
Recall, from 2.21 we showed that ﬂt@“” sin bt) = % and from 2.22 ag(te“” cos bt) =
((p+a) +b2)
(p+a)2—b2

( 2 Hence
(p+a) +b2)

2_ 1
ﬂte‘“t cos bt) — g(te‘“t sin bt) = ((P i a) ’ 5 = Zb(p : a)

Now Leta =2 and let b =1 we get
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(p+2) -12-2(p+2)

((P + 2)2 + 12)2
iﬂ(te—Zt cost — te 2t sint) _ Pz +4+4p -1 _272_4_
((r+2+2)
PPH2p-1
(p2+4p+ 5)2

ﬂte‘” cos t) - ,?(te‘Zt sin t) =

2
. +2p-1
Hence inverse transform of —=2—_

s is te™?! cost — te
(p2+2p+5)

sint or te~? (cost —sint)

3.12.8 chapter 15, problem 2.3
Problem Using either relation L2 or L3 and L4, verify L9 and L10 in laplace table.

Solution

Ae) = ; Jlr - Re(p +a) >0 (L2)
ZLsinat = m Re(p) > |Ima| (L3)
ZLcosat = 72 f_ o Re(p) > [Ima| (L4)
Psinhat = ;ﬁ Re(p) > | Re(a)| (L9)
Zcoshat = P Re(p) > | Re(a)| (L10)

Where ,?( f (t)) is the laplace transform of f(t) defined as .,?( f (t)) =Y(s) = l;oo ePtf(t)dt.
To derive L9, use the relation that

i sinh(x) = sin(ix)

Hence, using L3, we get

Aisinhat) = Asiniat)

iAsinhat) = v 5 Re(p) > Ima|
p? + (in)
Asinhat) = m Re(p) > | Re(a)]

which is L9. To find L10, use the relation
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cosh(x) = cos(ix)

And using L4, we get

Acosh(at)) = Acos(iat) )

Acoshat) = Lz Re(p) > [Ima]
p? + (ia)
Asinhat) = 7 f o Re(p) > | Re(a)]

Which is L10.

3.12.9 chapter 15, problem 2.4
Problem by differentiating the appropriate formulas w.r.t. ‘a’, verify L12

Solution

L12is

P2 — a2
At cost) = ——— Re(p) > |Im a] (L12)
(v +a?)
Where ﬂ f (t)) is the laplace transform of f(t) defined asg( f (t)) =F(p) = fo e Pt f(t)dt.
To derive this, I start with L3, which says

Asinat) = ZL
p

2 Re(p) > [Ima|

The above can be rewritten in the full definition of the transform to make it easier to see

(oe] _ . a
j; eP sinat dt = o
Taking derivative of both sides w.r.t. a gives
al re d
— f e sinat dt|= —|———
da|Jy da|p? + a?

dr o —2a !
fo E[e pt smat] dt = a[(p2+a2)2)+p2+a2 x1

—2a? Lt
(pz R az)z P2+ a2
—2a% + (p2 + az)

(2 +a2)

p2 _ 2

(2 +a?)

f e Pttcosat dt =
0

At cosat) =

Which is L12
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3.12.10 chapter 15, problem 2.5
Problem by integrating the appropriate formulas w.r.t. ‘a’, verify L19
Solution L19 is

in at
g(sn;a ) = arctang Re(p) > [Ima] (L19)

Where ﬂ f (t)) is the laplace transform of f(t) defined as ﬂ f (t)) =F(p) = fo e Pt f(t)dt.

To derive this, we start with L4, which says

__ P
Acosat) = ]m Re(p) > Ima|

The above can be rewritten in the full definition of the transform to make it easier to see

fe"’t cosat dt = 229 5
0 p +a

Integrating both sides w.r.t. a gives

=00
f(f e Pt cosat dt)da :f 5 P sda
t=0 pr+a
f=co0
f (fe"’t cos at da) dt = arctan a + K
t=0 p

f=00
f e Pt (f cos at da) dt = arctan a +K
t=0 p

sin at

+ k and choose zero for values of the K’s, the constants of

Now, since f cosat da =
integration gives

0 sin at a
f e Pt ( ) dt = arctan —
0 t p

Hence

sin at a
3( ) = arctan -
t p

Which is L19

3.12.11 chapter 15, problem 2.9

Problem Find the inverse transform of the function F (p) ==

Solution

Need to simplify the above expression to some expressions which are shown in the table
on page 636.

5-2p
AT RS
__° 2p
TP 4p-2 pPPep-2
5 2p

T+ p-1)p+2) 0
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et —e7bt 1 . _ _
From table, L7, we see that i’( — ) =F(p) = D) Setting a = -1,b = 2 we get

the first expression in (1), that is

g(et _36_%) B —1)1(10 +2) >

ae—at_be—bt

also from table, we see that L8 is s?( —

-1,b = 2 we get the second expression in (1), that is

%_eﬂ—_?)ze_m) ) (p - 1;9(;9 + 2) G)

So combine (2) and (3) we get

A )2 A5 ) I s e

which is (1). Hence

) = F(p) = m. Hence, letting a =

=Dt _ptt _ o2t

e e
f(t) = 5~ 2

ett — 2t —ett — Dp2
=5 +2
3 3

Sett — Be=2t _ Dett _ g2t
- 3

3¢t — 92
3
= et -3¢

Hence the inverse transform of F(p) is ¢! — 3e7%

3.12.12 chapter 15, problem 3.11

Problem Use laplace transform to solve y”” —4y = 4e* 5 =0,y =1

Solution

Let a?(y(t)) = Y(p), and taking the laplace transform of both sides, noting first that
D?(y”) = p?Y - py, — v}, then we get

Ay') -4Ayn) = A(se)
(PZY ~PYo — y()) —4Y = 4g(ezt)

L2 from table on page 636 : ,%e‘“t) = i%a , hence ,?(e%) =% hence, after applying

boundary conditions, we get
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(Y -1) —4Y=4p%
Y(p?-4)-1= p%
RGN
- 4<p—z><1p+z><p—z> G

Doing partial fractions, repeated roots, gives

1 A B C

b2 0D -2 (o)
1:A(p—2)2+B(p+2)(p—2)+C(p+2)
1=A(p*-4p+4)+B(p? -4) + C(p +2)
1=p*(A+B)+p(-4A+C)+4A-4B+2C

Hence

A+B=0
-4A+C=0
4A-4B+2C =1

hence A = —B, then ~4B—4B+2C =1 or -8B+2C =1 orC = # therefore 4B + # =0

o) ()

then B = —11—6, then A = %,C = 5 =— = i. Hence
Y4 1 1

(p+2)(p-2) (-4

A B C 1
(P+2) (-2)  (p-2)) (-9

1 1 1 )

=4 16 + 16 + 4

(P+2) (-2 (p-2) (-9

S N N S
4(p+2) 4(p—2) (p_z)z (P2_4)
=1 1 _1 1 + 1 +l ! —l !
e e e C e P
1
(r-2)
(p—12)2 — using L6, we have »%tke_at) = (p+l;)k+l,here a=-2k=1and ﬁ >t

Hence,
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f(t) = te?

3.12.13 chapter 15, problem 3.24

Problem Use laplace transform to solve y”’ —2y’ +y = 2cost ,yy =5,y = -2

Solution

Let ,5’(]/(1?)) = Y(p), Take the laplace transform of both sides, noting first that _%(y”) =
P?Y = pyo — o, Av’') = pY — yothen we get

ﬂy”) - Za?(y’) + ﬂy(t)) = A2cost)
(PY = pvo-v) —2(pY - yo) + Y = 2p£ -

(P?Y -5p+2) —2(pY - 5) +Y=2p2i11
Y(p2-2p+1) +12-5p = 2p2’i1
Y(p?-2p +1) = pzz_’il ~12 +5p
12+ 5
- (p2 -2p+ 1)
B 2p N S5p-12
(pz + 1)(;92 -2p + 1) (pz -2p+ 1)
Y- 2p N S5p-12
= 2
(+1)p-1)" (r-1)
Doing partial fractions (p_l)?(;zﬂ) = (pi) + (p—Bl)2 ((;ZLD) . Solving, we get A = 0,B =
1,C=0,D = -1 Hence
1 1 5p —12
Y = - +
(-1 +1)  (p-1)
1 1 5p 1
= - + -12
(-1 P+ (-1 (p-1)
11 1 5p

-1 (P+1) (1)

. . 1 1 .
Hence , using table, we get inverse laplace transform W — tel and ) — sint
p-1 pe+

and —— — ¢! + te!, hence

(1)

f(t) = —11te! —sint + 5(et + tef)
= —11te' — sint + 5e' + 5tet
= bet — 6tel —sint
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3.12.14 chapter 15, problem 3.25

Problem Use laplace transform to solve y”’ + 4y’ + 5y = 2¢72t cost, Yo=0,y=3
Solution

Let g?(y(t)) = Y(p), Taking the laplace transform of both sides, noting first that ﬂy”(t)) =
P*Y —pyo -y, ﬂy’(t)) = pY — ypthen we get

Ay ) + 4 Ay (1) + 5 A1) = A(2e2 cost)

(pZY ~PYo~ y6) + 4(PY - ]/o) +5Y = 23(6_% cos t)

Applying initial conditions

(1?Y -3) +4(pY) +5Y = 2.4 cost)

From table using L.14 ,,S”(e‘Zt cos t) = ( 2 +)§ . Hence
p+2) +1
p+2
2
(p + 2) +1
p+2
2
(p + 2) +1
p+2

(P?Y -3) +4(pY) +5Y =2
Y(p? +4p+5)-3=2

2 +3

(p+2)2+1

(p2 +4p + 5)

+2 1
P +3

((P + 2)2 + 1)(]92 +ap+ 5) (pz rap+ 5)

Y=2

but (pz +4p + 5) = (p + 2)2 +1, therefore

p+2 3

;2 T 2
((p+2) +1) (p+2) +1
p+2 3

((p+2)2+1)((p+2)2+1) ’ (p+2)2+1

p+2

Y=2

=2

But inverse transform of

1, o . : 1
=~ = -te"?'sint and inverse transform of — =
2 2
((p+2) +1) (P+2) +1

e~ 2t gin t. Hence

1
ft) = Z(Ete‘Zt sin t) +3(e sint)
= te~? sint + 3e? sin t
= (t+3)e? sint

3.12.15 chapter 15, problem 3.29

Problem Use laplace transform to solve y’ +z' -2y =1,y=2p=1,z-y' =t

Solution
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Taking laplace transform of both equations, then we get 2 equations in Y and Z, then

solve for them. Let g(y(t)) =Y(p), Az(t) = Z(p)

»%/’(t)) + AZ (1)) —23(y(t)) = 2(1)
Aat) - Ay ®) = ()

Then we get

(pY—y0)+(pZ—zO)—2Y:%
1
Z-(pY-yo) = 2

Putting initial conditions gives

(pY—1)+(pZ—1)—2Y:%

1
Z-(py-1) = 7

1
Y(p-2)+ pzZ-2 =3
1
Z -pY+1 = 7 (2)

%+2—Y(p—2)

Solving for Y,From (1), Z = , and substituting into (2) gives

S+2-Y(p-2 ,
—pY+1 = =

p p

1 1
—+2-Y(p-2)-p*Y +p=-
; (p-2)-pv+p ;

-p-2
Y =
(—p +2- pz)
Yy = p+2
(-p+1)(p+2)
1
Y = —
(-p+1)
Hence Y = = so from L2
p-1
y(t)=¢

Now, that we have Y, we solve for Z. From (2)
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_p-1 +p?
pp-1)
_p-1 +p?
pp-1)

Doing partial fraction on the above, we get Z = pl—z + p%l, Hence
z(H) =t+eé

3.12.16 chapter 15, problem 3.30
Problem Use laplace transform to solve y’ +2z=1,y7=0, 2y —z' =2t,z5 =1
Solution

Take laplace transform of both equations, then we get 2 equations in Y and Z, then solve
for them.

Let A(y(t)) = Y(p), “Az(t)) = Z(p)

Ay (1) +2Z = Z(1)
2Y — AZ() = A2

pY —yy +2Z = Z(1)
2Y - (pZ-2z) = A2)

Then we get, by putting zy = 1,19 =0

pY +27= (1)

2Y - (pz-1) = (2)

ST

1
%
Obtain Z from first equation and sub into the second to solve for Y, Z = pT, Hence
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2\ p P
1 2-p?
2y - 2(1-p2Y) = pf
1 2-p?
S
2Y > + P Y 2
2 2
- 1
Y(Z + p_) = ZP + =
2 P
il
-
Y= 4+p2
()
yo _4or
pz( 4+ pz)
Hence , using partial fraction gives
4 +p?
pz( 4+ pz)
Ap+B Cp+D
= > =+ >
p (4+p )

Then

(Ap+B)(4+p2)+(Cp+D)p2:4—;72
4Ap + Ap® + 4B + Bp? + Cp® + Dp? = 4 — p?
pP(A+C)+p*(B+D)+pdA) +4B =4 —p?

Hence,4B=4 —->B=1 and4A=0—->A=0andB+D=-1andA+C=0—-C=0,
therefore D = -1-B — D = -2 . Hence

_Ap+B  Cp+D
Y= p? +(4+p2)

Using tables for inverse transform gives

y(t) =t —sin2t

Now, to find z(t), subtituting value we found for Y into equation (1) above.
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1
Y +27=-
$ p
! 2 +2Z—1
PPZ (4+P2) P
1 2 1
. SR /-
Po(4+p7) p
z=—7L
(4+7%)
z=—F
(4+7%)
From tables, using L4
z(t) = cos 2t

3.12.17 chapter 15, problem 3.4
Problem Use laplace transform to solve y”” + y =sint ,jyp =1,y5 =0
Solution

Let ,,S”(y(t)) = Y(p), Take the laplace transform of both sides, noting first that i’(y”(t)) =
p?Y — pyo — yj then we get

Ay’ 1) + Ayt)) = Asin

2y ’ Y = 1
(P*Y =pyo—3o) +Y = 575
Where I used L3 from table on page 636 which says that A{sin at) = ’#. Now solving
for Y, noting that yy = 1 and y; = 0 gives
1
Y - Y =
(P*Y=p)+Y =55
1
2 -
Y(p +1) -p= o
1
Y(p?+1) =5—
1
Y = + —F (1)

(2 + 1)2 (r2+1)

P
(*+1)

putting these together into (1) gives

From table using L12, — cost and using L17, 21 5 — %(sint —tcost). Hence,
pe+1

1
f(t) =cost + E(sint —tcost)

This is the particular solution to the ODE.
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3.12.18 chapter 15, problem 3.6

Problem Use laplace transform to solve y”’ — 6y’ + 9y = te’ ;yp =0, vy =5

Solution

Let ,,S”(y(t)) = Y(p), Take the laplace transform of both sides, noting first that i’(y”(t)) =
p*Y - pyo -y and g(y’(t)) = pY -y, then we get

Ay ) -6Ay (1) +9Ayt) = At )

(P?Y = pyo - v5) - 6(pY o) +9Y = At )

I use L6 from table on page 636 which says that ;.?(tk e‘“t) = %, hence fork=1,a =

(p+a
-3, we get a?(tk e‘“t) = ﬁ

1
(P2Y = pyo - v5) - 6(pY - yo) +9Y = >
(r-3)
Applying boundary conditions gives
1
(r?Y -5) - 6(pY) +9Y =
(r-3)
1
Y(p?-6p+9)-5=
(r-3)°
Y(p2-6p+9) = ! 5 +5
p-3)
Y = ! + >
(p2 - 6p + 9)(p - 3)2 (PZ —6p + 9)
Y = ! + >
(p-3)(-3) (-3
yo—1+ 5 (1)

(-3) (-3

Now using table, from L6, ﬁ, leta = -3,k =1 hence ( ! )2 — te’t And using L6 again,
p-3 p-3

etk =3,a = -3 then —— — 3¢3 therefore (1) becomes
(r-3)’ (r-3)’

1

1
fh = gt363t +5 te¥t

1
=& =% + 5t
(53

3.12.19 chapter 15, problem 3.8
Problem Use laplace transform to solve y”” +16y = 8cos4t iy =0,y5 =0
Solution

Let g?(y(t)) = Y(p), Taking the laplace transform of both sides, noting first that Q%y”(t)) =
p?Y — pyo — y, results in
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,?(y"(t)) + 163(y(t)) = ABcos4t)
(pZY ~PYo~ ]/6) +16Y = 8. A cos 4t)

Y(p? +16) = 5 z —

I used L6 from table on page 636 : Z{cosat) = #

p

y=8—F—
(p2 + 16)

Now looking at L11, which says At sinat) = 207 5, hence letting a4 = 4 gives the

2402

solution

f(t) =t sin4t
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3.13 HW 12
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3.13.1 chapter 15, problem 4.12

Problem Find the exponential Fourier transform of the given f(x) and write f(x) as a
fourier integral.

TT
sinx |x| < >

fx) =
0, x> 2

Solution

Let F(a) be the Fourier transform of f(x) defined as F(a) = % f f(x) e dx

1 7 .
F@) = 5 [ Fx) e dx

21 F(a) = | sinx e7* dx

|
N|§%N|:l

e—l[XX

Integration by parts, u = sinx,du = cosx,v = hence f udov =uv— f duv

—ia’
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I= | sinx e @ dx

|
NI:I%M:}

I Bl

n

e—iax 2

= [sinx — f
-l

e—iax 12 1

1]

= |sinx cosx e ar dx

_ia T

~.

I:i"wl:l

Integration by parts the second integral again. u = cosx, du = —sinx

T T E
[ e—iax 12 1 [ e—iax 12 2 e—iax
I =|sinx — + —1|cosx — —f(—sinx) — dx
| —-ia |« da|| —ia | —ix
2
TT
Vs TT —_
[ e—iax 12 1 [ e—iax 12 1 2
I =|sinx — + —<|cosx — —|— fsmx e~iax fJy
| - [ = da|| —i | o i
2 2 -z
n n T
[ e—iax‘E 1 elax 2 1 2
I =|sinx — + —|cosx - ﬁfsmx e~ dx
| - | il - | P
2 2 -z
T T E
[ e—iax‘E 1 [ g lax 2 1 2
I =|sinx — + —|cosx — + —Zfsmx e dx
| - | | - |« o«
2 EE

[ . e—iax“% 1 [ e—iax]g 1
I =|sinx — + —|cosx — +—21
] —iv | = i - | »  a
2 2
1 [ e—iax’g i e—iax g
I——21: sinx — ——|cosx - ]
a | —i | =« —iat | n
2
i1 1 P _ (n) 93 . ( n) )] (n) %3 ( n) cia(-3)
- — | =|sin|= —sin|-— ) ———— |- —|cos[ = —-cos|——=| ———
a? 2] —ia 2 —ia a 2] —ia 2 —ia
a? -1 [ a3 eia(Z) i
|——)= + - —=(0)
o —ix —ix a
; a2 _e—zag o=
T \a2-1 i i«
I:( - 1)__1[ Tre WE]
a?-1) i
I:( zml)[emz +e_m2]
a —
I al ) ( 71)
= cos|a—
a? -1 2
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Hence the Fourier transform of f(x) is

3
27 Fla) = f sinx 7% dx

Therefore

To obtain f(x) given its fourier transform F(a), then we apply the inverse fourier trans-
form

f(x) = f F(a) e da

(o]

. T
al COS(O(—)

= f—z e doy
(az - 1)71

—00
[ai cos((xn)
_ lf 2 elax 4oy
- 2
T as -1
—00

3.13.2 chapter 15, problem 4.18

Problem Find the fourier sin transform of the given f(x) and write f(x) as a fourier
integral. Verify the answer is the same as the exponential fourier transform.

X x| <1

flx) =
0, I|x>1

Solution

Let 7, f (x) be the Fourier sin transform of f(x) defined as g;(a) = 7, f(x) = \/g f f(x) sin(ax) dx.
0

Hence, for the function above we get

1
gs(a) = \/% f x sin(ax) dx
0

Notice, we integrate from zero, not from -1, since the sin transform is defined only for

.. . _ __ —cos(ax) _ _
positive x. Integrating by parts, u = x,v = ———, hence f udv =uv f duv
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—cos(ax) ! 1 — cos(ax)
gs(a) = {lX(T L - bf T dX}
1
= {%[x cos ocx) % Of cos(ax) dx}
= {—1[x cos ax) l sin ] }
a a

—[ cos(a) — 0] + l [sin(ax)](l)}
a

m&m\ﬁl&mm”:‘&“‘ m%\ ;u&m AN

Hence the Sin Fourier transform of f(x) is

gs(a) = \/z l(l sin(a) — cos(a) )
T a\a

To obtain f(x) given its sin fourier transform g;(«), then we apply the inverse sin fourier
transform

2 (o]
fs(x):\/; fgs(a) sin ax da
o)
f — sina —cosa | sinax da
——f(— sma——cosa) sinax da
0

(0]

2 (sina—acosa

) sinax da (A0)

T a?

0

Now we need to show that the above is the same as the inverse fourier transform found
for problem 6. From back of the book, the IFT for problem 6 is given as

® sina—acosa .
f(x) :f - eYda
—00

ina?

Need to convert the above to f,(x). Since ¢** = cos ax + i sin ax

ina?
® (sina —acosa)cosax (sina — acosa)isin axd
+ o

® sina — acos« .
f(x) = f (cos ax + isin ax)da
-0

o ina? ina?
_ [ (sina—acosa) cosaxda+ 00 (sina—acosa)isinaxda )
B ina? ina?

—00 —00
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Looking at the first integral,

odd odd even even
z—.M o ——
sSIa — a Cosa|Cosax
(0]
f da
(o)

even

- in a?
B f‘x’ (odd — odd X even) X even P
- J even
® (odd — odd ) X even
= f da
o even

* odd X even
= — da
oo even

© odd
= f ° da
- even

:f odd da

Hence the integral vanishes. Hence (1) becomes

a

do

© (sina — a cos a)i sin ax
o= [ —
—oo ina

Looking at the above

( odd  ,4q even ) odd

. —_——N—
SIa — & Cosa

1sin ax
(odd — odd X even) x odd
even =
. =5 even
i a?
odd Xxodd
Bl even
even
even
= even

Since the integrand is even, then f_ =2 g)o Hence (2) becomes

® (sin @ — @ cos a)i sin ax
X :2f , a
f(x) . P
2 (™ (sina—acosa) .
= —f > sinax da
TTJp 04

comparing this to equation (A1) above, we see that

fs(x) = f(x)

Which is what we are asked to show.

3.13.3 chapter 15, problem 4.20

(2)

(3)

Problem Find the fourier sin transform of the given f(x) and write f(x) as a fourier

integral. Verify the answer is the same as the exponential fourier transform.
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f() =

0, x| > =

Solution

Let .7, f (x) be the Fourier sin transform of f(x) defined as g,(a) = % f(x) = \/g f f(x) sin(ax) dx.
0

Hence, for the function above we get

1
2
gs(a) = \/; f sinx sin(ax) dx
0

Notice, we integrate from zero, not from -1, since the sin transform is defined only for pos-
. . o 1 1 . . 1
itive x. Since sinfsiny = > cos(ﬁ - 7/) -3 cos(ﬁ + 7/) Then sin x sin(ax) = 5 cos(x — ax) —

1
5 cos(x + ax). Hence

1
gs(a) = éiécos(x—ax)—%cos(x+ax) dx
1 \/g [ sin(x — ax) ! sin(x + ax) !
- | 1-a 0_| 1+a L
. 1
{sm(l a) 0]_ s1n(1+a)_0]}
| 1-«a 1+« 0

[ sin(1 — a) sm(1+a)
( 1+a )

Hence the Sin Fourier transform of f(x) is

(@) = 1\/5 sin(l —a) sin(1 + a)

SN\ 1= a 1+a

Therefore, to obtain f(x) given its sin fourier transform g,(«), we apply the inverse sin
fourier transform

fs(x)=\/%fgs((x) sin ax da
0
2 1 [2 sin(l —a) sinl+a)) .
_\/;fi\/;( -2  1ia )smaxda

_1 f (sm(l Q) sm(l + )

1+a

) sinax da (1)

Now we need to show that the above is the same as the exponential inverse fourier
transform found for problem 12. The exponential IFT for problem 12 is

=1 [ A) @

—00

320



3.13. HW 12 CHAPTER 3. HWS

So Need to show that (1) and (2) are the same. Need to convert the above (1) to f,(x)
in (2).Since e'** = cos ax + isin ax, (2) can be written as

1 o ai cos(ag)
nf 1

f(x):_ ~ az_

1 o 1 cos(a%) 0o (1 COS(Q%)
:;f —a-q cosax da+f —1isinozx do (3)

(cos ax + isin ax)da

a2 — e a?2-—
Looking at the first integral,

even
odd

——
— . b
foo a 1 COS(O(E)

even

—
ven cosax da
2 -1

-0

> (odd X even) X even P
= a
—oo even

* odd X even
:f 0dd X Ve ia

even

* odd
:fo da

-« even

:f odd da

Hence the integral vanishes. So (3) becomes

. Tt
0 X1 COS((X—)

1
f(x)=0+;£00 az_

1 o ati cos(ag)
= —f 2—1 isinax da

isinax da

Looking at the above integrand,

xa . odd
a i cos(ag) —— (odd X even) x odd
—ea——— isinax =
—_ even
a? -1
odd X odd
B even
even
B even
= even

Since the integrand is even, then f_ =2 £m. Hence (2) becomes

a2 —

. T
2 e alcoslaz
flx) = —f Jisi]fwzx da
Tt Jy 1

Tt
_2 0o (¥ cos(aE) . p
= — - sinax da
o —1

foo o COS oc
= — sin ax do
1- az
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Butl - a? = (1 + a)(1 — a), therefore

2 o cos(ag) ‘
f(x)—gfo —(1+04)(1—a) sinax da

. 1 . . T
But cos(ag) sinax = E(_ sm(a% - ax) + sm(az + ocx)), hence the above becomes

) = % j(«)oo a %(— sin(ag — ax) + sin(ag + ax))

d
1+a)1-a) “
1 oo (— sin(ag - ax) + sin(ag + ax)) p
f(x)‘Efo 1+a)l-a) ¢
. Tt . Tt
1 e asinlaz +ax asin(a- —ax
f(x):_f (2 )_ (2 )da
nJy (1+a)(l-a) Q1+a)d-a)
3.13.4 chapter 15, problem 4.21
2
Problem Find the fourier transform of the given f(x) = 252
Solution
Let F(a) be the Fourier sin transform of f(x) defined as
@=L [ e
= — x)e X
F@) =on, f
So, for the function above we get
1 =2
Fla) = > f e202 X
1 22
= EIQZGZ ax dx
(o) 2 2
1 —X —zax(Zo )
= — f e 22 dx
271_00
1 o —x2-2iao%x
= 5 f e 22  dx (1)
. —x2-2ino%x . . .
looking at the exponent ———. completing the square in x gives

2+ 2iao?x =(x+Z)*-Y

Solving for Z, Y gives

X2+ io’x =x2+2Z+7%2-Y

Therefore Z = inc?,7Z%> -Y =0,and Y = —a%0*. Hence Exponent can be written as

322



3.13. HW 12 CHAPTER 3. HWS

2
2 +2iac?x  (x +iao?) - (-a?c?)
202 Bl -202
2
(x + iao? ) + a?o*
052
. 2 2
(x + iao ) a’ot
202 202
. 2 2
(x + iao ) a’o?
202 2

The integral (1) becomes

22

Moving e 2 outside the integral because it does not depend on x gives

e 2 wre )
Fla) = —— f ¢ 2% dx

Let y = x + iao?, dy = dx and the limits do not change. Hence we get

a2g2

e 2 P y?
Fl@) = 7_f e dy

[o0]

. . o . 2
Since the exponential function is raised to a square power, then we can write f eV =

—00
(o)

2 . . .
2 f e¥ (since even function). Hence above integral becomes
0

a=o’

e 2 P Y
F@) = S [e 22 dy

Tt
0

1

V2o

LetC = \/_% ,theny = V20¢, and y? = 202C%. Hence d( =
o

becomes

dy and the above integral

QZUZ
_e [
Fa) = — Of e~C \2gdC
_(XZO'Z
F@) = V2ot [e ¢ dC @)

0

Now from equation 9.5 on page 468
323



3.13. HW 12 CHAPTER 3.

HWS

Hence (2) becomes

Which is what we are asked to show.

3.13.5 chapter 15, problem 4.23
Problem Show that

0 1—cosma . e 0 1—cosma . e
L - s1nada:§and£ - smrwzdazz

Solution

From problem 17, the Fourier sin transform for f(x) shown in problem 3 is

V2 (1 - cos )
Jra

From equation 4.14 page 651, f(x) can be obtained from inverse sin transform is

fs(x)=\/§foogs(a)sinaxda
\/*f [\/_(1—cos7w()) .
sin ax da

(1-cosma) |
= —f —————sinax da
Tt a

gs(a) =

Now, from the definition of f(x), which is

-1 —-n<x<0
fx)=49 1 O<x<m
0, x| > 7t

We see that for x =1, f(x) =1, hence substitute in (1) we get

2 r~°1-

1:__f A-cosma) . ..
TC 0 03

T (1 — cos )

—:f —smada

2 0 03

(1)
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Which is the first result we required to show. For the second result, let x = 7 hence

_ _ . . . f)+f(ny) 140 1
f(n) = average value of f(x) at x = m. Which is given by ————— = = 5. Hence

2 2
substitute in (1) we get

1 2 r~o01-
fslx=m)=== —f —( cos a) sin a7t do
2 T Jdo (04

T © (1 -cosma) |
—:f — “sinamnda
4 0 04

Which is the second result we are asked to show.

3.13.6 chapter 15, problem 4.25
Problem Show that

(a) represent as an exponential fourier transform the function

sin x O<x<m

f() =

0, otherwise

(b) Show that the result can be written as

da

1 [ cosax + cosa(x — 1)
f(x)_nf 1-a?2

Solution

The exponential Fourier transform is defined as

1 . —iax
gla) = 2m j:m flxe ax
Applying the function f(x) gives

1 ™ .
g(a) = o= j(; sinx e dx

But

ez‘x _ e—ix

2i

sinx =

Hence the transform can be written as
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1 T ‘
g(a) = > f T e~ dx
0
1 T o L
— 4_ f ezx—zax _ e—zx—zax dx
1T J
1 T, .
— 4_ f ex(z—za) _ ex(—z—za) dx
1T J
1 ex(i—ia) T( ex(—z'—iac) n
" 4in l i— i L _[ —i—iaL
1 ([ emli-i) 1 er(=i- za)
‘E[i—ia_i—ia]_[ —i - D
1 .. 1
= — ni(i~icr) 11 = n(—i—iaq) _
YR R 1
— L [en(i—ia) _1] + -
dimt\i —ix z+za

n( i—ia) _ )
]

11 g 1
= —— n(i-ier) _ 1| 4 en(-i-ia) _ 1
i4in(1—a[e [+ le )

-1 en(i—ia) 1

4re\ 1~
~1 {1 + @)™ 4 (1 — @)™ i)

1+a 1+«

en(—l—za) 1
a 1-a - )

_(1+a)+(1—az))

47 1-a)1+a) 1-a)1+a)
-1 (1 + a)e™71a) 4 (1 — g)em(-i-ia) 2
W e i)
— -1 (en(i—ia) + gel=ie) 4 pril=izia) _ ppn(=i-ia) _ 2)
(1 - a2)4n
— -1 (eni eTIMA 4 Tt p=iMa | =T pmina _ o~ Ti pmina _ 2)
(1-a2)4
Bute™ =-lande™ = -1
-1 — ; —_—
gla) = —(1 2)4 (—e‘m“ — qe I —eTI 4 gemina —2)
—a?)4n
-1 . .
g(a) = —(1 a2)4 ( e M — pmima 2)
gla) = —<1 - a2)4n (e""m +eime 4 2)
@ 2e7m 42
a)= ———
g (1 — a2)471

Hence the exponential fourier transform is

emima 41

gla) = (1 - a2)2n

Therefore f(x) can be rewritten as
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g(a) e da

foo e—ina +1

— zax da
1- az)ZT(
1 (o'e) 1 + —17'(@
— _f € zax da (1)
2 1 a2

Which is the answer required to show.

Part(b)

Now need to show that the above can be written as

da

1 [ cosax + cosa(x — )
f(x):_f 1 2
0 -

From (1)

00 1 + —lna
flx) = f € e doy
21 1 042

00 ZOIX + ezaxe ima
f da
27-[ -0 (1 - 0(2)
1 00 eiax + eiax—ina
T 2n f (1-a2)
1 00 eiax + eia(x—n)
S f C T
27 (1 — az)
1 f‘x’ 2(cos ax + cos a(x — 7))
27 (1 — 0(2)
1 f‘x’ cos ax + cos a(x — )
TTJ_o (1 - 0(2)

do

da

do

Which is what is required to show.

3.13.7 chapter 15, problem 4.3

Problem Find the exponential fourier transform of the given f(x) and write f(x) as a
fourier integral.

-1, —-n<x<0
fix)=11, O<x<m
0, |x| > 7

Solution
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Let F(a) be the Fourier transform of f(x) defined as F(a f f(x) e* dx, hence

1 7 .
= f F(x) eiox dx

T
27 Fla) = f — o7 gy + f e7iax dx
—n 0
[ e-iox [ piax l"
= -|—| +|—=
—ia | —ia |

— %[ e—icwc]?7T _ %[ e—iax];(

— l[ eO _ eian] _ l[ e—ian _ eO]n
i o 0
1 ) 1 . n
— _[ 1-— ezan] _ _[ e i _ 1]
(104 1 0
1 eicm e—icm 1
=T -0 - + -—
104 104 (104 104
— E _ l(ezcm + e—zan)
(10 1

But @™ + ¢ = 2 cos amt. Hence
2 1
21 Fla) = — — —(2 COS (ATT)
2
= —(1 —cosan)
i

Hence the Fourier transform of f(x) is

1] 2
Fla) = E[ a(l — Cos an)]

= — (1 —cosamn)
Tl

To obtain f(x) given its fourier transform F(a), then we apply the inverse fourier trans-
form

Flx) = f (@) €% da

00 1 '
= f— (1 - cosamn) e da
o mai
11
= — (1 — cosamn) e da
T«

3.13.8 chapter 15, problem 4.5

Problem Find the exponential fourier transform of the given f(x) and write f(x) as a
fourier integral.

1, O<x<1

f() =

0, otherwise

Solution
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Let F(s) be the Fourier transform of f(x) defined as F(s) = % f f(x) e dx

1 7 .
F6) = 5 [ foo e dx

1
f e—isx dx
0

1

l e—isx ‘|
—is
0

21 F(s)

— ;_Sl e—isx];
— :_51[ o5 eo]
- Sl -1]

Hence the Fourier transform of f(x) is

Fo = 5| 2]

27| is

To obtain f(x) given its fourier transform f(s), then we apply the inverse fourier transform

£ = [Fe) e ds

- f 2%15 (e‘is - 1) 5% ds

- if 1(e‘is - 1) es* ds

S
—00

3.13.9 chapter 15, problem 4.7

Problem Find the exponential fourier transform of the given f(x) and write f(x) as a
fourier integral.

|x| x| <1
fx) =
0, x| >1

Solution

Let F(a) be the Fourier transform of f(x) defined as f(a) = i f f(x) e dx

1 |
Fla) = 7 f f(x) e " dx

0 1
27 Fla) = f —x el gy 4 f x eiox gy
| 0

—iax

Integrating by parts, u = x,v =

, hence f udv =uv— f du v. The first integral is
329
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f—x e7iax fdy =

And the second integral

Hence

[ e—iax 0 0 —iax
= ] + f N
-l -l
- -1 _
[ e—iax 0 0 e—iax
= [(x) + f — dx
101 -l
- _1 _1

0
:% [0 (-1) x e?] - %fe‘i“x dx
-1
1 1] emiox
:akaﬁﬂ_ml
1 .4 1
— E [eza] + @[e—zax] 1
- [l
eia 1 eia
T 22 a2

L [1><e‘""—0]+,lfe Y dx
—i i .
1 [e—za s l e—iax ]1
—i | —iax X
1 . 1 1
— [ ]-mzle™ ],
7 e e ]
e—ia e—ia 1
—ia " a2 a?

eia 1 eia el el 1
2n fla@)=|— -5+ 5| +|— + —
F ia  a? a? —ia a2 a?
5 ( ) eia 1 eia e—ia e—ia 1
Tt a)=— — ; -
F ia  a? a? i a2 a?
eia eia e la e—ia 2
=— + - - = —
i a’ i a? a?
io —i
:l 6__8 +_(eia+e—za)__
a\ i i a? a?
i _ -l
) T e )2
a i a? a?
eia_e—ia

But € + ¢ = 2 cos & and

= 2sin a, Hence the above becomes
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1 1 2
21t Fla) = E(Zsina) + ;(ZCOSOz ) — =

2

= —[asina +cosa —1]
2
a

1
Fla) = —lasina + cosa —1]
e
Hence the Fourier transform of f(x) is

1
Fla) = —lasina + cosa —-1]
T

To obtain f(x) given its fourier transform F(a), then we apply the inverse fourier trans-
form

Flx) = f (@) €9 da

(o]

1 .
= f—z[asina+cosoc -1] é** da
o

1 I 1 ; iax
= E_f E[asma +cosa —1] e da
3.13.10 chapter 15, problem 5.1
Problem Show that g(t) ® h(t) = h(t) ® g(t)

Solution

By definition,

t
@K = [ glt-m) ) dr (1)
0
Letu=t-1,du=—-dt,whent=0,u=t whent =t u =0, Hence The RHS becomes

f Cet—o @ dr= [ o) bt - u) (—du)
0 u=t

- _ f " () (e ) du
u=t

_ f " o) It - ) du
u=0

Since u is a dummy variable of integration, call it anything we want, say 7 so above
integral becomes

t t
f ot - ) h(z) dt = f 2(7) h(t - 7) dr
0 0

t t
f ot - ) h(z) dt = f It - 1) g(c) de 2)
0 0

Hence from (2) g(t) ® h(t) = h(t) ® g(t)
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3.13.11 chapter 15, problem 5.10

Problem
Use convolution integral to find the inverse transform of 5
p(p2+a2)
Solution
1 1 1
== = GH

P2+ P2 ead)

sinat—at cosat

From Tables using L1 and L17 g(t) =1 and h(t) = . Hence the inverse trans-

form of GH = g(t) ® h(t). Using L34 2
t
o) ® h(t) = fo 2t — 1) h(x) dt (134)
Hence
o sina(t— 1) —a(t — 1) cosa(t— 1)
o) @ h(t) = fo 1% — dr

1 t
:ﬁf sina(t— 1) —a(t— 1) cosa(t—1)dr
0

:Llfotsina(t—f)dT—atj: COS[Z(t—T)dT+aj;tTCOSQ(t—T)dTl (1)

2a3

sin a(t-1)

The last integral can be integrated by parts. u = 7, v = —

—a

. t .
ftTCOSH(t—T)dTZ lrw] —ftmzh
0 0

0 —-a
-1 e 1t

= —[rsina(t - T)]O + - f sina(t — 1) dt
a aJy

1[ —cosa(t—T)lt
0

-1
= —[rsina(t - T)]g + -
a a —-a

: ;h sina(t - 7)]; + %{ cosa(t - )],

= _—1[tsina(t— t)—0] + lz[ cosa(t —t) — cosa(t —0)]
a a

__1[0] + lz[ cos a(0) — cos a(t)]
a a

1
a_z[ 1 — cos at]

Hence (1) becomes
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1 [ t 1
gH®ht) = — f sina(t — ) dt - atf cosa(t - t)dt + a—[1 - cosat]
203_ 0 0 ﬂz
: t
1||- t— ina(t— 1
sy @ h() = —|| SO (SO T s e
2a3 —-at X —-at a
11 Co o1
= ﬁﬁ[cos a(t — ’Z,')]O +t[sina(t— T)]0 + E[ 1 - cos at]]
11 . : P, 1
= —|-[cosa(t —t) —cosa(t —0)] + t [ sina(t — t) —sina(t — 0)], + —[ 1 — cos at]
2a3|a 0" a
1 [1 1
= —|-[1—cosat] +t[-sinat] + —[1 - cosat]
2a3|a a
1 [1 ' 1
= —|—-[1-cosat] -t sinat+ —[1 - cosat]
2a3|a a
1

= ﬂ(Z —2cosat —at sinat)

So the inverse Laplace transform of

5 1S
p(p?+a?)

ﬂ(Z —2cosat —at sinat)

3.13.12 chapter 15, problem 5.2

1

Problem Use L34 and L2 to find the inverse transform of G(p)H (p) when G(p) =

(p+a)
and H(p) = @ your result should be L7
Solution
1
—at| —
HAe) = o (L2)
t
o @ h(t) = f ot - 1) h(z) dt (134)
0
Using L2, g(f) = & ‘1@ =e ™, and h(t) = ¥ ‘1@ = ¢, Now Let Y(p) = G(p)H(p),
But

G(p)H(p) = A g(t) @ ht) }

Then

t
y() = gy @ h(t) = fo gt 1) h(x) dr

t

_ f pa(t=1) bt g
0
t

— f e—at+ar e—br dt
0

— f e—at et e—b'[ dt
0

+
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e can be moved outside the integral

t

y(t) =e™ f e et dr
0
t

y(t)ze—ut f Pl
0
t

y(t):e—at f et@=b)  4r
0

er(a—b) t
— ,—at

e—at
y(t) = 3 [et(a_b) - 1]

p~at+t(a=b) _ o—at
I =
y(t) p—
e—bt _ ,—at
===
e—at bt
==

Which is L7 as required to show.

3.13.13 chapter 15, problem 5.22

Problem
Verify Parseval’s theorem for f(x) = e”™ and g(a) =Fourier transform of f(x)
Solution

Parseval theorem says that total energy in a signal equal to the sum of the energies in
the harmonics that make up the signal. i.e.

(o] 1 (o]
]: |g(0z)|2 da = Ej: |f(x)|2 dx

1 00 2 1 0o 2

_ - —|x]

— j:oo|f(x)| dv= o £m|e AP dx
= % f " 2 gy

1 (9 o
= —{f e dx + f e 2x dx}
2m —oo 0
er 0 e—2x oo
e
2 -2
—00 O

= (1)

Now we find the Fourier transform for f(x)
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1 o0 .
— —|x| ,—ixax
g(a) o foo e e dx

1 0 ) 00 )
= 2—[ f e‘e ™ dx + f e‘xe‘”‘“dx]
T Y _o 0
1 0 . 00 ,
— _[f ex(l—za) dx +f ex(—l—za) dx]
27 —oo 0
1 ([ex-i) pX(-1=ia) T°
= — +
2n [1—ia]_m |—1—i0¢L
1 1

. .10 NG 1o

1 1 10 1 . 00

1 . 1 .

- 1-— —oco(1—-ia) | _ co(—1—iar) _ 1
2t \1 - ia[ ¢ ] 1+ia [e ]
1 1 1

= — 1] - -1
27 1—ia[] 1+i0z[ ])

1 1 1
=—|— t7

2\l —-ia 1+«
B 1 l+ia+1-ia
C2n \ (1 —-ia)(1 + ia)

1 2
T o \1+a?
B 1
- n(l +a2)
So
2
(o] 2 (oe]
d :f L
J J@lan= [ ||
1 00 1
= — — da
o (14 2)
But f : da = g, Hence

~o0 (14a2)"

J st ao = = (3)

= 2
2 2)
Comparing (1) and (2). They are the same. Hence

(o] 1 (oe]
[ @l da=o- [ |feof ax

was verified for this problem as required.

3.13.14 chapter 15, problem 5.4

Problem
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Use convolution integral to find the inverse transform of 5
(p+u)(p+b)

Solution

From but from L6

ﬂtke—af) = L]m (L2)
(p+a)

1 1 _
(P+‘1) (p+b)2

1 1
Hence — = Ae ™) and = Ae ). Hence the inverse transform of
(p+a) j( ) (p +b)2 y( )
e @ te™. Using L34

o) ® h(t) = fo ot 1) h(o) dr (1.34)

Hence

S~

e~ @ telt e~ t=10) 777 47

e—ut+ar ,.[e—bT dt

-

e—ateu'[ Te—b’[ dt

I
N e W

t

_ e—at s ,-[e—b’f dt

—at

=e 1e™@b) 1

S/ S

er(n—b)
a-b

Integrate by parts. u = t,v =
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[ pra-b) t pr(a-b)
et @tett =t |7 - f dt
| a-b Iy Jo a- b
t { [ etab) T 1 [ pt(a-b) ]f }
=e T -
| a-b | a-bla-Db|

1 1
= m[reT(”—b) ]; - = b)z [eT(ﬂ—b)]; )

1 1
— e—at tet(a—b) _ et(a—b) -1 )
a— b[ ] (ﬂ _ b)2 [ ]
_ e—at teta—tb ~ eta—tb _ 1)
a-b  (a-b)>
et pth _ pmat
T a-b (a-b)
_ (a- btet — g7th 4 pat
(a—b)*
_ ((a-bt- 1)e~t 4 et
(a—b)*
So the inverse laplace transform of ;2 is
(p+u)(p+b)

(a-bt-1) et 4t
(a - by’

3.13.15 chapter 15, problem 6.2
Problem

Find the inverse laplace transform using 6.6 of the function #

Solution

6.6 states that f(f) = sum of all residues of F(z)e* at all poles. Poles of F(z) = ﬁare at
+1, +i. Hence

ezt

-DEz+D(Ez-i)(z+1)

F(z) =
Since each pole is of order 1, we use equation 6.1 page 599 which says
Residue of F(z) at z = z5 is lim (z —zg)F(2)
z—7g

Hence sum of residue is
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ezt ezt
R=1i + li
o DG —Dz+) A D=+ i)
ezt ezt
+ lim

I e ey I T DE e

t —t

e e
A+)A-)A+1)  ((A-1)(1-i)-1+)

eit e—ii’
TG+ DG+ ) G- i+

it e—it

—+ —+—+ —
4 -4 -4 4i

ot —et\  1/eft — it
(=)
_e .

3.13.16 chapter 15, problem 6.4

Problem

Find the inverse laplace transform using 6.6 of the function ; f’l c

Solution

6.6 states that f(t) = sum of all residues of F(z)e* at all poles. Poles of F(z) = Z4Z_316are at

+2,+2i, Hence

Z3ezt
(z=2)(z + 2)(z - 2i)(z + 2i)

F(z) =
Since each pole is of order 1, we use equation 6.1 page 599 which says
Residue of F(z) at z = z5 is lim (z — zg)F(2)
z—z)

Hence sum of residue is
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Z3 ezt Z3 ezt
R=Ii 4+ i
o Z+ 220z +2]) S Z-2)z-20)z+2))
ZS ezt Z3 ezt
+ lim

A e e A e e -2

8e2t —8e72t
T 2+2Q2-2)2+2) (2-2)(-2-2i)(2+2)
(21)3 2it (—2i)3€_2it

T 2i—2) Qi+ 2)Qi+2i) (=20 - 2)(=2i + 2)(~2i - 2i)

82t 8e~2t (-8i)e 2it (Si)e—Zit
4)8 (—4)8 -8(4i)  -8(-4i)
2t 2t Rit it

=— 4 —+—+—
Z 4 4 4
2t 4 o2t

=— ° E(cos 2t)

3 .
So inverse Laplace transform of 4 —¢ is
e 472 L1 (cos26)
1 5 (cos

3.13.17 chapter 15, problem 6.5

Problem

3]92

Find the inverse laplace transform using 6.6 of the function —— T

Solution

6.6 states that f(t) = sum of all residues of F(z)e* at all poles. To find poles, look at
1

p® +8 =0, hence p®> = -8, p = —83. Let

1 .
83 = relf

Then the roots are

190 1 jo+2n) 1 i0+4n)
3 = o3 3
=87¢3,8%¢ 3 ,8¢ 3

: 3, 2 2.+ 4 4
~ 8,8 (cos ?” +isin ?n),Ss(cos ?” +isin ?”)
=2,2(cos120° + i sin 120°), 2(cos 240° + i sin 240°)

3.1 -3
)

1
=2,2(—= +i—),2(-=
,(2+12),(2+l

=2 - 1+iV3,-1-i1\3
Hence

p=-2,1-iV3,1+iV3
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And

322

ezt
3+ 8

F(z) =

322

(-1 B)

Since each pole is of order 1, we use equation 6.1 page 599 which says

Residue of F(z) at z = zj is Z11109 (z—z9)F(2)
—Z0

Hence sum of residue is

R s M))EZ i+ zf)) ) e (1e3)
e Er - )
_ 3(-2) L 3(1-iv3) (B
(-2-(1-iv3))(-2- (1+1‘f)) (1=iV3) +2)((1-iV3) - (1 +iV3))
+ 3(1 + 1\/5) e(1+i\/§)t
(1+iv3) +2)((1+iV3) - (1-iV3))

- 12 o2t 4 3(_2 — 21’\/5) o1V3)E 3(_2 + 2i\/§) P1FiV3)
TC)e) R Bee)a)
12, N -6 — 61\/_ (1- l\/')t —6 + 6iV3 1+1\/'

"1 T evios 63 —6
— e‘2t+ 6(1 1\/_) +e(1+z\/_)t

— o2t 4 ptemiVBE | ptiV3E
— o2y et(ei«/Et+e—i«/§t)
= e+ et(2 cos\/gt)

2

So inverse Laplace transform of —8 is

et + et(2 cos V3 t)

3.13.18 chapter 15, problem 6.9

Problem

Find the inverse laplace transform using 6.6 of the function -— A £ —
Solution

6.6 states that f(t) = sum of all residues of F(z)e? at all poles. To find poles, look at
1
p*—1=0,hencep* =1,p =1%. Let

Then roots are
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Lo 1 jo+2n) 1 i(0+an) 1 i(0+6m)
1~ 414 1 1
=1%4,17¢ ¢ ,17e¢ ¢ ,"e ¢

11 27z+,.27'c 1 47’[+,.47Z 1 67‘(+,_6T(
=1, — +isin—|, —— +tisin—|, —_ Tism-—-
cos 1 S cos 1 S 1 cos 1 S 1

4
=1,(0+1),(-1+i0),(0-i1)
=1,i,-1,-i

Therefore

p=1,i,-1,-i

Hence

z
_ t
F(z) = a1 _1€Z

Z
T -D)e-)e+Dz+))

zt

Since each pole is of order 1, we use equation 6.1 page 599 which says

Residue of F(z) at z = z5 is lim (z — zg)F(2)
z—7zg

Hence sum of residue is

R =lim z e + lim z zt
z—1 (z=1)(z+1)(z+1) z—i (z=1)(z+1)(z+1)
z z
+ lim &+ lim zt

S G-Da-)e+)  emie-De-)z+1)

1 i

T S M s T
4 i i

S v A e oy A

it

—it

1 i . 1 - .
=—e+ —et +-et+—¢t
4 —4i 4 4i

= l4(et + e‘t) - %(cos t)

So inverse Laplace transform of ;#L_l is

14((3* + e‘t) - %(cos t)

3.13.19 chapter 15, problem 7.11

Problem

Using the 6 function method, Find the response of the following system to a unit impulse.
By =ot-t)

Solution

Taking the laplace transform of each side gives (assuming initial conditions for the
system are at rest)
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Ypt—Y =Pl
e~ Pto
pt-1
e~ Pto

(*-1)(r* +1)

Finding the inverse laplace of ! = _ " = GH. Then g(t) = Et_ze_t

(-)(p+1)(r>+1) — (p-1)(p+1) (1)
ing L7 and, h(t) = sint using L3. Hence the inverse transform is

us-

2B ®h(t) = f T (-1 de
0
= %(sinht —sint)

Using L28 with the result above we get

o S(sinh(t — o) = sin(t—f) £ > fg
yt) =
0 < tO

Or by expressing sinh using exp, the above becomes

Z(efo —e o~ 2sin(t - ty)) >t

==

y(t) =
0 < to

3.13.20 chapter 15, problem 7.7
Problem

Using the 6 function method, Find the response of the following system to a unit impulse.
Yy +2y +y=0(t-t))
Solution

Take the laplace transform of each side we get (assume initial conditions for a system
at rest)

Yp? +2Yp+Y =Pl
e Pho
2 +2p+1
e Pho

Y:@Hf

Using L28 and L6 (for k =1)

(t —to)e ) > ¢,
y(t) =
t< tO
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3.13.21 chapter 15, problem 7.9

Problem

Using the 6 function method, Find the response of the following system to a unit impulse.
Yy’ + 2y +10y = 6(t - 1)

Solution

Taking the laplace transform of each side we get (assume initial conditions for a system
at rest)

Yp? +2Yp +10Y = ePlo
e~ Pto

- P> +2p+10
e Plo

(p-a)p-1)

Where a = -1 + 3i, b = -1 — 3i the roots of p? + 2p + 10. Using L28 and L7

Y =

ea(t—to)_eb(t—to)
y(t) = (=b)~(=a)
0 t< tO

t>t0

Replacing values for a, b gives
ea(t—to) _ eb(f—t())
£ =
y(t) p—
e(—1+3i)(t—t0) _ e(—l—3i)(t—t0)
(-1 + 3i) — (-1 - 3i)
e(—1+3i)(t—t0) _ e(—l—3i)(t—t0)

61

e—t+i’0+3ii’—3it0 _ e—t+t0—3it+3ii’0

61
QBilt=to) _ ,=3ilt—to)

61

it 1 e3i(t—i’0) _ e—3i(t—t0)
= e Tl —

Therefore
e—[ + tO

yty=1 3
0 t<t0

sin 3(t - to) t >t
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3.14.1 chapter 9, problem 2.1

Problem

Write and solve the Euler equation to make the following integral stationary

fxz Vx /1 +y2dx
X1
Solution

LetF = (x,y, y’) = Vx1+y?2

The Euler equation is

dx\ 9y’

Hence the Euler equation becomes

dx

JF
This means that e = C for some constant C.

JF

dy’ B

d (JdF —ﬁ—O
o"y_

JF Jd [
= 2 | —
dy Qy(\/; 1+y ) 0
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Hence
Vi———=C
V1 +y?
2 2
g - C (1 +y )
X
e CZ + C2y12
yfz
CZ
X = F +k
2 _ CZ
Il
y'= S
Vx — C?
2C
y(x) = \/7(:2 + Cl
x p—
yo G 1
2C C  Ay-(2
Let % = —b (some constant), and Let % = a (constant), Hence above becomes
1
ay+ b= —1
Sy
2
ay+b= -
Vda? x -1

This is equation of a parabola.

3.14.2 chapter 9, problem 2.3
Problem

Write and solve the Euler equation to make the following integral stationary f 21— y'?dx
X1

Solution
LetF = (x, Y, y’) = x/1 — y’?. The Euler equation is
d(9F\_9F _,
dx\dy'| dy
JF d

- = —_172 | =
dy &y(xl y) 0

d (dF _0
dx\dy' |

This means that j—yF, = C for some constant C.

Hence Euler equation becomes

JF -xy

&y’ 1 - y/Z
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Hence
1-— y/2
2 2
y/Z — C (1 y )
2

) CZ _ C2y12

X 2
y
x? = C—z -C?
yl

12 _ Cz
ST eie

, C

Va? + C?
yx)=C arcsinh(%) +C;
-C
y—C L arcsinh(%)
C
% = smh(% - El)
Let % = —b (some constant). Let % = a (some constant). Hence the above becomes

ax:sinh(ay+b)

3.14.3 chapter 9, problem 2.6
Problem

Write and solve the Euler equation to make the following integral stationary fx fz (y’2 +4/y )dx

Solution

LetF (x, v, y’) =12 +/y . Since F does not depend on x, we change the integration variable
1

toy. Lety = =, thendx = Z—;dy. Hence the integral becomes

2 1 » 2 (1 , p
Now F(y, x’) = (% +xX'\Jy ) The Euler equation changes from %(j—;) —Z—I; =0to %(;—5) -
JF

JF . .
=~ = 0. Now, = = 0 since F does not depend on x,Hence the Euler equation reduces to
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1 .
Hence —— + \y = C where C is some constant

1
— =C—+fy
1
- =y
-\
1
= x'2 where b is a new constant = —C
b+4Jy
1 B dx
k++y -~ dy
Y

[

4
5(—2b +4/y )(1 [b++fy ) =x+a  Where ais constant of integration

Hence the solution is A
5(\@ —2b)(,/b+\/]7) =x+a

3.14.4 chapter 9, problem 3.2

Problem
/ 2
Write and solve the Euler equation to make the following integral stationary f . 1;23/ dx
X1
Solution
/ 2
Let F (x, Y, y’) = 1;; . Since F does not depend on x, we change the integration variable
toy. Lety’ = %, hence dx = Z—;dy. The integral becomes
1
2| 1+ 2 Y2 Vx'2 +1
f 0 [y = f —0a %
W y 11 y
A2
Now F (y, x’) = xy;l . The Euler equation changes from %(;—;) —‘;—ly: =0to %(%) - % =

a
0. Buta—i = () since F does not depend on x,Hence the Euler equation reduces to

A4 (IF\ _
dy\ox' |
JF &(\/x’2+1)

ax' x| 12

x/
- y2Vx2 +1

Hence

d x’
Sl |=0
dy[yz\/x’z +1 ]
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= C where C is some constant

Hence

¥2Vx2+1
x/Z
X2 +1 =Cy’
X?+1 1
x2 _C_y4
1
1+ﬁ"c_y4
1 1-Cy
X2 Cyt

ey _
\1-Cyt
VC iy dx

VI-CfE  dy
[LL [

VC ¥

3y1-Cy?

Where C; is constant of integration. Let C; = 4, C = b hence solution can be written as
Vb y?

3+/1 - by

The solution is

:x+C1

=Xx+a

3.14.5 chapter 9, problem 3.4

Problem

Write and solve the Euler equation to make the following integral stationary fx fz y\y'’? +y? dx

Solution

Let F (x, Y, y') = y/y’? + y?. Since F does not depend on x, we change the integration

variable to y. Let y’ = % and dx = Z—;dy. Hence the integral becomes

Y2 1 , Y2 ;
f{y\/ﬁ+y2]x dy:f Y4/l +x2 y? dy

Y Vi
Now F (y, x’) = y4/1 + x’2 y? . The Euler equation changes from %(j—;)—‘;—i =0to %(%)—

JF JF
=; = 0. But=— = 0 since F does not depend on x,Hence the Euler equation reduces to

oax
d(dF 0
dy\ox' |
JdF d [

— 12 4,2
8x’_8x’(y T+x y)
~ ( x/yZ ]
Wy

/4,3
Xy
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Hence
d [ x' 3 J 0
dy\ 1 + x2 2
7 .3
Hence —2 = C where C is some constant
1+x/2 2

xyPP=C m
X2 yf = C2 (1 42 yz)
X2 Y8 = C2+ C2x2 2
x'2 (y6 -2 yz) =2
C2?

C
-2
1

d :Cf—d

fx yvy* - C? ’

x/Z —

x/

The solution is (using Mathematica)

L, (—ZiC +2/-C2+ 1/ ]
og 7
y

ax=-——i
2

3.14.6 chapter 9, problem 3.6

Problem

72
Write and solve the Euler equation to make the following integral stationary f xz 1]:3 %
X1

Solution

2
Let F (x, Y, y’) = 1y+ }‘1; va Since F does not depend on x, we change the integration variable

toy. Lety’ = %,dx = Z—;dy. Hence the integral becomes

1 1

2 Y 2
e [
1

<

xl

Y.
:fz J ]x’dy
X'+ y

R~

Y2
= y dy
y \ X +Y
Now F(y, x’) = (x,]iy). The Euler equation changes from %(j—;) - g—; =0to %(%) - % =

0. % = 0 since F does not depend on x,Hence the Euler equation reduces to
d ( JF )
— =0
dy\ dx’
JEJ [y
ax' Ix'\x +y
1
= y —_ 5
(x’ + y)

-y
(x’ + y)z
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Hence
d -
Wl |
N\ (v +y)
Hence— > = C where C is some constant
(x’ +y)
2
-y=C (x’ + y)
Let C = -k
y=k (x’ + y)
% =x"+y

1
Where f is the integration constant. Let — = a a new constant

Vi
1, N 2 g 8
X=-z Say2 —
2/ T3
2 . .
Let 3¢ = a anew integration constant, let - = b a new constant, we get

xX=a g_lz b

3.14.7 chapter 9, problem 3.9

Problem

Write and solve the Euler equation to make the following integral stationary fq) 2 Vo2 +sin?0 dg
1

r _ 49
0 =%
Solution

Here F(x, y(x),y’(x)) becomes F(qb, H(qb), 8’((}5)). Sonow x = ¢,y — 0,y — 0’. Since
F(6’, 0) does not depend on ¢, we change the integration variable to 0, so we want to

/_d_Q l_d_qb ’—i
change from 0 = to¢" = —-. Let 0’ = 7

0r 1 02
f [ P + sin? 6]¢)’ de = f \/1 +¢2sin” O doO
0 0,

F(¢,0) = \/ 1 +¢2sin® 0

. d ( JF JF d [ JF JF JF .
The Euler equation changes from E(a_y') —3 = 0to E(a—qb,) - — =0.- =0since F

I Io
does not depend on ¢, Hence the Euler equation reduces to

d(9F)_,
%(acp')‘

dp = Z—?d@. Hence the integral becomes

So now
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;(; = 937' (\/1 + ¢ sin® 6)

¢’ sin® 0

\J1+¢2sin? 6

d ¢’ sin® 0

O\ 1+ ¢2sin20

= C where C is some constant

Hence

=0

¢’ sin? 0

\ 1 +¢2sin? 0

Hence

@’ sin® 0 = C\/ 1 +¢2sin®0
¢%sin* 0 = C? (1 + ¢'? sin? 6)
¢ sin* 0 = C2 + C2 ¢'?sin O

2 _ c

 sin*@ - C2sin% 0
3 C
sin OVsin? 6 — C2

C
dop = f do
f sin OVsin? 6 — C2
C tanh_l( \/E\/a cos(0) )

(Pl

1-2C2-cos(26)
V_C2?

The last integral value was found using mathematica. Hence

¢+a=-

V-C2 (qb + oc) V2VC2 cos(6)
———* = arctanh
-C V1 —2C2 - cos(20)
Let o = A,let V2VC? = B,1-2C? = D, then
B cos(0)

A = arctanh| ——————

(gb + a) arctan ( D —co0s20) )
B cos(0)

(4 9+ 0)) = 20

3.14.8 chapter 9, problem 5.2
Problem

Set up Lagrange equations in cylindrical coordinates for a particle of mass m in a poten-
tial field V(r, 0, z)

Solution

L =T -V where T is the K.E. and V the potential energy. T = %mvz, But

ds? = dr? + r?d6? + dz?

As shown on page 219 equation 4.4 , now differentiate both sides w.r.t. time
ds ) ) A o .
2ds 7 =2dri+ (r 2d0 0 +2rido )+2dzz

ds dri+71r2 dO O +ridf?+dzz
dt Vdr2 + 12402 + dz2
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Hence
. 2
, (dri+r2d0 6 +r#d6*+dzz)
o= dr? + r2d6? + dz?
I used Mathematica to simplify this getting

?=P2+r2 0+ 22

Hence,
K.E.
PE.
—_—

1 :
_ 242024 52
L—zm(r +r- 64 + z) V(r, 0,z)

The Lagrange equations are

d(dL\ JL _ 0
drt\ o] or
d(dL\ JL _ 0
dt\oo] 96
d(JL\ JL —0
dt\oz| 9z
Hence, we get
d . JdV
—_ f— 2 —_—— =
dt(m 7) (mr@ 8r) 0
d 0 oV
E(mr 9) + % =0
2 (mz)+ 2 = 0
FTAE

Now differentiating w.r.t. time, and remembering that r(t) also changes with time.

. v
m#—mro?+ — =0

ar
) o dV
. 2 7V _
m(2rr6 +7r 6) + 50 0
A
mz dz
Hence finally we get
) A%
02 = -
m(r r6 ) Ep
m(21"9 + r@) = _18_‘/
106
IV
mZ="0

3.14.9 chapter 9, problem 5.6

Problem

A particle moves on the surface of a sphere of radius a under the action of the earth
gravitational field. Find the 0, ¢ equations of motion. (this is called the spherical pen-
dulum).

Solution

L =T -V where T is the K.E. and V the potential energy. Using spherical coordinates.

x =asinfcos®, y=asinOsing, z=acosO

352



3.14. HW 13 CHAPTER 3. HWS

Hence a position vector
r=iasin@cos¢® +jasinOsin¢® + k acos O

So velocity is

d d d
r=i E(asin@coscp) +j E(asin@singb) +k E(acos@)
=i (—asin@sinqbqﬁ+acos@9 cosqb) +j (asin@cosqbcf)+ac056 60 singb) +k (—asin@ 9)

Hence

. . 2 . . 2 \2
=i = \/(—asinesin(j)(p+ac086 QCOS(p) +(asint9cosqbqb+acos@8 sinq)) + (—asin@ 9)
Then

, . 2 , . 2 \2
vzzfzz(—asinﬂsin¢¢+ac056 GCOSQb) +(asin6cosqbgb+acos@6 singb) + (—asin@ 6)

= (az sin? @ sin® ¢ ¢? + a? cos? 6 62 cos? ¢ — 2a2 sin O sin ¢ ¢ cos O O cos qb)

+ (a2 sin? 6 cos? ¢ ¢? + a® cos? 0 62 sin® ¢ + 2a2 sin O cos P cos O O sin qb) + (a?sin?0 92)

= a2sin” O sin® ¢ P2 +a2 cos? O 62 cos? P + a2 sin® O cos? P P2 +a2 cos2 O 62 sin® p + a®sin® O 62

=1 =1

= a*$?sin® 0 (sin2 ¢ + cos? gb) +a?0% cos? 0 (cos2 ¢ + sin’ c{)) +a? sin® O 62

=1

= a?¢?sin® 0 + a%0 2(c052 0 + sin? 6)

= az(qJ)Z sin® 0 + 92)
Hence T = %mvz. For a particle, taking mass as one unit. Hence
T= 1az(ci)z sin® 0 + 92)
2

The P.E. is mga cos 0. Hence the Lagrangian is

L=T-V

L oagia 2 12
L:Ea (qb sin“0 +0 )—ga cos O

We have 2 independent variables, hence we need 2 Lagrangian equations

4oL\ dL _
dt\06) 96
4oLy L
dt\op) dp
L .
%—618
d(oL\ .
a(%)- 0
JL

— 22( 2 i :
8_6_a(¢ sin @ C056)+ga sin @
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Hence the first equation becomes

dt\ad) 90~
azé—az(qBZ sin O cos 0) —ga sin6 =0
a0 -a(¢?sin6 cos0)-g sin0 =0

io0) 36~

To find the second equation

% = a? (2qb sin? 6)
d{dL\ d .
%(%) = E(ﬂz(Z(P sin2 6))

JL 0

P

Hence the second equation is
d(dL\ JL _ 0
i) 3o
2 ((2sin? 0)) =0
%( 2¢) sin? 6) =0
%( 2¢sin® 0) = 0

3.14.10 chapter 9, problem 6.1

Problem

Find surface of revolution formed by rotating the curve around the x-axis that has a
minimum area subject to a curve of give length [/ joining 2 points.

Solution

Area is
X2
I:f 2yl + 2 dx (1)
X1

Since integrand does not depend on x we change the independent variable to y. dx =

Z—;dy, y = % Hence (1) becomes

Y2 1 ,
I:f 2nty 1+ﬁxdy (1)

n

Y
= f 227'(y\/x’2+ 1 dy
n

Hence F (y, X, x) = 2ntyVx’? + 1. Now finding the constraint

Since integrand does not depend on x we change the independent variable to y. dx =

Y2 1 ,
g:f 1+ﬁxdy

Y1

Y2
:f Vx2 +1 dy
n

dx , 1
@dy, Y = . Hence
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So G = Vx’2 + 1. Hence we get
F+AG = (Zny\/x'z + 1) +AVXZ +1

As the new Euler equation (with constrains). Solving

0 since does not depend on x

d( d d
— - —(P + AG) =0
dy\dx’
d
dy( (2nny’2 1 +AVx?2+1 ))
d ( 27tyx’ Ax/ )
— + =0
Ay \Vx2 + 1 Vx2+1
Hence
2nyx’ N Axt :
Va2 41 Vx2+1
2nyx” + Ax’

=cC

N
x’(27'(y + )\) =cVx? +1

x’2(27zy + /\)2 = cz(x’2 + 1)

x/2 C2

(xlz + 1) <2ny + /\)2
(x2+1)  (2my+A)

x/2 C2
1 (ery+a)
W=z
1 ey +A) -2
Iz c?
Cz 2
(271y + /\)2 - c? ’
c _

\/(2ny + A)z -2

dx _ c
4y \/(2ny + /\)2 - c?
fdx = f ‘ > dy
27'cy + /\) - c?
fdx = f dy
(2nyc+/1) _1

2y + A
X = ZL arccosh( Ty ) +c

e c
To express this as y a function of x we get

2 2y + A
Tn(x —-) = arccosh( ﬂyc )

2 2 A
cosh( n( - cl)) - YT
c c

c cosh( (x - cl)) A
2m -y
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We have 3 unknowns, ¢, ¢, A that we can use boundary conditions, and length [ to de-
termine.

3.14.11 chapter 9, problem 6.2
Problem

Find the equation of the curve subject to a curve of give length I joining 2 points so that
the plane area between the curve and straight line joining the points is a maximum.

Solution
Area is f y dx. Hence area is I = f N y dx subject to constraint that f ds=1lor g =

X1

2 1 + 1’2 dx = I. Hence the Euler equation with constrains now becomes
by Y q

F+AG=y +AJy?+1

Therefore

d( d d

x\dy’
i(L)_lzo
dy\\Jy? +1

Ay

=x+c

This simplifies to

(x+0¢)
dy = dx
f f\//lz—(x+c)2
Y40 = A2 = (x+c)f
(y+cl)2:)t2—(x+c)2

(y+c1)2+ (x+c)2 =2

This is the equation of a circle.

3.14.12 chapter 9, problem 6.5

Problem

Given surface area of solid of revolution, finds its shape to make its volume a maximum.
Solution

Volume is f nty?ds where ds is a small segment of the curve length. Hence

I:fznyz 1+y2dx (1)

X1

Constraint is that area is given, say A. Hence
X2
g:f 2yl +y?dx = A (2)
X1

Since both integrands do not depend on x we change the independent variable to y.

dx = Z—;dy, y = % Hence (1) becomes

X9 1
sz P41+ — x'd
xl y x/Z y

=f2ny2\/x’2+1dy

X1
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And (2) becomes

Y2 1
g= f 21y |1+ —5 X'dy
n *
Y2
:f 2nyVx'2 +1 dy
n
Hence we get
F+wM}:(wfoQ+1)+2AnyVW2+1

as the new Euler equation (with constrains) to solve.

0 since does not depend on x

d d

d

@(83{’ (F + /\G)) - a(lj + AG) =0
%(8(1’ (nyz\/x'z +1 +2Amy Va2 +1 )) =0

d( e . ZAnyx’)
Ay\vx2 +1 Va2 +1

Hence

VeZ+l  VaZ+1
iy + 2Anyx’
Va2 +1
my?x’ + 2Anyx’ = cVx'2 + 1
2
x'? (ny2 + 2)\7'(}/) = cz(x’2 + 1)

x/2 CZ

my2x’ s 2Amtyx’

c

(x/z + 1) ) (nyz + 2)L7zy)2
(x’2 + 1) (nyz + 2Any)2

x/Z CZ

1 (ny2 - 2Any)2

x/2 CZ

1 (nyz + 2Any)2 —c?

(nyz + 2/\71]/)2 - c?
c

\/(nyz + 2/\713/)2 - c?
dx c

d_y ) \/(Tcy2 + 2)\7'(}/)2 -2

c

fwsz( dy

2
Y% + ZAny) - c?

x:f : dy

\/(nyz + ZAny)z - c?
1

X = f dy
\/( Ty +2Amy )2 _q

c
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Hence

2
v c cosh-! Ty~ + 2Amy
2y + 2Am c

3.14.13 chapter 15, problem 8.12

Problem
Solve y” +y = f(x) with y(0) = y(g) = 0 using 8.17:

T

X n
y(x) = —cosx f sin(x”) f(x’) dx’ — sinx f ? cos(x’) f(x") dx’
0 X
when f(x) = secx
Solution
x 2
y(x) = —cosx f sin(x”) secx’ dx’ — sinx f cos(x’) secx’” dx’
0 X
Since secx’ = — we get
COs X

" ud
y(x) = —cosx f tanx’ dx’ — sinx f * dy'
0 X

But K tanx’ dx’ = —log(cos(x)), Hence

y(x) = cos(x) log(cos(x)) — sinx (%n - x)

1
cos(x) log(cos(x)) — 5T sinx + xsinx

3.14.14 chapter 15, problem 8.15
Problem

Use Green function method and the given solutions of the homogeneous equation to
tind a particular solution to y”’ — y = sec h(x), where y(x) = sinh(x), y,(x) = cosh(x)

Solution

y=va [ Uiy [ ar )
Where f = sech(x)
We Vi Y
Vi Y2

coshx sinhx

sinhx coshx

2 .12
= cosh” x —sinh“ x
=1

So from (1) we get

Yyp = cosh(x) f sinh(x) sech(x) dx — sinh(x) f cosh(x) sec h(x) dx
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1
But sech(x) = P Hence

1
Yy, = cosh(x) f sinh(x) p——

— cosh(x) f tan sh(x) dx — sinh(x) f dx

1
dx — sinh(x) f cosh(x) oh dx

But f tan sh(x) dx = log(cosh(x)), Hence
Y, = cosh(x) log(cosh(x)) — x sinh(x)

3.14.15 chapter 15, problem 8.17

Problem
Use Green function method and the given solutions of the homogeneous equation to find
a particular solution to y"’ —2(csc2(x))y = sin?(x) , where y1(x) = cotx, yp(x) =1-x cot(x)

Solution
1

sin(x)

yo=ve [Wav—y [l )

1 cos(x

) _
tan(x)  sin(x)’ csc(x) =

Note cot(x) =

Where f = sin?(x).

d
y] = —(cot(x)) = —cot? x — 1

dx
1
B sin?(x)
And
- 20— cot(w)
Yy = o x cot(x
_ cos(x) X
~ sin(x) sin?(x)
Therefore
V1Y
W = 1 ¥
Vi Y2
_ 1 _cos(x) x
sin?(x) sin(x)  sin?(x)
B cos(x) X cos(x)
sin(x) sin(x)
B 1 )(1 x cos(x)) (cos(x) P cos(x)
| sin?(x) sin(x) sin(x)  sin?(x)/ sin(x)
—— —_—~
_ 1 x cos(x) cos?(x) xcos(x)
sin(x)  sind(x) sin®(x)  sin®(x)
1 cos?(x)

" sin? (x)  sin?(x)

So from (1) we get

cosx Xxcosx ) sinz (x)

(1 ~ xcosx) f — sin®(x) gy C0sX f(l " sin(x)

Ip sin x 1 cos?(x) ¥ sinx 1 cos?(x)
sin(x)  sin?(x) sin?(x) sin?(x)
X COS X COsx sinx cosx (sin®x—x cosx sinx
- (1 h sin x ) f —1+cos2 x dx - sinx f —~1+cos2 x dx
sin?(x) sin?(x)
_ X COS X cosx sin’x Ccos X sin*x — x cosx sin®x
_(1_ sin x )f -1 + cos? x x_sinxf —1 + cos? x x
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3 3

cosx sin” x cosXx sin” x . 1
butI:fT = f—z = f—cosx sinx = - cos? x And
cos® x—1 —sin“x 2

. 4 .3
I_fsm X—X COSX sin” x
—1+ cos?x
fsin4x—x cosx sin’ x
—sin?x

= f—sin2x+x cosx sinx
== f sin?(x) dx + f x cos(x) sin(x) dx

But f sin?(x) dx = g—i sin(2x) and f x cos(x) sin(x)dx = —jzx cos(2x)+é sin(2x), therefore

- f sin(x) dx + f x cos(x) sin(x) dx = (—g + szin(2x)) + (—}Lx cos(2x) + %sin(Zx))

1 1 1
- _g +7 sin(2x) - 2~ cos(2x) + 3 sin(2x)

—3'2 ! 2
= —sin2x 2x 4xcos b

Hence (2) becomes

1 3 1 1
Yp(x) = (1 - xcosx)(z cos? x) - Cosx(_ sin 2x — 5% Zxcost)

sin x sinx \8
r 1 xcos®x 3 . cosx 1 cosx 1 Ccos X
=|=-cos"x — —— — | = sin2x— - =X— — =X COS2x—
2 2 sinx sinx 2 sinx 4 sin x
1 , 1xcos®x 3 _ cosx 1 cosx 1 Cos X
= —COS° X — —— — —sin2x— + —x— + —X COS 2x—
2 2 sinx 8 sinx 2 sinx 4 sinx

= Zcotx (x — cosx sinx)

3.14.16 chapter 15, problem 8.2
Problem
Solve iy’ + w?y = f(t) using y(t) = Lt % sinw(t —t') f(t') dt’ when f(t) = sinwt

Solution
t1
y(t) = f Zsinw(t - ¥)f(t) dt’
0 W
t1
= f —sinw(t —t') sinwt’ dt’ (1)
0 W
Butsinasinf = % cos(a - ﬁ) - % cos((x + ﬁ), hence

1 1
sinw(t —t')sinwt’ = 5 cos(w(t—t')—wt') - 5 cos(w(t —t') + wt’)

1 1
=5 cos(tw — 2wt’) — > cos wt
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Hence (1) becomes
t11 1
y(t) = fo =3 cos(wt = 2wt’) — 5 cos wt dt’
1 t 1 t
= —f cos(wt — 2wt’) dt’ — = cos a)tf dt’
2w 0 2 0
_ 1 |sin(wt —2wt) g 1t ;
T2 20 |20
-1 ) 1
= m(sm(a)t —2wt) — sin(wt)) — Etcos tw
1
= 202 sintw — Etcos tw
1
= m(sm tw — wt cos tw)
(1) = s—(sintw ~ wtcos ta)
y(t) = 55 (sintw - wt cos tw
3.14.17 chapter 15, problem 8.3
Problem
Solve iy’ + w?y = f(t) using y(t) = Lt % sinw(t —t') f(t') dt’ when f(t) = ¢!
Solution
t1
() = f = sinaw(t - ) f(¥) dt’
0 W
1 /
- - f sinw(t—t) et dt’ (1)
w Jo

t
Let [ = f sinw(t — ) et dvr
0

Integrate by part, let u = sin(wt — wt’) ,v = -~

¢
I'=[sinw(t-1t') (—e_t/)]f) - w f cos(wt — wt') e dt’
0

¢
= sin wt —a)f cos(wt —wt') et dt’
0

Integrate by parts again. u = cos(wt - wt’) ,v = -

t
I =sinwt - a)([cos(a)t - wt’)(—e_t’)]f) +w f sinw(t —#)et dt’)
0

I =sinwt - a)([—e‘t + cos(wt)] + a)I)
I = sinwt + we™ — wcos(wt) — w?I

I+ w?l = sinwt + we™t

— w cos(wt)
_ sinwt + we™ — w cos(wt)

B 1+ w?

Hence from (1)
1 we™ — w cos(wt) + sin(wt)
y(t) = - 2
@ 1+w

3.14.18 chapter 9, problem 3.1

Problem

Change the independent variable to simplify the Euler equation and then find the first

3
integral of it. f 1 y2ds
X2
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Solution

2
ds = () + (ay)° = dy /1+(Z_Z) R

X1 § X é
I:f yzds:f y24J1 + y?dx

X2 X2
Since integrand does not depend on x, changing the independent variable to y in order

to simplify solution. Using dx = Z—;dy -y = % The integral now becomes

Y3 1 p
I:f Y241+ —x" dy
% X2

X1 3
= f y2Vx2 +1 dy
X2

Hence

3

F(y, x’,x) =y2Vx? +1

The Euler equation is

d(JdF\ JF _
dy\ox’] odx
d(JF\ _
dy\ dx’
JF
ox
ER o
2 =C
/ X% +1
Simplifying gives
, c
x' =
e — 2
dx _ c
dy | /y3 — 2
1
X = dy
y3
1

We can stop here as the problem did not ask to fully solve the integral.
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4.1. First midterm exam CHAPTER 4. EXAMS

4.1.1 questions

Math 121a, Spring 2004, F.Rezakhanlou

1. (6 pts)Evaluate

@ (sx)"
(b)(~2 - 20),

(c)limz—o (& — =2).

2. (3 pts)Evaluate X X
(Zr‘"cmm) + (z r*" ainnt)
e} (i

for a real number r satisfying |r] < 1.

3. (5 pts) (a)Find the circle of convergence for the following complex power series: v";

(n'Yinn o
Ew{i - i)

n=l

(b) Let z be a nonzero complex number. For what value of z is the series 3 oo, =" "

absolutely convergent? Explain your answer.

W

"-I' ) -
R tand

b . A

"’
4. (3 pts)(a) Find complex numbers z such that |z — 34| = 2 - 2z1.

(b} Describe the set of points 2 such that fmie™?z) < L
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. (4 pts)(a) Find two variable Maclaurin series for S2¥,

{b) About how much does a relative error of 2 percent in a and b effect the relative
error of /3 in the worst case?

. (3 pts)Use power series to evaluate ¢ /% — | — [n cos at r = 0011,
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CHAPTER 4. EXAMS

4.1.2 Key solution
© @

P !h-:ﬁ\,._.r; e , :ﬁﬁi11{tﬁ£‘r‘{}

QL_‘)“ . S R A

vady d z 's

~— : . A
.LL}_ -1-20 = 243 L*E-Jﬁlj = 1di @

3 A 1
L-:-u':.”ﬁ‘.ﬂ B S

TR & a"

- L &

»

Rea b2, %%

T ¥ L 3 z - .

inc] L] G Gimn = ¥ Gax (X Bpp) -H{I-{-q-{-{--'-)
™ S m I T 'H'.l-f,.xr-.‘.‘-.4...--),I
n
.1 11 ¥ > L 1 b |
. -k e s G-t - e R Sl ¥ v L)
l.il-ﬁ.ﬁ—z-ﬂ- -]1 ;L_.,."
w1

. L= i

WY G G Mo & - —l "<

iy
e L = - . L
T v @ = LTov Cmtai L ¥ Shse
- - a &
- 1 - I iy
Mo ts (T v CGmt) «

]
= A1 - 1wlar et
)’ L w B (neit) Y} Deee) (SRR
Queo- 57— > VW) wn Goew!
R_ﬂ__t:!r'i' :L-‘.**"J' — L B =3 =
= {".’-h"'l}t"“*l': L‘-M\] .f,“ WA 1-1-

l‘.‘_-.'-u.ll: a..{ {,....“,-.}_:mu - { z " ‘;T-L\, '5}_"\} .
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ﬂm'h Eh-. L.‘ J.-F' | -!I-H- lE.- L‘ﬁ Ln LI‘I-_'.
(b) lz ) = 1 e '\--=¢- e
Eovey
= n .
- TS
Naw Elﬁ f:mv-tuam A,‘..,_}‘ """'!j _,1 L'ﬂ:l{-i

o ‘lt\{.l-,e "/

@ ‘._'d f# Z-sid-n"*a e, 2 -1l = Lz-ki:j}—i'{h =0 .

Hanw ¥z9o and 2423 z0. Now

lz=ail= Ly =ai)s [3-3]
‘“J \.3‘31 = :""‘t‘a_ LR e 4 MLM 3"3 = i."'l'a _1'1 ?_,'ﬁ
By '!,_a 11'-13 M.ul 'd-:'g. » :L-'I-:-.\-h . TLI i-u‘b\"lr (agpu

L T Y "j = =5 uk,.ll..i. - 1.-.-&.-:.]-.-1.1!.“_* o el 131_ 11]_ _i.t_n.'__t,:' s,

-I-Ll
el Dy 1_1

T B} B ey = L;i

) 1. Ltz) <) masms X < L

—_—

Gwey =1- 3 . "

R a h
]
= ‘qﬂ.-‘lq. a
f=n
r--a {'!‘_,qr‘*_ ‘](_I.— _5."'1- '}‘1 _)
= = al o1 -
i 1
;'l"r'-'l"r“'_L"ﬂl“"‘mr}—ui
bt Y]
%
”:r-ilf;_
PR YN Sy da- a L cl'h,
) Pume & b, 4t ka :
]
a4 & L &i_l J:-i » y. T« = *f/: '
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- TER—
} . o e
....:f: -
@ e _.I_Lcnh‘- - r—
2 Ga) Lo 2t
1\-.!;-, 22 s -t - (_1.-?'-:.‘—‘-)
L]
1 4 2 - xt g7 * }
- x ¥ I L4 P — o n
I CRE Rk D I Sl i A

L] I ]
SR SR U R AU S
- » *! B

%
Al.'h__,lw 5-{\. ﬁﬂ“!
4 1

-t
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4,2 Second midterm exam

4.2.1 Key solution

Math 121a, Spring 2004, F.Rezakhanlo

1. (5 points) Define
(z+2)*(z +3)

CAS ke ppem
Find all the isolated singularitis of f and identify each as a removable, & pole (give
the order) or an essential singularity. What is the radius of convergence of the Taylor
expansion of f ot 2= 1/27  Tha Aimowimeder Wonidhis whim Canz =l o

: Siwa  flor L1z 1-Camz wa
zazk Fuw ;--a..dﬁr&w k.
It.{".i __".1\:“11'. R 'q.-.-u'.l,_ H,Eh'] = 8 5 t {l'h-:l 4 0, 1%

h...'b-l. -
Wizh= X ™ T

" L.-r z - -ﬁ“'r s RRw S T = = = -
I-’\l- i e o Tewd "5 oy - f |
. Bl ) w,uu:r&ij (I, o 2k %ﬁ'ﬂ-*-\ - n?dlt_vtl Ao 2
il e e - 'l'-.whj
: —, " A
- L 4] L'i-w-r ‘-" ﬁhhhah.u l.'li T = l}._h _.h l-‘- hfﬁ

. . (- ¥ ‘-‘- *\ '\-1‘1‘4,‘ f .
t&(ﬁ\ﬁ:&vlf.t :"f—bw l";-i- mkwﬁ l-nm-‘.'i :I“ '3

2, (4 point) Find the Laurent expansion of f(z) = (1 + 2%~ + (z + 3)™! in the set

{z:1<|z| <3} . awer _
i - 2 {-n.‘}“ z e mmw
Foow  — = 5[ U v
%z 2
for lzvsy , Alse -
hal L - _[
A i 'ZLE— e we Cveagaat Ao
A . A - -
Izl y . et ;e-f | =2y = 3 -
- -L=1w = - - =w=\
" ey Z k"
fizr= Z e 2 ¥ ‘z,
o
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L]

3. (6 points) Evaluate [/ —l—df and [J° @2 dx,
4z C hhl." :\.rd_‘.
= de S | iz _ S 2 X
= 0 —_— = -
@ c B =3 L i L‘_i';'}h.-‘l-x_"-l- ) AT 1
' ) : vl C, 5o
1:--3'!;!“_6 2 zﬁ-;-a.«-ﬁE L ¥

I‘tdr'-l'- == ® =3

a § ‘-"!l-‘nﬂ.l
l“-ll" 2wy Raas ¥ w. b Tz = '%'E- z-2, w: Hh =
v 5 R oan
2 A Heww ‘i-l-*ta--u" =
Eﬂn,_F = z-z,  Jw ‘itu
* * L] LR
- - C.ax N 3 e
= 4 = dx
@ S‘ c::.—“?i_— kN L Y z ! - et
irE
T feabiw Farz e hor n siphe gl WX Ze0 . So
z_l-
4. (2 points)Find N
ij“'eﬂﬁu
dz foa ' -
X
“x L eta
* ®
- S t‘lﬂ.’ d + - Bime = 1x <
i'l.-
f 3 *S - (I a S )*?- = 0 . (%
G C R’ € ' T
* : LT 3 TwX <\ '
- ' e & <
ok S'F - o bl : . | | = 2
e
gﬁ-"-' ‘ e MR A a0 e b Al
l = - [N

F = . - _
b z

CF- - i 3 2 . -+¢.J""j R t
S e —2.2 ‘{1 . ne , 'I'u-i'r' J
{ |

c .
L

T !utr,..,....pk gvd wa 2 iiﬁ.aﬂ.
[ 3

€ € "
Zero welawss tth:'hi'l-?*ﬁ'lj - Lpu.....nlnlq .

-‘thm (‘C'.._l..fu:p;,
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5. (4 points) Assume
Tty +z=10 (1)
where z = z(z,y) and z, and z, denote the partial derivatives of z with respect to =
and y. Make the change of variables r = z, ¢ = y/r. Derive an equation for z as a
function of r and ¢. Use this equation to solve the equation (1).

. T z ¥ - ) _ e
E v o % T 1'1-*11.—[‘"1?) = T, -2 r
Z, = oz X oz L o= oL
}'j'zv 2y vy E % tor
L - ra Z =0
gﬂ' £ L 1"31:]4\.1 =fg,‘, _E 1&] .|,.,'1.T|»- t-t?iz =- "".
Heru 3T T I_t,..d‘_.r =3 E.n1+f.=-ﬂh"¢'j
3 r 7 z -
T = S gk C fn-J.l‘.q.?.n-Aun + s
r
- L - ¥
= C(+} _1;: C(‘ n) )

6. (5 points)Find the smallest and largest value of F = yz + 2* + z on the sphere z* +

F+i=1l
U'l"h:} Lhaﬂ--aa h\"-ih‘l"u"hrl, v F =A\v & s bt b o @ t_w.'h"r.vp
pou-X (2%, 2, Yar ) = A 2x,29:22) - TL x30 we

. . X .
a.-t F\.ﬁ-.'l} &1 13 =3 jqi:ﬁﬁ:,j:i‘;"i‘; fi‘ ¥ 'l._.dl‘_iq:i_}

'j*\*l'l,.!
: : LI A N T T = we,
m‘tl*'tirnhd"‘jF-lﬂ ﬁf'ﬁ*ﬁ‘ﬂzﬁ rrﬂ -] 5-“-*
L

Yot = 2 A2 UL E gty 7 L, de yar= A, So
2 =11y * J

- u‘tj.:_\..n"' » :.'31-*‘1-'& =9,

Tl;ll. Caiww & Trau-dbj F e {

1\1 RY = 1"’5

-1 =7 L =0

Y= =tadie | 143 i
1-"1 - '1=tﬁ

¥zo3 Zao,%==|

°
i3 e 0, Y=t 2=
x -..,
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4.3 Finals

4.3.1 questions

Math 121a Final, Spring 2004, F.Rezakhanlou

1. (3 points) Find the Lagrange's equation in polar coordinates for a particle moving in
a plane if the potential energy is V = r~1,

2. (3 points) Use the cylindrical coordinates to find the equation of the shortest path

connecting two points on a circular cylinder. Lot
dz e o0 i

“datdy
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#" 3. (3 points) Solve the Euler equation corresponding to the action

f‘* “"f“'Fd:
o

14y

Y 1 (3 points) Find the inverse Laplace transform of flz)={z— 1322 +4)7".
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5. {3 points)Find the exponential and sine Fourier transform of a function

lif0<s=<2
flx) = ~1if =2<x <0
0 otherwise,

Use this to evaluate

fm (cos2y — I]Hmydy.

S 613 points) Solve (z? + Ly — 2ry’ + 3y = {z* + 1)* using the fact that r and 1 — =*
are solutions to the homogeneous equations.
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7. (3 points) Find y = y(x) such that y(0) = y'(0)} = 0 and 4¢" + 4y’ + 10y = &{zx — o).

8. (3 points) Given f{z) = |z| on (-, =), expand f in an appropriate Fourier series of
period 27, To what value does the series converges at 77
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L I

9. (3 points) Evaluate j;u f=ndr.

10. {3 point) Use the transformation f(z) = =~ to find the temperature distribution T in

the region
{lx.y):{z =1y =y > Lx>u}

provided that T(x,y) = 20 if (x = 1)* +¢* = L and T(0,y) = 10.
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[ e

11. (2 points) Evaluate

%[[m,:}ﬂm_

12. (3 poims)If = = zy, 2r* + 2y* = 3t* and 32 + 3y® = 6t, find £
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