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Chapter 1

Introduction

This is my web page for course MATH 121 A, Mathematical methods in physical sciences,
that I took in spring 2004 at UC Berkeley. Hard course. Lots of HWs.

This is the syllubus



CHAPTER 1. INTRODUCTION

Math 121A, Spring 2004
Fraydoun Rezakhanlon

Homework from Mathematical Methods in Physical Seiences, by Boas, second edition

Homework set 1. Due Monday Feb. 2
Chapter 1: 1.5 2.(6-7), 4.(2,4 8), 5.(1,8)
6.(1-3, 5,7,8,11,12,15-18,21,33-35), 7.(2,3,5.6)
9.(1,3,7,12,21), 10.(1,3,15,19,20)
13.(2,6,8,13,14,16,17,33,37,40)

Homework set 2. Due Monday, Feb. 9

Chapter 1: 14(5,6,9), 15.(5,11,16,18), 16.(3,18,22)
Chapter 2: 4.(7,14), 5.(6, 13, 20,32,39,45,51,53,55.56,60.62)
6.(4,10,12), 7.(3,12), 8.(1,2)

Homework set 3. Due Wednesday, Feb. 18
Chapter 2: 9.(2,12,19,24,27,28), 10.(18,22,28), 11.(5,6,11,18) 14.(6.9,19,24(b)
15.(3, 17}, 16.11, 17.(7,14,17,23,24,30,32)

Homework set 4. Due Monday, Feb. 23
Chapter 4: 1.(6,7,23,24), 2.(3,6,8) 4.(2,5-10,13)

The first midterm is Wednesday, Feb. 25 , in class and will cover Chapter 1,
Chapter 2 and Sections 1-4 of Chapter 4.

Homework set 5. Due Monday, March 1
Chapter 4: 5.(3,4), 6.(3,5,6), 7.(3,5,8,15,19), 8.(1-3)

Homework set 6. Due Monday, March 8
Chapter 4: 9.(2-8), 10.{2,7,10}, 11.{1,3,6-9), 12.(1-4,7,8)
Chapter 14: 1.(6,12)
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Homework set 7. Due Monday, March 15
Chapter 14: 2.(22,23,34,37,40, 55,56,60), 3.(3b,5,17-20,23), 4.(6,7,9,10)
5.1

Homework set 8. Due Monday, March 29
Chapter 14: 6.(5-9,15,19,23,31) , 7.(4,5,12,18,20,29,30a,34.45), 8.(4,5,15),

The second miditerm is on Friday, April 2, in class and will cover Sections 5-12
of Chapter 4 and Sections 1-8 of Chapter 14.

Homework set 9. Due Monday, April 5 -
Chapter 14: 9.(2,3,4,7), 10.(5,6,11,13)
Chapter T: 3.(4,6)

Homework set 10. Due Monday, April 12
Chapter 7: 4.(5, 12,13,15 ), 5.(2.5,8,10), 6.5, 7.(4,12,13) 8.12

Homework set 11. Due Monday, April 19
Chapter T: 9.(2,6,10), 11.(7,10), 12.(8.13)
Chapter 15: 2.(2-59,11,17,18.21-23), 3.{4,6,3,11.24,25.?9,30}

Homework set 12, Due Monday, April 26
Chapter 15: 4.(3,5,7,12,18,20,21,23,25) , 5.(1,2,4,10,22) , 6.(2,4,5,9), 7.(7,9,11)

Homeworkset 13. Due Monday, May 3
Chapter, @ 5.(2,3,12,15,17) i
Chapter 8 2.(1,3,6), 3.(2.4,6,9), 5.(2,6) 6.(1,2,5).

Final Exam On Friday E_B pm, May 21

. S

No make-up exams, make sure you can make all the exams. .
Grading Policy: HWs (25 points), Midterms (each 20 poi nts), Final (35 points)

Professor Fraydoun Rezakhanlou, UC Berkeley Math department, gave the course. A very

good teacher. Teaches without using notes, all from memory, which I thought was really
amazing.

This course was lots of work. About 30-40 problems for HW each week. But only 2 random
problems are graded. So it is possible to solve 39 of out 40 problems correctly and get
only 50%, if the problem missed happened to be selected to grade.

Exams as closed notes and closed book. No cheat sheet either. No calculators.

Textbook was Mary Boas, second edition. This seems to be the standard book for this
type of course are most universities, at least the ones I know about. It is a a very good
book, but more detailed worked examples would have been nice. So another book such
as the problem solvers type book might be useful to have.
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Coguranen rintaist

MATHEMATICAL
METHODS IN THE
PHYSICAL SCIENC

For some reason this course (and Math121B) did not have discussion period, this was
unfortunate since discussion periods can be really useful. I was told this is because of
budget cuts in the California university system.

This below is a picture of Evans hall. It is a big tall building full of very smart people. The
math department is on the 9th floor. The course was in room 75, which is on the ground
floor on Evans hall.

1.0.1 Course description

These are the Course outline handouts. Page 1, and page 2. it contains the problems to
solve for each HW.

Spring 2004 (January-May 2004 )

Course description: Functions of a complex variable, Fourier series, finite-dimensional
linear systems. Infinite-dimensional linear systems, orthogonal expansions, special func-

4
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tions, partial differential equations arising in mathematical physics. Intended for students
in the physical sciences who are not planning to take more advanced mathematics courses.

Units: 4

Book: MATHEMATICAL METHODS IN PHYSICAL SCI, BOAS. 2nd edition chapters
1,2,4,7,9,14,15

Instructor: Professor Fraydoun Rezakhanlou, Math department, UC Berkeley

Position: Associate Professor

E-mail: rezakhan@math.berkeley. edu To reduce spam, this address is javascript encoded.
Phone: +1 (510) 642-2838

Office: 815 Evans Hall

Research: Probability theory, Partial differential equations
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Chapter 2

My notes, study notes

Near the end of the course I started to write down some study notes to have ready for
the final exam, Here you find my own study notes for this course and Math 121B I took
at the same time. I should have started this earlier in the course.

2.1

1.
2.

Misc. notes

it is OVER !! finals finished.

math 121A. review HW 11 done 11 PM wed. review of HW 12...finished 3:20 AM.
(4 hrs per HW to go over!). getting ready to start on HW 13...6 AM, almost finished
HW 13 most of the rest I know, about calculus of variations, studied that before,
but need to finish HW13 (may be one more hr). Then start on the HW 10 (Fourier
series). will do after wake up. now going to sleep. 1 pm Thursday.. finishing HW
13 now.... 3:00 PM finished HW 13. This contained important stuff. 8 hrs study only
today

. now midnight Thursday. 1 hr study. went over some problem from midterm2, and

Lagrange equations physics problem derivations. need to finish review of midterm
2, then back to HW review. it is 4 AM now, read notes and finished midterm, starting
on HW 9, getting tired, will not be able to review everything before finals, need to
try to concentrate on last stuff only... 4:40 AM finished HW 10 (Fourier series, easy
stuff), now starting on HW 9...5:20 AM Friday, finished HW 9. HW 8 is on Laurent
series, so important... 6:40 AM, ok finished. going to eat something and sleep and
wake up for the exam.

. finals for math 121B over. I made 3 very stupid mistakes., can’t believe I did those.

blow away 3 fairly easy questions I could have full credit on. but I think I can pull a
B in the course. keep fingers crossed.

. Practice more chapter 7 Fourier series tricks (odd/even) stuff



2.1. Misc. notes CHAPTER 2. MY NOTES, STUDY NOTES

9.

. Make sure I remember ds? in all coordinates

n .
learn better how to evaluate this: (—1 i) (Smx)

x dx x

. HW's for 121B went over since midterm exam: HW5 chapter 12, HW 6 done, HW 7

stop here. Saturday night.., HW 11 done, HW 12 working on..finished. Now study-
ing probability distribution, last HW

write down the same space for the 2 die, with the sum, some problems use it.

questions:

1.

Why did we use series method to find solution to Legendre ODE, but used general-
ized series method to find solution to Bessel ODE? how to know when to use which?
Answer: if ODE has something like (1 — x)y”’, then at x = 0 we’ll have problem, then
use the generalized power series)

. The Legendre ODE is solved using series method, assuming [ is an integer. We

get one solution which is Legendre function of first kind p;(x). What if [ is not an
integer? A: Legendre P, is only defined for integer I? YES? No, there are tables for
non-integer, but these cases are not important.

. What if we get a legendre ODE and we want to find solution for x > 1 ? Since leg-

endre functions are only defined for x less than one (to have convergence). Physics
example? usually x is the cosine of an angle so itis < 1.

. What if [ is not an integer in the legendre ODE? how to get a solution? this is special

cases, not important, look up handbooks.

. problem I solved in HW#6, chapter 12, 16.3. check my solution. I claimed that the

second solution is N, but since I found P NOT to be an integer, hence the second
solution is one containing log and not a combination of J_,. When I solved it in
mathematica, I get this solution (notice complex number?), could this second so-
lution be converted to log function? answer: OK, the solution I did will turn out to
have log in it if I put p=integer and use L'hospital’s rule to evaluate.

eq=xy''[x]+2y"'[x] +4y[x] =0

=20l = DSolveleq, y[x], x]

allY = y[x] /. =s0l;

allY = ally /. {C[1l] -1, c[2] - 2}
Plot[{Evaluate[Re[allY]], Evaluate[Im[al1Y]]}, {x, 0, 10}]

Ty D

5 BesselJ|[1,4+/x | C[1] iBessel¥[1,4+ x| C[2]
2
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Misc. notes CHAPTER 2. MY NOTES, STUDY NOTES

10.

11.

. When solving for equation 16.1 on page 516, we seem to only take the positive root

for the variables, why? see for example page 516. b = 2 but it is really b = +2 answer:
OK, any of these will give a good solution, just pick one.

on page 528, can I just set n = 0 always to solve for the indical equation as shown in
the example? is it better to solve this using the ; directly as shown in the example
instead of setting up a table? table seems more clear, but the example method seems
shorter.

. How to solve chapter 16, 4.1 part (c) using Bayes rule? I write: Let A=event first chair

is empty, let B=event second chair is empty. We need to find P(AB) = P(A)P4(B) =

(%)(%) = %, but the answer should be 41—5, what is it I am doing wrong? wrong.
P(A) =1/5 not 1/10.

. for problem HW 12, chapter 16, 4.8, part b. It says given 2 cards drawn from deck,

if you know one is an ace, what it the chance the BOTH are an ace? I know how
to solve by the book. but why can I not say the following: since we KNOW that
one card is an ace, then the chance that both cards are an ace is just the chance the

second card being an ace (since we know the first is an ace). So this should give 531

random variable is defined as a function on the sample space. however, it is multi-
valued. for example, if x= sum of 2 die throw, then more than one event can give
the same random variable. is this OK? I thought a function must be single valued?
answer: I am wrong. it is NOT multivalued.

check that my solution for chapter 16, 5.1 MATH 121B is correct, I have solution on
paper. this is the last HW
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2.2. Table summary of topics to study CHAPTER 2. MY NOTES, STUDY NOTES

2.2 Table summary of topics to study

2.2.1 Math 121A

ch. | title topics Exam

1 series infinite series, power series,def. of cover- | 1
gence, tests for convergence,

test for alternating series, power series, bi-
nomial series

2 | complex numbers finding circle of convergence (limit test), | 1
Euler formula

power and roots of complex numbers, log,
inverse log

4 partial differentiation | total diffenertials, chain rule, implicit dif- | 1
ferentiation

partial diff for max and minumum, La-
grange muktipliers,

change of variables Leibniz rule for differ-
netiation of integrals

14 | complex functions Def. of analytic fn, Cauchy-Riemann con- | 1
ditions, laplace equation,

contour integrals, Laurent series, Residue
theorm, methods

of finding residues, pole type, evaluating
integrals by

residue, Mapping, conformal

7 Fourier series expansion of function in sin and cosin, | 2
complex form, how to find

coeff, Dirichlet conditions, different inter-
vals, even/odd, Parseval’s

11




2.2. Table summary of topics to study

CHAPTER 2. MY NOTES, STUDY NOTES

15

Laplace/Fourier transforms

Laplce transform, table, how to use
Laplace to solve

ODE, Methods of finding inverse laplace,
partial fraction, convolution,

sum of residues, Fourier transform, sin/-
consine transforms, Direc Delta

Green method to solve ODE using im-
pluse

Calculus of variations

Euler equation solving, Setting up La-
grange equations, KE, PE

Solving Euler with constrainsts

12
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2.2.2 Math 121B

ch. | title topics Exam

11 | Special functions Gamma, Debta, Error function 1

12 | Series solution to ODE | Legendre, Bessel, orthogonality 1

13 | PDE separation of variables, Laplace (steady | 2
state),

Heat (diffusion), Wave equation. Laplce
in different coordinates,

Laplacian, Wave in different coord.Pois-
sion equation

16 | Probability Baye’s formula, how to find probability, | final
methods

of counting, Random variable concept,
mean, Var, SD,

distributions (Binomial, Gauss, Poisson)

13
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2.3 Math 121 A notes

2.3.1 Chapter 1. Series

1- n
a+ar+ar*+--+ar'"+ ... = “(1_: ), Now, if |r] < 1, then the above is convergent, hence we
get S, = & Always start by looking for a constant term a here, and then a term that is

multiplied each time, r here.

2.3.2 Chapter 14. Complex functions

2.3.2.1 How to find the residue?

seek book page 598

2.3.3 Chapter 7. Fourier Series
Expand a periodic function (must be periodic) in sin and cos functions.

Let the function angular velocity be w, which is defined as angles (radian) per second,
ie w = 2?71 where T is the period in time, which is the time to make 27t angle.

1
flx) = an + ay cos wx + ap cos 2w x+

-+ + by sinwx + by sin2wx + -+

So, for a function whose period is 27, i.e. w =1, the above can be written as

1
X) = —ag + a1 COS X + dy COS 2Xx+
%0 1 2

o+ bysinx + by sin2x + ---

Now, to find a,, and b,,
2
a, = — f f(x)coswnx dx
TJr

2
b, :—ff(x)sina)nx dx
TJr

So, I only need to remember ONE formula

14



2.3. Math 121 A notes CHAPTER 2. MY NOTES, STUDY NOTES

note: Remember, when finding a,,, for ay, do it separately, set n = 0 in the integral first
and integrate that, do not set n = 0 in the result, leave that for n # 0. For b, we do not
need to worry about this, since for sin series it starts at n =1

note: When will this expansion converge to f(x)? when the function meet the Dirichlet con-
ditions. Basically it needs to be periodic of period 27, single valued, has finite number of
jumps. At jumps, the series converges to average of the function there.

In these kind of problems, we are given a function f(x) and asked to find its F. series. So
need to apply the above formulas to find the coefficients. Need to know some tricks for
quickly evaluating the integrals.

Now there is a complex form of all the above equations.

oo
f(x) =co+cye™ +c_qe7 + cpe + e 4 = Y]

—00

1 .
c, = e fT f(x) e ™ dx

. e . 2
Now, w, is the angular velocity. i.e. 0 = wt, so for ONE period T, 0 = 27, hence w = FR,
SO ¢,, can be written as

2n

1 —inx2l
cn:?fo(x)e T dx

Notice that in this chapters we use distance for period (i.e. wave length 1) instead of time
as period T. it does not matter, they are the same, choose one. i.e. we can say that the
function repeats every A, or the function repeats every one period T.

When using A for period, say —/,I or -7, the above equation becomes
c, = l fl f(x) e_mx22_7 dx = l fl f(x) e_inx% dx
I 21J

note: Above integral for c, is for negative n as well as positive n. In non-complex expo-
nential expansion, there is no negative n, only positive.

note:c_, =,
note: there is a relation between the a,, b,,, and the c,, which is

a,=c_,+c,and b, =i(-c_, +c,)

15



2.3. Math 121 A notes CHAPTER 2. MY NOTES, STUDY NOTES

IF given f(x), defined over (0, L), The algorithm to find Fourier series is this:

IF asked to find a(n) i.e. the COSIN series, THEN
extend f(x) so that it is EVEN (this makes b(n)=0)
and period now is 2L

ELSE

IF asked to find b(n), i.e. the SIN series, THEN
extend f(x) to be ODD (this makes a(n)=0)

and period now is 2L

ELSE we want the standard SIN/COSIN

period remains L, and use the c(n) formula

(and remember to do the c(0) separatly for the DC term)
END IF

END IF

2.3.3.1 Parseval’s theorem for fourier series

This theory gives a relation between the average of the square of f(x) over a period and
the fourier coefficients. Physically, it says that this:

the total energy of a wave is the sum of the energies of the individual harmonics it carries
2 1 2 lgoo 2, 1 Qoo .
Average of [f(x)] =(34%) +; 2 an 5 2, by over ONE period.
In complex form, Average of |f(x)?| = Ziooolcn|2. Think of this like pythagoras theorem.
. 2 11 1 1 oo
For example, given f(x) = x, then [ f (x)] =3 f_ ) x%dx = 3 then 3= E_mlcnl2
In the above we used the standard formula for average of a function, which is

average of f(x) = % l; f(x) dx, here we should need to square f(x)

2.3.4 Chapter 15. Integral transforms (Laplace and Fourier
transforms)

2.3.4.1 Laplace and Fourier transforms definitions

Ff(x):F(p):fooof(x)e‘dex p>0

1 (o |
Fg(x) =g(@) = 5- f F(x) e dx

1 1
Associate Fourier with > (mind pic: Fourier=Fraction i.e.— Z) and Fourier goes from
—00 to +0o (mind pic: Fourier=whole Floor), Fourier imaginary exponent, Laplace real
exponent.

16



2.3. Math 121 A notes CHAPTER 2. MY NOTES, STUDY NOTES

Note: Laplace transform is linear operator, hence L[ ft)+ g(t)] = Lf(t)+Lg(t)and L[c f (t)] =
cLf()

2.3.4.2 Inverse Fourier and Laplace transform formulas

(We do not really use the inverse Laplace formula directly (called Bromwich integral),
we find inverse Laplace using other methods, see below)

1 c+i 00
f(x) = 5 f F(z) é* dz t>0  Inverse laplace
e

c—1 0o

1 00 .
f(x) = o= f g(a) e da Inverse fourier

The Fourier transform has 2 other siblings to it (which Laplace does not), these are the
sin and cos transform and inverse transform. I'll add these later but I do not think we will
get these in the exam.

Note: To get the inverse Laplace transform the main methods are

1. using partial fractions to break the expression to smaller ones we can lookup in
tables

2. Use Convolution. i.e. given Y = L(fl) L(fz) -y = gg(t - 1) f(r) dt = ¢® f use
this as an alternative to partial fraction decomposition if easier. mind pic: t one time,
T 2 times.

3. Use the above integral (Bromwich) directly (hardly done)

4. To find f(t) from the Laplace transform, instead of using the above formula, we can
write

f(t) = sum of residues of F(z)e* at all poles. For example given F(z), we multiply
it by ¢*, and then find all the poles of the resulting function (i.e. the zeros of the
denominator), then add these.

Note: To find Fourier transform , g(«), must carry the integration (i.e. apply the integral
directly, no tables like with Laplace).

Note: we use Laplace transform as a technique to solve ODE. Why do we need Fourier
transform? To represent an arbitrary function (must be periodic or extend to be period
if not) as a sequence of sin/cosine functions. And why do we do this? To make it easier
to analyze it and find what frequency components it has. For continuous function, use
fourier transform (integral).

note: Function must satisfy Dirichlet conditions to use in fourier transform or Fourier
series.

17
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note: Fourier series expansion of a function will accurately fit the function as more terms
are added. But in places where there is a jump, it will go to the average value of the
function at the jump.

question: When do we use fourier series, and when to use fourier transform? Why do we
need F. transform if we can use F. Series? We use F. transform for continuous frequencies.
What does this really mean?

2.3.4.3 Using Laplace transform to solve ODE

Remember

Ly =Y
L(y') =pY - w0
L(y”) = p*Y = pyo - v
note: p has same power as order of derivative. do not mix up where the p goes in the y”’

equation. remember the y; has no p with it. mind pic: think of the y; as the senior guy
since coming from before so it is the one who gets the p.

note: if y5 = y; = 0 (which most HW problem was of this sort), then the above simplifies
to

L(y)=p

=pY
L(y”) — sz
So given an ODE such as y”’ + 4y’ +y = f(t) — (p2 +4p + 4)Y = L(f(®)

i.e. just replace i’ by p?, etc... This saves lots of time in exams. Now we get an equation
with Y in terms of p, now solve to find y(f) from Y using tables. Notice that solution of
ODE this way gives a particular solution, since we used the boundary conditions already.

For an ODE such as

Ay” + By" + Cy = h(t)

its Laplace transform can be written immediately as

AP?Y + BpY + CY = L h(t)
L
- Ap*+Bp+C
18
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whenever the B.C. are y; = 0and yy =0

2.3.4.4 Partial fraction decomposition

When denominator is linear time quadratic or quadratic time quadratic PFD is probably
needed.

This is how to do PFD for common cases

1 A N Bx+C
(x+c)(x2+x+6)_(x+c) (x2+x+6)

(quadratic in denominator case)

1 Ax +B Cx+D . ,
= + (quadratic in denominator case)

(x2+3x+4)(x2+x+6) (x2+3x+4) (x2+x+6)

1 A B
Grox+d) G+D  (x+d

x2+x+b_A+B+B
(x+)x—dP @+1) (x-d) (x—dy

(repeated roots case)

we get some equations which we solve for A, B, etc... This part can be time consuming in
exam.

2.3.4.5 convolution

Main use of convolution in this class is to find the inverse laplace transform.

If we are given the transform itself (i.e. frequency domain) function, and asked to find
the inverse, i.e. the time domain function. Then look at the function given, if it made of 2
functions multiplied by each others, then good chance we use convolution.

19
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Y(p) = G(p) H(p)

Step (1) convert to

Find g(t) Find h(t) this form. Most of

from from .

tables tables the time we use
Tables here to find

g(t) and h(t)
o(r) ® h(r)

We want to Step (2) Evaluates the

find y(t) above convolution by
computing the convolution
integration. Done. The
result is y(t)

W) = _[;g(r) h(r—1)dr

Finding the inverse Laplace transform using convolution

Example:

Given this equation

Y(p) = G(p) H(p)

We first find the inverse of G(p) and H(p) separately. i.e. we find g(t) and h(t). we usually
do this by looking up tables. Once we do this step, the next step is to take the convolution
of these 2 time domain functions.

The result, will be y(t), i.e. the inverse of Y(z).
Notice that you can NOT just say y(t) = g(t) h(t), DO NOT DO THIS. But we must use

convolution to find y(t):
y(t) = g(t) @ h(t)
t
v = | s ht - dr
t
- f o(t - ) h(7) dr
0
Notice, choose the simpler function to put the (f — 7) in. It does not matter if it is the f or

the h. remember, the 7 occur 2 times in the integral, the t one time.
20



2.3. Math 121 A notes CHAPTER 2. MY NOTES, STUDY NOTES

The above means

Ly =Lgt) Lhit)= L g(t) ®ht)]
y=g(t) ®h(t)

The above comes when we want to solve an ODE. Usually we know g(t) which is the
transfer function, and h(t) is given (the forcing function of the ODE).

For Fourier transform, convolution can be used as well. it is very similar equation:

F(s) Fm) = 5= {500 oht)]

1

So difference is the >

2.3.4.6 Parseval’s theorem

(total energy in a signal equal the sum of the energies in the harmonics that make up the
signal).

(o] 1 (oe]
f_ |g(0¢)|2da:§f_ F[f dx

2.3.4.7 Dirac delta and Green function for solving ODE

Dirac delta function is a function defined for t, who has an area of 1 and zero width and
oo value at t. (not a real function). Used to represent an impulse force being applied at ¢.

When multiplied with any other function inside an integral will given that other function
at the time the impulse was applied. i.e. f f(t) 6(t — tg) dt = f(tp), here tj is the time the
impulse is applied.

note: Fourier transform of delta function: g(a) = % f * 8(x — xg)e™* dx = e~1a%o0

note: Green function G(t,t’) is the response of a system (solution of an ODE) when the
force (input) is an impulse at time t = #/

How to use Green function to solve an ODE? Given G(t,t’), y(t) = Loo Gt t') f(t')dt

Where f(t) is the force on the system (the RHS to the ODE). Usually we are given the
Green function and asked to solve the ODE. So just need to apply the above integral.

Question: ask about if the above is correct for the finals or is it possible we need to find
G as well?
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2.3.4.7.1 Solving an ODE using green method Here we are given an ODE, with a
forcing function (i.e. nonhomogeneous ODE). And given 2 solutions to it, and asked to
find the particular solution.

Example, y” —y = f(t) and solutions are y;,y, then the particular solution is y, =

/

Y1 Vs
Y1 Y2

104t —y, [ 22204t where W =

2.3.5 Chapter 2. Complex Numbers

1
note: When given a problem such as evaluate (-2 — 2i)5, always start by finding the length

of the complex number, then extract it out before converting to the re™? form. For example,

(-2 -2i)5 5 =242 ( A ) the reason is that now the stuff inside the brackets has length
. 3
ONE. So we now get 2\/_ (T - $) = 2v2¢77" and only now apply the last raising of
3 .
= 3 Zm+2nn

power to get (2\/56 4 ) =20e 5 forn=0,1,2,3, - make sure not to forget the 2nm,

I seem to forget that.

2.3.6 Chapter 9. Calculus of variations

2.3.6.1 Euler equation

JF JF
How to construct Euler equation — (—) -—=0.1f 1ntegrand does not depend on x then
dx \ dy’ Ay

change to y. Example f y2ydx — Ly = y x’ dy) - £ =y dy this is done by making
azr) JF _

the substitution iy’ = l and dx = x’ dy. Now Euler equation changes from — ( rvd e

o L(FY
dy\ dx’ ax

Normally, w111 be zero. Hence we end up with d—(j—;) = 0 and this means j—; =¢c,and
so we only need to do ONE integral (i.e. solve a first order ODE). If I find myself with a
2 order ODE (for this course!) , I have done something wrong since all problems we had

are of this sort.
2.3.6.2 Lagrange equations
are just Euler equations, but one for each dimension.

Fisnow called L. where L=T -V whereT =K.E.and V =P.E,, T = %mvz, V =mgh

So given a problem, need to construct L ourselves. Then solve the Euler-Lagrange equa-
tions
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4y o,
dt\ dx dx
JL\ L
an\ay) "7y ="
JL\ L _
a\2z) "9z =0

The tricky part is finding v? for different coordinates. This is easy if you know ds?, so just
remember those

ds? = dr? + r?d6? (polar)
ds? = dr® + r2d6? + dz? (cylindrical)
ds? = dr? + r?d0?% + 12 sin® 0d¢?  (spherical)

So to find v? just divide by d? and it follows right away the following

v? = i? + r26°? (polar)
v? =i + 1202 + 22 (cylindrical)

0?2 = +1260? + 1?sin” 0 ¢?  (spherical)

To help remember these: Note ds? all start with dr? +2d6? for each coordinates system. So
just need to remember the third terms. (think of polar as subset to the other two). Also
see that each variable is squared. So the only hard think is to remember the last term for
the spherical.

Remember that in a system with particles, need to find the KE and PE for each particle,
and then sum these to find the whole system KE and PE, and this will give one L for the
whole system before we start using the Lagrange equations.

2.3.6.3 Solving Euler-Lagrange with constraints

The last thing to know is this chapter is how to solve constraint problems. This is just like
solving for Euler, expect now we have an additional integral to deal with.

So in these problems we are given 2 integrals instead of one. One of these will be equal
to some number say /.

So we need to minimize I = f r (x,y’,y)dx subject to constraint thatg = f . Gx, v, y)dx =
X2 X2
/
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Follow the same method as Euler, but now we write

d{ od d

So replace Fby F + AG

This will give as equation with 3 unknowns, 2 for integration constants, and one with A,
we solve for these given the Boundary conditions, and ! but we do not have to do this,
just need to derive the equations themselves.

Some integrals useful to know in solving the final integrals for the Euler problems are
these

dy = csin_l(c y) +k

c
f A=y

f c P 1 ‘1(C)+k
———=dy = -cos™|—
INTETAE Y
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2.4 MATH 121B Notes

2.4.1 Chapter 12. Series solution of ODE and special functions

Bessel ODE

first solution

second solution

second solution

Orthogonality

2y +xy + (xz — pz)y =0  defined for INTEGER and NON integer P
_1n 2n+p .
=L =2 W(g) (for p an integer or not)

cos(np)J ()]

Yo = Np(x) = Y,(x) = np (note: p here is NOT an integer)

Y, contains a log function. note: p here IS an integer.
0 ifa#b

1, 1, 1y _ a,b are zeros
SIpe1(@) = 5J,1(a) = 5], 7(a) ifa=b

f x Jax) ], (b) dx =

of ],

recursive formula

2 /
o Iy =20

d dl|1 1
E[xp]p] = xp]p—lr E[x_p]p] = _x_p]p+1l ]p—l +]p+1 =

= —Z]p +Jp1 = Z]p = Jp+1 NOTICE: No Rodrigues formula for Bessel func,
since not polyn.

notes:

We used a generalized power series method to find the solutions.
IF p is NOT an integer, then ], and J_, (or N,,) are two independent solutions

IF p is an integer, then ], and ]_, are NOT two independent solutions, use log
for y,

J, is called Bessel function of first kind, and Y/, is called second kind. p is
called the ORDER.

[Fp=n+ % , a special case, we get spherical bessel functions j,(x) and y,,(x)

i = ity = ) ()
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Legendre ODE

first solution

(1 - xz) v -2xy +10+1)y=0 defined for INTEGER [ only

y1 = Pix) examples: Py(x) = 1,Pi(x) = x,Py(x) = %(3x2—1),P3(x) =

%(5x3 — Sx)

Py(x) = 5(35x* - 30x% + 3), P5(x) = £(632° — 702° +15%)

second sol. We do not use this. Called Legendre polynomials of second kind Q;(x)
Orthogonality f_ 1 Pi(x) P,(x)dx =0if m #n,also f_ 1 Pi(x) x (any poly degree < | ) dx =0
N 1 2
Normalization f_ 1[Pl(x)]zdx = o
Generating function | ®(x, h) = ﬁ, Ih <1, D(x, h) = Py(x)+hP;(x)+h?Py(x)+--- = ZhlPl(x)
1-2xh+h I=0

recursive formula

later, see book page 491

: _1d !
Rodrigues P, = ﬁﬁ(x - 1)
notes: we used series method to find the solution (not generalized series method).

x must be less than 1, this is needed to have convergence. Hence Legendre
solution only defined

over -1,1. Also, I is assumed to be a non-negative integer.! is called the
ORDER of legendre poly.

Associated Legendre

first solution

second solution

Orthogonality

Normalization

(1—x2)y”—2xy’+[l(l+1)—g]y:0

v = PP = (1-22)2 o (pi)
do not use

did not cover, but should be the same as Legendre polynomials P;

2 [Il+m!
21+1\ I-m!

[prefax =

example using recursive formula for Legendre: ®(x,h) =

,lety = 2xh — W?

\(1-2xh+h2)
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13
22,2

then ®(x,h) = =1+ %y + S-y° + -+, then sub back for y, and simplify we get

(1-y)
o= 1+xh+hz(2x2 - %)+ = Py+hPy+hPy+---,hence Py =1,P; =x,P, = (;xz - %),etc..
Series solution: y = ay + ax + ayx? + -+

Generalized series solution: y = agx® + a;x*™1 + a,x™2 + --- solve for s, we get indicial eq.
for each s we solve again to find the gy and the a4, solutions. Final solution is the sum of
the solutions for both s values. Will only get 2 solutions in total (for second order ODE).

24.1.1 Leibniz Rule for differentiation of product

n|d® _d n|d _ davi n|d> _d? n|dv _d°
0 dxof dS T 1 dxf A8 T 2 dxzf g 28T n dx”f 108
4 gn d dv! nxn-1d*> 42 ar  d°

! T T a8t T ! St gl a8

dn
dx" (fg)

4 . & d_ & . .
F(g)r example ——(x sinx) = x —5sinx +9 X ——x — sinx + rest is ZERO terms, so we get

d
—5(x sinx) = x cosx + 9sinx this is much faster than actually differentiating 9 times !

This can be remembered since it is the same form as the binomial expansion

(f+g)n=[ Z ]fog”+[ f ]flg’”+[ Z )fz g“+---+[ Z ]f”g0
(F+8) = £+ 978+ oo P+t

2.4.1.2 Finding second solution for ODE

when the indicial equation gives only one value for s (from the generalized power series
method), we can find the second solution by assuming

Yo = y1 In(x) + E b, x"*s

n=0

Then find vy, y”, from these, and sub back into ODE and set n = 0 to solve for the new
indicial equation, find s from it (should get one solution), then most likely you'll find
b, = 0 for all n > 0 (for the HW’s we did), and so just need to use byx"** and this gives

the complete solution.y = Ay, + By, = Ay; + (y1 In(x) + X" by, x”*s)

note: IF when solving the indicial equation, 2 values for s that differ by an integer from

each others (say 4,6), then must use the value 6, also when we solve for the second
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solution, s there must come out to be the first s which we did not use for the first solution,
i.e. 4 in this example (so I really do not need to solve for s again!, expect I need to find
the recursive formula).

2.4.2 Chapter 16. Probability

Let A, B are 2 successive events.

P 4(B) is the probability that B will happen KNOWING that A has already happened.
P(AB) is the prob. that A and B will both happen

P(AB) = P(A)P 4(B)
= P(B)P3(A)

If A and B are independent, then P 4(B) = P(B)
Then it follows that

P(AB) = P(A) (B) If A,B independent

Probability that A OR B will happen is:

P(A + B) = P(A) + (B) - P(AB)
P(A + B) = P(A) + (B) IF A,B are mutually exclusive

This means that P(AB) = 0 if they are mutually exclusive (obvious)

P(A + B + C) = P(A) + P(B) + P(C) — {P(AB) + P(AC) + P(BC)} + P(ABC)

|
note: P! = number of permutations (arrangements) or  things taken r ata time. P} = —
(n—r)!

Here order is important. i.e. ABC is DIFFERENT from CAB, hence this number will be
larger than the one below.

n n!
[r ]:C’ CEE
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Number of combinations OR selections of n things r at a time. here order is NOT important.
so ABC is counted the same as CAB, hence this number will be smaller.

note: In how many ways can 10 people be seated on a bench with 4 seats?

A) 4 6!4!

10
]4!=E4z=%=10x9x8x7

10
To understand this: A is the number of ways 4 people can be selected out of 10. ONCE

those 4 people have been selected, then there are 4! different ways they can be arranged
on the bench. Hence the answer is we multiply these together.

note: Find number of ways of putting r particles in n boxes according to the 3 kinds of
statistics.

Answer
1. For Maxwell-Blotzman (MB) it is n"
2. For Fermi-Dirac (FM), it is ,C,
3. For Bose-Einstein (BE) it is ,,,1C,

note: If asked this: there is box A which has 5 red balls and 6 black balls, and box B which
has 5 red balls and 8 white balls, what is the prob. of picking a red ball? Answer:

P(pick box A) P(pick red ball from it) + P(pick box B) P(pick red ball from it)

note: If we get a problem such as 2 boxes A,B, and more than more try picking balls, it is
easier to draw a tree diagram and pull the chances out the tree than having to calculate
them directly in the exam. Tree can be drawn in 2 minutes and will have all the info I
need.

note: write down the cancer chance problem.

note: random variable x is a function defined on the sample space (for the example, the
sum of 2 die throw). The probability density is the probability of each random variable.

average or mean of a random variable u = ) x; P; where P; is the probability of the
random variable.

The Variance Var measures the spread of the random variable around the average, also
called dispersion defined as

Var(x) = Z(xi - y)z P;

Standard deviation is another measure of the dispersion, defined as o(x) = v Var(x)
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Distribution function is just a histogram of the probability density. it tells one what the
probability of a random variable being less than a certain x value. see page 711.
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2.4.3 Chapter 13. PDE

PDE solution equation notes

Laplace u(x, Y, z) Vau=0 describes steady state (no time) of region with
no source
for example, gravitional potential with no matter,
electrostatic
potential with no charge, or steady state Temp. dis-
tribution

Poisson u(x, Y, z) Vau = f (x, Y, z) Same as Laplace, i.e. sescribes steady state, how-
evere
here the source of the field is present. f (x, Y, z) is
called
the source density. i.e. it is a function that de-
scribes the
density distribution of the source of the potential.

Diffusion or u(t, XY, z) V2y = ai % Here u is usually the temperature T function.
Now time

heat equation is involved. So this equation is alive.

. 2 1 9%u . ‘s .

Wave equation u(t, XY, z) V<u iy Here u is the position of a point on the wave at
time f£.
Notice the wave equation has second derivative
w.r.t. time
while the diffusion is first derivative w.r.t. time

Helmholtz F (x, Y, z) V2F +k?F =0 | The diffusion and wave equation generate this.
This is the

equation SPACE only solution of the wave and heat equa-

tions. i.e.

u=F (x, Y, z)T(t) is the solution for bothlheat and
wave eq.
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Each of these equations has a set of candidate solutions, which we start with and try to fit
the boundary and initial condition into to eliminate some solution of this set that do not
tit until we are left with the one candidate solution. We then use this candidate solution
to find the general solution, which is a linear combination of it. We use fourier series
expansion in this part of the solution.

In table below I show for each equation what the set of candidate solutions are. Use these
to start the solution with unless the question asks to start at an earlier stage, which is the
separation of variables.

So the algorithm for solving these PDE is

Select THE PDE to use ---->

Obtain set of candidate solution ---->

Eliminate those that do not fit ----- >

obtain the general solution by linear combination
(use orthogonality principle here)
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PDE candidate solutions notes
ek coskx
) ek sin kx ' ‘
Vau=0 u(x, y) = for 2 dimensions
e Y coskx
e Y sinkx
Vou = f(x y z) u(x y z) =-— fff Ay ) dx’ dy’ dz f(x’ Y z’) is a function
4 4 4 7 4n 5 P 4 4
\/(x—x’) +(y—y’) +(z—z')"+
that describes mass density
distribution evaluated at
point
x',y’,z'. The point x,y, z is
where we are calculating
the
potential u itself
ek coskx
2. i ﬂ _ . .
Veu = ywier u(t,x) = for one space dimension
e K% sinkx
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) 1 9% cos kx cos wt ) )
Vi =5 =5 | Y =XT, where X(x) = T(t) = v is the wave velosity, 1D
vt ot sin kx sin wt
coskx coswt __
cos kx sinwt Nﬁ
Y(x,t) = ;
sinkx sin wt
sinkx cos wt
cos k,x
Z = XYT, where X(x) = Y(x) 2D case in rectangular co-
sink,x ord
cos k,x
sink,x
cos wt
T(t) =
sinwt
V2F+Kk*F=0
Now the solutions in different coordinates systems
cos kx
X(x) =
sin kx
cos wt
T(t) =
sin wt
2.4.3.1 Laplace equation in cylindrical coordinates
.. . . . 19( du 10%u  d%u )
The Laplacian in cylindrical is V?u = ;5(1’5) + 32 + 72 = 0, the solution can be

written as u = R(r)©(0)Z(z)
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Cylindrical coordinates

&/

point (r.8,2)

kz
Z(z) = { L o we quickly eliminate the ¢** since we do not want the potential to blow up
e~ Z

sinn0
as z becomes larger. ©(0) = , R(r) = J,,(kr) where J,,(kr) is Bessel function of order

cosno
n, we do not use N,,(kr) solutions since we origin is on base of cylinder. see book for more
details, all problems we will get will be like this. We find k from boundary conditions, it
will turn out to be the zeros of J,,. From above, the set of candidate solutions for Laplace
on cylindrical is

J,,(kr) sinn@ e
u(r,0,z) =

J.,(kr) cosn@ e

Now usually we eliminate the 0 dependency if boundary condition is such that it is not
dependent of angle. So we get u(r, 9,z) = Jy(k,,r) e~nZ and from this we need to solve
u = 22::1 cm Jokr) e7m?, now we use boundary condition to find c,,, for example if
given that base (z = 0) was at temp (or potential) = 100, then we need to solve 100 =
E,(::l ¢ Jo(k,,r) and here to use orthogonality of bessel functions to expand RHS.

2.4.3.2 Laplace equation in spherical coordinates

2
The Laplacian in spherical is V2u = l1(1’2%) + o i(sin 0 ﬁ) S S} Sepa-

2 or\ Ir r2sin 0 90 76 r2sin 6 92
rate using u = R(r)@(@)CD((p)
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A =

!
’
and © = Pj*(cos 0) and R(r) = { . here [ is an integer

sinm

r

(came from separation of constants by setting k = /(I +1)), Here P]" is the associated
Legendre function.

The solutions are ® =
cos mao

Now we quickly discard solution r~1-1 because we want solution inside the sphere, so our

sinmaq
set of candidate solutions are u = R(r)@(@)q)(gb) =7l Pi*(cos 0) { " . For symmetry
cosm

w.r.t. ¢» we set m = 0 and solution reduces to 7!

Pi(cos 0) and then the general solution
isu=Yc¢r Pjcos0)

2.4.3.3 Wave equation in polar coordinates

2.5 General equations

inx —inx
e —e

sinnx = -
2i

einx + e—inx

cosnx = ———
2
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f SINY % = In(sinx)

COS X
1
csCx = —
sinx
[ Fedx
average value of f(x) over [b,a] = ‘Ib?

cos? kx = H%S(Zk)
2

. . 1

sin A sinB = E[ cos(A — B) — cos(A + B)]
1

cos A cosB = E[ cos(A — B) + cos(A + B)]
1

sin A cosB = E[ sin(A — B) + sin(A + B)]

I need a geometric way to visualize these equations, but for now for the exam remember
them as follows: they all start with A — B, and when the functions being multiplied are
different on the LHS, we get sin on the RHS, else we get cos (think of cos as nicer, since
even function :).

f tanh(x) = In(cosh x)

f tanx = —In(cos x)

f ’ cos?kx dx = b;—a if k(b - a) is an integer multiple of 7. (the same for sin? kx), for
a

1 1 1 1
example f cos?mxdx =1, f cos?5mx dx =1, f cos?7nxdx =3, f sin® tx dx = 1, etc...
1 L1 L5 L1
this can be very useful so remember it!

b
f cos kx dx = 0 if over a complete period. same for sin x, for example f " coskxdx =0
a -7

sinh x = —i sin(ix)
cosh x = cos(ix)
tanh x = —i tan(ix)
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1

— =1+x+x2+x+ -

1-x

_1 2 _ .3
=l-x+x"—-x"+--

1+x

¥3 5
arctanx=x—- —+ — — ---

3 5

¥ X

smx:x—§+a_...

x2  xt

cosx = TR

3 5

x° X
smhx:x+§+§+

2 4
coshx:1+5+1+

x2 3
ef=1+x+—+
2! 3!

2 X3
nl+x)=x——+——--. _1<x§1
n(1+x) >+ 3

-1
(1+x)p:1+px+p(P2—')x2+...+ x| <1

Leibinz rule for differentiation of integrals

d 0(x) d d v d
Tx f(x, t)dt = f(x,v(x)) ﬁv(x) — f(x, u(x)) au(x) +j; gf(x, t) dt

u(x)

example:
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d 2x ext ex(Zx) d ex(x) d 2x ) ext
- ~dt = ~ (2% - - ~|—
dxfx t at 2x dx( %) x dx 2 +fx 8x( t ) at

erz ex2 2x text
= - | = a
X X x
2 2 2x
er er ext
= — - — 4 |—
X X X

X

To help remember the above 2 formulas, notice that when +x we get a — shown (i.e. terms
flip flop), but when we have —x the series is all positive terms. These are very important
to remember for problems when finding Laurent expansion of a function.

Expansion of cos and sin around a point different than 0

expand cos(z) around 4, we get

cos(a)(z —a)®  cos(a)(z - a)* B

(cos(a) - o + m ) + (— sin(a)(z — a) +

sin(a)(z — a)3
TR

For example to expand cos(x) about 7 we get

=0

sin(a)(z — n)° )

cos(m)(z — 7'()2 cos(m)(z — n)4

(cos(n) - o + o - ) + [— sin(t)(z — ) +

3!

1 1
= —1+§(n—z)2—ﬁ(n—z)4+

so above is easy to remember. The cos(z) part is the same as around zero, but it has
cos(a) multiplied to it, and the sin part is the same as the sin(z) about zero but has sin(a)
multiplied to it, and the signs are reversed.

For expansion of sin(z) use

o + o —---)+(cos(a)(z—a)— 3l

This is the same as the expansion of cos(z) but the roles are reversed and notice the cos
part start now with positive not negative term. SO all what I need to remember is that
expansion of cos(z) starts with cos(a) terms while expansion of sin(z) start with the sin(a)

( ) sin(a)(z — a)2 sin(a)(z - a)4 cos(a)(z — a)3 )
sin(a) — T
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term. This is faster than having to do Taylor series expansion to find these series in the
exam.

-

I(P +1) = PT(P)
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Chapter 3

HWs

3.1 HW table

This is list of all the HWSs. All problems are from Mary Boas, second edition.

HW

notes

HW 1

chapter one
1.5,26,2.7,4.2,44,58,6.1,6.2,6.3,6.5,6.7,
6.8, 6.11, 6.12, 6.15, 6.16, 6.17, 6.18, 6.21,
6.27, 6.33, 6.34, 6.35,7.2,7.3,7.5,7.6,9.1,
9.3,9.7,9.12,9.21, 10.1, 10.3, 10.15, 10.19,
10.20, 13.2, 13.6, 13.8, 13.13, 13.14, 13.16,
13.17,13.33, 13.37, 13.40

Infinite series, power series, convergence, interval
of, etc.

HW 2

chapter one

14.9,15.5,15.11, 15.16, 15.18, 16.3, 16.22
chapter 2
47,4.14,5.6,5.13,5.20,5.32,5.39,5.45,5.51,
5.53,5.55,5.56,5.60,5.62,6.4,6.10,6.12,7.3,
7.12,8.1,8.2

Rest of chapter one, on infinite series and power
series. And chapter 2, complex numbers, complex
series, circle of convergence.
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CHAPTER 3. HWS

HW 3
chapter 2

9.2,9.12,9.19,9.24,9.27,9.28, 10.18, 10.22,
10.28, 11.5, 11.6, 11.11, 11.18, 14.6, 14.9,
14.14, 14.22,14.24,15.13,16.7, 16.11, 17.14,
17.17,17.23,17.23,17.24, 17.30, 17.32

Rest of chapter 2, complex numbers, Euler formu-
las, log and powers of complex numbers, complex
roots, inverse trig and some applications.

HW 4

chapter 4
1.6,1.7,1.23,1.24,2.3,2.6,2.8,4.2,4.8,4.9,
4.10,4.13

Partial differentiation, power series in 2 variables.

HW 5

chapter 4
53,54,63,65,6.6,7.3,75,7.8,7.15,7.19,
8.1,8.2,8.3

More Partial differentiation, Chain rule, min and
max problems.

HW 6
chapter 4

9.2,93,94, 95, 9.6, 9.7, 9.8, 10.2, 10.7,
10.10,11.1,11.3,11.6,11.7,11.8, 11.9, 12.1,
12.2,12.4,12.7,12.8

More Partial differentiation, min and max prob-
lems.

HW 7
chapter 14

1.6, 1.12, 2.22, 2.23, 2.34, 2.37, 2.40, 2.55,
2.56,2.60,3.2,3.5,3.17,3.18, 3.19, 3.20, 3.23,
4.6,4.7,49,4.10,5.1

Function of complex variables. Analytic func-
tions, cotour integration, Laurent series, Residue

HW 8
chapter 14

6.5, 6.6, 6.7, 6.8, 6.9, 6.15, 6.19, 6.23, 6.31,
7.5,712,7.18,7.20,7.29,730,7.34, 7.45,
8.4,8.5,8.15

Function of complex variables. Methods of find-
ing residues, integration using residues, residues
at infinity.

HW9
chapter 14

9.2,9.3,9.4,9.7,10.5,10.6, 10.11, 10.13
chapter 7

34,36

Function of complex variables. Mapping, appli-
cations of conformal mapping. Start of chapter 3.
Linear equations, vectors and matrices.
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3.1. HW table

CHAPTER 3. HWS

HW 10

chapter 7

42,45,48,4.10,4.12,4.13, 4.15, 5.2, 54,
5.5,538,5.10,6.5,74,7.7,7.12,8.12

Fourier series.

HW 11

chapter 15
22,23,24,25,29,211,217,2.18, 2.21,
222,2.23,34,3.6,3.8,3.11, 3.24, 3.25, 3.29,
3.30

Integral transforms. Laplace transform, Solution
of ODE using Laplace.

HW 12

chapter 15
43,4.5,4.7,4.12,4.18,4.20,4.21, 4.23,4.25,
51,52,510,522,6.2,64,6.5,69,7.7,7.9,
7.11

Integral transforms. Fourier transform, Convolu-
tion, Inverse Laplace, Dirac delta.

HW 13

chapter 15 (Integral transforms)
8.2,8.3,8.12,8.15,8.17

chapter 9 (Calculus of Variations)
2.1,23,26,3.1,3.2,34,36,39,52, 5.6,
6.1,6.2,6.5

Integral transforms: Green functions. Calculus of
Variations: Euler equation, Using Euler equation,
Isoperimetric problems

43




32. HW1 CHAPTER 3. HWS

32 HW1
Math 121 A @) wrie
Hw # [
shdont : Npssek HBEAST
s ﬁ‘pr:'nj z-aal'f
Jc Emfﬁ-ﬂfﬂ«f-

Feb zast.

44



32. HW1

CHAPTER 3. HWS

,_.:J.,p.;gti !
S _ll':':‘ _—l::r;-r
p—r
\ 15| s« 068333

‘i'—' = i = I
{=r
el
.68 211 - o.54+
= &
fioe

—_—

X i)
':]T; f?mjf
1 kS
= fr"_; ,f;_:f{} . 1)
(23! 4 G .
vy
T 3¥2
z ANE | (oxTrHaN2)
e ; .' "
-+ C T “zo

{1 —
A ACxGxvril
_r )

—— 45



32. HW1

CHAPTER 3. HWS

L
Jowrkrater oo 2
i = =z
Ca --"E-'“""‘ﬂ - | )
| ~=O
o
‘f' Cro~ple, nz( 2 _ J
2{e)13 -
'
ﬂ:j .# __-2 _ --.-.g;
i‘fl}-rﬁ -
2
RE o & = 8
2(1)12 Fee
=31 = "_'i""T _ -
L) 13 9
¢te - -

=N

£ 4

il

46




32. HW1 CHAPTER 3. HWS

5

hogtee | |
Hi_,oi piatt s Trees -‘/‘ L é‘w*a;:,p.-ﬁ'r Leriants
‘If';_i) ~J-|!_.ﬁ{:::f-‘::_‘ S {::“uw "? Snmndl ;eruzh"‘ M—-—L-u‘
Lot - .-r. ; I . :“r IJ M
{'.':-.H-EJ £ 3 ,.4'{ - {Wﬁ-:p{"d’. ﬁ f'ﬂj wan JLM
o M 18-85 <€ ?tw ey N
.5.::.&..5,'{ Srve & mﬂf ﬁ,._m_,,_,.z,‘_’_u(‘ﬁ N f—-(_
= J
..r'_"'”';_h E N
L i Tzﬁﬂ .
' i1 . S
— ,'ul.f{?'i"h R T dr e T } i
. P
- 'E' s s
I|f' ! E
+
|
‘I"’ o o |
N

p=Ntl nenfl

Lev all AN, e Na-e

Jé—gﬂf' < €,
#‘-i.-ﬁ“ ;ﬂ' @nr"ﬁ:ﬂ"f‘ éy‘ fq?‘r‘l" ').""'3-"_
_"' i
PO P S L AP Y
= : I
’ﬂ'ﬂ'; i 5!‘?‘”
Eﬂ
-7
let £ = lp S
e Se
need = ;‘ffm"" the (175
Z- __I__.,._"._f_[_r ‘ﬁ;;‘_aea"ﬂuﬁf—cf{ﬂa-a
s’ "-F i - e antlr =L P | r‘=:ﬁ_f-
K= -
* 1
o =i 3 2 o _ _f oz
o S’T-Tr'f—_.i, g f -
. 47




32. HW1 CHAPTER 3. HWS

&
o S SEEEY E!C"“é'j d(i~L)
[ e T i
.‘—.;E _g_-
= (,ﬂ—-—-)
T Je 4 !
/S*uﬂ = ;f-(f—;;) = 2 (i- (rai-*)
7 (4)
-7
% naed ":‘i;ﬂ < [o ’ """"”f" »
|
h<

: h
- () 5 > te ”
- fﬂé(“f 5—”) > ,L.ns Je

| f;é‘f+.|’.3§ﬂ ‘> ?-—-
=

P -k  + ﬂ(’fﬂ&ﬁ} v
/ ol + ,1(.::-.;;'?3,} > T
[~ 2693 a > 6.9
;r"! " ) qlré" _;‘L H:ﬁu"{.-*




32. HW1 CHAPTER 3. HWS

&
4 H-P”J
% o { B
= (;-ﬁ. = 024 99949 7¢Y

' ~&
Zw Ki—sn/= 2.5¢ xlo

o

[

which 5 smallet #hem &

afc

49



CHAPTER 3. HWS

32. HW1
Chapte
|#'2 o i
i
n=r M
< Fhn  savas e
= &3 ‘I&MF‘"'.J# e :
i
;f'r < Eﬁ -f_—\r ﬂ'}'!ij p

Tg-'"" ﬂ’ Ep-a'n g '5“""'{{”

o ‘:;.-—':Sﬂ Lve & v
i padasy wWER
$ £ L)
.!:“ '-:-:;ﬂ f( g
a o e o Aealel)  a-aidr
= - S = fe B
e -
_ar” 1 5
BN R
- - Vil .
i N oo
ar ?
hf,.f@ hrmf = {é S
-7 «d  r=d
et £z lo e, Jreien e« gt TS
1" —",
So need ___jiu_:;_"_ < Io®
]
2
. e 4 o de g B
J_I"E"L < lo T I
o, g o o g2 7 %
~ n s 3 3k B S S
d-_'_'-"_, _ .
Ay [H: 2 M 50




32. HW1 CHAPTER 3. HWS

P

@

che ‘P'fq- i, v (,y.,:'i’.mﬁr_.-a“f'&.;f b efe <icle af o varp et o Mo
: ey

5. 1] Yodrr

I j-l- j— - ..t_-ﬁ "?"'b—l--'—*—‘,z-é; e
PR re 7 2€ TF

i prdinng Tty Jod @ M An¥e fraw
_.ﬁi.m' gjfi-f-l'l-:f_.rl'.'l' 5 ::’FSL'_ L3 el m-:? jrﬂ.-,.‘,{__’f {f“ el W .
. ,..E"- Al p =+ i
T B ot Ly ien e & e i C_:) ]
=y nial |

-
e —

oAy
Zn T = di"cfﬂr-c‘-f en Sk

Ly ﬁ ==
=3 ?
.-l‘I . ‘::?H 4_ i e e ‘_"ﬁ ey
J!l_.;_.l_... e ;f _...I. .I-":"l]' N
A I R R ‘
o __.I ! J - f f;j’-"
& hey | -~
. B g g
el .= 4 o
_ __‘;*_’_"_.___ _ oizin (n)
s lotge B - 7 o
g PRI [ ,
jn E—n} Srﬂﬂ. it i L \:J L.
4harr N o B A |
Fubin Lo [} ﬂnf' .|"n|[ﬂJ - <!
p == "
T e T e mn{ul' ; e fee f IC

.f:’l-hnc.. J e ‘fwlj’" "ﬁ (S
e S b o —— e o e S R P e

fgrvers -;aq-f
51



32. HW1 CHAPTER 3. HWS

(2)
f}w’_ﬂﬁi /
6/ Sk et ML 52
S=nl = 1+2 4+ 273 =+ 254 -+ 2345 +--
4 v ! %
REET S b e w4 2:2 + 22.227-
leurg a7 above 2 Seguevces. eagl Foir in S
. = I ; ."-I:I =T
h-h; muff-'l;j?fb“‘ L::- A Facter f-aw’ft.-r Fhan 1"311 ?Q.{-f-.-—r
That Fhe f'ma:’nw-:fiwf Ferm i S, i1 becns
b S’
me. ,r';»,;,g;;:,i e th ( Téwa 13 Stebey «t n=3 )
T has :~PJ;'¢g Aha e ‘;j" feenet '—‘-"/lf g, - IHJ--F
thor Swmw of lerrn of 5, GED
g2 =2 & n. g
/"‘:}E‘M r!-'f' "'T fl"j.‘.p.rh.fh-rd‘ e ::._- s - "
L A T r
g sergpensg o “1'*#':*5-1*"
/
jesrnda 'ﬂ""'n‘ jﬁ
/ | ! . ..|.'—+-"—fi....-...'.l._ LR ."__l..-'-.:.+-'-¢l.l'+..‘.'4
..p-‘z—-r-.é-r;_---?"f"'ﬁ“‘; = ] il [F] [} E iE ,u? [k -~ ¥ £
j Sy éf’qf‘ﬂ:"" L B fere
F oL 53> ITIFvYg
T "i; o -.l_.l- e f"r‘f IIHH _— ‘I' SR LA
- [1L1058 1 06 39 + 0. 661 -

Go we Sec TAT 2L Lo bo pownfler ao a sesee  Whes eask,
Futeel r" afler nc 2_',' i .-".mr'f-.rr Flrgen -.L é‘j .g",p.l":l"‘l'fld'l'""s ‘}' fawsn , Flicen
B o) |, Jlgs € ;h:w! . elFe ,ﬂ:u"l-l‘lf Sina Thewre i O
ferm 3, Thew we Caw Kasp do =% Flin ae vre pleass

Ses o @mf:wﬁm- -;‘e-:‘l" 4o Coeisao I+z -v__: Foo. L¥Eeh ix rﬁ""";_rdﬂ'f

iy Eru-:fru,_J:. ?l-;q"" é Elr ‘-'5 ."’l;l.-l'l_.-nsq--lF e L. 52

Fif~per &



32. HW1 CHAPTER 3.

HWS

- 2 ji kg ,;Lm - ' 7
jﬂi— = .3" j / f % ‘ + ! ¥ .
= - i
i | i als = e T 3¢ ye &y
Sl s ST T4
[ | ! N —l"I:E
? K W | 4 b P X oY i> 7L
2 e SRR 13 3%
ne :
A1
l_'ll r}é“"’"‘““"s e e .
L =3 iv1 s e Ea AT 4
Givilins apeeha TR 032 7 o
v Je!
< Frors 74 & Fers S € Fe
- E Z2E58/( 5
: = ~ T Tl ai Tt :
ii’:‘. }_t - bl |5¢ o0 .
a1 £ ’. \L L
e JI.F:'JHH,.%H _f. fers i.l'r-uru_:—r -+ JF':."'JH""\"I _é -

hevee , B 2 4 en .
v ' . 1,
15 swralley Than fw*pwfrg fer m Jeee £

.f [{‘:i"f" ™

. ni=l--aF
flose -'-'"'F-'-"{" forntr Ay .

_',EJI {f)

_J_ i -"'ul'-"pl'h'riw Vs "I'I'.J""t"'l LI AT e q"'_f'-'lrﬂ
2 El‘l
- S R o —
N e ‘
i vt g 1 ST 1‘-j-‘|'|".’
j;"“‘ o = -"I-’ /s thhr.sﬂ'f‘l' 51-{:-; fo F 1
: = =
{ r.n L b 22 .ﬂjwm..r.
fe e The Fer a, = o |

_ﬂya .-'f' e L ‘-_fi:ﬂ- il ie T/ "';-" :r"‘ﬁ.':-?y_ 'IJ-.-I""
- f:‘rﬂ""" Ko Llu’-r 1 fa +I-'F-,¢7L

53



32. HW1 CHAPTER 3. HWS

©

e — g GARIYE L g o 2 f'n-n'?L
é-,'f-.'.:.. -Tﬂ_,% Ef-a-rﬁ‘ﬂw’ £ {':‘

I i
o | _]____I.__‘..r_l.--r'—'."'i‘—-—-r-——-—-'fr-
f—ﬁ— I R =

i

f
o I“r I-u\i-f-r I—"'“'é ""EJ_T
[ . T A tr
but f = 1 >
n=!

f‘;r Y

JEE s T A .1 ,{;_._,_..'1" .Ir'l.ni' e éﬁ?

A o |
]

Imfny 15 soalley Thean # 'f—-r" .

&

wll o, ﬂ,.u L

54



32. HW1 CHAPTER 3. HWS

&
r.“.'LA?Q’-:! / -
.:E*T] FEL ;WZL?MJ M "fu f-»-q)‘ ..'-f Servea Juﬂ-ﬂ--;;p_, v
| d;w-d’.i"“‘éﬁ.‘r
- .-: | 2 I 5 1l . |
o ;‘_;- ”fﬂﬂ . = a2 5_,!_1} & o
Py i ?ﬂw-—
5""-‘1"-"- ﬂ-r'” f_""ﬂ_'i Ll IIIF'-"'-"':'LI‘-'L‘-\- il'i"l"l ﬂrr‘ll é" -
Crn wion woidipll Tuot .
1 j'ﬂ / An Iﬂ(lh{h])} = In (!”("]jﬂr :Iw{#}-_a-‘:r
e o ey o

<l oea I_ﬁfuéqd A-iuws{_g.-;’ ;[ﬂ\w / ; —L'—ﬂ .|".-.-||r-h} i ree |

i W
_ e san
|E~'5' S ":ir N+ 4

n
=7

1 = N SR = 2L i (X "+ 4,] J

x4 "
L In(») =

hewee  serien jl- c’t}m’E- « i

o i
-l 3
Lj é nl::] +1n :'-j- .
s :(Hh:-f!]jh "JI_—* 5,1{:'_-
PR, SRS
as x>0 , J_H ta s heite fﬂw'm'jm

........

L{mfg_ l';:. f.uu .:"'m..r-rr*{r.u f

55



32. HW1 CHAPTER 3. HWS

I:-‘II'”P*"‘- i
3, i
'5.12 r E= ':_—;, t;z—“'
i [l 'H,.-"l E{}

- (= . _ _ __'_._-i
j{f x ot = if_"‘f‘ll)

-'.-f’+|J

Lerwo Lmverfic [
FOh LS T — = F‘E""":"- I Lr

5 e Leo= e e e 'l'“"’-'-‘T
le. 15 | use .'u'.?fn“?n;f fau? fu prece the felimoing  Zo-c fed  p-itriae
o Enfﬁ--‘:inl‘f' ;.’C .I'IJJ:'I"

=N

e P U
- il ""_.
e ( ,—ﬁuu..:_.-ﬂ"-i jf [4 [
o
o AT g —P+
1 £ ‘f —lr_-, {'fx - x ,;',\rj-c = ._:'_E-_— /
=3 v =P+

—— -

[MI‘TL F:?r!'l ; "I'-L-EF‘I ——I—-—__, —_— 0 ) .X'__?w R Jx

I+

?.r,p--ft- 1“3# - Iw{--l‘ J"lfrﬂl T =55

R T Tinte ﬂfrﬂdﬂthff:*f —3 2 g -

Pénn ¢ E“?Fd”f :i.tgﬁ?/

T P:"'F i S S I r{juw}"‘i‘ﬂ .

A o e
S e ) I- P a

heva | srquemee divoioy

56




32. HW1 CHAPTER 3. HWS

&
chapte |
J& .16 o
f P
Z | 508 rﬂ?“ﬁ.‘?\--"’r Tas? o Jﬁ-’dn poantle ™
”'1_

a 1
Loy dl...f"rpg.-'."':t_ &1 =l _,i.l.nfl__.-'}.;.l Lt =L /i il
ot & i IPIF;,.-;I" i S A .-"'5_4':1}’ Y.
tadk
I'l.
\

/ \
e o :,fm} =& = =T
#= | -f:l""l',l = _Lx = J‘II ; 5 .rb} U
,, Wi aiga i e RS
i i/ = L . [
= ‘F h] ¥ ng.rJB w7 be fwf,afﬂ""
n: % Fin) =

57



32. HW1 CHAPTER 3. HWS

i

& hayt=t | . * e R i W
& pae M "‘?“"ﬁf"'} Fr divegs ? '
& 1% } iy
) -]
— Cf
nT
oo £
B -1
l= [ e dn
- lr-ﬂ‘f"' ';f."r.' =)

P J J:EHI‘}: 2
- & i -
; o 4{”'1:.-" __;t““-.wtﬂ P ;4“* )
| : £, 'l'lr i :'..p-.-— i i
—-l,t"- 2”“ ’;m.}q s J 7
E -I":]'-PF!"J'II.E{L ‘d-_tll
]
- - B . ilﬂq e el | L[:" o
.'ll ,C!"-I f}I}. i o+ ,rr A
' i
Fl- Fe  am M i ‘
| = /
=]
| ——
Cag? - T
' . :I.:I-
‘( l:.:l_. idr"' = - 4
f:'_ ” l'_a- =] j‘tw Ca LA 'pf-"' ﬁu_,_j:? e .r_,pﬂ:"-;,..—_“.,_
—y O
Pl ¥
: !
) e
o - AT :
- ¥ ;
= e | Coavanpes
s o _—

58



32. HW1 CHAPTER 3. HWS

r'r_SJ-F_ﬁ_II'r pre A f::-_'* z ?E‘“J 'rf s S

.
- Z
_— 2
fl=1 h
L e
W 4
2z
A = .ﬂ-l - aln"lr fﬂil
il
]:J ""'l";I JJ q“#.{r Fﬂ‘!ll;_". ‘?-”" ..1- = .-‘.'
n = - ————— e & T oa T
[a- | ? PSR fns
R l—b. oL
g F A I o
5_“:_‘._.\_ Jﬂ,pgwt-ﬂﬁif Ll.r'— Ty &5 ir\..-‘_ sl 'f:‘ﬂ E"+H ¥ .-ﬂ‘ fm'hﬁ
— .#

b - L
N/ (_.-" i 2 »° ] (P RS (g

“".'Jw R AT ) —_— K -
i "ﬁ_ll
;l\.-"jnf Phaw 7
s
o to JE?..-.....-:.._ lcﬁ v S, if.
--‘-'_"'—_" i =
o - 5" 'J1 > ey
{.. ] IJ - l'ni ﬂﬁf- _"_.:I_-—.-—_,.__.-
&+ F) Z 3 {r;.} f?.l- Tam ) 1 !
e gy ' hetts
” )1.. f" 4
z o 5 i Y
i = |i|"'l-r" 'E") LY -1 I
/a o §.F '{ : a "f At/ sl
,[m’j ( Efﬂf-%l .",r‘h';,--‘ ( 2invi)
o i L ,'l = |yL ¥ ¥R d M) - {”“'_f 'ﬁ.l
r H i f 1 f T
¥ IIG.H i 5 (n" : $0 - s (nt1) (2 I
I |I" .{fnfl_, § t"lf"""}},‘ ——
Vi : ;
L Ir?r"‘;;_‘. = {E""'1f_,1 " e G P 2 [P 4 i 4l |".m-_.

- {TE‘H" } r E’h-”}{'}ﬂ--_‘;.

S atqgineig .
ne +671 -+ T

1 T ]
o o= Slon) en)

[ 2m) J {?nn‘}f?.."li'r_)

59




32. HW1

CHAPTER 3. HWS

bJ "
L |
/:2; = __?__(_-’_'f:,, iy )
€ 2
'+ R, —
‘T‘ T =

>4 hee f_d'rw;h
{_:é +: pal vie ratis Te T
e ¥

= Jos

Lew
nt!
etz ﬂ:ql*-l.l

P e n |

60

(ie)



32. HW1 CHAPTER 3. HWS

I T3

,-_-*L.-‘i,:'fﬂ i E
5 4 " ﬁ - f“q\.“i"h{& o ‘ijﬂ.l':.rr._.l-_
!{;3'1'3;' TR ﬁfﬂlwlr "‘,p—-'\ i--'ﬂr..-:a-. -&"’ f
= =
;l
nee - RS
Fi.rg‘f i"'l-"-""-'"'r -Ll.a "r.--' f _"'5!'-— Eﬂ#ﬁ"”"""ﬁ i 8 JI#'&-H-_. - "f'
' / T
EI"I“ i o — S 2 m‘f {p;)’#"j ad "i*lﬂ -215 | e

|r-r'|: W1 = 2 ...I"_' L
. Fd ..::"’I_.ﬁ-_,-'.a--
=
e | TSI il R l"b{j ? ’
P i TN =L g
5 - dir S
] e, =
EH (9 Phe P P L ey e B i

tf-#-u'-r!"" v R =S -'%;_ |

1 4]
- R P il red 4
Ll
The & @ Faveseat jesveeds  Fomss [ SEdrsag i
L

s

FlCaree v re +e -'-T fat |

2" -n" 2 b
L e gty
- 2"‘
5
| n""
L % = Jﬁ_ 1 ﬂj‘ B e ';: — -
= . r: n 2 /,_.#_.-
i
&
" el
SR ~1 r’]?— J:J s j?m«;ﬂ "h"ﬂ. 7 '_F, ,n""

61




32. HW1 CHAPTER 3. HWS

i3
chegFe !

J..-
i - II';"I.{ 'I'-ilr {fl’l-ﬂ"-':"u
é-'- ?J? L,-H s'f"‘ﬁj Q'I"P-‘“l"l‘im ﬁa—.f‘ _l'l-‘, T .II
r’{ir-.-'-l'-.:"'l-‘. 5
o7
= Nt 3n+ o
3= _— =

j g |
¥ = G | - = 2
bR pEa= 3

per '!"" S
-'.'Iﬂ?ﬂr ' T’""“d’ e t’.&r---ﬁm’:n~ Jr-[-d.rc..._ loe® b

! -L o
w7, N —aed np—m'r—rm’f‘*'f-—b:“? X '}4"' Senges T, A ) =3
T 1
I feen ~x w Se wie ¥ i | wv omcpediiin

' Y e
L] h ﬂ
{ LY. i / - 2
& L= ?lﬂ |'|.I-""’r. JI( i ;':‘ -Q‘Hl‘fi'-\-'?, . . pte I-"‘-“:-f"f'ﬂﬁ -.-l--Il'll
oy j
#
d &
] -L g\'.'l.-".l = =2t |!
. n —s g e N
e 5.‘;11.. I'-':f“ll“"ﬁ:"-'h - fuw vie f"ﬂ-r‘.i+ fﬁ} :

1
= rn}}"” t il

1 SRS

J-I'_- ——
.l-. ﬂ '+-|I“11+.LH-}
b
s SR T W - : L I
= R sl bn  KY [ o= o —
i e - ; Aiw e i ! j' (™ LD nL
I'.‘HI'1 J.l'*{_h'\."} f = E
+ 1 1
""""'—-.._'-
i n3 ;!."f
An 0= oo AYpmr  Caes ty f

%

A

i
::h_,
4

62



32. HW1 CHAPTER 3. HWS

{L#_pl‘"‘% / @

&5 wie ﬁf)‘a—uqﬁ -“-?ﬂ—""a"“";““" +ot e

% Gy
K= £ '-j-_ _3-"'?1“' /

' . I_ﬂ_f &......-a-i‘-.r.-\.ldh gf.l..--J‘-
(ks ol Froed T r;”#ﬂ,ﬁ

i

j"‘lf.q;.‘-\.-

Er ﬁ-z-rr#r“'-r'm?_w 4 1= _Seea

N = [v i haw e
. *- - -
{ hies Sy ¥7
e e Ale '6_” ﬂw?t y
Fad 1) ) =
;i'.
S pucel T2 T !

I 5 e = N
n' nt

1 o L EL :{f
f'r j :" I{fh #a -'.'-l"-'lﬂ:.-f Igj -Ii" fﬂ:'kq‘? f.-'} . {I’.' Ip e ‘P-.“'LL* J

G Lof tisd fn‘)[

_.(ﬂ_ I.JH " )1-

Gal3pte) L
o 1 T
e o (nela,
- —
R S"'Thr—‘!l"‘i'-l'-'l-.f
L r
= (H"-ln-nn._. by s} y .
. T ) ﬂ-—f_ > ¥ I.Jﬂ“__ﬂ o
=_:'- ) I _ -ilrl‘.. s e - K LY T B e
i =
-'-'-1? S o |
2 I pie -
i =15 _._._._': B % r
I S | entien k: f < 2 Inn .I_.’?
—— e MY _ 3 9
== - . o - ST =
- = _'5. T __h'_ l‘:‘ - ::,- o ,_II_‘
¥ Yy 1 b
- Y
ey o= Oy i_;'ll i £ i iulp] :—‘J !Jﬂ-_,llf' —_— = rlr

T 5 fimibe, hena | Conversea ] 63




32. HW1 CHAPTER 3. HWS

L,.,),fa.. [
E] to b i fotlors iy allirnads Trioss r—-r
S l:‘/--’l}MI X I,:;..;# fee ;,F(' & b3 {.;hw_"r__l-f
ﬁ nht ne vued T g e ~r’.,-.,_4-,.j
ettceatenle  Souae it i
Iy Am ,.*..n.,fm-i .
= e
g, lue ot ;_-_-' - Mf{}
e oL i

R I R
[ .

Fﬂ"l.rll e ? |Ig5h | ;D‘fjl
) HII !#f;l -‘} aﬁ
o S e

5 = ? ] ;

o é) ."il_-"' f“irw—v‘-’rﬂ T 8 JSEnara =
koo

L i St be Jﬁwﬂ;cw# K ey
e .

/‘?n “ .-"f*nmi Sery "'r_-m‘-"'-'rf"‘;q ‘i{ J] gy I_
)1511.4 .II

/= e =
n—> &¥
f nl EH )
iﬂﬂfl};_ :ﬁ ] 3 {ﬂ.w}: { T
{h-ﬁﬂ_;-‘- 4
v, ) \ (zﬂﬂirm_}/ _ | ) CwT
R o=yt A Eewroy
A
=39 abpae -—':}’y‘{ | ST 1:;“,,}

- gr—— o)
| m

* g

e e

9

S & ':'i‘ fe,
fi9Ce A

whs

far I .-‘f'

-ﬁr\ﬁu{
i g )
L §
R }
h!:.h..ﬂn‘..

64



CHAPTER 3. HWS

3.2. HW1
fr-ﬂpr}ﬂ: ] ?:n
: -
FE} vie slfeinate Sonime et
[y B (‘___‘]h
=
TN ¥l

M=
in tegend feot (see &:2%) - .
1
1 -:.j-"' |.'Hl ¥ - Lf:r |
m{_’_ 5;, e ﬂ‘é} @,J.--;r}'m'f“’ d;. {f_ - 1y f"ﬂ“"l'\-’l-f‘r‘\., /
n = ——
4
] = "
b = {—|
'{ _— -----—‘II.-_.
h= L n ¥
(]
m...-J-
]/l’.-'g,+ f‘ﬂk‘— ﬂ-+ -=-"“. et L5 fr_,'..rﬂ-\rl L L'+ L\
i L |I -
_;'._f X = 1 i+
' L) v - v Sy i le
L | & ] "'fl' '|i _..I.--._. - TL S *‘r
|IIM Lal }hﬂ rdtes r -r_:l o
ks 1;4_ ' e ;f,tﬂ g Fle -'rlhllnr":! £t -f-:.-ﬂ‘fr “ﬁ‘{‘-"-‘ m-.f
:’I"F Aa L LA r"'j'f:‘:'l-? -
I n+ I o ] | —J___ i
J‘M‘. ‘[ i 'l. = I Irfrg | Yy €1
e T e = — T ..
]ﬂ'-:j A EXCTT }
J = | ] ' )
& o ”
bt l £ lﬁ--|| O e '1.5{' ien &
A= =y
he  Q | e 7 |
- I T Jlﬂ'ﬁ __I'__ —— D ' Lv,u _j_rﬂ'ﬁf“'."-‘“ h‘*ﬁ‘;'—-‘fd‘-‘ .IJ-, E
¥l =3 o JnLI'LJ] " 4

65



CHAPTER 3. HWS

Foak
' ",';--G'J-‘r

Vet &
= -

[

3.2. HW1
|-'? © '] 'Fl-'*a'i‘ F'I“"H'ﬂﬂ'fc Pt Y
P R
1
= -ii (-*U i
i‘r =
wz n+§
' fiw, M
'ifﬂ" - e’ #kf"{"“h\ ':‘:E""""""'b_lur_ll'."'“"-i i R LRt i — r
T A ]ris'l-.a P
T oot
|I a - f’r
nt!
U082 (nt1)(nty) nog bn 5
| u f"""{'){ w ] 'I""'..L‘E Lo
" Sl
- ,[_LL % te 8| Y Tan)
| ol
v~ [dib"-‘n"‘ﬁ I-I
! i e A - F d"ﬁ ¥ e pem S
2 n-d
==
o : doid
ﬁﬂll’n-r.,) o sk = -
i H |'II|'- E '1 - P ; e
.-r""'rf"lﬂ"'uér' fouT Jﬁ:_,i An £l o A vl t b = foup ._{_‘;—: '1'-%1
Gu i Tl Frers
v rade P
’ no ‘ ]*;E_
il..:._. ']If.h-!- ] - r.-'r:_,.-".r.-- I"',lfﬁ"!j!l"-".'-}_- ”‘j'TE“'II"l-:"'"F o -:“
¥ jn,j _r_._'_ "'"',i'l"l'l'",.fl'llﬂ"ﬂ'__l ﬂlq-Er_l-p j;.r';—l' T Yo 'F._
'rh ?Afipe A
% ] ! .-'r 5.!" . #
I W ;‘\4:\.-\{,*_ L.-'iw.E rl‘-‘ f‘._l- L.*t{" -};. JJH ..._:




32. HW1 CHAPTER 3. HWS

.
try Cmpize =t =
T 2 4 ki divees

"_,‘E--,ﬂw:-i" - i
n-1 ]
s B
ey (o3 7"
o
'."JL__'._ . fa=t) /=3 ]
Gy o )
n — 7 " ptsnre 7
¥
=" | . -.f‘ +
¥ ﬂ l":- II _'IE_'? -l"l..lll'I .I'I.EJ‘H""'—T ‘I-"-" J"Ikn-li'lrl-'_r “"’HI#{-HJH -
FY ! i

d w -
-:" "-'l.
'Illl'j'l"q ﬁ"ﬂl i ¥

: 2l f.-. s 410 e
—_— L e et h i !

by intapad fout )

s i
A :
e s o 5 ___51
fn-rl)f"r!:-j "
Pt i
neafm13)
- -- < |
hL
Il
i 7 g !
th-1)0a" ) i' ﬁ!'.-.h ? ﬂ'ﬁ 9
S < — — = F P - |
ntarn+ & H_".;.ﬁ‘r..-r-g 1.° ‘ "
e T o

. . s
f — ﬂqﬂ I"'ﬂ-tl..; ot Fi |!tIaH.‘|- 'J-.-,"f- ¥ n.l"T- L..-julﬂ ..nnl'f' i e

"J:‘-’ J“f’f .:!-""ii"" i 'IhrL.'.‘

g, el G

z B

67



CHAPTER 3. HWS

ot {Ej) 1

32. HW1

|!
h- | " _ —3 [ (2'”’: -+ f'-.(g-;,.;-;} ||
|

intz ffﬂ*?;}

*'-'I:;" fil |.:g,'.flll.' -1 e [ “PJ}

T T
Favee  drete f}*ﬂ'-‘; S0 w & ( {*""""‘"T"' =
1
f R e @ o L=
||II _'IJ'; “."-l"'.l"l: ?-f—( i _‘-"'“ o i
—_—
bl [
= LB
/ Iy
F #uu.ﬂ'l ll"'d-j -IJ':} #ﬁr"' i-LJ}r
E_Lr.nr-uu P J.l";"""" = &3
- s i feq 1
.r-n; 1_,:_ F.:?P - C 'Endv'"l.l’" t.-_‘_sd#'i' '
1“1‘;1 ;-v?c?-“f dmny T
F
b A I~
Jlrf — A = I =S /
w r’-£ Y
. =<
Davie = fa b m- " j.!ﬂqﬂ ¥ ;I}ﬁ, fr Berw = jj=3 oG
":ll '3 F_C ;5 FIeC s . am
[T '1' _— Ay NTa

j.:l:l"f-l. f-'.'l';r bt "'_""--..________

68




CHAPTER 3. HWS

32. HW1

1 :LF"'\IT‘ ‘.“I‘:"ﬂ - Ill"""
‘:Fi e ] f ks
] re o ("I.)
™
— e L B L e R T ") e TR . 2
A e - o ——
o (]’H‘i ¥ - - e 3 nt
\ el
i : II/ it e 3 P ri L i G -.-"
A S - 2
;] A Pty ar i L ,:r?"'
:ﬂa?” i
L]
iy €n dlee "f A 'r“'h”f
L A he oy ooy
. (2emey ‘zny
ot = R S R 2
-owl o P
i r'fr'* |l:; _'_,‘ -rr" /
A o | *III.-' i * p fﬂ_r}t
R it S i E?_'.r--rrp} . 3 Fl .-""2,-...{-;.“l : -
F .. AT G RS T . - re—— ——
3 Iff.f'n-r ! e 'r g feard PR LA If-.u F G R Do
- L
A - Pl bl Rl vor ¥ A o FIpg=] Fiesa: v
fr‘ ) 3 : B T - T . T L pEm— e
¥ } 5 .
! II’ I.’::II' F 3 :r-!'l / rr .. b ot ) B
g1 b .
Lt w el X s - ML 2 LA, b R ZH) MTL)
_ 1) x(ne3] ® 4 o V(1 '
- - o T — e
T . =
3 frs1y (st doash-o. am] 4 [(nv1) .
- € = P gl
. T ; e i o L ,;4' p
III.'_J'I ) - r_r F -r-'E. 1 'F_‘L .llr'l"‘i-f / = _'Jf”- ""I _ﬂ_:_ 5 _r'f ?J . i
Tt bt el PR R 63



32. HW1 CHAPTER 3. HWS

]
fﬁﬂ;h‘ ; st ;'{'H‘ fm:ﬁ‘é‘"“' L -l'-'fr;'-""""F.::-l-C-' @
E g L i
e
- J
he n--&
] 'Jr-n-a?Jl .
8 f = ! gl < Tih e T I‘:' h3
f‘.:""'l 'l'-?ﬂ f ‘-l: 5! —
N R t
i ..‘l'.
i .f-,.,-ll-l.-if' :I--|-||“'-|l',.||‘l-il )
'r;r- i - 4. L I“*-F-J
Faat s = —'{ Lo B ,.L pg G Smy A J r_.1l
R H,,....-qd-ur',;m ..I-:T =l .
5 Fi et
’I { 5, vy e
it 0y 5 rovy f""l i
=1 %
e ,'nf‘#-fr;q..r e
o ¥ »
=
o I RO v Jva (n J'I) )
o
T R e
— i
&« o o ip=saa P ild.'.hr."n [ -y TR '-]
e e Gorsorgen
'_——-—__.______—J
S v M
r— . ) .
] e f 3 r b LI ]
4.21 = Ay , =
M=
|
[ e
: 243
2
T'.I --—f—-- iTr - ‘ qu‘
R e, - ?.
i, o ; . . \ f
! g ] : -
Rl -ﬁ:*} 4 4 !_'. PR
== hy -..—E'f____ a _-3_ 3 | 2
2 & g+ % T R 2 T S
& ."ﬁ 0! \

T Ears] -ty o



32. HW1 CHAPTER 3. HWS

u! @

PENSSS— =

M:[T (‘inf-f:-:]

Joree: T ™ ;ﬁf e B

.—ﬂ‘_‘ EJ‘"“ ;I‘['._-,- -:E'_l LP - ',l""'-—'i ol . (/L_“_‘ ’&ﬂ,"ﬁ«.- 'f'i-l" ot 'III”L.F'—r ?;"‘-“"
ﬂ-,u‘t-.-ri’-'t"'*"r

Sur mrrf e Land f"-'h'.r"
e

71



32. HW1

CHAPTER 3. HWS

at  yz 4l

f.{.lﬂ:ldl L

s

f

o e o 7
=€) (v = 2D
i flsa

&
o

-/ + f"f' '-"f F (=1} -

t a . £ o

do inetis T

2 & &
ls €00 &) € 1) +--

4 b Fes

Alier mi f = t{

[

72




32. HW1 CHAPTER 3. HWS

.;jmff‘-f / @
' _r"’_,..-" ;‘"""-Hn-"'“r“--.:'-
[£3) g ot

= f’flé:*_‘f' i

i l‘x’h'fi
- 2o i . F—— nt!
I @ | — = | daeiaty) _x anm)
|4 S i R B
A | ol EE 8 skl
minti)
poc / > 4N B U . (N ',
e x f a2
5 L hede '*3
Ay e T S
. § _ x - ) r ; o || i
,-,__.}H n - | II r+ffn-1u <. - f-’i‘ ;.'.lt ‘
" O it it
f _ ; = '} f'ﬂ. o h‘l--"l . s fE -r_‘-"-"' f::'-'-r-'*m
= F"rﬂfa) azy NIA*Y
" () L EH?,
o =] - 'F,:I I‘IJ - 1 + I. . {.- ||I
2 209, -1'-':- “ - 2 e IRy ﬂ"%-nmf,}
LT _,-l.-md-':r Ed" | .f,:_';u ﬁn,dr’:f' f“.ga-m-qi,...'f; friam it lfl_r'r
S Hfﬂ-rl')
J- A B A1) +Ba B
rfntl) _-H_*ﬂﬂ o "T':'F::T# = ﬂfur'l,f"rf-r. | =N A:ijﬂ—-f
s
5 f NS SR ol G T
) .t"Lg-f
P ca ]r;,raw Faw S o 1—?/
= e ot |
| — & L= -
AT = s el .I:—J = fel B S —
x -.-q o 55 T e —-——i._______j__ ;-\-\.Ll—‘-_’ = ::"::F_ .||'||'ln"'|'f‘,|'j
ﬂ:hflj her "{“1_‘} T
r . s - {"ﬂ} ali
o EL A -.b._-:r.-—r; Ap i,.fﬂ,-, u-'.-f-"ll_,-.._... g,f‘ ¥ = _..! l\s\\ el “7:_))



32. HW1

CHAPTER 3. HWS

% |
P i
R |

¥or L
{x-2)
A . i
+ |
. (z-2) s
e Led ) S )
fr'ﬂ"‘ ||( | {.“_1; / Err-’ (;-1}1'1

74



CHAPTER 3. HWS

Ve,

32. HW1

. |

14 |

lo-

j;,lz_ |
ﬁ
o= - L M — 9 é‘.:": = i___ EJI..1.- i ‘_:,_._ i’
= ¥ (40 - -
) ST A
= 4 h"'j’"—" Lﬂ'llf.in&% -|_,’;f ---?i'l
—t T
'!"'.“‘- .nf'f‘ll +73
o ath -
i ¥ (cjrt'-f,.lI Th, = Fhe Soer  as b
o
‘v :i A S P _‘_-f T 2 !I
i 4 J

75



CHAPTER 3. HWS

32. HW1

!.II-I'j 29 ‘-EA-'* 1’.“‘-' -I':;H-Lad?.uu-
(=] a E"’ £
2
- T ! ' X s
-l-"-'-'-.- e
— (J -~ ni \ + " n Zh
= . o / & A
. , E -1} —_—
. nt
'y e E T T 5
e + | Fed
et = o &
- LR '}lllf"""'lll
/’. _ ! ‘?F-l| ) _ E Al :l']"l-.,:l I
- £F o '-'m-_;r o 5 : i I'I
" ?h_-. o {resy ! Eh *H j
E -l rl = oo ,:l
fnl
|I1 i 1...2 { T
i (2L Bl ] N
= —_— : -
]nﬂ:}xl{r. B L nei
Hf
"-ﬁl ?|-FI‘I+ r = 2 .
=y o ¥
- honr el prmlons o d?‘ v
bur  Lprmvan e . oy
bt g X e %
- - oo s
of 'rl - .:?t {,-:W o T
? = Lr do - o
e TN Grn v € ued -!C“" i :
i —
B
Arj ol oss : - d..:'..n-_f--* o X /

- ﬂ“-vﬁ ..f,,'r e R

&)

-

] —_—
i s S

——

76



CHAPTER 3. HWS

3.2. HW1
O hast. | =
F #xﬁ_‘fﬁﬁmuf,r@ﬁ
FF Salx )
a3 !
XK |+ X =+ ok
er = | o Tar T
3 g
A -
TSI >y F oy
% 3y V(x-L&rtr—5 -
By s (lr Xt L v g N TET
7 : :
3 # ’
XK +8 =X 40 +8 +to - X
:,:l' i.;' AF‘
o ¢ £
" 4 X o -
R AR A
i *
2 3 A
X Ao
_;T.airf.r ?—,—jr"'a +".t!5"
x" ?"E
T TEm e 7O
& g
+X 4 0 -2 "
gyl g3l
3 & = 5 £
RN, 5 L R LR SR S
oy e =, g i B S
5 a 3 3 6
2 ¢ i 3
_ x4+ X o4 B KA — T2
- P 30 qu
—_— gj },E
L 30 90

77




3.2. HW1 CHAPTER 3. HWS
Aloglia | X it
il s i P & :
3.6 cied =X

S 5 ﬁurr'w-

EFI_ I;.,,ff—_t-;*ri—i-r..___w +T;'-_ -

5 ] . r1£—’.‘-‘.‘"|

\ . Il*y-.x"ﬂ*{-q—qul"_"‘“‘

j =&

~ .
9 e 1
% (5 ) L L - ¥ + i
Fr-ﬁ41‘fif-f——+iqi—)(|+x’+#f““ T =
T- i 3' ..__“_ L-l
L l;-__,f_ - -
= | 420 + m -4-“1"{’ e e
. 5
e -r?-tr-L —f‘.'r'!-‘} +""'{E = & 1
] il 5
IR S A S
z0 T3 ! z!
9 Y Y
L 'I"_.—-——?l .-r- FH’ + ) -
3 3/ i
T ":lr-_
.'X-H - A Wy -
L ¥}
+2n 4+ 7 TE B E?i!'.??-'.l £1“ 'f-x‘r‘r -Elll'f}-'l_r -ri"f
r A 2! 3 F B Y T
A B e %
T '-3‘1__ o =1
I  —— e 1
e [
: o pd y B E:ﬂ""" '
& —_—
= JtentEx + 30T 3y 6o
o

78



32. HW1 CHAPTER 3. HWS

5%

.rf,L,..?-\j o -
L"":'. ——
[732] Frd ;’W""“j""‘f" s o
L £ 1
— G = 1‘£—1¢L— I« f_,.
e y! &! %!
b ce f{r.a:q:‘z }{éhfn} = |
 Admes See 2 o= Hot G, m "'qlxt"" q‘sx-aﬁﬁ?y?fw'f-‘ -
E o 1 b g
Fhosn I'/ﬂ’.fﬂ,hsfﬂ-lxl-rﬂ’gu-f-ﬁ., VAP ,l{i-i, L TR } —_— ]
F; it &'
= c?,_,--u—?if‘?r t o 9 . + O+
L'u
'5'414 o —‘:%rxu_g -1-21{1., &
!
%“1-*” __i;"xq-i 4] =
F
o ko "ﬁﬁifﬂ“ .
A’ o e -;-"“IE R R
” = ik
A e "'Cﬁ'f-_""l 5{)1’- -
Gy +a x -r:r.‘t{‘ﬂl'%)'” (9 E)"—E i e
‘; cﬂ""“""‘b""r"l‘_‘:‘ J‘.p-,.—.......—..-;
.Jw-ﬂﬂ 4’:—'—'—lr
g, —o
ol |
1:?:_"‘!; = """1,."-!' #1'_ 1
s
d3-4 =@ - Ga =<
r =
1 : 5
- 3 :-f"_‘i-r‘_:f'_‘*..—- - ==
i B s Tl T
_ |z S 5
]"ﬂ'\-':f ﬁ{é(ﬁl}-‘ I '_f_i I _'L'L‘Tf p.= B

79



32. HW1

CHAPTER 3. HWS

e Sin 2
[ Y= e ;
i L{;r? j
L, - =i B - = =
& L 13 s 5 1
5 S = (mT) - ""';]-;. (w*) (=)
' T e =
" : 5"; :? "
v z € e e
= ¥t _ et i~ 1
l s ? = 3 _ s |
hsmss, $ 5 :
iﬁ-f'-f I|
=) e
ﬁ._"jr o e
. {;
' s ¥ 4?:';_ II"."_“:
et v, = S""’E. 1L SRR i T3 -+ o — = LA
= | .

B H [
i
= JE2 F o4
s 5 7!
g
[ H: 14 . L
e - A,
) T
wlb = | =5 4 = T =
s = b
Vv 7 ‘ h
s v e e S |

|

80



32. HW1

cho g | :{"D
[Fd]  pnd po = £

. sin[ In (1) ]

CHAPTER 3. HWS

=
Inft+r; = -7"'-;-‘-’-"*— AP ~l & €
= Lad
E ¥
= " = ] -
Nrf""“"?—*ﬁ_x# e W =
jf P E-I..Tr "
L [allve) =9
? =
Slg)=g -2+ 2 , .-
TR T
3 —
s - F
/ n 3 1 E i ?
5illaim ) Jem 2y 2" r-ljz-u‘~‘i+ [+ - )r—r-iut_..,}l.
o S e e
L SRS
San L1m¥

g &
b =
1 1, [ e .x";:].
= 1'11'!.) — :;.-1:_:" x - = (1 + X —
(-2og) | 1- 4 o)+ ] ) ein,
c TRER P L 3ok j L3 & A . HE
- ¥ "W = e - RR e L Ein —~II
g DIy PR DAL G PR L g e
4 o). 5
1 £ . ' ¥4 - -= R’
T R PR, BN L
3 o ) 3 =
S 1 o 5 | (4
= I"ﬂ*}z -';1‘3" =

L 5
' o &
L] B 5 --"'f e
3 H_-"' - b < o m— —
1o -2 i . —
_{':rt 1_;}(j z +_.-$ Hﬂ: + 72 ' —



32. HW1 CHAPTER 3. HWS

739
L4 3 Lt — o -
P (A{rrrJ}F:iﬂj_—%_'_m -:-4’1-“ . %
-.-E o -
. 2+ ¢ - A e ::-:.: = =z
T T tE
? P it g
7 E
5 TF VB C7a
ST

82



32. HW1 CHAPTER 3. HWS

1

Chogtr | x D,
- OE : : Fﬁ f'n-:'fia""f. :
ot

T Y 8 ¥
© fao t = = = +_{ — f-—-.r- +
21 [ / F
a 1
mﬁaé:r_ iH *F p2 éH.‘:'r
_ T e—— == .. — [
?, h‘f c! Y
/ = *
Ao~ f 1 = uf ¥ It &
bons £ T - '/-J__J'-r-{h o 1_11:__ L{,'L
& [ — — T ——
< 2w 2] T
a Ry - ]
= 4| =3 JET L L TET 1 T
= 4 F-"_. nI‘LI:I'r L o Ao et L F_.L__.l =

= ¥
= 1 3
o oy By e nu B i Y
e gl 9 & In
i 9 | % !
) I 4 o=+
T o ?._{.--— 7y ._r_::f'--— .-TEJ J
[t '?I6 q;6 !

83




32. HW1

CHAPTER 3. HWS

el "',-‘Lt" /

F‘.".-_..r P A f..‘,-

"r'ﬂ ffe"--; ax ]

L 19 ‘{:F
e 7 2 K
- _.'. =¥ £ 1.__ -
] T
f s )
o - -u'-.:“._‘_ :J_"u. - Lo H s = %
] 7T T = 1T,
R )
|" L = ,{{-p N
: - _u:.— e e ~ 'E . ‘x-
L?- o ‘%‘f L ;_ -r—j I_'.EF ! . L‘I i E}_l "Tl
s - 4 l"‘.r- ‘n—-E i .:E"“:,._ -? ! b
= - -_'5 -/
T " ¢
Y S Ee " ¥ g )
e I -
= -z - = —_— |+ = : /
‘T"' h fin qe z5 1 |
e "‘;‘ — i .
FB'?’?J expmd 2% bt gz
(=37 o =1 > I S T
-"'-l- EH{W—.—/ o Jf‘l . Tl:|"'-I: ;f
3 ) ) : .
= f/r‘l"" {Tx "‘)TJ-T (e=2) [n=%) (3¢ -4 )
2/ :l: i . )F
3 3 ==L SN
= {?"-—f- E"(?‘I'—'};Jq € t"n-‘?)-p—- ‘_E'_ ['"'H-E)'F P

84



32. HW1 CHAPTER 3. HWS

ch !
L |3 Yo . =25
:j foo= V= At Pt

-2 » f+r-£..'-'
Vi = Vmasgae = Vzs@+3=) =5V 5%
= Yo -<
expod. (14 2CE (t 2= 5
F -1
% PLP-1) 2 p(Pi)(P) 3
- +2) = |t PEY v " Iay
ity Lg
w(I1%) = J+ix+ 260 =~ 4
2!
Z 3."
= |+x2 — .n#.—r,.u‘ 3 x
5‘_1 L i ‘,J
1-—15 -5 b
[d =5 (H- (= T
. S-S
z 2!

ff‘r, s (1+ ${z25) + -

—_—— g 4% Eﬂf-‘iltn'—?




32. HW1

CHAPTER 3. HWS

4:'?.5-.-;5. /
[f;j.‘f;j :.-;.-:gpuf‘f '{{”: i x A bt e inT
RIS ,
S — "-_f'- j.'f ?u-ﬁ-fr .F"r.ff‘l Ferana 1-"."
-F-f.;ﬂj = i i
-FIIIHIi < _.li_-;.J i
=
i ) __l o
Flz) s = o
£ {5 %_ ﬂ_-—%
-i:.h“i';j s i_‘i____ }'.L_ L
| &
lr-“'l---" Pp"n-"f-l" FI!"H-:"'... "F.—f :1'.[.1 ,p_."f' = ;-E:'J- f-1
A fe | Lia
"f,';':ﬂ.lr "frlr"]'f' (H'ﬁjfpllfarl - _I f;q,-ﬂ) -; :’:.J_f. _}'T f}: J
".
-l -1%5 = e
=t + (x5) = + 5 (2 e r"-""a'
- 2 )
- S+ r;l—“"'l e n=t5 ) . ,

'._'*':~r5.'3

= o4l Gers )
le

[ doir e

rrr 1 rn

L ) 4

—— T
Zx B oa ¢ f

i o amein 23 bo sobc (i3 Ao ]

az 25

ﬁs 2¢)

s ™

S

bi
"
| & =

-._._

LoRs)

86

)



3.3. HW2 CHAPTER 3. HWS

33 HW2
Hw # 2
Math 21 A

~ Nasser, ABBASI

(ke extensian )

87



33. HW2

CHAPTER 3. HWS

PMEM‘-_? . "ﬁ'{{;.,q-x

T — AT T

n Ay
;E'L_“ :H__.':I' ?1.5‘
Z 5 e — -
é".f

%“j“;f Semi. . wAFR p'lﬂ'uﬂ;:-“-r. ;'Iﬂ.f T . Ji‘d(‘
s P

5 073 mt
;5" {'-ﬂhf—ql_fh..'jj __.1:‘]"“_”.1' " r..v«t-—:-gf,“t

Sie e e ﬁh‘?%—i}l-ﬂ lt-;l

& /$*ﬂ’f "5"{1‘1;|| }._.,ius...-.];-}m-l-t.rnfh

"/ Y} less Hhan P first rimglectd

#o berm s see flems (14:3).

§
F
:
i
|~
ol bl
II
Paf_
(T
En
H_..
*
E}
8
£

88



3.3. HW2 CHAPTER 3. HWS

Che | @
[H.f;;' Shons that h(l-x) ==x Wi an e leas Fi.
L o ouTE f--' [x] <]

e EEA(JJ-:::I . [RE—— Swnea

—— -

_ﬂ-u(,.i-xj = -:.:_E_h._ ii —x’
= 3 o

A o net an ..{.ﬁ.,.,,.t,'g i | ia e e Iy . pege ZI

‘J.'Im--fhl-"':_ll
| 4l=) 3| < "
| = |wl
..i'—‘.r'.-;.iJ_
Farm N
> | e 14/. &) K o 0. 00277
4 | —e
s Hs e < 0-0056 - QED .

89



33. HW2 CHAPTER 3. HWS

@

Ch !
'y _ / / f
ja‘l‘f'qﬂ Find Sune aJ( =S +E*1~ + E—‘f—-f-;—; o

!
F{ﬁ#:ljﬂ-—ﬁ—‘in?ll r ‘I‘I-

. 0y )
) A e “"‘“""‘(%*%*3{* - )—(z*:a‘*fr* J

- [ e d ! +d -1
Lokt w4 -t o4
= 1 z3 }
| JS 1 2 bl
Marwa v fr'-fJ Bha Renimder, revoriie =
I+4 —~a o+l o ro_
R R I A e
e

m‘.uj Sl—.',..-"; - o) A
s ™ = g
o apply Pecom M3 4l n=2. 2

Sy ﬁ-t-»l“f" de[AmJ‘J- 5":’“;'“,,1&- Fenei wellor -Lfﬁ-.r 7 fetaes 05
err(nr.-_}ﬁ m/

ol :ﬁ""-lf"?,,,”] Fara s l i

cﬁ?g

‘ﬂn
s
F. =200 - 4 _,ﬂnzﬂfﬁfj‘f'ﬁ
TonREeS, Qn= Tt s O T

Qe Remg e _ %, oaelgvs cobud :;Pqﬂ/ Aemie A Felisbie

o wrata #o mech, .i-..d{é.;(-) .



3.3. HW2 CHAPTER 3. HWS

ch | &
Mcrwﬂm;‘.mﬂ_ﬂhﬂﬁfﬂﬁ;# ﬂuﬁ}n‘h

.al
;;i‘T in (142 o Fea2
X
Mfﬁn— 5-:.-1-;-- jc"r “é"(!*mh.)
Lo livx) = x— 2 2} ! .
z 3 i
Mgt ﬁ'z; x®
Z&{_Jf J'-) _ _ Iﬁ‘“ el Fi
TR )T 4+ X% -
5T F
|
Ad) Sa - 2 5
1= a- 6x° a9 jax
T ’ ?
= Tdex oy oz2xt | 132a°
;.3 c 3 & ¥
= - ‘rzﬂ
TR paa’
4 T
' 0 - se0x* ;
°-x J"?'f— ese T
£.f
Fi . z
f{zwﬁ; = —(02z) §§+ ,-:a-xf 3e29 (o0)" 1% .
< &
[- *g‘-&sfa}
___—__

Eh ffem -p-f‘.i:lﬁ 1L T vh-:.ﬁf"kﬂl(‘ M g,.q"’,'q...;mt.ﬂ HE‘J 1;3"

91



33. HW2 CHAPTER 3. HWS

F— ad 5-"!-’“‘""
Lidanp Conm i
&
Cas e = | =22 +2¢ X 4 ---
= &y & !
paplace g T
“n | #'-r ¢ x.il
" = — —_
=T 5 P

92



3.3. HW2 CHAPTER 3. HWS

ch @
pﬁgllﬁruufnﬂ;-ﬂg"m "’;n’.;"f"__'t,:_’r;

- x 2
. 3 5
.&aw..: Simxe om- 20 ok 3’-#
LAY 3¢ =¥ 2
- il -u-.’-".:-;r--"
z" w ! &!
3
A
XS e | = = )
P b (E = ()
— = ww — I
x 3
A B
_ ‘r* (x_:"! l!-.‘'‘‘--—-"-..--"'_'_."‘*-n.I
= o sre) = (x-22
—_— ik
x? -

First ferm “ B Cancel fint fage ¥ in B, we gol

/
.Pl'u.mtl- HLLIM_;_—-_U e e ?L‘!.-F"Te’i.l- _-3}-'1-,‘;‘;':.{_.1_

1
'--_,_|_‘_‘_u_
Lv~]

93



33. HW2

CHAPTER 3. HWS

e
ﬂ:r-'?#‘fr_ i‘? o)
fom i L.
oo T7] _";"?‘T

/ -rg--ra.-

I

&

94



3.3. HW2 CHAPTER 3. HWS

@

I
AR T

ot Bh pretlam it Bl ez o £hat il ek

-f"..n.fn-..; [PF ms&f-w-i
Toa g tron 1
7 T -
—P;,jr,'f > -311“ ’?"’Ejf

n
i+ ook s 47 ko -i-nw'f"’f‘""f fe~, BA MTL(
|

e et 7 l ?
_L_ L o — > —
— 2 3o loco ~ Qa0
\io
hums we aen had iF 75 AP frees ,# o

heva Ly, ":,mf'j‘-r:ﬂu-ﬂh-a.. i3 M M;,T",&;.fu’f‘
ErvSiol e E-hn?/h ‘f'-n-ﬁ-.--d

:.Ir:_]

< <L

95



33. HW2 CHAPTER 3. HWS

ch I - @
f;iﬁ'_f Find Mﬁ'ﬁh*ﬂh Sene ’f—r re fan x::ffi:u:;

g_,,;P‘M_J EJT:‘- . _P‘....n—l-d-l-"_?_i?-vi-—-' Sataas -J_" ulIH
M= —'rr == 'If - ‘I hr’ 1"'4-.
) Jre™ - }C ) f'} ul ;'#
! NG
flu) = =2 = flte) =2 "’"’y’;
(1+at™ !
Flo) o But 2 = 1) = -2 s
(1+w)®  (I+*) (
f"‘* 2 it
lih} = ""FFH + ;id‘-i- =¢|, f I':-i}j = O
U+ Gew?
ol & 5
T C“} = _,i_gfi _ Z2Ff8 e
2f = =24

o -'__‘_‘————_i._....________
(lru®)8 dﬂ})‘r R

B fly = f2)s F1@) (04 @ (o o)
flo= flz)+ £@) (wa)y ff“-“f“*’ri"ri}ii“it_;’fujcu-:.ﬂ*h

21
- jr
- 2 - *
= | +0 ‘2,;, to 4 24!
1 i?’
__-'-‘-r-'-_-_-—-_

]_ff“-:‘ = 2 c
* [—a™ 3 u' _ 1_“?3*””7

¥
o greiam x s ;f_f:fujdﬂﬂ_: f4 ._.fu,“‘ -rfg"" -..f-:.:g ——
J :

= x- % 2 s
3 T 5 T -

*
-2

96



3.3. HW2 CHAPTER 3. HWS

o | <
i’lg'zl ! LSe  Se roe Lo Koo o AﬁmM

- L. L _ 1 _

! -1"']'5__ -.i*.-' _:Tr

e -—::"J ¥ -
’ﬁ-‘h‘l FF‘I"’*&& JEHWG-MM d'lrf.?ti'lh-:f-:ﬁ E-f;___-..
S -a'—-f = ) w‘_H ',ﬂ-... Spmaa. Lot
htte e TR | = I-é!-r-i —-%_ - [

97



33. HW2 CHAPTER 3. HWS

oz @
T3] Pt fhe gudlonsy pumbn ' gl plae .

o o peimina ) mton R (3] ot Lm(2),
O R N A R TR
prid pout m s g e i g 330 et
el e rplin coiopegt

2 == B4 ron ig=ﬁ
f@f{i} = =l - -Tr
I_F"L'['i:) = o

l"i"'j = 1
& =

L
e

1 |:_.§.,5‘|.T o $inTU
(4= ':"]*'..1

-1+ O D
(r,e) =(LT) =

i —
B

'--_-—--'"_-__ﬂll"'.__._--.-..|
xzlow B==|

T

=1

|
-!!:

98



3.3. HW2 CHAPTER 3. HWS

LAz Q:}
il put 2 2 (ag_grf ; Sin g)

- . _ A . iz
KQ): zeT. 2(k) =R

T (3} = o . e
GJ j15*$;= ;tcéj -J_
rz;=m__J

2 2
8= TR
Gey= (L)
1—(:':—‘:'251-.; i-lﬂg_)

{*rjj:%_; %_

Pt
+
[
1
9
L]
=

2%
Frf#uﬁ
- a 2
.._:{LHI ]
¥ vz

99



33. HW2 CHAPTER 3. HWS

Ch 2 ®
il Pt 5(@%1-45%“_’?‘)

-

r=%

pear - ?2_- (Key) = E,l-r'rr, o.76r

i 548 ppur i HRE
Ce(z)= 5 &2 = I (5 = (&1 E)
Imii] S s wr - HoIEE S{Mﬁg"r.ihg‘]

5
= ‘T
2l = | Kewrni@y - S 5
:J_-_ﬁ:.&':‘l‘?ﬁ

F‘_?;:‘"_F = mﬁd—r 'f-"\- (at ib) . f‘/l-"

fpbtrn o m = B

) P relbiply eGP S

(2-3)" Holza -9 ~F =ity

- (drizq) -5 iy L T srw los L a
(-5-1%) (—reita) agy - it AT 4IvY kg | & &

L, 3= i
l }

— =

(gt — < (e )

|
Gein®™ X alag—y* (ul-‘j‘*i.[h.ﬂ )Y (et o g
R ot .

- = o 1 1s = *
RSN () 1) (%34 (9 100



3.3. HW 2 CHAPTER 3. HWS
¢h > ¥ @
5.3z | M wnd of (2733)
IEJ = r= ‘|l niryt = {EL_E_-

== 2-%

131 = v'ﬁ R YSYERIY =J H-q4T = Jis

i J?"F[E,’H-) [=217 = (ﬁ'j* = (13)¢n) = 1697

-

;&é rrreana } (1+=’1)&( = ‘fh’.‘tijj/m

. 2 } :
- G Thatou b bl Seen Fram  (re®) T @e“’&
fecgh .

’53‘; 5‘*’**#’“"‘“/“"‘.“*"{'— J,._,gh__jr_ﬁn_,..,_‘_fw-—lm 9.

Rty = b Tl

= —ndina ft t'-u"""i‘e-
j ﬁ? "MJ ? e ? “ ;.ﬂ'a—ﬁ?ﬂ

I e long = 2o Pt

{iiffjj-‘_ = (= -i;)L

. i N
k3 oM L L .
‘?L-E-Lj TltJai, = 2 o+ L 7 "'1“-‘_]1.
i
?!.L-Ei' + A 2y = -..ﬂ.LﬂJL —{ iy

> H"L-:f‘"- -H'L_-Hh =
- = ; = ndie ’ Q’EM}
J“ ?' el a‘w; ﬂ"‘:j (hlr-u‘{}t T\

“_I:’ - 4'101



CHAPTER 3. HWS

@

33. HW2

ﬁjt S ..r..-""""‘r =
[(557]  desoche grometecdts Sto ko Gryass
ﬁmﬁ'ﬂfyﬂ-*:f

=~ |=l=2 -
lewgts 13 .

ARSI P T 78
Hhi e o et : -
rats  gn s »:‘-'ﬂr.r.a.u-vf'r-ﬂ-‘-"" ..-f

4 Hi e seilae ald rﬁ""" ' i
@ oche  whose  rmdie 22 Cordina iy
s I

/_DMFW
s

@ ]z—fl =1

h_}u;; o cireks T
2= Eﬁ-r-d"‘l:

oasd rmeliin 2] | A
S0 all puisl3 o s o § BT //?\

i:l“'ﬂ.-‘j-v -*L’. ':L"Tlan‘-‘ *

lef 2 =wtiyg- S f

li. ALY —-!H = =5 [ Ge-) v i) =
X T
= (- eyt = |

= AT =t w9 = = EL*JL_LH ==

2 s
= (=) (g=e) = =
- — !
Sersrad fmrm T 4 ek @qeatdilon, o hers
- ) + ;j: !':'-Eﬁf"f ot Fi‘u :"-'}



CHAPTER 3. HWS

3.3. HW 2
ch 2 |
[£55] desmbe grom S
Z2-2 T«

‘Ifr'{- > = ﬂ.ff:?‘

Mo oerig)-( m=t3) =5+

e z2iy =5 = ‘ 7- 3'5‘

Maﬁ s ned vadea  wAll wmie

(e

Lo ()
ad ”~ drrep lex ne—bet e . -
o Cots L J2s
[Pel2)
~ _ I
S.66 | anple ol F= 'Y N
_ r
Sa d‘-n? QTW-’{LK ﬂu..-q_h-l-l' o ’
The s pnidice Tu(Z) LF’L h;x.“
SAiS  wrdd s-nﬁ.rja, ‘ I, -l,kkt
. W P
ﬂ-; e—?""""‘ﬂ"“ ,"" i L'""f N

-

103



33. HW2 CHAPTER 3. HWS

Gl

dhﬂ De .

!i—rl[ —t—IE-f{:S o
- ad 24 = DT
Zomedy  the 2vis (RT)TY -

Than ]_-———,_ - _ 8
6% =t = U fﬂ- s SRR

Mﬁﬁcﬁlﬂ/‘\*ﬂf-ﬂ'ﬂ'— t"'#“"‘f a- =1

™3™ T 8 — \hﬂ-*f*ﬁ‘

wba‘f'ﬁﬁ s ideo fo venrna Fh br—_

v .
ey = (8- a:zwf*:j.‘)
(7 -rﬂi + ' = €Y~ 1€ Lli{tﬂ‘]‘vta 4+ (_’_?.-\’_jl = L\’,]

s .
e &4 — 6 *xqj“‘-t-a"' + -2zt 1Y

xtezx £ T

zf'.ﬂ =&Y — ]QJC?L_‘J‘LT_H_-#

“ ey Y ? SsH-Yx = A @-ﬁfﬁ" = |6-x
f"q?uru.n-. ’ﬂ:! .
IE((I-I]1+? 1’) = fjr;‘,-xj'

+
“;( e+l 1y ) = 256 —31w T

e -
G 6= = 30m +16g" = HHE -3zt

b :!5 5 ”5'1
5> 4+1687 = 2Z4o = o R

> !:'f-,f_ 5 i ﬂg#ﬂ*ﬂfﬂﬁ"’f‘"d{?ﬂ _i;.f%;a:ll
T =

104



3.3. HW2 CHAPTER 3. HWS

&

S a-|g = +
b= \il5

105



33. HW2 CHAPTER 3. HWS

ch 2

5 e Z(2)]

-:.L st !F'Y'nfnu-—-si.-.g #f- .:,.q.q.,...ﬂ:rk_: fras o v

+le Fach’ P“'{- '

rn-l

(143) Cr=a"

[ (-¢) | | g9 || el
B ) (1+s) L1-¢] - 1+t

(3; ] (}f‘ ‘ i {1=x) Al {J""L-:l“

~T g i rﬂ: jt;" 'H'T
L A :
B = - L JL S ﬁ S | w-_,;..u‘ o
lﬁf w 1n - !I"‘t = I “r
- Wy

s (151, bimn San | not mﬂmd/
S

=43

TR hel

T N 0 L |
PUR (=" ret)” (” |-/

(I-i.ﬁ-'

- {_11-‘}{‘1';“?.] . I.q.l':ﬁ‘r-f_-'{- ilﬁ
l L=V L1 iiR) L —~ R (

=

=8 +e l:_l'l‘ur;,]' J
\ L+

I-If

=3 J{wl R)r (Le3rs) = 2y 8 F = é’

= /T < | e Semaa i [cmwht]

l”i S \ -3 v ((10V) N J C__{g_JLT_ (I._-rfEJL - I_.tlJ (-3) + (1)
™ Y

106



3.3. HW2 CHAPTER 3. HWS

ch 2
&. 1L st for  Cmemgeaco
s (3r2d)
.-a—Tl-—"
G l_Jn-H
Tl Y
e rade Peat- f_‘l = en ) f%flij "Ii
(3e2i)" (ney! Lt

el

. Grii) w l . , 3.+:~.ul

nl o (ary

'
G

E L e L ATl

o st |

107



33. HW2 CHAPTER 3. HWS

ch 2 (e
(7.3 Find Cirle of Greegens <

_-r-:“jh-x?‘?__ R
3/ = |

e I
= n
Yawe = ‘z'- (‘_f_,"} =
A= CZ'""/”
IHT
S =
!0:-: = (2a+2)! =4 (’_zan‘.‘ ‘ =
ET}I = @"*’}f /_ [EI-'H'LI
Lil‘lﬂ
= i _Z = ©
na® | 2nrd

LY
i"ﬂéim &_un.:_ﬂ-f-r'lk Il—"{-lr-u-j{i-r 9‘"£"F
elnde ‘fh“‘“f"" Z plma

i
) )
- sl Loyagens = @) 2
F,‘;.....-d" eivehe f EY- {Zﬂ_] /

R

LR

(ne !) 2 ) .
(e’ = (2 )Y - (het 1) Z Li..:,:J i (A ') }Ei ‘
(r1) "% (2ary) (1Y (zneu (2
T | o)
2l
= 1 r-n‘-r {'ﬂ'?r'}.}ié _ i_r_J"Lt"t_]'.‘1 £ - |'lr]1+i;f *i) Ef T
(2Tl {ﬂu*' T me(zAt)) {nea) (2R T1) .,
#lInTE) -
Ji . _ (ﬂ"—*?ﬂ Tt} 'E' ] _ ] + 'I‘TT;E-'E -_E
i Ak 4n*+ &n+r | 4ol ok

J-E{-:wpn Iﬁ‘\ e li)*Qi 2]y ﬁ"""‘*’éifﬁ |
i M2 poiprtsCaside) creda wibin radin= % caderdd Siae 108



3.3. HW2 CHAPTER 3. HWS

_ . 7
5 i o g powe s o &5
(Ej =z, STy E'EH'EJ.

£ € =
' €, ‘E can-es,
me ol "jc Sotistan erprere €, o Pﬂ“"f >
T o Ly ecdfplicatin, B coffech =0

;:&EA:. (,H- T__L",, ___-,_[_.._.)(}-r _.. 1_“-71 )

5|'
- 3
T
Efl 5!
= 3
£, TZ‘EL'FEIEI“F =¥3
- N 2/
EL L * z 3
--'-—'—"l -+ 2‘ 21 Er 21" 2| Ej_ . ~
21 =1 T - — T
: zll ir 2‘- i|
} E
fl_' Er Ei- -+ E} 'E.; Ef Ty
I 3 3/ zll g 3/
gfe.
NM cRanl'I«'l‘I ﬂﬂ-ﬂ)‘l" i-l'.l'll-'*‘ﬂ""f i E'L'{. /_._a TI"H‘ culu
Z
ﬁﬂ 'IJ T (EJE—[) -+ (El + Elzl *+ =, 1-.)-+ F_,‘_,-H
z =
Fr:"hf‘ fﬂﬂw’! 3 iy
el Z 2% 2= ET)
LY + -
4 2| 3

ete- fut abons Car ko frducd to
( A g
-+ ('E':.T E'-I.) -+ E“;'TE'L} + CEH”E'L )

=109



CHAPTER 3. HWS

.

33. HW2

foa  Calermm 2 Jiveo f31+ 1)
Colu=tg 3 S, (‘ E'i‘l“'E:_‘}L‘
Z

fe

o A st (e
?.J

. =l

_s-'h"r-h CE—,T‘EL)

{rL=2) 1

LAY rl

{{'l?g‘-l"t?.}

bt Ui o Phu S0 an
2, oz r?
;'I-b-\.q. E = = e

R

]g,z? Show from e see purt gz €

d '

= d L
= 4 ﬁE-fi_E_ .-
d='T 3 d& 2T T

7

= 0+ | + 2= 325 4=
. 42
EY) e | wxmz
i} . , ? z
| + & —f-_é_-g-__f__.r_ z R — Ej_
2. 3/ T T

110



34. HW 3 CHAPTER 3. HWS

34 HW3

AW # 2
Math 121 A
Nussea Ameas T

UER  Extensiang

- ®

111



CHAPTER 3. HWS

34. HW 3

) &
L, I
™ 4
o 3
2 'i
£

i

¥

-

(X

qu
ar

paf=]

o xao
y = !
W e't —le *¢
f +e ¥ |
lewgh =4 asle -ET = o s G
=
4 (L)y=-2

.E‘-ﬂ-_l'-ll "-..b r‘ =J:: -I
8 = -0 ¥
|.r =l
2 gy oeTHY
8 ~I 8 i S .l
W 3% (Vie™ - Eli < = 16 ¢

112



34. HW 3

CHAPTER 3. HWS

Cho2

113



34. HW 3 CHAPTER 3. HWS

& .

ch 2 :.
g 21 shed TAAT A-';rfr.-:f , |€ F}..-.i, Hew ea
Sicen? a7 [ei!' :.E‘-‘f-r .?t.ﬁ..-u—? R L -
— ; -
) A " :
[?] = | cosgrisimul = uf:a;a-;ﬂr.ft] =V =
eE - fi‘c? (ihews Tl
z{.lﬂ- 'ﬁ_Et' = Xwiy x ly/ ®, Ly
-t EI = |E { = ]rE £ ] — fg lfJ JJ'E !
bt .Iil‘el{ _—ﬁx Srem e Al W
LAty _
F-"r re jl =1 f-ﬂ"-"' q.ﬁpﬂ;‘ al
Flem wn g = =
"4.28, 3 . gl A N
—f.j'_‘-ﬁ-‘ b fAnT Ggsas e vaine 47 = pwacT 7 ey vt
s Bt "'f"'“"'-"df( o fie F'__A\_‘_—!—- ,fﬁ—
'\.' f
"\_._ et fra  feew Cgreeng A et Ma Er , 1
e pand ¥ s AT !'g[ z, [ = IENENE-A
. '
sl T =t e
2, r.ﬂ” ! L:"’r"" -5?-;
/ ‘ = f".f" =
o .-"'-'?; rad aj = i fi e e = ] , e
, { kg T ‘F = w1
= J’:‘E Sam [ T e
itg., fq:i; ! -
"£I| 'E'—l = i FT"ﬁ J .r;'ii LI = 'Irr Ilr:.
e '
i i
F g Ce .l_“';-:"-f - I'-ttf ii“-l'
A A":,-.._,ﬂ, e T"FMT =L By, Wt‘iu. "_,"‘" ?wn:.‘_? -.-:Ir,f ?“""‘"""""'TM
VT 'f.(-.—.. f:-r-r‘:u...z’l‘ -l'i,-"-__,f,{-u_ e, ol e

114



34. HW 3

CHAPTER 3. HWS

ah, T Fina T i 1] = = @
e o2 i .
T
rE-f
=T
_:r:_r _ I'Tﬁ 'y :“IL’HJFI&L*"I ~
: h A = e - i
] t'l i rl,f‘d‘\' I ._I rﬁ‘ I 'ﬁ"
]
L] .
i ?'f l.‘r; =.,Il.-h.r -
_I—--- = L & . = _“l- C;!EL.,I
= u |I 13 [
L f : p': g ;
i mrm— . g
I-L“""EI Fi=el gl wa [wme § -uj. rasT] amad PHT
= '
. i

- I -z
5" . r I
[Ty
e ! T .
é”‘: “IH.-ILE [ h"_
Lo
S5« wvaTs = E__ T B
J L -
i :
= e s s

= FoEap
Ty
~e T
=y
»
* \
x : #
T ] "I;
4

115



34. HW 3

CHAPTER 3. HWS

m&{ fo 7 et P"”'T i g-t = = @'
e o2 i .
T
rE-f
=T
_:r:_r _ I'Tﬁ 'y :“IL’HJF&L*"I ~
: h oy = i . i
¥ f'| i rlriﬂ"lul | ﬂ‘ i. 'ﬁa.
]
L] .
i ?'f rﬂ-elu‘-r -
_I—--- = [ & . = _“l- C;!EL.,I
= , {8y -
L f : p': g ;
¢ — - g
I-L“""EI Fi=el gl wa [wme § -uj. rasT] amad PHT
= '
. i

" -z
5" . ¥ I
e

B i b L

é - ] ILE [ i ke

Lo

S5« wvaTs = E__ T B

J L -

i :

= & s s

= FoEap
[ o .. 2l
~e T
=y
»
* \
i : #
T ] "I;
4

116



34. HW 3 CHAPTER 3. HWS

&

chy .
L —— = ol peels F07
pfa=r e } - i
F —— )
j;.q‘-- _
\*‘-I%ﬂ
— - T
Fz Jitev = ~4 i
4 - '-ir i / _
. ‘ iy g s |
‘E"? I-’_J J Low . i
5o LW % = Je =
¢ - — -
- .|I“-l-l:|-"jI . J . "':-‘_"‘- .'T.! j . Ty - I-rt_
L A I th oy >
L o2 = o
J - § o B ¥ LllI-\-. F‘:-\.
£ in Fusl :‘-I "-"-L = PO "hdq"’\, e i,l‘-q.-lu'.l'l-l Fua
I.-la""‘\ \'l‘."':.'.
&
T Y ‘
- . r .I'
VL \:
o
)

117



CHAPTER 3. HWS

34. HW 3
(e
Zh 2
/o by el 3 25 cad Ces .
[[o:28 |  Find fermets T 36
e ¢ nd . _
Ld’ajé‘-f— € 5in &) = (& "'"J"'__ E” o oS Rl i3 ntr
SO TAT AED e
&r:”iﬂﬁ'}'?
(o3 Jgrrf_.ﬁ'i# 44 = {:"'ni
LR .
e e risinG) (AT
= | B
= Lq,--'?: .“;} - e erLME&;ﬂfj e w3 T/ daw &y
N
= ¢ ,jﬁ Py E.u:.i:?":rld'l-;.— it Beosdd —i1 A &
= "
+ 2/ cos P w€ -2 Cus F7
5"-‘-"!

- : - . - v z . _ -"
= --'a-:a..'.'-' -;p,-.-';}" cady (5 g {_3-;..-: ) Sia Fe

S0 by eq AR Luml TS P pead parde wol SFEED

s A 1o
3 . x
- sd = Lot T - 2 Sy e
o S.ond

118



34. HW 3

CHAPTER 3.

HWS

Z = 2
= p— =
L
Wi
- =4
fre : i
b = T . = T . J
- - — 1
i a - T i = [ m—
L - A E - Ji
— .
o B Ja St U = Je= n
[ o=
G = = Ih. 1 T &

L
L L
i oo 5
3 / el
"'-._t:— i
[ ]
I|- 7-1
I B
. Rl Y
= - P .
e
=1 |
= |

119



34. HW 3 CHAPTER 3. HWS

&

Ch 2 _
" : - Fer Y
T - ad . T i
g s .
T L . -
fi':.‘ .
, —
ij;hh 5!" E = .-—l-l-l'!'__'_""_'
1
_ o FIe ™ =1 ':.I
Jinrey Sem oy = = —_— . & -
:;- b LSSy &
= —— L L] ! -L
_ ] L ==k g _ =3 "\. '_'-u"‘
T {':-1_;!: .?.
= T % Lg-el)
ha P
4 = = 4 4 - 1751
- F "-‘E‘ﬂ.—"

p— e T —

- L _.-;_ - j Jl‘il-lrf-j\ —T.:_If

120



3.4.

HW 3 CHAPTER 3. HWS

bz B yx d
1 -l:f‘. . T
— f (a5 2
Wiy |
l-—-------—--ll '.TF
ke 1\'.-:' =M Ia = hm 1
e e NS S
SN = s = ‘
w S e T
b LS ""1'.1 -
]
= 2 | - - - = T < T = d
'1'
-a
> i . i w SRl
J q"l'.vl.. . T Ir F 4 | g L
= 1 & Aw 1 < dw t | 2 dx T
y 'I" —r :TT . - #
T i |
1% [ IJ l } [ l"in‘- =~F T i
i J w M = et II o = _|“_ "-i. - ‘.!
] P:.l - '-_L_‘ Fut [
wat . ’f"'
a-d = = fei AT + ¢ S M
/ =a
=ity L
ennal < 2 G =all ¢ % =AT = Ly AT -"5%: wir
wiT e -
S @ = 2
o
LT . @
ta n ¥
> g e duw = O ‘p"' amy Mg
=7
f JFI .

121



34. HW 3

CHAPTER 3. HWS

ch 2

@

f?ll_ﬁ] Eirm e, T, fﬂ' (ar it dn fo shea #n T

o % O
jl’l 5-lﬂ Jd”r q"H = E.
7

&

Eﬂi s

an C wim
‘hﬂﬂn&u:jﬂ l.'\ - =

"...,--H_'
fu

A Al W =bEiR

i
| =
i
T
2
Bl
I~

e

B

:uu,H.‘H:rfl,- i.k“"‘"h'f

P e e
N P q =i

il
%
’
o
s
-I"""‘
q

e

“a T WA -l

et -

L |
aqpt » : ——

H S 1 =y S wD —

122



34. HW 3 CHAPTER 3. HWS

ch =
/4. e [Find ouwe valie

fﬂ( ';;)

‘ e

‘./J- it S £ x""g‘" 'P"h"

=t maler i
‘?r/r-'f ERpnas — ~ :
] L - L -Tf"é-.'- -
o etk s TReiele A
- F .

123



34. HW 3 CHAPTER 3. HWS
il,_:_l
E_Jé = & -"'-f_.v: tl -l'l-"r 1"'.-:1.'_ :'Jirﬂ AT ‘I H‘
[177]  Fomt ona a2 C
. - -ﬂ-‘_,.nﬁg_‘u
[ = =
, £ ATy PN a
Jiage ok = (= N
Lni=1) Y £ ol S — i _
=(eT7) L@ 7)o e -

ptie. Bk Ln( Lot Ay o Bhm 1S S

BT i Sgr—plex B e

S~ T {

E'ﬂ?’
. ¥
The = hecaues £ = & , a+dT :
- o £ =, =) {_Jiul-'-
= = £ €

= 1 (asmisinm) = -]

a ETT i LN
= PR e R— T‘:Iuh ‘%‘? dﬁ 'r",-]l:“.,_‘ ‘ t'{z’ = X
..-[: “".I-Ii-l'h"lj ' 1
2d =L = & = E; ‘ ‘thmi = 'E'.- Loz
S =34 -¥ i ﬂ"Tlr. EJT {:TF
a Y, / 4

! -y = - =
4

-‘r‘t"* w plang

; é-ﬂ'..l;i-'ij = i (.ﬂ-" Ef’i‘?’ll"'ﬁj;}

124



CHAPTER 3. HWS

3.4. HW 3
."l--
IJ'!'?" i d = ::r-‘_.l"‘l.
-y i Y ' h
b e ‘:..r": ._;"“{_F"
A
- .1 e =F
A
-1: rﬁ'-‘" ? J‘"..-
“m ..rf. ,..t/ T :'; E_ "’.
Lt w (e m)
Anto} = = (7 120s)
— T T T4
e l:_...-} = 'Q.
: 5 .__..'-"1"?"'". _."J_EH"
LD = <
| e of 2 w & g
R 7 — T B
. VA -
e Ly = L cn = o & i .:
e B H
| —

125



34. HW 3 CHAPTER 3. HWS

{3

_h e TS e h.-"*t';‘
J (R .I-'-rJ ot d T I a ..' . ____I_-E'q::.J
. Lo
e
Firet  pind  emlis, s medbemiea
e T4 e uf-i"—-ﬁ-?"“ Floma .
2R E s el
Loty Lo panhy
- L] L
" ks L L) = - 4 T e T -8
N = L = =
e = "
& U I S - L
Tk — - . .
Lﬁkif'l'llll_lﬂl.; !-rﬁLri | ol [ L N "'L"“"I-.I'-.‘i.:,j'
LTt L min, - ~
TN, - opoan) CER A e
e TN [ !:'r__-q',r - E"'—-—"'*ll.
&

= e, i 3 .
D L Ll B R -
. LLE R U IR
[ .
== IIIL:'.-'111;'\-"'.! L e =)
v v b os s " oLt St Toigemve nuy) = mmtles £ oign
- L
- iy _ = B [
-
LT {igen i _— ;
T (izin, - =il = ilfurgenmdy L _goe
= e = 2 il
=
el {iging
Tl el - : : b
= .:‘__'E-“;l..,, 4 Bem oL T wigeng =T P P
- e e odme R
“"E-k'-rt|-‘i-l"|l =
= 3 #
T e =TOFR) . 0 S Me1ERTy
- - = - . -
= Cah TAMEW) . 0 BRI = "
e Lk}
S e =T -2 % ._-l-'_h“, ' ——rLhy ki
) = T = re
.. \ “
] .E. o g- & = - )
— "1 L = ;--1 =
T [
W L e, —



34. HW 3 CHAPTER 3. HWS

o
i

4

ch %

NCELY. Lindl vn xeiy

- J
fu+ & = "'Irr'rt 3"—-—*
' 2 = | 5 | -
i ‘ Fre =
. T
5 ] .
d-El 'Lgl"—[i"] iy ['n:.gg!_i_‘f“ !‘."E:f'_ ’/ﬁl
. i<
Y 9"_".;#!'-" =
&
E¥ iy
d= 3 = IELE'
So -E"*i.r"f-'?; Ll + Ln (e Tey ,
e —_ e _ .:h-ht::l-l-i‘hflflln'l‘p;

S Sin {":- Jd'l-hL:f?ﬂxl' - g PR
] L'l LL.--—HHJ-* ¢ L%Iiwh}j}

— e T L - {E{r 'I'L.qn-lrj “'—"JJ]'LJ [P
e ' B
|"'.'\-i"- Fl a3
= 5 - I
TES e (o
L. - F
e -
j —_—

127



34. HW 3

CHAPTER 3. HWS

| -3
i :
la M._.tl- PR = a -
Jiﬂ':"& {‘h} LT Ftaa T "-..‘I'?- J . )
r:.‘f Loy g PR |
l R PR AU .
ey ]
Se et he S s (¢ . P
s . L
) 2’ o .J:I:-'-"'I-ﬁa,.-q. o - o ' - X
L A = e - ; )
{":‘ ,.t'll A =i .
K iy
""-IL:-.H-H
— ML) g ‘
ak = F ) Az e, -
e b 1§ y cifa :I;...HT.I‘J "
A" o
-
U= = .
: L*:' ECpama, 4 e Exiam,
i s ,..l" ';. - IL:__ )
~1 L L rwmm,
= 2
= G Frond g sin (Tyias

L
=,
.".
-
-
i

o .
e . ud; Eﬁﬂ[g)
3
i r Tl
< - -
- T sjﬂ‘lf.j
T Lo ke taen pudia i

=1

T R :i':t?.n:rf.

1----'I 5 -
L1 "qk-'.‘-;'h?

-

=i i:n{E —im |

- s T &3
W, 15”"‘1I1".-_,-

=L i 'I'E'J"':F.Ja o

Pt TP,

b.'-'\ I M"‘IH'_ '\r'l.'lll'l-iill-'_ -I!" .-!IIII'{EPH’_H]TJ

~o 2




34. HW 3

CHAPTER 3. HWS

(loh " (i
LA F —._{
. g =7
= =%
& ‘L:g "'£ - & re el
Jy by
‘fﬁ.ﬁ ﬁ-‘lﬁ? -.#' f‘l_'fpl.‘ = ’M‘% c?

&=~
- e ey
do bl T 1‘_13#:3_,;
. , .
L
JIH.Ir: 2 = =&Y
y Ty T &
we (L) @:F «-F T )6t
s 3 Y
I.
f’ ’ L »
o m= Lowty i [tE tocil)
W o = T -
= -r.LIrL T A -:(-i (‘t;?-'r}_n% ' flag, 4 2,. =
) A -
- - , =0 . )
= e & #H L, b epstrr R 7‘.....4_.;#.: wrHy T Frise

129

g By r3



CHAPTER 3. HWS

3.4. HW 3
E'I-
- i, Aegr FRREB Cam P fose wmme T T
- - =
L |

=

P ESeE ']"II'"? ‘E =
- fﬂﬂi ¢4-
Cav B
. =id
e E--'E-E ,_.E.
-,.'_..n-l L — ;
{Crt e-;l
Tl
. ~i%
P — -’.1'5-1‘1-"*- J )
W = L
- -
£ 2 e
Vi B T-=
- ™ < = |
T le il
& -+ T
e =tE e —id
e — T & - - -
. LR
P -__2-:-_', = =
i .
= = )

: hn e TRAKE &=
iz hay e vaine W

E'x- 2 Armes  #w JadaTIem o
_ [ ¢
il ca TE A = r——_ | e __'f;rﬂur
s P A2 I:.’
i o+ fel 7E B = ey ; Hhrmay o2 "{:J"J
e
i - e L -
g — - e =
. —uE
g ~ae ae
R L
-ie - agmen AT TTNE
- - = %



34. HW 3 CHAPTER 3. HWS

o 209 ¢

- meme

on #
- - 7
RN fns

e FT e 3 T v casin=fjB = |

{5l St o A s (2nyd = P2l

Sre &
. (38 { (in=ig g o
P E:,i&';_{f e e _ a i r.._"fl..
| o
§ il e . !
AN L .‘-_::r{; ~= -ﬂ 2@ . Al s E ‘f___.l'q.-r i"‘ﬁ"*ﬁ"l 7
: T
& & )
, L e (/=
{'ﬁj‘ﬁﬁ"ﬂ’.}ﬁé’j‘r‘ {'ﬂqjﬁf-;hjﬂjf"‘ (&J{z"._"]ﬁft Sia fzrl-i.}ﬁ/:lr III ~ i;'.;_ﬂ‘ —

~

H' {‘mhdua:?f----r GaC2n)f )+ {,;q §+5m36T- 4 Sk (2)f) =

.-"'--.-H-;j'.-:.r Rt - Aensmamg e I

(s e —{& ig & I o —a® L8]
/- = % % L& {:a 27
! L
1 éfuﬁ'
‘ e =
'-l_-l-_i.i\-ﬂ', {lll? v ﬁq- I
-.L'_- ( e j.'
(&,
| -8 e
z (A e & -F
. . il -
i i ' .
- G - .. &
= (day € V< = ) =.r"*-'L--"-_|,.I‘-:'_I o
. o~
Hw i N, ST R JEJ -..:“'."Fr - ..-d:‘ila- :-' E:;It.ﬂ,& _..:'.I'IfI o CAF cn e
il - e L = L= /.
= ¢ -'.-tl'l.;
e | oad - e
e i ﬁ ."‘\. = - = I,.I ﬁ
* ¥
. iaF e
ig . g —rh 3 jd . e e  «
- = . Ip--l. N & i - - e = k-:_
f - : = . -
I-t_-:-;. e o= -= B 4 = - - el .Ilr
= "-L Lepwd \ .
= &7 “al © ~ il A
b A e &P . .
T AT <t s r.'- = red J . E :::' hﬁ":r
— - - " ]
- ,,:4:' e

. £ y C e
LIS e ot it # L s L
= L -H.':' e S ’Fr ] = . = — .
- - - - 2 !
L - = :*-""i‘t" 131



3.4. HW 3 CHAPTER 3. HWS
e ,__‘:....ﬂf Fatd f-';#ﬁ't st ot frtr | Feab R
R = IR e I . :"""'5:’{";"-"”"5 r
srana &
- - e :
ad  TmEop Db T F (ML D e Sl e Ao o
P
.:';""n- ":-& éﬁpdg —J i q'l-l EHE
Se -i:-' £ e o T pep B T e _— “5-’.-'! 'E'..-'I_E_
i A tead |
.= ) . :
S & i ™ &

132



34. HW 3 CHAPTER 3. HWS

Fal
{gﬁTJ [:Fl?".p?r{‘;lln
¥ - =
“*“/ atl | L ER e
{_;;_' —l-'r.._jjh et /
P:'_.J"ﬂﬁt = ‘3'1.4‘1]
P ‘f""’ tE".-z.a;.J“: I

let 2= =eig:

Ll we PP | { ?:ﬂ'a“-z"')""r

j:xff Ci""'—’["“-‘

i 2=+ (g-n) &L
o T 'L'a"".'lk <

2’ b""—r‘l*ﬁg < |
2t -ty < -3 )

=i ﬁ';"ﬂ "7! circle Cambe ~oriffen o

(s=%)” + (qg-3.)% = "

Su ‘.11'-:;!1'-&5; ot il o (m=2) + (g=2) +4

EEIN ) J——
1, [a,tl‘
Se Canter i3 (aJ-j.) .
ud  rndeis  F e+t B NEPERA TR
= r<l

(-9 + L;r-zfiﬂ <-3
(e-2)" 4 (g-y)" {1—}




34. HW 3 CHAPTER 3. HWS

%z anc sz = —< (T

A

et  Qre sm¥F =W

50 S w = B
£l -

a € =%
2 - ""'f

Wuq(ﬁ?{“;{whfmﬁ#

lfo 271 gnsar f*;pﬂ'*'—wf-

iid_ﬂ{,
gﬂw o w;m Jatwnnbens :"Igf" & =
1 4
% 2 - A - & - of = |

A 2t

Wz (ai4) =4
_u 1y brrac

" ﬂ": —_—
2| - K(RiB) =0 TP

e e

'ﬁ' —

22 1y g2t H)
=
Y N
- =
K oz L2 E -2t
§ e
bt of =2

134



34. HW 3 CHAPTER 3. HWS

=h 2
||_|1?-1‘-“;|| Vﬁn{f; fos ¢ 2 = Gsh E
a éﬂ,"{a_} i—-{l{é%l} -7 ‘2
5% = 1 = E. =+ a _ f‘.jl!.{g_—} )
il
724/ Verifh  (ush iz = Gsz-
'--f..-:',i‘) {'I'EJ . :a
< = -t
Cob (iy) = & + € e € ()
Z 2
' {ifd) . .
!m s .-H.n-wl—r'ﬁ‘*‘ EJ . dealta .||I"I"-i W e J'"ﬁhg Tf‘-”"*
L

aved wlefean :ﬂh*ﬁ““-““ a (.F-r.a:j . Tlem Shems ﬁ-“ﬂ""“‘?l':'— Hoed™
E  tasre  serie b e wT fame | ne %€ tem , 2t =

: 3 < + :_" - “_} ...
sl i) . . 3
» £ A L (wrin) | (eeim)”
i A
. 'T 4 4
(1+) = yx ¢ ¥ :
wHiiwed | xi'f;i% ; . I%‘
z!
I.% 1™ L _-_? i
T ] e S
3
b
::u[’.'+.{1 o x o .
res £ e £ =- & (ﬁ:ﬁm L G —.u.:]

- —
{ S = xVZ Y
o n:f{{u:xﬁ': .:y Z 2=

A= g

135



T

34. HW 3 CHAPTER 3. HWS

ch 2
[17.2% Verify Cesiz = Gsh E
a é&a} i-a‘féa} -7 +32
5 22 = 1 = E =f e— _ fﬂjL{gJ-
il
724 verifn sk iz = Gsz.
‘*f_-ﬂi) {vg) i 3
< = -t
Cesh, (i) = & + € _ € - e G ()
Z -3
' {ifd) . .
!m i Pt AL 'ﬁ"“ EJ L deealta .||I"I"-i W e J'"ﬁhg T'f‘-”"*
LI

pued sbtron Bl poems of ([445) | T Shoes fer eranple Het
E  tasre  servie b e wT fame | ae %€ tem , 2t P
MWM'?L—"ﬁtﬁh?L, ;.__,_LM;M%-

) ol ;:..-f'u__-L,_f.ﬂ-}.,.,-
“J:I'.,r-p-..ﬂ'-l" ‘5.‘-!1--.-—??"'" (=R =~’}f 2 '-_;_

2l j+4) . . '! 3
» € = | (mrioe) ¢ (i) ()T
zf - A
. 'T {f £
(1+) = yx ¢ ¥ :
wiiwd | P r{.:_i% ; . I%‘ .
2!
L ) _
v ¢ 4 iy
e el
3/
b
::u[’-'+.a'1 o A

= £ £ | -Ex_(_i*;urtfi;ﬂ?tj
H £ ' Sin x) = xvZ ¥
A RO T .t) Z 1 - ,_g‘-__é,

A= g

136



CHAPTER 3. HWS

34. HW 3
n ¢ AT
o s % =" 27 e
P & Smx =
g feow + ¢ 2 W,
o4 g

E R R — .
fﬁuﬂ*“‘fs‘“'x;'f 2 (ﬂﬁ-ﬁ%fqrm%.fr

Fu!

w!

_ﬁ(fﬂ'ﬂf] .{}_,,,%E’ N A Yot H ﬂ)

Jﬁ-w‘;-m read F.—..r-.:t;n ancef W"‘:j""“’?.- ,’-"‘“"ﬁ

K

<
Lae (’_ﬁ"lr_h-_} (o LU i
€ . 2’ T
g:?ﬂd
st 4
s . X R onT b 6720
a M 1

poie 8 5 90T
ghaea

137



34. HW 3 CHAPTER 3. HWS

17321 ese 3o 7~

.
% .(IT""?T_J _ — e

L H.'

—_— = ¥ -f:_""'-)
= .,_:3((¢5??‘+Esiﬂ?rj L ler 7&,.,._;.
= £ EET , iy e

ST
= <

i UEm o+ ea)t (i)
z

+ - -
37
L

= 2 (J'-nﬂrf}""

L

i !

138



CHAPTER 3. HWS

3.4. HW 3
S 2 ot
-3 e Pk T i [ Adduae -:.‘"‘r'\-#'l'-'\-- & -5 . -
4 ..éﬂf““.‘ “ ‘)-E
()" = (e ) =l *
(- +2a7) ~
( (1. e™ )) 4
= | £
{-ZL +zn) <
Lty + En (e )
=i - .
Cned gafe STy A
(L +n)\ \ 4
=<(e: ) ( )]
_{“%‘E fl"’“"} {:141;
- = E— Lo i, L, -a
T T2
> Cﬂ&‘}i = ‘é'h - & ’ “r ;;1"“- e Ef?i“'-??
Ea -2
- & o O - i"-a'ﬁr.'-l?

139



3.5. HW 4

CHAPTER 3. HWS

3.5 HW4

@

Hw # 4
Math 121 A

Nasser Abbas

— {J{E) QK+€” 5;&-'!

140



3.5. HW 4 CHAPTER 3. HWS

- 2 e €
";E}_J'H- %{%L}’”ﬁ*(ﬂ -"-'p-ﬁ&"j I,# ;
Y,
"{"’"f-‘-r iﬁ- LA

B j—{:u?-l-lng = 27

k!

o e - e j v
) gl e - 2 (F)E (@ ()
ﬁ%/ﬁ%‘ rlr"ml&-f-;r‘::;a’é?;/'

7
P | N
- ﬁt_r ( r* m&iﬁ)q- 2t (2 sné e9)f

. -t s;aan—-f})
=& (—art oo > T

4~ ) SO + 80 =P € &

= !_ﬁfr* é—ne::.l.-—ﬁl

il

141

W



3.5. HW 4 CHAPTER 3. HWS

&
ch o s
2] Find mnidanin senie H- &

b
fx-*;? = -I:'_'.:II =4 J P ém-‘ifﬁ{"“‘_r
Lo e M Eﬂﬁpn.-l-*.fs- }41- E___I.EP —‘ﬂgn-ﬁ:;w-. %../ =

oA bl W, g g ol i p bolln Seaeo

e T fe+ J:-l-ﬂ;;f: 2 , evper

Geptitle bl f T E XF-

]
el

=,F+"F-"+f_+?

2! ELl
- I.I, (H-tj']_+ r';i-d-:jjlﬂf {(9!'--‘_?.";_ '_{:—E"':I_.' .
"':'I, .?:! Ly :
{j.-"f?-n:-b'ﬂf ((1": fj,]d s 51;_;....;“*':“—5 . .
e - q-& /g 4 &
e oy R ()T
- '!* .
e e () Tgr (3) ot B ;
3 W
Tﬂ‘-'_r_;_:_,ﬂ_ié_r ;:: H;:I‘L‘f' :[1": ?E,}'f'}?f-i’?"f;?i? -|u||If
o
Kﬁ*?j:ﬁ-ﬁ-()xg_f_ ‘f) ..?"f(JﬂfJf(&)E}
= y !
x-i‘ '?-ﬁ;f -;:I Jlﬂ.l:l+1r :;j ?{F .FJ

Jﬂ*“n; +G YT+ YaegPty!
fw-é — ;*{}{*:j+i(?1+lh~:"+§1,]+2ﬂ*( 3+3xl&.+ijL+ﬁv

-+ '"T{'i..- (7‘#"‘??12}1 -f'Ehﬂr‘;;Lr-]- 1?(?1:!5"';?) oo

g B . :{. 1 [] = v -}
- T —!-.- f'}l'-'-‘ﬂ + ﬂ FE e a i _f - -':Iq_-r}f.-' i
=/ 77 e T T s T T e T2 ;8
-
'+ iglf _.{ . n P .-1.,1 : 1;_ I .,,_.'l" -
iz .—r_“.-'fﬁ' E‘“' """3—:-:{:’}, + 53 - - —



3.5. HW 4

CHAPTER 3. HWS

S—
R L

::(J+(-.:~f+-;)+{x;+

i#(i’?-ﬂ”—;’-

> "

.

=arew

v‘)
1+ E -+

B

2% 1.2 1.3
(F 3%+t )

T ——

143



3.5. HW 4 CHAPTER 3. HWS

S
ri#f Fiad 2% . F= 5ele2 L
A ; 2udy d
2 (5 ) sz (4p) 7@
533 Ff'h#".: Tieres = Ponons boim m-rf..:{.m.-n. f'(
ﬁh(}-’:‘f
f+ = »
' ol e A }ﬂ’ .
:f;:'-.b - f“’”?";‘ - - = E : 'T 2= :I .
Live in rchasion servae of fnp) = &I _
axpaniny
E.:-cfamf ﬁr(.ﬂ"‘l‘xj e %:‘T _H__E-HH N s
-] 3 =
rpanel [i+7) c )+ (-0g + r~u;(-;-;)§=+ o) (~2)(-2) 3
=t Y
l4]<]
Sv we hod

+

L b i :
CEC e ) L)

primirp ) Emeln Fanm i Ple e Jenieg 5?. The 2 Setma |

= {Ffvm*‘.-r?"?q:?l(jt Y TS B L R AR (xﬁ 277 w2 ]
J 2 P I (o)

?.}M-r,gfd-ﬂ be p.'.-:..ﬂ-?-f_,! Aa meﬁj Pt 2 — :(;I"' -

g inecasiS powns 4 XY fusetio. bewls -ﬁ—f i
__s',?. T dost +re o -yﬁw

R ——tgr ——

. -
A ('-}:- "3 +?i ) =z j + i ) ( ;f(? 3¢ h-.'_-_ ‘5\-.!. k‘\ . . /
— e ar-nf'l

F‘x ﬂr*"’f b el
v L
#dd to2 nﬂ re b “




3.5. HW 4 CHAPTER 3. HWS

s

e Y
_IE Fone a2 P'*--"----.Lﬂ._, o el mnne, SC i f—t & G‘? "'""""{
#5-1.-} b f—ﬁr S ?f..p- fE: h‘fr'l;f M
f.il-"v-s ﬁ..t.df_’ s mﬂé fﬁ.—ﬂ..
T, +i P
Mf}h E"-ﬂ’ﬂ'ﬂ-—‘{ ﬂf;fﬂ
? L
€=y ErEt o2 2 Fram Table Puga 21
e Y
= [+ [;.pt.*f*l-':;)-_f fr'}fff.:".‘, - fl‘l*r'rj}
2 - T

= ] : . PP
=]+ {r"-"‘ﬁ-“l"-"') +£,(?11+ RLH;';’E’LJ + ?f(*]{*' 3‘,“1”-:_._3:-1:& -'l:._,r.‘i J.,_

_— oy i R

(14% +1 (= b (w2 = 3egt) )
-.r-!( ;;*1‘;7?3("??3'15— L?'E) - ’){.

Soee ™77 . ‘:I:f. 1(m§+45,q5)

Tler . *
1ed | €)= (1t i At 100 L
- ]E r,.'ﬂ - y . .

} 5;7 (‘:_:f +3r’,..+ —J-(gx‘;—;w - . ) J

e



3.5. HW 4 CHAPTER 3. HWS

fi-_-.lel_._."f f“’ L,-.;*_. i MJ

Comsider  NzX |, 50 we have 1‘ x+eddx - J;

Tha v a dibferenhad t;' \||;— v
e d(VE) = d(xn) - Ly oy,

-~
3

eplie beck 2 o)W, and oy by @ e gel

gEr M
F'.:J ~pprex L= e ai. 'JET@ ﬂ;‘*
J"I.-I-%-q. a:@.l ns FU]L

50 peenAt =

146



3.5. HW 4 CHAPTER 3. HWS

. . (v

- T 3
"m @ awd b alfect A b ?-
21 &
et R= a’ bk

Se we woawt e Liad ﬁ;

3 L b 22
AR _ 2 2ba v o A2 4. 4 3b’a
T RMT R aver T
- 2
-_cia.-]-%éb 3,2,&“_&».,.3&&

= 2(oa') t ‘5{#"'): ae 5

o K e v](pcffﬁtl'-"' ‘5?.:,

147



3.5. HW 4 CHAPTER 3. HWS

ch ‘_I_ @
} Y. q j < howy ThaT  Hua -L”.-nr;m-x‘fﬂ errer a5 al a
I -

-P-*-r.-h--ﬂ' f—-aiﬁ; w Pa Sum djf. Flne -;aapﬂ.klm’h-'ltﬂ-

felasse  erems -u]( ra -F«-c*hrrS.

4 h ah

fll'é- “%_5- 2{:1 | 2F |

A S O

I:-lx"l‘ ﬁ:h

%)

wd  Of

and %F__'%
So (1) becores

doh o4l dh |

f ) L "aj.. h r 3 h j

-c'-*f.'"fJ'

d';‘ — A r;l,.! i uh;cln M 1"‘}1.:. j"-l[-:u""'l_"" ¥ ;
T T 7T T o

FE——

148



CHAPTER 3. HWS

3.5. HW 4
g
ch Y (\.
1410 a feree of Dee pt in mansead Wit F"”'EL“ €ree af
]|T'Jf' . Iﬂ: L™ F-ir'r-m‘f" e J:""ﬂ-{"h‘m Eﬁd nxu*ru.! F{rﬁrﬂ -nt‘-
L:.Hr-l. -,g_ ﬂ.f."n'm " l-‘i"‘ll-.r'.r.r.J:J I!.r|_'l"hrq-'+ '{'1.". .:-_".'__“:‘.I:-'-li '|:¢:
5,5,‘#—‘ T an eviec af- @5 ket s Aﬂ;r}rw}ﬁ Fle
L.--r‘jm'q"' Fas.-:.'b."_,.__ S M., Camyrem gt ?
o
Foz Gmgeear = F Cese <J
S F =Ftad

aF 28

Ak _ Gwg dF = F =nB A48

T & =60, de = 65"
n-,.]- ;-r F:EW N eiret E.. .'|.-.l,. 511?':'!.

o dE = {{—m I;J}[:ij; —_ (Eﬂhﬂ} ':r'.n{Eu'} Cjﬂ-":‘)

Fonwviat L Tadian
¥ ol

" - 4 ",'_ e !Eﬂ':‘ E (e N
L) et (a8 B E A

“gy ~— ---_.-r/I = 'r: ?ﬁ5 FiSE-TEﬂiH’ "F'-.r

A T
Thevre =2 4 [:r.,;:,'-:.l..h e bes (a.ﬂ tue, all ~ve, A tve Bove, Jve ﬁ”’)

0) AR = 4 - Jee B (r) = -3.2787 of

2 = - 43179
f; dF, - 'ii.,"' E00 g(‘r) _+3.2787  a
’ _ 42781t
- Rl
[&.}I) E’liF = -—L — 5-- E (_“n — _Lf'l-lﬁl.' H'l_
e = i -4 1_
- i f o .
= Seo l*"""ﬁ"“""r 44e  ETEOE 'nill'l'r!g" ", 2 (1o
—e  Erred e ].,:-"f-?-'fﬁ n'}’ Sa Erred l“""""'afu 1S 2x Y4276

o 8.5356 nt
149



3.5. HW 4 CHAPTER 3. HWS

ch Y &'—
_ILf-r"‘lz r withent viing Calewliter,  eohmd T chemga
i Lamg P ‘f“ Space da:ﬂ"l:‘__ﬂﬂﬂ.t. ok M weX b e

dl;mghf',-.ﬂ-!, A .f_:li"ia-ﬂii‘l {'v-"_ Lau X dek 5 rf.h'..r i"':.!
?-ﬂ- ! n lal k4 qlﬂi

=t =
. ~ Ll
L_; 1-%_;"[‘*! -i. jPatu d{ﬂ-&lnhq&\ = \l :,.,:1*:11'{-? . J

4%
- T al

2L
D=

,r—~ dx + dy + 2 42
f‘ Tyt '-,i;rli;" ‘l \j_.__q__l
e

H
il

Zol=-2ouv =|
= 202 —Zve T 2
dz = 44- oo = —|

e
[
i

Al

]

_|_
e
|
tul -
]!
|
L
-}

e Space di*gmﬁ b
'mmequ( bl % wa.aaE|

2o pia lemgth = Eaﬂﬁ%n 3ol.£€6

150



3.6. HW 5 CHAPTER 3. HWS
3.6 HWS5
Hw # 5
Marh 121 A
Wecsex /&\E“bg"‘;
e @i tensiai

@

151



CHAPTER 3. HWS

3.6. HW 5
Zh Y - 11"‘1,-"' ° = - -
!5'_1’J gl M2 € , = € ‘}-—"-ﬂ-

-Elr“‘-'ll. dl'l"

22 (&%) (-2p)
%—?{: é-P-?J(_L?)
o s
%: e
-3
%hj? = —€ /
S0 dr VR HPW) <)
b (-zpe ) )+ (-ave )\,
s S -5 P

- Zr[&?—rt’- Gr} \ o
g ane of taos
f\dr = 10 EP *T\X ( 2 15 o sduben

—

152



CHAPTER 3. HWS

3.6. HW 5
.
Ch4 .. o et {
[E‘dﬂ Byive fx:[n(t{?'—‘l-f) 5 U=t = (el L
fid dx
de
== 2% 2= dy
d _E'u—_ ¢'11H. -+ ~v

-d-rf:. ""3_::“ A "__J_:E éf
€ 7o Jc | 2v 4T
,_31!":_',{ :h-.j -+ fix :l'll'{kf

nde e fo &éf Dn (e E,m) = L5

Lo e _ AT
E TE
_F}]_'E:_ - _lv
- "T-"\f !-"-.j _“a':.-
e s ) =2V 5t
("lt Ll,'-" '.‘r'.l‘- (E't__.!' -+ <'r'l1—'f=)< )
W Hl e (Lq_-:'.'l.f-" J

o ——— e e

T ?r#ha‘vd raed o R presy F-'m-:jh.'.ms v Teims -*1~ £

de_ 0 A N[ 24@) & cost 'E.'..a-e)

1t £ ey )

X = 4”4 2 Guwy S0 () -ﬁmmhc~
di - 1 — e },,,;t.t:fi g
- fw;ﬂ#llﬁi-

| 153



3.6. HW5 CHAPTER 3. HWS

<h F v o= Led 49 Lt | 24)
:ﬁ

h-i;._ -Eﬂl'l}
x -

J"F _ f |--pﬂw5
Zr =) 2o
| =&nl2) ) i (v =Haln)
( m__.Jl ) x J
fL'i' '-'C'-T"Ef :_:*'-1 :.-'f‘_)
% = 15( 1= 2(3)) ) (l=Lats) = 111Y
Y ( {w_gﬁ{q'}) | = Lniv)

154



3.6. HW5

CHAPTER 3. HWS

i oxgs nse P €

[e3]

€l Sepe 4 (1,2) and Y

E'—""lw"-b‘i"".- "'Jr "’"MHSE.H"'I_' lime 11" -iﬁ_ -F‘,.'..:E .

&A%{]‘ﬁl‘\h'lt Eq\—q'tw;n. b-wvr'h cl-gjl Lo b ="
! LY oL
(Id%(ﬂj*ﬁf“)i)-‘Kj frﬁx‘)-r g;:r) = o

<05 ) 48 - (gl)rx R ) =0

B 1

o
.
+
|
L
¥

=2=] I=

I'{* ==, E;—'z "—":;)

(i} (4 J: _ _.".____ ﬁ._.:
?.J{Jd—:;_-t-& 3 (20, {UJ‘; o

3
_ e T

[Fy

=3

e B

JJ[ FE
| 4 . 1,e)
I;g-j- = -—1 .-1_".,.::;.. -:’5. 'F'“'" T (‘ ) f"-ﬁj
M e s—
r_.r-....,. i{ {‘:ﬁl}'ﬁ-i. “lb‘.,_f
M- Vrrs € 0
envihen "i Line s Ve
Tt = B
[ n _ . é‘l- i -
S H_"E|= ?‘ Inl:i_'".-“' = LI.I..-" - '.',llt'{ I.‘Ill

155



3.6. HW5 CHAPTER 3. HWS

C

3 =
:'1
- o Tl A —a
Ve g e A.-ET .ﬂl_ gt _ix —E‘-ﬂ Lt )
?I‘*LL}‘L# — 1" w -—Jf#ﬂ =0
— :'!_)._ — Lo "

3x 2 “‘1~J—:+‘21°’-‘*.\ a (2 Ly ?‘El.-'\\
QRO E PR IR TE A

= ku?&::' SIS \ 2
N N A D G IR TS

&,‘: r‘l,
# -I, )
= (7 A e o
F A
i
F it
e ER S S 10— €y —2x Y —x 1 —2x 4 =0

)

." ;xlli-_x?-l . Eilﬂrfarlxl"t'; z g v '.1-
- = sy 1y ey ]
o A E = |' » i . s r
J (.3‘-“:] —X ) J (-*R + 3T -2 _13"-)_,‘5%’3*] fE:j“—
ﬂ+ (Iil ,} E‘f: .—__Ii‘:- ;—r.g"l-ﬂ-\ PT’- hl-vh..- '&' E -

-
156



3.6. HW5 CHAPTER 3. HWS

C

"L"':I.'?ll"i;fl ‘---—_::7

W (2@wy-1)= “._.2 (é‘_.g{.-,,;-:!* C(=)( %)+ (=)

v
A
yelihy = =2/ . 4
Ill 1

g U= -2/ 19} _ y¢

J - Iﬁ_] E +1 2
' () = 26 _ 49§

) — +1 A

R
Y — 20— c:r-'?:-jfnr_? +1z — l;.%ﬁ? l
I

157



3.6. HW5 CHAPTER 3. HWS

o — — i [ .
-""I'_?)J] i i’. = chenl T = {'g,ﬁ.ﬂi‘t‘l} . I‘:: ':P"-'C.r:ij . ';...,_.r
= =
; .
= &
3
=5 2E ., ! . -
s B = () Coine) = i,
w oAz . — ' fs}l
—— ___' e §
-1 - —_— - (= |I:'|"_|i:'l.'|:'r-}! — i "';:.l..g'['. :
2Px TAE Al N i el
—
'I T3
N = o - Al -y
E_:j J TOMEE (2 and = T 5tL M= feL T+T B=2g
Died 2% and 2w
?'_} &;
= r. - = T4 171 ’J ""*
e -k - e TRy | 4
ac A= o N I 7 3= ds
- N .
= = ' - . + - = - s
FFVEIHY o mutyTa )~ mer g wut i
, 5 ) g ¢
oA E aclie e 2R o . = =, =
J . — ..J.E- {. - r in - am e -l""- . __: F-- .
ot a— l - = f i
= axie - autte 4ot «__
i 2 3 f = See next

- -
— et : - =
=S i | = ':I'; ["_-"_., i L r I = = o
- v At BN R - pSu =
A8 Lo
_ 3 .
= - . e ] 3 ] '
T v 2 fan fim] - FaTuFm o - IR
L ':: - = ’ -+ S =Y
[T] -~ u,
e

1}
™
L®

|
I

L\
L
L4

1 J{ — .. — ; . Pﬂérl.-
Nc.l < .L.'J‘Il"l-'-lq!‘-- L T R e L._Jﬁ\é'i- T_L_,_.‘_n_ ,
MAOre W Tedem T e "g"l ! ¢

=3 D€ gl insred an T b

Seo P lerate Te g L el =158

Clim Slmdaa s

GHa et by

L L



3.6. HW5 CHAPTER 3. HWS

e

st
.%;:_ = -Zarllfi'ft) 4:’:::5 .f,-ﬁ"f'ije a— 3 S 1"(51"&_} Cos {51‘"‘:‘) -E_
'_i"' <) .!'JS.'T"['\I (ﬂﬂ- ({‘**"t )‘— f

| i .
Fd H.- — 2 ulﬂffT,-f,J Tt I.-'l__‘_- E_"E
F?‘t_

by 2
—353e ) 6 & 4 sinmen el s T

159



3.6. HW5

~5r & ! oE F'%%_ 1t
Fravr Aol cmun frens o ke denersloe rdo s
i
L z_. [P = -"-‘
(x 23 i'%ﬁj-r;f—h.iru 0,
5
P ot ! o -+ z nﬁ'.' = 9
-+ 1 -
F:‘d'—r‘ﬂ "S-E--r.r"-"-“'F e e L G'E.-IJ 'h"-"' el
& o .y
f‘E'-‘-‘EEI‘.@-—:_L,:I'_i“z'Iﬂi“B:t = [ e 2Y u"'\:;_\‘-.
mas _J:b—: “+ ’
= [ x &
21 :‘}I"-T"- ¥ o S W
'L- = _}2,_ -'é._i:_-t_-‘.a —— (:x ﬁ‘r -"f' ] "-.._"-:_'\_:"‘_ b —
- 3t = a2t
4:'_'—-;!?-11-*',- )

5, un Aagears

l-E.L--l"P"’:.%'E‘ @ﬂ'“ﬂp @

K] '\-\ o~y
23 \Bximy ) + 2L {3‘;{-“3‘3 == @
L :
----I—u ...;h'_"' [ Ty
2 s it ) =t ©
e te GJMJ @
o = 2
F07) + Ay = -zxs — G
_?g: K P
— E} -"": & f— - ;
=5 L ; +"'|;..|: (—i_- — --,.,..-L-‘:: IEI.J‘;'
P Calvg @ ﬂ,..-J @ 'E‘Dgﬂ* g L{' E_x._ ?H
| | -
e e Seling -E_J aE ;'@ dﬂi‘{jf'l-.nf' .F.-r _?__:‘E- g‘j
t ‘ST

CHAPTER 3. HWS

160



CHAPTER 3. HWS

- Pt - ' =
A=l é:' el x \I. %_5_ ;
| =
2%
& £ ’E:/ —A=
AE L oo im
Solvint rfgj} G-JC) .
P Y ;_‘_.:.":uxxll %“lll —

/ _EL;-;:

Zelve by Cramer ﬁqff.

T Sums That

C
i :u. ::){:'11) (“;‘

= A

Lk vt A.‘: ';:- fé\ Hl.i";.i- tu;"j"f +t"l{ E+L

{\ﬁ?

el

Carfurwrm h?},...[ =
R VEY, Y

__'"lv_ Ej‘h ._;1.1_.-.'

-_....,.J

T e e ——

f— -

Y
e *3125?—*3:" '~*.
(nt +5" 45 (’ -1 -as"j

P

[Al
s 3= _ /-z" ..?ul:.—:-.l
— -2x
= -_IE}_. ii' _ {_-—.'.'A'_J"!'_") _Q{RJ‘!:‘-JL__;{‘J:E} ::I(- 9: l"-t.-".;t +]ﬁgrt5
}'?13'3 -?:'é—k[ {.‘{.EHEFJ:]_ fgij{;ﬂ--:ﬁ'ﬁ \;
gt -
t* {
2. [R5
5 = - 2 L= '-R-fill‘--- -
i::r:a; et = { ’J{ — .._1"_."} o
S v ST
-‘lmi}u.’\

. LA ’
H . f
; _|S:] b L faiiey  Fels g i_tt"li l’ﬁ: ,‘g-.,,:'ll ?"'1

2t =

161



CHAPTER 3. HWS

3.6. HW5
-5 2upx ; il
| 2 ST T
pe b v | ()= e
- = - I - —
Zxi~ 2:#1‘—.::_; L T L £ o3 7N
} A | =2 5% -1-5)-1;-": (=1 T J
E?_ {; |II - 3 {ﬂf
! s L ‘} ¥
U E - (RO 2R e ok
f:"“ 1{3111+5‘}+:{_nt= -2x5t)
Jzﬁ A -\-E
[ L -]
23 . EL L @rsead(ean, — 1S
B I‘I 2-:::_“. ?_; ‘_:‘.-‘ - B L .
] T 1A
= i
e 1 !
|
- %h'-h:f*"- +29%t 4 utet .
-; .3:.&:&‘1-5‘) +o(=traes?
i
hn-.:l_,.-.-'r"t-':;':.t;]-_{ T.-"?-‘,.'l..l"“; A 1.‘“‘
2X . O (1 - 2G3)) 4y (-3} -X) ~l=jazv g )
V(2@ v B(= (= 2 (-5 23" Y ST i
- b z -
- R ' ok
25 i{_.J{aJ FAWRREY g 5y |
-3 B e I A -1
> 13 S
A Y
— - 3 ;1 b _— — - "N S—
Sl ':)('J_i?{ _%;I:{__}(_l} L 2F -6 _ [EI
=3 =13, TS
2 =402 () ) 4 2 (o) () (2D
T ._.__.,..i_l.._'f_,"'"?k'-d (-} + C2(v . =24 =18 4% g
“FE.;. _"""-'—1;——-'———_._'_ ﬁ

162



{IE_

3.6. HW 5 CHAPTER 3. HWS
ch 4
[F15] giver u—y? V=l ard  ty=qyy

—

CICEES

_2—;:‘- |{.'i‘=m,- - 2
L T

: F-3"""-'/J 5-,1.,,._,;‘4;
+L At = {"‘1? I ’

{?ﬁ-rix

Xuw) — (292

1

=y = =X
e

Zxw Sx r'u" 2x | 4. '\--¢1

2z 32 2uy % -

o - TSR

L& '-_____4-1"1 i

i [ixu., -t-,.'i'.ud,*-.l‘*] = _— - <
T [
1= Y ;Lﬁ-t.-dflrlu' f

y _ - s i
D A L f
. s Z_lu_-r..;'-r

163



3.6. HW5 CHAPTER 3. HWS

i3
Aun  Ths "f'ﬂ!l.ﬂ_s e Shandd | k
pe ot T Pwﬂ#h ?Hhi: e
»:‘?"k-.r‘u.-a Fiis ""'"""'j q; Hﬂ(-:h"‘-rnj-q ; bt :-hl,,;r..:} depim
1 a:d . & venn WEL anedinried S rnld g The So—a ,

b=
Cf A~ .-;liH‘f-n @.{—..A-A_J e  Lakichk e rrd
cops anel W)

'-Tf"f E?‘-"""“"‘." , I redo C )_‘__ u-tr.-—q & &M"ﬂ" Ladse

= e v ? v F U =2V =)
"t =
>+l

e ae
= (axds we s do - (R4das 1 W dv) =

d;‘L -+ c?i; —_ du - & w A
< ce (E'T.) S AV =Q
e au sy moa s leme tan

So qbaa  Eqvn Heea ha‘-mfm.-__
A 4xm+?ilﬂu,—ijé.}w —e SE—
’ &

‘E;"""‘ © d:i= T — dx
PL“SI'“@ == dx it dx - i du _i;j (’ﬂ“a\m-ﬂtk}i’ﬁzu

A {:\ﬂ::;.au '-5-,:-_-:1;)= d%(-xl-t’?vj?L)

ﬂi} _ —x 5 gt j
N ~
s R U+ RV i
%.__) Tf;]quﬂﬁl:qﬁwﬁm R + #L-j L|

Shich s e save I g Ve, T do (1—)



3.6. HW5 CHAPTER 3. HWS

Qf‘

ke drfeccatiel .

f.-'?x Hoe o+ 9e® A ﬂ..?,Ja’C?'#‘* JJF =0
E djﬂ""d}- =¢1".J. PO -Jl-l!,{c‘{‘:'-’"*
cite we wrmaft 'E:Lj
. A e Tittatna d{':f—ﬂ-" :
< —{1
L% dye f +u? d —ut A =d O
—&=;_’J -
E'- dx = dwv AT Y
fres € A= dx. — du -
LA
pirs 0 ©
-x"d“-::“l‘! — {J
o= Exdx&—%m}dm-ﬂl(jm ‘,,-'“‘
'S T / s
dx (2w — %) = ,;lu_'.\rxl—*‘fh%)
Tﬂ.-;'
2 e [ 7
f:) T VS 2 B
[y

L sace FMJ'

165



3.6. HW5 CHAPTER 3. HWS

“hH ,Q_S
[.19] .
1 E;:-I"'"TE-
— -f FHI*H_: 531,‘,_3_'3
A

x3 = S¥-r

f"ﬂc{ 'I’rql ] (IE._?-C—" C:‘&'—J.:'""; <t {I"}S,.‘E,'::'I;}__._

(’E_:,z mears x(2,5) and we ke dS=e (fd‘-‘—"iiu‘l’}"_

;
([ dzedr+ 25d:

.ﬂl‘.) J:' E’ﬁl.f,ﬂar = EE']FAE"P EPLL‘F{F' J;L)

( Izlr-ri‘l.x--: -5 c=Ardr

|

L= TL_{H.- e r"l:r

- )

LR

L

{; :ﬂ?_ =cr o {f;}
2 dxrdy= 207 ar ' @)
IJ: fae’l:ﬁ = —2cdr ....m_.fz_,_}
F-'h"“ﬁj b A2 nte @;] —=> If}l+ﬂ€1:\:= —RF(_C*LEB- ﬁ_@

B () — f"‘-& = —2rde —Hdx ®

: =
fam) S 4y iete @ w4 T-('lr,i:-:muf'*-*)-u sride — ©
e
CoDSeb 42 1nt (@) toeliwnd d e
x d= — Arde -—.‘_1_3.::: = E‘,f‘g‘:uc df
= dx(lﬁ:j_m= d?(irlx_+.:_r‘¢,

((%) _ grl;n-uﬂ

> : ---—{—_-i_u_.._s! 166

e e . e e g



CHAPTER 3. HWS

{.\s

3.6. HW5

Mo des %)F
.o

el dr=o w adt """ !qﬂ‘h:ﬂh-i ek el ;&\ rl-ﬂ pf'f‘d':ﬂ“‘ <le -

S

| di= zs ds ——@
——, { Jeidy= 3oz o - G,
L e R

Lom O ds= A2
Z 5

replae ds (n @) a-d @) ‘on abeve valne

=z = ™ - o —_—
( dmedy = 223(g% 0 = derdss 3sdz —G

o )
- 3
a H—d& -|-E'J‘}L" ﬂik_g?; s mdiavlie d2 —O
- LN
{;W‘r@; a}l: di“ﬂ_‘&t
=
"""—?]Iffu AL C:-_‘I')
AL + (dﬁ -ade 2 Ay
x. / 5
i C}\:u:. B AT —E&x = e .:;.-3 >
L
di(':-:. —u“:] = 4z
\ I E 2ex -2
- 2] = *-f*
r .-'-.(32"_':.'

167



3.6. HW5 CHAPTER 3. HWS

{J_q-

=k
Now do _H}EI

*“*1*1&& cl‘-r.-:u ITaa) 1,15\1 S Bom Sheun bt{‘ﬁ" :
Mg
e T
dz = dr +2245 ' ¢,
=7 dx = 331&5 + et é’r e )
d&-’- = ;‘:‘i _— Erlﬁhf- — .;'

fom 0  Ar= 42 -2tds
eplace dp e G a-d D D

5,

4 ﬂl:l'—: 353'-(_1‘5 -\-?.{‘1 (&%_25&5)
- j 13«1 = 2%ds —2ar (r,\-z*ﬂ':_cfz'_r

dre = 38%ds + 2r'd2 - £ricds — &
- ja‘l‘"’- = 28ds —2ardz y4rsds — @

S

g (5_._) F‘é_.,[ c]E ﬁ'flr Mf’i“"‘ wle @

ds (a< +'1fr.*:; = gdx +ardz

s = o x +2rdsz
-
Y
Fm-:f inJe @ = Ai; 351(..5:‘}:& +aT ‘IE \}_Hrug_g-p-‘slf:fxwr%
. = T
Z2s+4rs / desari/

ﬂ‘i:!; = z8% “'51“-1"'5‘": Ci{':.
S T e T 2 T
Asaurs 4 3rde — Er%uk 127 AR

LIS

2 .:'-?._. - :
doe (25 4rs) = 3¢udx 2 €20 dz + 65 ey 12Fsd 2= Gr%yda-12r 2

e - .
= *
be (ASHirs =354 48 7Sy o dz (64 Car*)
. — I_'-.l_-.-_-___-‘——_ i "W ARty I T
{;r{ _'_a__:f-/) _ gﬁhr +E‘-_.,,5f1 ,||I E"r(S-ﬁ-r‘_J E
Loy ZLAMPL =3t g7l ) Lz =350 E'.f_l.iég



3.6. HW5

CHAPTER 3. HWS

Chy

(e

. Ao o T _.I.,' Al ‘.;'f g p':;. nr'..g..: .Iﬁ" ) l.-l‘£ :f
ICEIJ (st AR Tamler 30 T e f&;{, f[

r 5 ' } =
. L """""Ilr ,rl"ﬂ.-n-,li"a-_r-n-r i:r-.l ?'..-,r 5 i e 3 o

R = X R H;,.‘q?‘ s

# ! . #P‘f q .
rﬂn T ;5; . PR .7 "'f f{' =/ =0 .-_-p..u-.-" l-'r:""th ‘f fh]'.-}_h_)

B e e o

&1 FRC TS R Ir-':l-'-.--u.

.l'rf‘f' e fwf [oak a7 P et *
ff*‘" - l".'l"‘t”"'-"'-" {"'ﬁ'*--l""f ey e
;1..'%1 {ffﬂ.j @ - ,r.arl,.-:f,r A

et -Ii:

._’,Q._..'ﬂ‘.'—"' -1 g ema

i

‘__l' el v

Fhat e i e ;{‘ﬂ{'w?ﬂ-

F-

IF !-pr,,ahﬁv“‘ :' |

o AL Lt Lo

J fta-h) 4 ta)

sine it i3 @ oo Them o Flavh, o+ fCash) > foy - )
i

IALEE, i‘; '3 femr el A shan m-ﬁ-r*;:_. 7”1‘“ o el e e
Aon 7 fl{"d-rh}"—‘ o)+ EIIJE{!L"I + h’ f?"ﬂ': - - é’f. L‘f}i{"}

- I .2 )

:I'-JI ?_""{/gj-.d’} = :lgf'ﬂ‘:l T .|"I1 fl’rﬂ‘:' T.—'t.t Tﬂbr"']
T
PRy R
¥
re P4 . r..f ' {hl IE"IH?"_:'
| £tk Sty B4 o | Fereh Soar s £C0 ., Fa)
-
v
ﬂ‘r"‘fﬂ.' A z " e
Rfl+ 2 hfa) + T g
<
F
Stay 4+ h Fla) + £ fCay 7 £
hfta) + ol > P
. / . ' {0

et L me = ‘ﬁj_..?c##:)?ﬂ avel 3me N FD, “éf_l{’&"}a;

169



3.6. HW5 CHAPTER 3. HWS

. o P L
x ' e F:‘ L
. ra ".'I""':."""" Fﬁ'\'f 7‘"" - FEra, 1.!
o/

PSR

.7{")?” = 4 -

-
- Jer ={axr
| T Fa
b s __ﬁ"{--ni.l"r"" " R
‘L‘.-L.;. W e : e e e Sy L
-~ L ._d—ll.1 .l-
i 1, =a : q
i . g oty CF o I
F2 1 " B T i -
PP S (IR L S TR LA S A =
. e < ,IC}.‘],

S—
e H

£ ,
)Y T ST &5

170



3.6. HW5 CHAPTER 3. HWS

(22
ch &

sy

:{.'?r"?- | I & a:-ln"ﬁ-":.-mbf-__ le?’flv :E’H’U ,F,{#FL T ﬁ_r

e

_..:'é'-!-: ”-af f"’f—r’."' ot -'"l"'-"'i ! - _‘.f‘-'lﬂ" Frt oy - r T e_.‘-'-‘l-lu."'f:
| "
"’f‘ fltwg. '_Pl'l-f"-'-r-] dllp( P S TR I-}{. 1{: - :‘:u =g =1 (""rlb_,l

E70 o ) LA
Eﬂ’:ﬂ::,} H ) ('D';? ?‘ .L_?L‘ - {r;'_.a!?.l' Forx N o j—yy,‘:a a.d .}:x,:-:.:‘!rg'a

I:-":h__} i e A {.l'.‘l':"'? i-f - ':';".-:ﬂ.} '.l"...-:'.ur ‘--:-llu .,-_.'.'.,-J {n,;“:-",l.-

i L / h
Cop) n meatbec min e of - LGS

< e __-E::/‘-vf,?} AT = ‘P.h?’; Fasb) -:-rp,»;r_,...ﬁf zﬁﬁ?J e f’.,.,\,_) e

Fa SR =

T‘:’flrf TAF ;’:._"' _‘E T s

. H . = i E - .:'I- e TR o .2-!'.
':F.I"r?".{;_‘,f jfﬁ,ﬁ--&{;{;fﬂ,ﬂ h o+ }f;f’-ﬂ;:.n_‘ -r,llif_"j Fax f"rr',- R+ .-3_:'.(; aa! L _-F; oy, -

- 1
- -
-

' ; : T ; ra .
J::_.{'{"d;ﬁj 5 L ?le.h. ff’hr.u;‘i P #.l"l"-f"”-"'fs ose 7o - 3’"““ ﬁq"f‘#

. i !"‘_.“
. ) K7
- a ?_TKJ;I}I " JI_E{“"?}T ;? -Ff#.u.l:) B ?
A

-

g g F

* I S -y AT
i ‘_.f'(:f_r;?)‘ PR e Fi.i"r'f ,g.l...---r_,-l"’ll f,l'(""'::,]_ - F

(a2

. i T y . 7 | - 2z ¥
ﬂ.—-« we Pt Z:f {"‘-"a'.‘_'" 2 :-': h%—{;.— - ":?A,ﬂ-r-p -}.'1_7’;}:]1k;+fd,:,kj
- e

it - . r
e " e Ge Apgma e e TD
N -
_— ey -~ - gy -~ .
o ( .—b} =t Twe s v oA -'!?‘f_ - _j[:.- I = -:{a‘,bj
- o - )
] - 2
L - i i il |
.:Fn.-'" + & T s o Fyu M }CJ
s e
- I!"‘|I"',L.IF"FI [ :A !I.llﬂ _ L f ]
Txr PR R [ 4 . =L
L9 -

171



3.6. HW5 CHAPTER 3. HWS

i
ﬁ"'ul"l?f ] ‘: . |;.ulni-

kS

Hihe l:lt il G_L‘ I "f.. — ﬂ'.-"":l;-q =, ]
( A Jl,r = . #;r"’ jlr:n- F -r.!-!-u.-lr [ e -":-h_hi-?_

Thar . A ey
f £

o e | g |

Faak ?'J"-I g "I e )
¥ e ﬁ"'pl" ~f 1" fJ/-"-— - . ITTTTILK, o : -
p A

F . .1

e .
! ﬂ W e s dfag @ » {-E = .
k 2 [ oetime— - o
Jors ' r .
= i S /1 —
A

s CA S =z = a.d  shna 32 R pe iice
cgmid )| T p 1 peihies aad e B peEn
C e peritine

Tho - Syn2e

ﬁ :-'U — -~
. 97 ~ e T
F .
- M
B Lon > D

172



3.6. HW5 CHAPTER 3. HWS

(33

hew o Showe  Fhat (J;#j o @ P TV Saii] _L-p': o

¢

" a
). - I b
C’F ‘3',.--'r Ty "-':ﬂl, "f::l .:,. < - J J,.u;.- }j_* ? -F#INL_,  Aame

MJ‘-"“"'-"—"""FIF ;-q I.-\',I'E.f‘ll
-}L ,'rll'.-n-jli ""'ﬂ
A 2
G-‘I{. .I 1 I =
’qﬂ”‘ﬁ—/ t (‘f'ﬁu'“ <0

PP

L " F 2 _LI'
F £ et (ﬁ-; i“l’ﬁ.’ .'d.‘_._n_ ot e 1‘,w“,n' A G I PR
. AJ 7 r ’ : e

i!"""-:-‘ R i .
I r Fata
Jc ’ & A n’, Lfrr -_-__:...- - -y
[ s
2
e CA- B
< O
A
1 J r
& o Pl ﬁ{#‘! ‘I;.'L_,_A Cﬂ"‘-’?’ :}” ,Lﬂ .'E""‘;f!‘ lr'?ﬁ-‘!.f..f- -,

e CA-RT e = CAYBT | Lt 8%

2 h e / ) , : .
Pﬁ‘ & H'-'IE':: PR {'P‘] h-—w"'-'.'"&-'- l_,n"‘-'.-'_,ﬂ"'i". .&q"f’ “?{{J"._-_:__';,

C < i .-" _'f'z:r'u =y

[ ——

fﬂ}gl : i ;ﬂ'j <@
g ﬂjfﬂﬂ :,"} ﬁjl

173



3.6. HW5 CHAPTER 3. HWS

5 (#?'_r;:l_) .,.5. nEd TR0 £ FINET X Ry LE_?I

ad 'l"'.l;\-p"-
A et s ’f ¢ =

i -

/ T - A
l:-.'

it = i

fw#;né t ﬂ(ﬁf 3,&, 5 /C:"c I =

,E'_ -""Tl"jfw

e - o . - z . .
.:-f:- ]Eﬂ}ﬂl\ E\l"‘h d g (ﬁ-ﬁ_ﬁ_{; P -,?... jp,;.s"‘.-:f ﬂ‘"

_._._--....'

bt R e, CA-B* ., .
ﬂ S
1 2 g
E;j-"'n-'f H 1:'_"1‘_} . d?u.,_q.f_,.f. C—ﬂ_ -.LE‘_.: l{ﬂu‘ .—._'.._j:_. Irfx] ‘: & j
e P —
ot ol T Cime L ) . A
J':-ﬂ-bil f'ﬂ“r:;-t;' s, Han lr";j_'_'!-;_ i~ <o
'ﬁ"l"':"- ﬂ:ﬁﬂ" .|...q
— = ({ﬁ_ﬁr_}iﬂ 1/53;’5!.‘5 ‘:.whj-
Se T .
fﬁd‘. _“___'_ -l‘r-{._.--:'.'-‘u

Flem o Bl e

P fy <A,

174



3.6. HW5 CHAPTER 3. HWS

“h % @

tae = ,:i.
o -
Tyt T A
:i"'rnj = O
AT Fig e PR ‘)[n:f-’ = Zoat b1 s ]1._____If[l[|
R - L
{:\; oo - _‘l-.nlr H = ||E:'—:"j""j
. J frmrem

&."‘\

175



3.7. HW 6 CHAPTER 3. HWS

3.7 HW&6
Hw # &
Mﬁ.*"f:" fﬂ‘—"'[/q
Nﬁa’-ﬁ” fiéédg
pep wxtersi N
@.,a Stord changed

l :"“’“’{ covee et *'__',-u-}-'#.r!‘ 21 Pr..,l,fm.-z
-

and Juz? Feted e Selee 2
E.:M‘le'e pfgl_;;m ) %d‘v jf-"fq.._. _I.

):‘95"“{ 552 ar7[_ H+l.e 1: raﬂ-lg_l-" ke

-;)"i«.& i MeT Feir . Towe ek tee gredung, policy .
ot | % cult
wih e inaboue on gvenget Wil g8 Tl mors, 1%‘*""’“‘"“:L by §
= I el i dcbedn e popese o grading 1-3 poMes a canhly .
i e p i AMMEJ‘M

aap F o hemaper. Buks V) 3 povile per hamtwordc
- - w veryh Likle se3 N
Thm';'i‘w ' e Frall’ gvin ‘h mmmhuh,;i-zpm.u#

— 4#1‘# WI*'FD. nmﬂrﬁ-gﬂ“;ﬂl—-fﬂ;

a) T vt douasel

176



3.7. HW 6 CHAPTER 3. HWS

Sk &
-’ - B i #
Iq?J [ JIP"' 1 L i e AR S i'ih et
presec i Ahe Foom ol a {:‘ et G e € eand
o . ﬂ...—-l-";} e-r'lr £ ! P Alat ene’ J!I Lo 5"-"‘"1‘7""‘-’-

i
Sty

:""'h_, F? e

Nalvme 'f‘ fon& - ! base nLL - Ei(?‘i"f'ar’) m

3

30 Tatal V = 1.._-%”:_,“.!_, Valume 4 fore ]..m,lr.r-*-ﬂ-

Vel ‘E'Ff‘){'_rz_l

-' - r Ja-lrr'
iens peed W f‘“f Fotat f‘WfE"ﬂ Arean T s fiae Con o
..-u'l"jl!ﬂ{-f- g, ?L' %P{"‘J*f: EFI',F-.I-?”?‘

-"ﬂlr'ﬂi" L _!. T __.__b-l.fl'{:r;r'ﬂ'l-*“fnt“f_" A 5L = ’% &rIl = Hr3
=

Se - T
L (a;f"ffﬁr)-f ?T;.-—j - fiﬁﬂ,ﬂ —
S e ¥ - gt i
5:‘:’-‘ Fag 2o A ey Loy »fa_‘% E‘ ‘lu'f"'i' ')l, 1 I
i e i +}

| F’ ek v dnerfzoer + ) IF_(H"{TP?-PPE_‘;

$o F i fudten of G5

177



3.7. HW 6

CHAPTER 3. HWS

X, ]
4 1 Felr s E
of = = ..3"??:?*-"53’-"23" MR SE 7 IrEHr‘ < J "'3‘:" ff__
2 (5%t / - T
aF TS
E; =
Sep®

sg = U - J
37T LT AN T
Vstra
= T ( . -
S
""—-'H—.._-—I—P‘-'}. _
¢ fe2 px / i @
2F _
P @ = Tr 4 A JT

= ?I-(r-l'-r:rfj - ...@

Stant J‘I;i:_, & frmina .I":,'.r.a Y.

Freara @ o= T 2T = }.. ?I"-"‘i - - -~ J-__:T
Pivg Lbs vatus f««;.a unte (2

. . 3
—_— = 7 S L I R LA -£
g ( 5 Ir? - o ('" -

Syrtpa
LT ._'!"'r_- —:-I F"lli' L p
- ri r_a I!.“r?_ "~ ==
é'l.l'l:i-'?.f‘ J‘r * < = Ir_
m Al =w ety =0

o Mes’ : - I .
wletar = J&= j.frz_r.z '——,-"IJ'{J"E""T_'{"'")"

= 4¢'= 92 qr® "?‘jﬂ‘ EE; ""l’h" J‘rg”f
g 3 3"

.-'QI"HS Thi e ior f—r ~ LI""'J"’ @ alsw
?-.:':-Iw Leaves @ Tin Tt s .p}( ,JE} L

2
== Orias5s*

l,."'i'lil-:j e leg ?&-f by ;ﬂf.ﬁ E}
' I B B
J = | ¢
Pl E =/-d ¥Es |

I

::‘-" ﬂ_.-? é.E' Faia dg ] .—-__.,___,_._5

178



3.7. HW 6

CHAPTER 3. HWS

2s [ Ls)
0= T (2(Es)4- \EL LTV 4 (85 ST o2y
[ 51'_ ,_.;;‘:5; “;
o - -.\
-+ K(’)g?‘: ._I?,g\‘ + 3££ Ei )
| ) - & - &
Aide by fffe) =
o= 7 (24- (59

.,_,'_r.__pf"s_ﬁ___._:
51—;_ ) 2 Ti. A
& = =0 T e N
4-{“‘_?5 __-' + Z fz_.;:'_‘p Ve 1 €
< r‘-\r\ E_ = &S -"_5'\:_3'\.'
H‘ES
0 = E et
.2‘-4{-_ e ____I_,— "I’E ""-f-'t ..._r.e__l,-:"f \
AR 55-2
q-—
2,5;-3'_5: ;-*}2:‘_?-. ,\
il zg S LANES
-
:‘l\..‘f-— 55 L - .__.IE;__' P ] £ _ y '1'- | .
ETE L 4 : T2 L+ S qu_rﬂ'_
: O
A"’E( o _- = __"' . 4 s _ # - r_‘;‘..'.'_ -
ST eT T O - g = 1+
! iFE = < K= - T
Y -
2 SEE) o el wE)
[ S 3 ‘{
|
ﬁ'ﬁ’ PI'-'})-H":-:]} F‘D Botey o ¥ b WI-.-’ - e
1.. — J‘1 — | II
| L5 'EIP'IJ . \+V/5
> 2 3

179



3.7. HW 6 CHAPTER 3. HWS

RH

ch ¥

!5?3 f =i Lw__;“‘t s B ..i“nf_ foa ke ""_,ldhlr;?j_,‘..".' ?F#H Pﬁf"
(Ea-aif-ﬁ ples Gieth = Y Ew_j

i __.....,--‘— S . a.-,u. - .ELI-I'T..-?E—
e[
T J
r
- 7
Jwg%‘\
.l.f-\.1

LS. e
1
=
ﬂ‘if'{'aﬂ F"“—-»I.‘Lh

- gl .
) V iurﬂ}--r:‘F h’ Cjb— !?'

it 1ndema T for Mf"’.'“-'“

F=vire|

k-

F= xg2 + X ( 2yt2z+x)

CARP 4T — 2
o
PF L, =xEH4LIL - )
‘.‘!.'-; (
oF ., = x4 14> _{v)
28 @ ’E‘
e = }.. \ I'l'-d_' "
F o @.-@ A Pl o= r ?[“ - .
Sl s Sive T e
.q.J'rITE"iI-"‘

. -
ghiminile P g €70 hn 23 .

e [Pess 2 FF'-H'AM'

T R . <
& @ Te __{r-'!l-fd "'i-ﬂ X :?.l 2
N '4 II.':.' . £ ?
LT @ :;h,. - — '3:'.: -J oA Lk ) f
| N 3 e (&N F} aue
- .:.::a:?_—r.i_"*?ifj - 3 ‘1—‘” - {5:”’?
g —_—a
_,_(c;] Ju :;,

Plg > i @2 OTIT S F 180



3.7. HW 6

CHAPTER 3. HWS

e = —-JL:?-_G

Ja -z

e

e

o

“Ht2E +x s AY

v

x (g =) s Se 2 = ;

T X - ; _
F.
{ \ = &
‘Ek%,}""?(;z;'f'x f

® 1K v = 8Y
i = &Y

e
[

30 ['z'-.- 28

e

god  F7 T
YA

= .

% = 28

]
l:f‘f|

= iy

o

181



3.7. HW 6 CHAPTER 3. HWS

<h

H.u:r Frod |apest hog (with Face ﬁmﬂﬂ'ﬂf P e

T Coun ke ioseihed w25, §F . g? y
b Vi 25 7
e,y = =48 2t
R A 0
Va.llx.-l--».‘- = (ﬂfjfﬁlj; Azl = EEQE T
j“JF: V‘f}\'cpl -
i i N gt gt
eeiE e (Fe L2
oF
fiﬂ = = é'.jji'.-"l' }"_;f"_. - @
“aF R
3;' = féﬂ'—"e 'f' %_b_;h CJ
ﬁ - =E L :1!.'- N ‘III:;.
52 0TS .::f ’ g
solve (L dee > v L T
s ¥ e timimele >
’ . —b¥e [ 25N
-j'“ @ b 6:"& {T’-'_i-!njf
A
Fler vn 3 == orbr = 4 =V { —Gxy AT
q RS 3

- H-I!'?‘Ja.-':l"- @J"@m”} 6-)
w3 fe 74”0{ Xl ®

at g T
=5 4 _—

182



3.7. HW 6 CHAPTER 3. HWS

U

2 %
£.0, 0,
9 2T
0s 7 - 252 kD
92 )
o = - %l 28 R
TR ©
m(’i; z o ~ 1. 2‘: E Iy
O getaste o f S L
for () Y27 - 2Sxzo = Z o= 25 . ! N

i e I
Ty Ty
-2 1 il ‘_-
= - E ¥ = - s, S =
fo L ' -H: T ] HI‘EI;T
MRS T ﬂf;-Lg_r__H J-*Ik;'f;} X nJ
Lo e 25 I e
E 5 ® - ax I'Ir - £ :
- a o i_ —_ - 1“-'_ |
R SN R
. -
; | = f
—_'E.Ij - -'_ o __{_ | - _EI-_'G_ ’
7T E I

183



CHAPTER 3. HWS
(¥

3.7. HW 6
ch Y
I| R N ?1 i
Iq Foed Fre freent ma R ;_ -3 =l =2 ¥ o o
- Wf-}.él}t 21'-!%;4*::-.” —— 1:':'
_-Fr’r-:.ij = -th:!f-?'
) ) h . |
E'JFF:,_-:;':‘.¢ f = lif]'ii_.rii-!lf }‘i(i?"-‘l‘—;"'i.
E—Frg?gfti}. "",'Fj'l
ax
BF e e T2 —
HL" L
?—;w : ZF v A - )
Gt )
Frow{y)  ne-22 . pl; WGl Alr2r el — O
fles 5'-{‘.! o i "ﬂi& - x=l 1-.__@'\
. 2 )
R PLET A A R
FII:.----\. {i:‘_'.. . ¥
! -ﬁj = x rl'lj g GJ' bir epor 2;:..}3{;‘5.}’_#,-_ )= M
EEALL +qx =il - B =i =§:.":.:_:_ﬂ A .
'8 I/ﬂ pr:
A R F‘—ﬁ J (R
. B ] 5 | | *‘WJ
i Y. f
i ¥
(Xe3:2) = (/F g L :-:) !
g i -

184



3.7. HW 6

CHAPTER 3. HWS

ch M

—

<]

g |

=

Qf}f"-ﬂ-ﬂ= 2ot Ecj-'-""f = &

A box hes F =f b faeo

'l..l'r'.'i"'.i;'E R S

I'.:!'r'.-"‘liE

e T @FJ,A;{N IP;::H-H. a«..f

zf'-"‘jc?'#- iE =g - Fimgl oy Paiesne.

-0

[ES—EY
Ve, ) 7 #0F
= Vi P
b= :-c;:?'*}(;“*ig**?j
H-:l, - '\;.f‘?-- I} — ]
S f
BE o 1 4 2P — "}J
N &
f-i.-? =@ 7 IE**'P'
PRI N G ;
Frame ['_EI"‘-' L] -_x,' .F'r"}'"“{ij s z-{-r'il:_"'_..rrn
q
3 JT-‘I
=, xP -;.‘r:rﬂ : f'ﬁf""’ -
] PR e
Phyrin @ = ¢z ity re » EF-I =@ @
O, e lee 2
zxrigeE= € ¢
E.,_EE e -] 1}.'
E"‘E_ ] ‘i}
= fr i

Erpvl- @ﬂr@:] "!'}" -%L\f -

FFam .
(- " Q?'i'

- 2w+ iR +ax =6

So Men (- xp2

Cad

-

> &v-”
f17 beca=—a .2:c13["rl+‘l”f‘l.i)f§
TS

]
w2 |

|, e z
1273
T -r-?-- . 3
le =2 v = 7 [
3 |2, 185



CHAPTER 3. HWS

e

3.7. HW 6

| y
[9.7] pepees  jpretfem & if Pl e X rYrFcy sd.

— 0

':'rhr"-:-'*..ll ﬂxficvff = 4

Fr:"-.l..:t_}'ll. ‘:r': N
Fs L) r A1,

Fe xsz + 5 fﬂ'xi-h-ed'f'{"a.a;

oy -

T EEran e -6
2F .o xz b a9 —_ g
g
L L kg ten ze - )
B2 -
Fiem () = '—T;.T : N"‘*""@"’? IET"(-EE:_I;M - 'E_E'Tcn = ea~buza —{7;

Pl'i:.' b 'H"F'U@‘-} :"i T“(--.-l_,h‘.llr:. é E-d?’:rea @ fa =ayro i "@

.

folvt () &Y w d 41 Fu vy g

ﬂ-"-i'L"-l-r ce —d -
CF = b Tk —— '{-_5,1
OF - A = _-_.._{.J

= -
B CD) = vz max =yt £

F"""‘@ E-g

fe {:i\ ooy "'-f"lh‘(-all -ll’{';'r"_}-f;

’

LR A5 L R i Tl

U

Fa ow oo oA iy r - B

[ LN
ooy a(d) [ d |
WG 5

. P ——
e ﬂnlf: o gal=e d.6 w3 [ 4|:"_”.|..,,.r,.|I .
ilﬂ."'l-E-lIr as 2, b5%, a4, d=€. ) o o
’ & b ! lnii by, A ETEsd, P
fo pann - G_r f-:_ nf - LTS a0 - - . ot _.‘ .
o V ;{1{;___”._} ?q'“-':r ;!ﬂ- J__’_'Il_' “_3 caln bon for €.

186



3.7. HW 6 CHAPTER 3. HWS

ch 4 o, Whae will

[48) ~ pont e

[ Iy . b, Tha Fom ®

- i"'@-‘]‘] lp't“'" - b EK-&!J'?

§ Ha sqeares of U ditmice o (10) and

(=ls) = So—bled? I hmems)
Yy & [T -
Gl x=e 324 D 47 : TR
) !
) b, J:,;. 2 =H = ETa A -

Fo lime wa wa Sl e
ler d L doheee te (o)
A ke distmnce b (0]

et point b () - 5 e d,‘-= {*’-"‘.:'L""' "r-:l_u'}

anel dy = ﬂx+|)L + {;r-ujl"

Y
. 1
Lol v vietrl T 1'1

' “
e d +d, = j:ﬂ'll_}m_r :-"' + {}".‘I‘L‘_:L . o=

5{1"3\3 = -ﬂ:‘-tl.,. = 111'*1-:5"' -l

dlrna) = Ax13|—H=e o @luy) = 2=ti) =4 -—-——ﬂ]

so [F- Frag

F e 2ebreqtrz + 0 (2x +31)

2F
2. ¢x +ar =0 — @

2.
2wy 3 e —(Q
*1
Elingim ke . 'F'M @ e = %j
=5 Mo E‘]_a_-,‘j. =3 = %13 o Py e @é’ ZE%EJ 1'335"1'

187



3.7. HW 6 CHAPTER 3. HWS

ch ¥ S LT et Srmallet dilane form arvigom h

z,.-i-p. L Er ey Eljr-ﬁ-; g _".-'_..x 1-...6];"}_ -1-5?1—':_'_,1-;'-0

_.-hJ “':'!r'-"-“ M-I‘-Iﬂlrﬂl IE:U" i""‘_l'fi 'F:_ -_ﬁv

S mwi -'.;,:lI Fa SRR

ra _.'.._P-' ’
= . J-:_:F‘i- -+ 7 MIT?—*"{"'"{ "'u/ :
. P = €N =
#F ., - o FPAE T ENE
?f f
O wo = mlaztlon)— Sz <
R
22 .o = Zrio>x) = 6> ©
‘ar
iz
Cioe g N f.«--@ IREEY.
for & - gxx. — (3
& R i
ﬁ“iw wte (27 = ferx

A mfzior, — €T Trer,

. S
< m= o (21187 = LES

i AR

) T
o= g {atrer)(zrion) T 267 X

188



3.7. HW 6 CHAPTER 3.

HWS

oz = [ Gpiertavor-36 2]

Eitter T za e mFe

R s 2,
S o= -
—— e 1 e

‘“h.-'-": el 'f"w—vh dﬂ.-",,l '.I“".*:'_.J:‘ - =¢J

) 1

£ — 3
(3 2 —c(-§5)=
f;"«‘ _;'._} — E’f’z‘r E‘_’fl
N 1 A . = a
& :::'fé*l_'r - ﬁ. ¥ =
'I" :
g (162} £ = = o
€ R S
L an o B oy = S
B =
2
=2
" -X —
%lm1 @ E}:L? ,E;—'rr"?-' 'f'ﬁ{ 5
1o 2L
".xi' -J-.P:?:' "f-f-}x' -
L » e e mi—
I."El" T ot g —
. I.- -;!r = 1J_.L H
w7 = -
; r = = . LI ) -
it _:HJ_ 4]!?: . i . e
j;____.-—-"-_""_' N = E.,t-’-"‘
' f" 3
(VE Y and (L A
) o o ! _— ' -
¢ _—-i i .-"2_+|,-‘:?I-_"l F--F { ;:__‘Ill.ﬁ
T3 3 = G L /
—rm T . .
P g[’_”l-—‘ﬁ:‘;f 32 I -
—_ U
— a] w T — A
o f-rir
7
-~ . . L
r-‘ﬁ-»pw\ (Rl :-"-x' --F'Jif_:‘_,.""l: .t#.- = & & -
£, r =22 o
— Tt T IAH ) F e mtZ VL]
w22 o A

G



CHAPTER 3. HWS

37. HW 6

i mhares J‘Ad:--?‘ﬁ it Mb; 4-5-“:-:_ e e

JIE o "iﬂ A s ,]I: ey

F?P-—'-"

'fi!l-“--\- ! n:f'_'. ::-' 'l: 3;{
~ygt= 22 9=t 20%
=
“ ’P‘”ﬂ}lf =t /ﬂ; ’253?} - {/ &2y T f-"lj
" e -:u
eaa T gt LT "‘]{
N A Y L AV
. - aidn I,rﬁ-.n"-"‘ s .
'ﬁ“'." Akt - Wt L :f:'-"" . B ¥ ,ﬂ-ﬂ-—"i‘rh'llf-
. o e dw P WY
fu‘f«f_ g T, T
- L A
1 d _
. - 253
A
foag 5% P | ) Iﬂd}df i
_(‘ Iz, 1263 ) S+8:1€ 4
+ajz Tale
- & om m",fﬂ"la’?: Fena
2924 A - 5 &
I-"' -* 1 -
.:_ Ve
| .
1 " 1 fz'ﬁﬂfie
jite ﬁ:ﬁ:;ﬁ‘j:{f?-ﬂ'hl’rﬁ; /ﬁ
N = f1H, 0N | )
Ifrfr'\:-r.l-l"IT,.:l - {" J [-I‘H’!“!} Li'- 'llf.* .
. | b
T4
A A
-.h - — - - e — : :
4= .'r"“jl"'rl-t}
¥
- (293, 48Y)
/)I,O— Ilrl-"?ﬁ‘j-rﬁlﬂ'?: -rié-,sr’iu, 5; FrTr I E"“"jru'u - ‘?{
S L gL - 190



CHAPTER 3. HWS

3.7. HW 6
II.F'
ch H L
: ) } . R 7 = .
iﬂ__. -t { #”tl.i 31!:1"""?“"5 ﬁ‘r"’ir x" + Eg.
'-.fﬁﬁ'rﬂ’- 'i-"""'-"‘
= #
-
frame e P P ‘_,bf;,,_;’;._- fx-*'-:;-:ﬁ - L\_!}
J .L.. —xl I - - hJE'.:-'rr
o = = 2 4
P
e L.uﬂl;..q"} =3 b -FM"'"
1.
o "rL‘IIH'!;_.-} = ;ﬂ:.'h_“
hae F-f the
[
. Zo-wEP A EEI"“I?J
:g_E N . + 2 — @
"
"'"aF . a = =2 + 4 —"“.'(:E:j
oF
Fo3) , N T3
-":H‘r ') o= - b ., + -?lr“ir.} -
v - ) J‘ e F
e oz — L re [ T %
oo fevw gxsvysl =% A Hi=P J7 5?*’ : ‘% -__ -15_
sinw  2t.  29-%F o Ir
1 " - j
& -1 -1 - =
T ES 2(?_})__( EI_,J] - 3 ; - 7
I
) f - T =
s Lenpet 2 J;{]ﬁr

191



3.7. HW 6

CHAPTER 3. HWS

: - o A e
{0 1O T ‘l'l'ﬁwr «t ‘F.:-"-*-"‘I If""':;.-- ; T

a3 I.=
o am Lhe  seefre R
- £ e
(€] e e aude IP .
- 3
: A
i L
g
T L ai’_ll' _
4 L =& .51!;-1\.-»"r & T ,
() ! "'I',-'q"!l Lo 5T e L"'El'f — j{“_._-r_?-.
" . ! :‘,_E . Fa {1:1':! & . i
I JCFE -+
TP PE A [
£
F: ;-r'}'-d.‘
1
Feoxa t At
&
A o = 2 4+ ANE J
o
E
F _, = o x tRPE T @
3 .
e ez (zm
4 Al ne= o= E . gwh T 2) =7 =7/
e, TSGR
[ Pl ’E_?i'_ “1!1
oo

- 5 -.,- i w I ek YR
= -ﬁﬂ-"'"l';' e Fav, Aumts .".F T T t“"‘"“ (2} o} =
e I i-.i-lu-n- . wyp f A .:"‘.-n.
b A A, o F Q"‘: [ peeedd de F ,f.-nl':—*-’l'r'-‘ Fo uf

2
c“"’pv:ﬁ."r ui? z +, 3{_1.' a- = X
e Zi=x' (a)
ey md ) > 2

wt
]

H

Ll |

l'k_h



3.7. HW 6 CHAPTER 3. HWS

!‘Li

B
¥
]
I
‘LI"
K
Rl

- U#YQ

= 4, ] i S N L
¥ VL & ’..1___.-,_1 - VI i VT LY
—_— o .f..
| T 4 W?]
! .IE"I'IJ R"‘_'d. ] |y
ren et Grog) ) f Ghoork)
ar L

I ) |
wearm )l (Fea )

(‘If:’) e s .-smf-vb 7:1+E‘+-1*1= !
—— —

- Bt L-: - }
. q"j-.. p::fﬁrf'? f

;f = 2 A4A ST d f}

- e

r-lj:_.l' - A;_-J-;I:\«F =g :

2f - x4+arz =o &)
E .
EW‘TWM

Aewnewe ﬂﬂ.m 73l . e g v dt L
o as e t opentin o e et 3]

wepr e 2 i
f;l"h" (‘f_‘} >\ = I'—:_; = 1\;:‘}

193



CHAPTER 3. HWS

3.7. HW 6
CE
L — o . o
#ﬁ@ K} :ft.—f ?.-%? |£=H; 'E-"'I"_:r ﬂh-j‘,uﬂ'ib'f:ﬂllr'l.- _J;:,m_flu-w""
fom @ , 7u== ﬂr e
1 T .l
S “ﬁ*—!’?—r"\'@ E}'-: I w{ =t , -
Tk i F&A"
:‘-“‘)T— F?‘I- 1" - i / (es°)
[ 1= + T | et -y
T T !
iﬁ [IT:i -\-'Fr' (ajz.llaﬂj a4 - "
e I P |
-f/“"" 1‘7“"' s “PMH ..": A H-r_"l--r"w " "
I et o)
W '&6 -F“.J If} . w” L ]-l-"—f " .{t
e et e g i R OT e
WM"IH w0 F,.,u-\"‘ {‘:1\-; 5",-!‘"4. s “{ -
f o
f
{ "--h
49 .J.. T=-2 t
} ' 1o =d
Cﬁf') e The pabele :IIF'J""‘ : _"‘“"‘] {EJ b ﬁ\j
P e 1w TCF-"J ?- {h"'”..* ‘h“{]
' heve @ : . Al l‘-‘fivﬁb"'""-ff 5
int.de P :| 1121{| o T |
i b -
F R :‘_ll' !" ; . ?1-—1 ”h.{h jf jqﬂr*" I|' IIII'
- L e P = .
additior B GeesTEs ) . iy ] -
A 'fh) P 2o enly foa® ® LAY
g [ st o B G
e wibet men Ay T f
S -t "ll_} Ao ::?fr £ o
* "/f"?""'f T ?ﬂ"“r I
OF ., = B ra8T T @
sr P
— %_F - 8 = ;';"r; -?“F' m—— N
2/ —
2f ep = HrAPE
5?
194



CHAPTER 3. HWS

O

3.7. HW 6
2wttt <) — O
;oa‘ﬂ '—-iﬂ';j = - ﬁ
E‘L — H'x - P 3
5{) E‘.iil fW@ H ﬁ’@ peg- gL
Y] MW-P-"J'{]%]J X =e 7 oo
e E._;Fl <
“ T = giian
== 1 < jnsicls  TPITE
+ -ﬂ.n"-l:'-'_"n
o At (5"::: T= o Hw‘*"‘f"" ] T
) | oot 2 Tl
;.c -l'.-f T{;d, ':",.F'E/} T_— ) ( dad
- ____E
T RRANE
“ L o Gl
?,‘r i}L._, SN 1 2 M.ny ﬂ.‘f*h‘ﬂ e g ‘*-I'%
d}- j:lp‘-"l*-r'!." o F‘_..q. F-‘u'{_ {I_‘:‘J

195



3.7. HW 6 CHAPTER 3. HWS

Lo
ch 4 iz Pk
2_s2 -+ 6éi--p
] oo ot ffer 225 2+ 22
. ;';’;_'-_"- R

pot Segrax , b= gein AT

e |- &
. bt o seles 1106

2tz gt =o 'fpﬂr Eh ¥ 4

as

e 'T:.J‘*‘— . '---.-ff*'.'
H::dm'fi.ﬁ'.n :-F =z e TL“:-L--, "-'E’(Sfé.}' o< tixj};frt;j)

P £ 2x, 2t Tk
rie s "';ﬁk;;‘d 5 1y 2
¢ 22 _ T2 ¥ a5 g T 2 L 2t 2%
f_" Y 25 3=t Tax I = FE' oo
iz
HxE
, T
V= e 'E‘i?
2\ _ 22 27 2 D3 oY :
) Rtk o + 2ok, 2t
-l"i-d'\-...-"f'l.-l-—«-j 21i
'a\-.-l
23 . 22 35 | 22 ot
2y 25 2 PR}
Je 22 < Pt >e it L0t 22 )
fa - S L. S SF i L
ﬁv,i 125 35+ 27 v T FE ayz 9y 347

C v Fud e e 2% 25 ' ar 3% L
dxt gk Gax ¢ 2 S5 - 0fEss s5dfdR L5 5= ZL
rEj Ax el S AL 2Tl ar F-;JE- at ;:I"- A 3‘-3?
+€ 23 L pmate 6 2% 27 et 3
£ = a6 = 22
-1 ayt 2 aﬂr -1 T ] P 3.1_;{-. = (1}
A, T _ 2 2 et e ag 7
& ar = F '—--:- = A izl_ r 'g' s -y = - —_— Fl * ..é-— =
o ae s IEF a‘?; ‘

- TR f’:':l —_—

196



CHAPTER 3. HWS

3.7. HW 6
g 2 2 2
S a7 o yo+222 o232  ,o32 E
rlrr.d Bia aﬂ? 313;—
+ o0 4 b3E + 622 .o
asdy YEN
o e 3¢ 1 % 2R catt
‘2—-—_.1‘-3_ -f§?£~151—'*“ -.F_—{_'f"a'_!.}q,
3L 3iax 2795 YRR 13
'3 _22% o237 27t _ -
- —_— —— — i "
#edx Feax azag 3eay
pew 2E . 3 /an 2 /2227 2% 3 227 4 32)
2w T Golar Tl n Tar s o Nar T Ut
= az2® 33
T A% J
ad % 2 [ - 2 2% .ok . aXe 2 2F 0 =)
WEohE ar tar o Az ¥ At B4 G
vt 3}-2- ] ax ;\( 2
: s g e A L s TR B R e T SR L
ang 2 e FANEE TS F;)as(‘s? t5E
= _3?5 2t
asr ! P ﬁ-"}
“f 2% L2 (). 2 (groary. 2R 22 B
243y St lap 9%\ 3s SE ede YL
Plg @60, (n0) o () =
;.{f’af_n:_f_ ,L £ ats ,,"I_";‘ _ fate Late "Ia;i- 3 )
TSt e ) U NS A ) T s e ;"
A 1 L R Lt _g el |
ll# a:ll,. T Eaia.t #'at T ?_;-—q AJ" Fivls 3“"--_ q l:--é" J
pe ’
:-_—._..b El %_ -
D52k

fa—

e

197



CHAPTER 3. HWS

3.7. HW 6
&

4 a
b D

b 1 P
57} Sa fisTH 5 o

!H- 'SJ T P tgd =
o,
AT etV M= u-ur Annd oy biems Lo f 8 e A S
i%._:l =] fria te T ea £l ..‘:.‘“ [
uid¥
FS 1
r dx o el 2 & _
) = ber e f__.-.. aa - 1,- %-—;-l' ;;I:?l-ﬂ =i
§
wiuar ) 5 H=V 1 3
v é—‘f:l , 28 ==, 2y so0. 27 co
& FE e S
Dt | Pw dx | o Dy
&t mx o a3y S
o —'."-;-h—'r- Iil'a'h‘l— -+ ﬁl?-.u G)
A jax :5;
2w AW 3y S dr 2 Hel | (3
- A P "55 %;r_ _5,”_ EL
Lo (el G Zetir By 2R apnd X
— I - !
Feamr (1) | B et At y
= [T A _,r’rr'
e fE) ) ’
Sub woife (3] itir P __‘.""'i-.-'_:_'.l‘_tt-l'"-_ s
e B ad _?*?
Flgrvs 'af'in-u A b i‘a::“:"lr _?._'_.
i e
""\L.._ ‘} = - i i AR
£ o 3 .
v G —A2Y =% | 2o _Il{3w _ 2w G
J 5'"1:_ FANET(R s -
S e
Se A (D =X TR TR
e “i:‘- 'hu-r F‘l"lr'_
L
Rkt Aar o T Do
Thw A <o Tyl -;1,_ J
[ C Ae- & R 198



3.7. HW 6

CHAPTER 3.

HWS

: - - z
pers roed T Fondd s d decundin, 3% 27
Aw? T Fpa
i
LaeTr g olon e é’n -*5&
R
;Lj = ALl
¥
Se é_},‘.ﬁ:} s kv PerarThan o
B L de ) B /2
= iz 'E,]-l;i_ = 'a‘-yh _r-}
o0 mas J D £y )
2 : Hw T G s
- -
L Le = "-i:' I'
. e
1E -
4 E "“-q:||_l !|-- ’2{1 '-‘-I'::II i b =7
= Rhe . o2 oz | F —— - I -
i = o
= o N b e fo b ey Ty e
Ty e P -
news atopla-ces W ke B0 TS h
far
ot o D -
) oo
—a:_,_ i 1_ }_"H - 1 a . B — I'\..__ L..-||
o - e - A
2]
N o
i Ay !
W .y e L L A5
"D 2 o
;o )
.::H_L :.ir‘: " "'; 1I-M1'£;| o [ = YL -
TR T B L I - L -G
-7k an T E e s E AV
) - -rl
Lt T T oyaa ol ?'.:' -‘_-:} F "3 = ’:}_ ' The T
EIZE . L
] 4 - -

199

{2t



3.7. HW 6

CHAPTER 3. HWS

2= I E:lj_lf + e
. et T

"--’J'.r"-'- -;i' % 1 -_?If
‘-.I' ¥’ _E;h:-."._ _I' i _‘;

TE L 2 :

EE 2 5. PR

i L @l 1 2l

- = -1 A f s =

-+ -
LR s A
!E' 1 _.k"-‘ ol i .
S S do s .
’ .1"'||- 17 -
H y iy = war + o= d 1, +I,_
Lf: .=|| BT, by
| .
j_ T — 'LL.-;'I G o Led ) i
Jr ¥ 'I'fl' [E 1 —L}- ."‘--}'1,., . " ! ‘d-l .
]
3 »
Mﬂf SJ#H L.f'_}[.-l - = '!"‘Lr}d‘]-r\_ .
_f'lr\rh l R
= I - W

200



3.7. HW 6 CHAPTER 3. HWS

|
s £ [l
{:-L'if J:‘.q rF.‘I - in =e
e 4 1y, |.-uin-’g-..'-""""h'||I -?'-'.. ('_-' =+ zx I'U\;;)II -
=
(I.67 reduer B et 2 |
Ty = . = "'..L-I-'l-_r- &E'f";“' ‘“"_ Jl"‘ Jl’
o #.‘;L_._\.“JAJ E1._,.T, - LR ff""' Fa '_;.i ﬁ
. =4
ﬂ-‘\-li“ -L'u "I'--f-\.'\r ;"-F - -\" i b SR :I- = f
a rek ¢ A
Ahe e av T
e wer i gri . e mesd T res
5#" tM = L3 plgras ot ".:{vﬂ'lﬁi"-':‘ "1'{ E’ PR
d3 _ dy A
d= Ax 4
| .
de - A8 ,?T = fdg L ocil — 2
s P Iﬂ‘ S o2
- IR A =2 4y
e = = e 1
{4;-:' g'l'_l'.' -.e'F'_l!Il ;-:I}“ 1_-1'1":' ;
-3 - I —'-E
= &5 dy dy fd ¢ =Tl wieon
didlﬁ:+f+ (h ) s g € 7% 3
-E 5 . )
e dfarhy el [ 4 (L))
ERC T M‘.rf-"’ll)‘
- .
_ £ _&_ (_‘- ST f’_ ! e
¢z \ et et AT L ad
';"w-r -.'E ._.E .:,d _ .n'- E
42 =€ (€7 di gt~ dy L bt 3= ©
e S d2Eooaw v az I ’ ”
i -A% -4 -
e cro=et Ay _5Jﬂ_f-f.{_f£li e 2
e A:L a4t AT
i
Plosr 20 amd X a ) = amd  peplac X .::L
2% 2% ok A &
e y r"_ {:I Fa i 'r,.' ‘_.I"F - I,'l .r-"-f_—___.l
z L ,.-l:g-;
g1 _di ey L 2dl LTy T"J'.' Tneg .
2% npa Az @ fZ = - | T Y
£ : 201




CHAPTER 3. HWS

3.7. HW 6
ol

dat ] J o
:..l.fl"ll‘lﬁ.ﬂ
(1-%7)3% —z2xdiv29=0
e * dwe
A F TP
as de dp
- _{i: .-_il'lr'_':l':ll
1
K ]
i -
-~ = — [
&. =z ®
R 'd .I
i J7 = _‘-: 4
let & e
Ar 2 A8 :
S gur DE QS
— &

fi'*fﬂ’&j dé _z et Gv * "ac; =d
L Ao

| Y T
l(_.:', e, fw’fr' ..fr\f’ .ru.‘__ ﬁltﬁl"ﬂ . }Lﬂfﬂf-n? 3 é? (": ‘-:_)

—

qc L. é)

s (D it D Q)
L AE g St 2 S99 T

--—"E-"#. P S—
(Fe2) .\ "57 ds.

FH’;-—— ; {f'a
!

Nl fo y’-fnp' _rl;c . ,
! &“‘:";I _..-_.jd.:: _|-

p- - ) ‘
15"—: - T e B
a-dg " Jg ( sia? Ga
et (ﬂ'* 3 IrE'.I:f -sz,. fgﬁ-'{rx-l 11-:a..-1'-r.ﬂ'r —

Sl ﬁu‘- & paiea
202



3.7. HW 6 CHAPTER 3. HWS

p - | %;ﬁ .. E_,..-l ,L-.-‘

.ll’ ||r 3 -~ - \
I.I" 5% = — £l :5"’ L _||I } o - __..-.‘
(; estd |'_F =0l : # fi _—— = fatd 5 + T
V=R A sies g L Tt /
:" Ll B L 5.# - o
! — s Ly o ! e el AP
() (g dv,pdT L a8 L g
" Fa mew A _

— ) .2 e .
el A, | _dy o st 4o T a"' 42 ’@! A 2y <0
548 ad  <ie'd go* PEUAE- B F —iarg 47 '

f ofen g Sas™P 2 fesd j 4 24 =0
+ ;.-.m’ 'r {"

.‘. L - -
A2y )= e\ L esa00970 aatm i+ TE S0
IS ot A R Sy
.fg--'-l ! ﬁ.ﬁn"é Il + Py [ —pon @t (o3 @ (i ":Pj.j.:ﬁ '“'.E"'"I"u + ??
P A U 2id o -

g = il T .

I'd 5 .
Z (1) s 3T TOIE )

2 - _ .
o 3 + ';:" i fesd AN o pet =a
- i P

I!"T'a s '!'1{-5"k . = a8 % _‘;J r I.I"

203



CHAPTER 3.

HWS

-ri.I"'lhrr-F x I'II"IIL .I'l-l" W, -

3
P B {;-xﬁiru
Ax

Chd .
i {- & . =
B T P
. e A &P iy _.b'.'_r.- -
A I to=N, ., TO
- = 4
L - _r'ri_l-llﬁ a L]
= R{.f:_“ A A iz} 4 = 5(%‘}
de . &1 4
el fia A=
) S ) > o Ly i
L - T ;*__,-r; 4%
Ax* Az !"rf e Ad pfnT K aues
50#1"" M .all'.qu-"-'ﬂ.-
7 ¥, L= i
:_'[ l-f f ;{E LA & - I.fl H-‘.. r s, Lri. ;ql-.l ¥ 3 .I.'i_',:: ’: =
L AT G g T L8 SR
Moy - i
d"’L —_ _! - = e
y el (47 e
2 o 1
- d LL - -—é 4 ‘L L = s
dx® : - v t1
= r..m fqr-.,u_: ....l]lf i "'{.,!,._ _ i-"-.-
..'-;. = i
-r.“-_'_.“‘- —
.lzun § _,".‘ p_f
L c ! f - -4 L = —
et T T3 7w 2 2 et
1'111 Z {J%J_, 1 R
S i""'“"’@ b permar €
PR v o " '3, l L) E
I o ':f. ¢ £ DR " - T
L - - F d‘”lﬂ-"‘ — 4 .
e Y
Cowds L nE A g (i ara
T di ) E ﬂ-'a-‘-' = FI‘ - el
/ K
i v waprmrf 4 “5'} o _—,..fl{j-_._"
L . . r
—d-? - 4 (& =££5‘~Li-'="=é pde Vo did e
dhedx da td. da Ml dx o Ay dl FF S Tdn g kL
R R T

ot

D)



CHAPTER 3. HWS

3.7. HW 6
: 17 held spwibanT PIEFE il deff He."-‘-]:- '
- t-:' “ “{1.. L& 1 i o Ll .‘ o ':[f'f-i q':.li , 5‘?%::”
;5( £ / YL haor o
T A e,
z“'rrrﬂ-l u ‘.J.J .,,-.- 1 ,34_.-" € A !

Sy s (5___} be cprie s

- -
et dy a2 A f 4 & ds 7 o—t Ly
P - SR TR e N G
— L {-|'_ !{-'" L
STl T ot Lar s
e e 1;‘ '
"
7. $ ¢
a _q_'_l.."- i || i )
P - 4 T M T -i,_<r..!.“L |y =0
s - =i g
n
e IS T

205



3.7. HW 6 CHAPTER 3. HWS
i
- el
e . s 5
Mi.a  Fa=e Gt , H=¢ St | shew lbat
—
A S AL L o SR VA
R S A ot
. :-"_'Fu":;'l-b'f'_,’ hﬁ.‘h—ﬂ' o s 'rlr‘wf*‘{m ﬂ.}'i = l:i".'.{ é .
1 g oo L= "
“ i = E lae™
Mtz s e gin
2x . g% (gt
28
2x o
21t
W et
ALt
Vx| Tl
r.b
fakes (T
AT
aY -
M T
- o
}23 _ ‘__: E:Ir—
st
iy B _
}41 . T
3t
f - e )
F - = = f
Dugany » P dx D Y | S €l + 2% ¢ it -
~—§5— Hx At 'Eﬂé; s
aulesl  aw Bx L ok TEY 1 Gu E_:*'_..ﬂ" " -L E‘:"i.'.‘-.'f‘ —z)
2t Pr ot al ot L 2x &

[

Mg, Solve ) Lo gl , %
Y ?tg'

206



CHAPTER 3. HWS

&

3.7. HW 6
T rem a“‘: U _ &E:rﬁtﬁf
@ 2y a5 Ax -
- ot T
5“5*&'&1
P - Y AR
~ - R T T -l S At S
2k _ B g T 4+ AT ax £ e E"rﬂ'_'.-+
F A LT e e .

i S %
= 25 2 W Pl o ledt | €T
vff“’ ‘,%E g St +(%§— 2= ¢ ) R

S EEF:-:-I;%:%I. - e

Pl D

’E‘f"'::.m% ?.i = — 2 Eﬁﬂ E.r.ﬁ:'é * Qifﬂ;‘l‘ ‘a_f-l-_ - € e
2 = 2 |
S . AL LY 5 o 27 .. = »
Sy U _ e st B _ o ragt B .
> - T P L w G -G 5
F T rs 1L e L
- BT —e (o8 — Tt e et
- _:'-nl.l{' ? r— fﬂ_ﬁ.—. l'l;"lil""‘I
- . * %"' - B‘L B-
¢ o= T g T fest &2
e e Fant 4} e DS
I T e
i | . [
i Eijr. = 1 Qﬂfa%—tnn-r. E'-_1|‘ -
f 2w £1 L s > B . Q)
]
o~ = 0
50, Fiemr  (2) , Plhec above iato &) o Cind E.:m'
C
¥ "I. - -
ai‘. I rh-l‘-c .lel I‘J!'- Hh : = "‘..I':cl - ‘I'F -
=L - == T o (05T
£ p { : e € 53 €™ lost

207



3.7. HW 6 CHAPTER 3. HWS

{'t:.

- — eht b sl Py = B e
e T o5z ot e =0T =5 S
¢ "j " :_;.rll._ .
&~ Cast
i =y J
- £k | f -
- a4 L [ - = "-":L =
f":-"!: Pl E:{f_ﬁ”_ kf‘ﬂﬁb %T - i:_‘T & __.,.-p"}l'
_...5._ TrA 1 * = L ™|
B T B I A T
o o= - r© T . e "]
o X T rmr
| T - -
= e SE Y or oblsiet — E
£oras TRAs E.f.- Fmn= —:‘*
W | ¥ - u - Y
= = A LI
L3 b 1:"'I"|.-5-_' {J“I"l.'f.-" ‘:i . - o !
- 1'!. FooL
= _c'}u- .,' Ik = 1.:- "": -r “E--._t | I.I_:__,_ _
'"h"‘f.' I"-.. E;u = ..-" N W, ‘.,'.
- . '
£ o Qe | (ol N 2w [ uaT
- —— L]
= i B L J A = - o,
- "I:l - -I"
| - i 1
II:}LL- — ill- I-.l- r&:+ ‘:EILL e = et I'“ L ) i
j - oo 2t 2% ——
e 1‘. -
. | .
"iir.l -ftncl tfffﬂ'*’-#“-""‘ Rl ot 3, 1\_1,'_-‘\- {";1: e
B
H = A,
oY
=
il --",] i}f Er o g _ = — {GS": a"ﬂ. _— .-F'.!t- ad __._'_llil::}
Fel k=1 2t
ol Ay - [ f o
e TE Tt 2% g 3w ) —(E)
AN £ = -
- '

’ - ,-""m' - L [ !
Vg € e Sma ?.-j o el !M"_i} PR N e fer ﬂ“&.’_, I‘Wﬂ*"“;
ittt} L L ¥

208



3.7. HW 6 CHAPTER 3. HWS

Ferer(3) o

i A j Tl L oW
?}{;r = _"L g"/'ru'. “ ?}':_'_ . ::.*.- r'-u- 35‘ '.". _ . | q- :':‘: o e
% e\ A ar Vs
22 =4 N swt 3H 7
'-t'-::"‘!_. = ? 1& :‘-ﬂf '?: — B %‘_ H e 1 . f._?',l' r_\-rim : I:fj “"'L

o o H
¥ ._..‘ﬁrfn.ﬁj " -'5'“.

£ . [ f . , gy -
\ 25 ) 3""":'1' _f_ {F’n'_ ?l"i.ﬁr Tt i I *?)
!

at T

¥ i 5 .'. \I
¥ E‘Fi H:\{{Eff“ﬂ-ii:f-ﬁ f‘-r'.rl'. I':; T S

e

A& . L 2 A Co
=— = = — (osT et ' foct & ey i ]
AN s T O 5 * \F/

= . ek A ; Y 1
J_:‘_'., o= [ a.e e I -
‘ E o S = st %i: - A% s

- p¥. -y
- = wtd UL Lo B .
7T € S Gar R
b oz i et

ak S -
b

e r

L .
R "&E:F %ﬁ + 1 A e 1ot !



3.7. HW 6 CHAPTER 3. HWS

I (L S L P B e i L PRy g g
3T T e\ g8 G ae
. (i E.' @ [
e TS deona 1*F"“--""'h”:m . ‘Fﬂ’ g’?}_ j 2:; i AL
! o A
-=f| -.rv."‘*—r W {ET : l:‘? C Mq"f C l-p 'l'h'llq_“ {lﬁ-:} i ‘{: h b i _.F' .+ 5
X Pnis Pl L J'u'li-u-*,'-l--_.'.-{-t- des e B P F -n*:--m‘:j;
u | 2% — 1 toes As T |
* _— i - AL UL S b B
px*  ayr T oor N 4 P e (AN AP L]
o= at L.
f | £ . T el . ' v
= _ rﬂlr( m} — .-rl"'" : "'L B i J: — i ] r s '--"- I-;
}- e ety i"!. F'E_ fat= ln-;*r-" = T ’ :"-.""J
L L'.

t

—'F c(ufscﬁ Sty SeuC ;,

. Fa e ¥ LN
— ""x_bL‘i-'— e Mg T T R

-

+C(L"‘u{-'“;fi -I-“«-i-,: +H:,(..I

.||I (] 3
+ & Lye C+ S =y T~ e

—

f._.

i

]
[T

—_ < T
UH.- "{-‘-'fu".’.::“ _*?Et .51_* g EC_

2 - r
+ Wee O oy, 7T s Sf,-i- iy C

] L
T : © 3

S

&

) | .
':?_: [.a‘n.-:\[\':1-!-'-":"r + 1y (fiﬁiiE :\
+

but (4S5 = et i =
4 N ' |
A e Y ! a ]
— 2 e o U 7 j
AxE 3.1 >5 s T¥ee -
" & L - [ \-l-"i.;

210



3.7. HW 6

CHAPTER 3. HWS

ch & = :
' - '
god A9 sien d= ¢ zint <f
121 51
i qx
9 sn(iey 4 ()= =in(o)
¥ PR
Ax fa ) (‘ i ) |oSan w0 |
- = J s _— '5.-'.:"7' o E - = H [
g S A
i
-
v, r-"'L i +
. 2. ! - . 3 '
!2 2 ‘}{ =T ".;.: _‘l_-:d-'___r ! r"”"f '_3% -‘*3-‘5 t"-'-'I'r"’ o f'ﬁ“'""
Ut
g Tl e r‘!’-i--"f IS Y TR PN
] - I ) i -
folver ".Pr-r- frsg 5 e A F ﬂhr;;,ﬁm 1'-‘1"'! o ﬁ{"‘ H.'I'.{H'F ‘
< . ./IJ_" S E
SR AR Y
0 &
et . :
Al = |-€ 43 (=€ i gqu '
2 Wos
A . c'..-u. i “ - Fetet AL Se ast
FEE e st op
|'F_-'
| .
: e
Je ';"" - = :
B FEE
L !
’ - g e
Faien o O =t Ay i
it i ~ . .
s Al _ ( [ - jl
e —_
IJ 2. LI
i
= PRS-
T AT Ll
R o e ,
] '.;f Jfrl"l--u va ""In" 'f o
v L H ey A e B Y S N e AL
. - L ] o=
Tl Foma I A - £ — — - - 1 [
pr T e = 1 - e
Mf Jreay ] J {‘ﬂ_ £ r—:.
- - /
2 R ) = [F ] € = L-': 211



CHAPTER 3. HWS

3.7. HW 6
e
{F@-—?‘ i -{‘ * e & L
.i'_E'. L||III A —_— ai
—L-—J 21 PR
p "o
; el ey Lk A LA
S Az, e i x 2 ar
u__- T T - Ve BT e e e =
2 (xe) 1
o
= A4 DAY -, A -;jr} i
xR T - [1 ] 2
W g&_
} . -t 1'a O
[2 -7 if e o acdd (L = A !
'3: dt e ! L dw o Fr.ox
_-g"f.r'il',- ?_\" ..-i".': O £ i ] -".' o
R s
_J_I:'_ {{ & o} 3 . ,r:A P -+
- ” FEE L [ 'f_-..ll I
¢
e
r 5 -’__.-I"
-1 f’ﬁ :;lfl-_'r:"'lr 'r -7
. 1.' F'lf" ﬁ ﬂ ‘E._ . .-j f.. r.fd- '_;/-//
- I""“""J L
] o - o SR |
d‘r": 'rl ( Er.}fl .:I _ ,_’f (L-: .l‘,:n .
|
| i - - -
| Sca = e+ A - & o
| l/ A + —?Jf L — |’ ::-{I:-L 4 :ilu: :'f
'.‘.:'i.r o J
1 = dv ™, g ot -
@ T —de g
. Aw E:— A
- : F
[ A~ i:i".. = i .ﬂ\H"H w
I: .K: - ‘;FI._""'-' B e L * ]
| A e -+ {f_____ € N | | i
| , P du g7 L
[ ,5' "y = b
f'lr ! "V-!HI‘ F
[ e - T - o
- i -f .r:-:..-—. ;_ —f- !:4“"'- 1@ T ’:;
Ax a3 > — e
) ¢ o
I\.j‘.ﬂ{_r "l'.,l"{ﬂ"r ".'.'_'_. . ﬂ-l‘_'.—»-l-ru-l"h; h -ph‘ln"lu-'l-" 1= D —
- : ) - eSSt _ et
1 S I N
P Jy T 2% & - o
' ¢ 212



CHAPTER 3. HWS

3.7. HW 6
o
ch 4
2.7
v + e

.rj:‘ ;’; e dr =x , o =2, S eel (i:f) -_:}_{'1 U ot e R

) 2347 W — .

Salany B B Ix o=

[T l:'f:“-f; 3 Aat e~ G "’a‘a-i-’!-\njf.(’:ra"rbrﬂ'ﬂil"ﬂ-
PR e B

PF T g e

rﬁ‘l"""-'- ,‘-_1':::- ot .\_-J';I-\.q. t.--":#“'i' F’E LH'-L- p,._,.._{. § -t ltF-'F
{ ¥ ]
A J
; =T
' aiape)
- E & ._h_.]"h"l'-_'l) 5
1 = VT e € e
! = a—a - Illl -._'_.-"i'ﬂ
e 2x ’¢
ey T ] 2 s -ae
= |(5_':{:-_: _ J I f H: i — _-._ = = Ti - -
PE /I:" ] =1 j . ’ " -{" ¢
i «|-732
1’;! "1"" -'rl'lr IJ..".___-_;& ""1{‘1'"." jﬂd”:h g
i ?{. Sy
s - -—--I"{Iﬁ"',a i
Ly - 4 o + - e dv . ==
d7 7 4= o dr K O
& L= i
e wl
gy o,
__':‘-:_l_f... = — ir':?_%
{f;; . -‘5}'\.-" ke
B — le . opn
E 1: _ I-:_-: B o I_ o _|.:' - o 1- i;:
£ £ 'ﬂrf i o |
SN L e
= —
f)ﬂ Jfrv'." N T fﬂ‘f::'! — /J"af’- -r l'f
fas = = [ < .
S 1 P rFd ; L{_: -J_ -i-. d‘ﬂ
s o (logu) = Allery = s 55 @
5"’-—" d::l = .T,__I.’_ Y- Tha
213



HWS

3.7. HW 6 CHAPTER 3.
T
- j'.-.r £
# P ; )
a B if & % = e Lime]  ZZX
- “, A8
F o rl
.:'.-T L - '—r" - &
o = & s
1x ax o
r.':r" -
1 L]
- E‘- “ _E; W% —_— 'E _r‘f fer §
Pen's e
1
. -3
a2 e 14
K
|
r | A
— i H
i-"’ :-|r,¢ - ,E:-" - ..ri."..-_ = {'
7 = -
o

W{. e Bub

("

214



3.8. HW?7 CHAPTER 3. HWS

3.8 HW?7

Local contents

3.8.1 chapter 14, problem 1.6 . . .. ... ... ... ... ... L 215]
3.82 chapter 14, problem 1.12 . . . . . . . ... ..o 215
3.8.3 chapter 14, problem 2.22 . . . . . .. ... 216
3.84 chapter 14, problem2.23 . . . . . .. ... 217
3.85 chapter 14, problem 234 . . . . . .. ... ... L 218]
3.8.6 chapter 14, problem 2.37 . . . . .. ... ... Lo 218
3.8.7 chapter 14, problem 2.40 . . . . . . ... ..o 219
3.8.8 chapter 14, problem 255 . . . . . ... ... 219
3.89 chapter 14, problem2.55 . . . . . . ... L 221]
3.8.10 chapter 14, problem 2.60 . . . . . . . ... ... ... ... 223]
3.8.11 chapter 14, problem 3.3(b) . . . . . ... ... ... .. 2251
3.8.12 chapter 14, problem 3.5 . . .. .. ... ... oo oo oo 225
3.8.13 chapter 14, problem 3.17 . . . . . . ... ... L 226}
3.8.14 chapter 14, problem 3.18 . . . . . . . . . ... L 227
3.8.15 chapter 14, problem 3.19 . . . . . . ... ... ... 228
3.8.16 chapter 14, problem 3.20 . . . . . ... ... ... L 228]
3.8.17 chapter 14, problem 3.23 . . . . . . . ... ... L 229
3.8.18 chapter 14, problem 4.6 . . .. . ... .. ... . ... o 230
3.8.19 chapter 14, problem 4.7 . . . . ... ... ... ..
3.8.20 chapter 14, problem 4.9 . . . ... ... ... .. 232
3.8.21 chapter 14, problem4.10 . . . . . . .. ... ... 233
3.8.22 chapter 14, problem 5.1 . . . . .. ... ..o 236)

3.8.1 chapter 14, problem 1.6

Problem Find real and imaginary parts u, v of e*
Solution

Let z = x + iy, then
f@)=¢
= ¥Hiy
= e¥elY
= ex(cosy + isiny)
=e*cosy +ie* siny

Hence u(x, y) = e* cosy and v(x, y) =e'siny

3.8.2 chapter 14, problem 1.12

z

Problem Find real and imaginary parts u, v of f(z) = 7

215
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Solution

Let z = x + iy then

zz+1:(x+iy)2+1
= (xz—y2+1) +i(2xy)

Hence )
X+ 1y

x2 -y + 1) + i(ny)

Multiplying numerator and denominator by conjugate of denominator gives
5= (x+iy)((x2 =2 +1) - i(2xy))
((x2 -2+ 1) + i(ny))((xz -2+ 1) - i(ny))
~ (x(x2 -2+ 1) + y(ny)) + i(y(x2 -y + 1)(y(2xy)))
- 2 2
(x2 -2+ 1) + (ny)
x(x2 —y?+ 1) +2xy? y(xz -2+ 1) - 2x%y

= +
(x2 -2+ 1)2 + (ny)z Z(xz -2+ 1)2 + (2xy)2

Hence

~ x(x2 —y2+ 1) + 2xy?

(xz -2+ 1)2 + 2xy

y(xz -y + 1) - 2x%y
v(x,y) = 5 5
(x2 -2+ 1) + (ny)

3.8.3 chapter 14, problem 2.22
Problem Use Cauchy-Riemann conditions to find if f(z) = y + ix is analytic.
Solution

CR says a complex function f(z) = u + iv is analytic if

Ju _Jv

9%~ 9y (1)
Ju Jv
5y " o (2)

. . du _ o v _ e
Here u = y and v = x, since f(z) = z = x + iy. Therefore —~ =0, 5 = 0 and (1) is satisfied.

And g—; =1land Z—z =1, hence (2) is NOT satisfied. Therefore not analytic.
216
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3.8.4 chapter 14, problem 2.23

Problem Use Cauchy-Riemann conditions to find if f(z) =

Solution

CR says a complex function f(z) = u + iv is analytic if

x-iy . .
T 18 analytic.

(1)

u B dv
dx  dy
u B Jv
dy  dx
Here f(z) = xZiyZ - i#, hence
X
"= x% + 12
7Y
v= x% + 12
Therefore
u 1 X
-— = (2x)
Ix  x?2+y? (xz +y2)2
B x2+y2 242 B yz_xz
(@+1?) (@)
And
u -1 Y

Hence (1) is satisfied. And
Ju _ —2xy
dy (x2 n yz)z

And

dv B 2xy

()

Hence (2) is satisfied also. Therefore f(z) is analytic.
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3.8.5 chapter 14, problem 2.34

Problem Write power series about origin for f(z) = In(1 — z). Use theorem 3 to find circle
of convergence for each series.

Solution

From page 34, for -1 <x <1

Hence

In(1 - 2)

Il
T
¥

|

+

I
+

I
|
N
|

To find radius of convergence, use ratio test.

a
L = lim | n+1|
n—eo g,

1 |
o 1s n+1
= lim T

n

Hence R = % = 1. Therefore converges for |z| < 1.

3.8.6 chapter 14, problem 2.37

Problem Find circle of convergence for tanh(z)

Solution

tanh(z) = —itan(iz)
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3
B2 17
Buttanx =x+ < + Zx° + —=x7 + ..., therefore

15 325
. \3
2 17
tanh(z) = —i iz+ﬂ+—(iz)5+—(iz)7+...
3 15 325
(. i 2 .
=—iliz— — + —iz° + -
3 15
2 2 5
=z——+ =2+
3 15

o = e
cos(iz) =0 atiz = i% then |z| < g to avoid hitting a singularity. So radius of convergence

. TT
ISR_E'

This is the power series of tanh(z) about z = 0. Since tanh(z) =

3.8.7 chapter 14, problem 2.40

Problem Find series and circle of convergence for é
Solution
From Binomial expansion
1 =1l4+z+22+22+ -
1-z

For |z| <1. Hence R =1.

3.8.8 chapter 14, problem 2.55

Problem Show that 3x?y — 1/ is harmonic, that is, it satisfies Laplace equation, and find a

function f(z) of which this function is the real part. Show that the function v(x, y) which
you also find also satisfies Laplace equation.

Solution

The given function is the real part of f(z). Hence u(x, y) = 3x%y — y°. To show this is

2 2
harmonic, means it satisfies V2u = 0 or a—z + a—bzl = 0. But
dx Iy
du 6
— = bx
Jx 4
u ‘
Froaed
du
— =3 2 3 2
dy ooy
J%u
=

219



3.8. HW?7

CHAPTER 3. HWS

%y 2%u
Therefore = + E

= 0, hence u(x, y) is harmonic. Now, we want to find f(z) = u(x, y) +

iv(x, y) and analytic function, where its real part is what we are given above. So we need

to find v(x, y). Since f(z) is analytic, then we apply Cauchy-Riemann equations to find

v(x, y) CR says a complex function f(z) = u + iv is analytic if
Ju _ dJv
dx  dy
Ju Jv
dy  dx

But % = 6xy, so (1) gives

dv
bxy = &_y

v(x,y) = f 6xydy
= 3xy + g(x)

From (2) we obtain

d
—3x2 + 3y? = &—z

But from (3), we see that % = 3y? + ¢’(x), hence the above becomes

—3x2 + 3y? = 3% + ¢'(x)

¢’ (x) = -3x2
g(x) = f —3x2dx
=-x3+C

Therefore from (3), we find that
v(x, y) =3xy?-x>+C
We can set any value to C. Let C = 0 to simplify things. Hence

f@z)=u+iv
= (3x2y - y3) + i(3xy2 - x3)

(1)
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Now we show that v(x, y) is also harmonic. i.e. it satisfies Laplace.

dJv

e 3y? — 3x?
&—20 = —6x

dx?

@ = bxy

Iy
&—20 = bx

dy?

H that 20 + 22 ¢ QED
ence we see that 55 + 77 = 0. .

3.8.9 chapter 14, problem 2.55

Problem Show that xy is harmonic, thatis, it satisfies Laplace equation, and find a function

f(z) of which this function is the real part. Show that the function v(x, y) which you also
find also satisfies Laplace equation.

Solution

The given function is the real part of f(z). Hence u(x, y) = xy. To show this is harmonic,

. . [ %u 2%u
means it satisfies V2u = 0 or — + — = 0. But
Ix2  Jy?

du
o y
2%u
92
Ju
9y
2%u
B_yz =
Therefore % + Zi;;

iv(x, y) and analytic function, where its real part is what we are given above. So we need

= 0, hence u(x, y) is harmonic. Now, we want to find f(z) = u(x, y) +

to find v(x, y). Since f(z) is analytic, then we apply Cauchy-Riemann equations to find

v(x, y) CR says a complex function f(z) = u + iv is analytic if

n_z )
dx  dy
Ju Jdv

"oy T ox (2)
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du .
But == =y, so (1) gives

From (2) we obtain

But from (3), we see that % = ¢’(x), hence the above becomes

-x =g'(x)
g(x) = f —xdx
2
= —% +C
Therefore from (3), we find that
2 2
_y_x
v(x, y) =573 +C

We can set any value to C. Let C = 0 to simplify things. Hence

fz)y=u+iv
2

= (xy) + i(y ;xz)

Now we show that v(x, y) is also harmonic. i.e. it satisfies Laplace.

dv
Jx
9%v
ox?
Ju
é’_y =Y
v
Iy
P)

H thta—zv+j—0 QED
ence we see that 5 + =55 = 0. .

(3)
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3.8.10 chapter 14, problem 2.60

Problem Show that ln(x2 + yz) is harmonic, that is, it satisfies Laplace equation, and find

a function f(z) of which this function is the real part. Show that the function v(x, y) which
you also find also satisfies Laplace equation.

Solution

The given function is the real part of f(z). Hence u(x, y) = xy. To show this is harmonic,

means it satisfies V2u = 0 or % + giyz = (. But
u X
dx  x2+y?
ou 2( L )+2 1oy
= x| ————=(2x
dx? x% + 12 (xz " yz)z
2 42
T ()
2(x2 + yz) 4x?
(x2 + y)z
_ —2x2 + 242
(x2 + y)2
u 2y
dy  x2+1?
u_ ( )+2 ——(2v)
a2~ \+) (x2+ yz)z /
2 4yy?
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Therefore
u  Pu 22 +2y7  2x% -2y
o2 I (2. .V PSS
(2+y)  (2+1R)
=0

Hence u(x, y) is harmonic. Now, we want to find f(z) = u(x, y) + iv(x, y) and analytic func-
tion, where its real part is what we are given above. So we need to find v(x, y). Since f(z)

is analytic, then we apply Cauchy-Riemann equations to find v(x, y) CR says a complex
function f(z) = u + iv is analytic if

Ju Jv )
dx  dy
du Jdvu
3= 7 2)
du 2x .
But = = 2o SO (1) gives
2x _ Jdu
X2 +y2 dy
2x
)= [
= 2arctan(%) + g(x) (3)
From (2) we obtain
.
X2+y2 dx
But from (3), we see that % = —yzzfxz + ¢’(x), hence the above becomes
2y __ % :
2+y2 242 Tl
g'(x)=0
gx)=C

Therefore from (3), we find that
v(x,y) = 2arctan(z) +C
x
We can set any value to C. Let C = 0 to simplify things. Hence

= Y
v(x, y) = 2arctan(x)
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And therefore

fz)=u+iv
= ln(x2 + yz) + i(2 arctan(%))

Now we show that U(x, y) is also harmonic. i.e. it satisfies Laplace. We find that

?v  4xy
dx? (xz +]/2)2
d%v 4xy

3.8.11 chapter 14, problem 3.3(b)

Problem Find § z2dz over the half unit circle arc shown.
C

Solution

Since f(z) = z? is clearly analytic on and inside C and no poles are inside, then by Cauchy’s

theorem gg 22dz =0
C

3.8.12 chapter 14, problem 3.5

Problem Find f e~*dz along positive part of the line y = 7. This is frequently written as
! A

Solution

Let z = x + iy, then

CO+iTT
= f e *dz

1Tt

00+iTl )
= f e e Wdz

in
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But dz = dx + idy, the above becomes

00+iTT
I= f e¥e™ (dx + z'dy)

1

00 ] it )
= f e e dx +1i f eYe Ydy
0 ,

17t
0 .
= f e e Wdx
0

But y = 7 over the whole integration. The above simplifies to

[=¢im f e *dx
0

=—¢7"(0-1)
ein

=-1

3.8.13 chapter 14, problem 3.17

Problem Using Cauchy integral formula to evaluate § ;%idz where (a) Cis circle |z| =1

C
and (b) C is circle |z| = 2
Solution
For part (a), since the pole is at z = g, it is outside the circle |z| = 1 and f(z) is analytic

dz = 0.

sinz

2z—-T1

inside and on C, then by Cauchy theorem §
C

For part(b), since now the pole is inside, then

sinz

. . Tt
; Sy 7sz = 271 Remdue( 2)

But

Residue(g) = Zlgrzl(z - %)f(z)

T\ sinz
= lim(z——)
2)2z—-T7
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Applying L'Hopital
1
Residue(g) = sin(%)ii_l)% 5
3 1
2
Hence .
sinz )
dz = 7
2Z2—-T

C
3.8.14 chapter 14, problem 3.18

in2 .
Problem Integrate fﬁ %dz over circle |z| =
C
Solution

The poleis atz = g. This is inside |z| = 3. Hence

in2
il dz =27 Residue(z)
6z—T 6
C
But
T 7T\ sin 2z
i) e
esi ue6 Zl_r:%z e
. (2-%)
= sm(—) lim
3 Z_>g 6z—Tt
Applying L'Hopitals
1
Residue(g) = sin(;() 1_)% ‘
=L n(2)
Hence

§1n22d _2,1,(7'()
z = 7'(z6sm3

C

V3

But sin(g) = —- and the above simplifies to

in2 1
fﬁ St Zdz = 2nz(—£)
C

6z—T 6 2
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3.8.15 chapter 14, problem 3.19

3

e’ . . . . .
dz if C is square with vertices +1, +i
z-In2

Problem Integrate §
C
Solution

The pole is at z = In2 = 0.693 so inside C. Hence

e3z
§ dz = 2mi Residue(In 2)

z—In2
C
But
Residue(In2) = hl{nz(z -In2)f(z)
zZ—In
_ A2 z—1In2
z—In2z—1n2
— 63 In2
Hence
e 31n2
dz = 2mie’™
fﬁ z—In2 z e
C
= 2mi(2)3

=167i

3.8.16 chapter 14, problem 3.20

coshz
2In2-z

Problem Integrate § dz if C is (a) circle with |z| =1 and (b) Circle with |z| = 2
C

Solution

Part (a). Pole is at z = 2In2 = 1.38. Hence pole is outside C. Therefore § %dz =0

C
since f(z) is analytic on C

Part(b). Now pole is inside. Hence

cosh z

; mdz = 27ti Residue(21n 2)
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But
Residue(2In2) = lizr? 2(z -2In2)f(z)
) coshz
B z—l}zrﬁ\z(z - 21r12)21r12 -z
z—2In2
= cosh(2In2) lim ——
cosh(2ln )z—lﬂz 2In2 -z
= —cosh(21In2)
Therefore
coshz )
mdz = -27i COSh(2 In 2)
C
= —4.25mi
3.8.17 chapter 14, problem 3.23
3z
Problem Integrate § ( 61 > dz if C is square between +1, +i
zZ—In

Solution
The pole is at z = In2 = 0.69 which is inside the square. The order is 4. Hence

e3z
56 ————— dz = 2mi Residue(In 2)
J (z—1In2)

To find Residue(In 2) we now use different method from earlier, since this is not a simple

229



3.8. HW?7 CHAPTER 3. HWS

pole.

14d
Residue(In2) = hgnzg = 3(2 In2) f(z)
Z—In
3

4 e3Z
- zl—lﬁllz 31dz3 (z-In2) ((z - 1n2)4)

) 1 a3
zl—>111r}2 3!dz3 (e )

= lim, 5@(3632)

lim —9—
z—1>11¥112 3! dZ

1
= lim —27¢%
z—In2

27
lim —¢*
z—In2 6

27
"6

o

=36

3ln2

Hence
632
$— iz = 2mide
(z—1In2)
C
=721

3.8.18 chapter 14, problem 4.6

1

Problem Find Laurent series and residue at origin for f(z) = 20t
zZ +z
Solution

There is a pole at z = 0 and at z = —1. We expand around a disk of radius 1 centered at
z = 0 to find Laurent series around z = 0. Hence

1 1
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For |z| <1 we can now expand using Binomial expansion

(1+2)°
1 z2 z3
f@) = Z—z(l +(-2z+ (D5 + (D + )

—l@—m+&24£+m)

=2
1 2

=—=-—-+3-4z+ -
z¢  z

Hence residue is —2. To find Laurent series outside this disk, we write

1 1

B Z_z(1+z)2
1 1

11
SAT 2
z
1

1 . . .
( > for |Z| <1 or |z| > 1 using Binomial and obtain
1
1+

f(@)

And now we can expand

z

1 1 (23 (1) (-23)(-4)(1)
f(Z) = 2—4[1 + (—2)2 + (E) + —(_) + J

2! 3! z

NENIRCN

1 2 3 4
TATHETE T

We see that outside the disk, the Laurent series contains only the principal part and no
analytical part as the case was in the Laurent series inside the disk.

3.8.19 chapter 14, problem 4.7

Problem Find Laurent series and residue at origin for f(z) = 12_;;2
Solution

There is a pole at z = £1. So we need to expand f(z) for |z| <1 around origin. Here there
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is no pole at origin, hence the series expansion should contain only an analytical part

flo) =1
B 2-z
T 1-2d+2)
A B
-2 "1+2
11 3 1

= — + —
2(1-z) 21 +2)
1 3

:—(1 +z+zz+z3+~--)+—(1—z+zz—z3+z4—-~-)
2 2

=2-z+4222 - 4+274 -2 4.

No principal part. Only analytical part, since f(z) is analytical everywhere inside the
region. For |z| >1 we write

11 3 1
f@O=3a=2 2a+2
11 31

() E )

-1 1 3

-+

We see that outside the disk, the Laurent series contains only the principal part and no
analytical part.
3.8.20 chapter 14, problem 4.9

Problem Determine the type of singularity at the point given. If it is regular, essential,
sinz

or pole (and indicate the order if so). (a) f(z) = —z=0 (b) f(z) = CZ—:Z,Z =0, (c)
Z3—1 2
f@)= Z5z=1 ) f@=Fz2=1

Solution
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(a) There is a singularity at z = 0, but we will check if it removable

3

7 5

z

%735
f(z) = .

72z
1o 2
31 5l

4

So the series contain no principal part (since all powers are positive). Hence we have pole
of order 1 which is removable. Therefore z = 0 is a regular point.

(b) There is a singularity at z = 0, but we will check if it removable

1-Z 42 _
f(Z) — 2! 234!

1 1 N z

z3 2z 4!

Hence we could not remove the pole. So the the point is a pole of order 3.

(c) There is a singularity atz =1,

-1

0=

~ (z—1)(zz+1+z)
R
(zz+1+z)

(z-1)

Hence a pole of order 2.

() Z
e

f(z):z—l

There is no cancellation here. Hence z = 1 is a pole or order 1.

3.8.21 chapter 14, problem 4.10

Problem Determine the type of singularity at the point given. If it is regular, essential,
or pole (and indicate the order if so). (a) f(z) = ;—i,z =2i (b) f(z) = tan®z,z = g ()
f(2) = 1_C;S(Z),z =0, (d) f(z) = cos(ﬁ),z =7

Solution

(a) To find if the point is essential or pole or regular, we expand f(z) around the point,
and look at the Laurent series. If the number of b, terms is infinite, then it is essential
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singularity. If the number of b, is finite, then it is a pole of order that equal the largest
order of the b, term. If the series contains only analytical part and no principal part (the
part which has the b, terms), then the point is regular.

-1 . .
So we need to expand —— around z = 2i. For the numerator, this gives

. . o2
& =e? + (z-20)e* + (z - 21')25 + e

For
1 1
2+4  (z-2i)(z+2i)
i1 1
= - 21) — —(z - 2i)° -
1z-2) 16 64(2 9 256(Z iy
Hence

2i -
f(z) = (1 — % + (z - 2i)e% + (z—2i)262—! + ".)(_2(2—121') 116 64(2 2i) - (z 2i)2 - -

We see that the resulting series will contain infinite number of b, terms. These are the

terms w1th = . Hence the point z = 2i is essential singularity.
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(b) We need to find the series of tan? z around z = g

So we see that the number of b, terms will be 2 if we simplify the above. We only need to
look at the first 2 terms, which will come out as

1 2 1 7\2
f(z):(z_z)2_§+ﬁ(z_5) *
2

Since the order of the b,, is 2, from %, then this is a pole of order 2. If the number of
Z—_
2

b, was infinite, this would have been essential singularity.

235



3.8. HW?7 CHAPTER 3. HWS

(c) f(z) = 1_%45(2), Hence expanding around z = 0 gives

ZZ Z4 26
1-(1—54'5—54‘"'

f@)=

2! 4! 6!

11 1 2

22wl et

Since b,, = %lz and highest power is 2, then this is pole of order 2.

(d) f(z) = cos( ) We need to expand f(z) around z = 7 and look at the series. Since
cos(x) expanded around T is

cos(x) = —1+1(x T0) —21—4(x 71) + -

Replacing x = ——, the above becomes
Z—Tt

o ) =1 () - ()

The series diverges at z = 7t so it is essential singularity at z = 7. One can also see there

1
are infinite number of b,, terms of the form —

3.8.22 chapter 14, problem 5.1

Problem If C is circle of radius R about z,, show that

3 2711 n=1
2 (z - Zo)n 0 otherwise
Solution

Since z = zy + Re'? then dz = Rie'® and the integral becomes

271 Ri i0
f 2o = f Rzelﬁ a0
0 (Rele)

27T
=R [ iei-nde (1)
0
When nn =1 the above becomes
27T Ri i0 27T
f o= f ido
0 (Rzelg) 0
= 27
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And when n # 1, then (1) becomes

. i 0(1-n) 12T
| ORI o iy
T i(1-n)
0 (Rele)
Rl_n . 27
— el@(l—n)]
1- n[ 0
Rl—n
— _(ei27'((1—7’l) _ 1)
1-n

But €217 =1 since 1 — 1 is integer. Hence the above becomes

1-1)

27T Riei@ Rl—n
f ~ 46 =
0 (Re?) 1-n

=0

QED.
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Local contents

3.9.1 chapter 14, problem 6.5 . . . . ... ... ... Lo 238]
3.9.2 chapter 14, problem 6.6 . . . . .. ... ... o 241]
3.9.3 chapter 14, problem 6.7 . . . . . . ... o 241]
39.4 chapter 14, problem 6.9 . . . . ... ... L 242
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3.9.19 chapter 14, problem 8.4 . . . .. ... ... 74
3.9.20 chapter 14, problem 8.5 . . . ... ... ... ... . 276l

3.9.1 chapter 14, problem 6.5

Problem Find Laurent series for f(z) = Z;—il around z =1

Solution

There are two poles z = +1. Hence the expansion around z = 1 will extend around z =1
up to the next pole, at z = —1. So it will make a circle centered at z = 1 and radius 2.

region of convergence

-

Radius = 2
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Method one
Let

g(2) =(z-1)f(2)
=(z-1)

eZ

(z-1D(z+1)
eZ
C(z+1)

Now g(z) is can be expanded around z = 1 since it is analytic at z = 1. Using Taylor series.

/(2) = e“(z+1)—¢*
g (z:+1)2
npy = EEFDHE ANt 12— (¢(z +1) - ¢)2(z +1)
§ B (z+1)4
Hence
L.\ 2e—e e
§W=——=1
1) = (e +e—e)4) — (2e —e)2(2) 3 % e
$0= @ "7

Therefore, Taylor series for g(z) around z =1 is

’” 2
@) =g +gM-1) + M N

_§+4(Z 1)+ (z 1) + -

But f(z) = (g( 1)) hence

2 4

e e
T 2z-1) _"(z D+

f@) = 1)(e+ -1+ -1 )

Method two

In this method, and when the expansion is about a point z; which is not zero, it is easiest
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to use the substitution u = z - z; first. Hence u =z -1 or z = u + 1 and now f(z) becomes

And now we can expand

(1+3)

f@) =

eu+1

eu+1

u2 +2u
eu+1

- u(u + 2)
u+1 1

u u-+
u+1

e

e

u+1)>-1

2

1

T

or-2<z-1<2or-1<z<3. Hence (1) becomes

2
u
Bute”:1+u+g+

ﬁ(

1

u
2

d

2
l+u+—=+—+--

u

2

2!

f@) =

3

g

3!

u

2

u+1

2u

)3+...)(
|

2

Replacing u back by z —1 gives

f2) =

e

2(z-1)

d

|

ur
1+u+—+—+--

2! 3!

u>

+
NI
+

1-=+

u u

5

2

2!

3

2y

u

J -

u

2

3!
4

|

1+u+—+—+--

(1)

. . . . u u
using Binomial series for |§| <lor-1<-<lor-2<u<2

)3+...)

" .
ETRRY hence the above can be written as

Hence residue is ~. The above is valid for -1 < z < 3. Or |z—1] < 2. The above is the
same answer found using method one. Method one is more direct, but requires lots of
differentiations to find the Taylor series for g(z).
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3.9.2 chapter 14, problem 6.6

Problem Find Laurent series for f(z) = sin(%) around z =0
Solution

Since expansion about zero is

¥ 0 X
sm(x):x—§+§—ﬁ+---
Then
Y111 1,
sin[-]=-- -
z] z (@BHz2 (BHzZd (7))

Residue is 1. Since the series contains only the principal part and no analytical part and
then number of terms with negative powers is infinite, then z = 0 is an essential singular-

ity.

3.9.3 chapter 14, problem 6.7

. . sinmz 1
Problem Find Laurent series for f(z) = o around z = 5
Solution
1sin 7z
fl2) =+
4.2_1
S
1 sinmz

= S M

(==

Let us first consider g(z) = . When we have the expansion about point z; not

1
AT
2)\**2
- . I : 1 1
zero, it is easiest to use the substitution u = z — z; first. Hence u = z — Sorz=u+; and
now g(z) becomes
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Hence (1) becomes

fle) = § sin(e2)g(@)

1 1, 1 1\
_Zsm(nz)z_%— +(z—§)—(z—§) + e

. . 1
Now we expand sin(7z) but remember to expand it around z = 7. The above becomes

2 4 2
f(Z):i(l—%nz(z—%) +21—47z4(z—%) —...](zi%—1+(z—%)—(z—%) +]
11 1 1 1
_Zz—§_1+(1_§)(z_5)+m

. .1
Hence residue is T

3.9.4 chapter 14, problem 6.9

Problem Find Laurent series for f(z) = 1(+C0jzz around z = 1
zZ—T

Solution

We just need to expand cos z around z = 7 here. This gives
1 1
cosz=-1+ E(Z - n)z - E(z - 71)4 + ..

Hence f(z) becomes

Residue is zero.

3.9.5 chapter 14, problem 6.8

Problem Find Laurent series for f(z) = ﬁ around z = 2
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Solution

1
16 =3z
Letu =z-2orz=u+ 2 and the above becomes

1
f@) = (u-1u

=_71(1iu)

= —(1+u++ud+-
B )

[Freeree)
=—|l-+14+u+u+--
u

But u = z — 2 hence the above becomes

f(Z):_(zi—Z +1+(z—2)+(z_2)2+...)

:Z__z—l—(z—z)—(z—zf—---

Reside is —1.

3.9.6 chapter 14, problem 6.15

Problem Find residue atz = ~ and z = %for f(z) =

1
2 (1-22)(52-4)

Solution
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1 1
Residue(—) =lim|z - = |f(2)
2 ] 2
y 1 1
= lim|z - =
. % 2)(1-2z)(5z - 4)
, 1 1
= lim|z - =< -
i\ 2 (2(5 - z))(5z — 4
, 1 -1
= lim|z - = N
Z—)% 2 (2(2 - E))(SZ - 4)
lim —
= lim
. 2(5z - 4)
B -1
=~
2(+(3)-4)
_L
-3
And
4 4
Residue(g) = il_I)I% Z-3 f(z)
5
1 4 1
=lim(z- =
Z_);g 5/(1-2z)(5z-4)
4 1
=lim|z- = "
—i3\ - 2z)5(z - g)
1
=li
z—>§ 51 —22)
3 1
- 4
s(1-2(3)
B -1
=~
2(5(z)-4)
1
3
3.9.7 chapter 14, problem 6.19
s in?
Problem Find residue at z = > for f(z) = Sz.z—;
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Solution

2

Resid (71) I (z n)sin z
i —)=limlz- =
) T A T2 )
1 ( n) sin? z
=lim|z -~ —
25 2 2(2 - E)
sin? z
= lim
z—>§ 2
2(7C
_ Sm (E)
2
1
2
3.9.8 chapter 14, problem 6.23
: . 2i iz
Problem Find residue at z = 3 for f(z) = ;ﬂ

Solution
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3.9.9 chapter 14, problem 6.31

e37-3z-1
4

Problem Find residue at z = 0 for f(z) =
Solution

Pole is of order m = 4, so we use the formula.
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dml
Residue(0) = Iin 0( )|(—( -0) f(Z))
1 (d e -3z-1 3z 1
=lim g —3( ))
1(d®
— T 3
- tim (e -21)
1(d,
— 1; Z
—211)1(1)5 22(3e 3))
1(d
— 13 1 20,3z
_ilg(}?;! Z9e )

-ty )

27

N1 |

3.9.10 chapter 14, problem 7.4

2 2
Problem Evaluate I = £ ’ 5?3110(;

Solution let z = ¢ then

dz = ie'?do
dz
d@ = ze?
dz
= —1—
z
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Hence d0 = —i%. Now using

sin? 0 = 1 — cos(20)

2
ei26+e—i29
-5
- 2
224772
-5
B 2
2-72-772
_ 2
2
1
~ 272 2
B 4
~ 272 — 74 -1
B 472

And

Then the integral becomes

21 sin? 6
(= [
o 9+3cosO

272741
=
z+z71 z
5+3( > )

272741

=-if : ( 4ZZZ+Z_1))dz

5+3( >

o 2e2-2t-1)
=i 2(10+3(z+27))
—i [ 22%2-z* -1
— )iz
2 23(10z+3(22+1))

z

—i 272 — 74 -1
= — dz
2 zz<102 + 322 + 3)
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Using residue theorem,

222 -z -1
56 el dz = § f(z)dz
22(102 +322 + 3)
= 271 E residues of f(z) inside

Hence
i 272 - 74 -1 0
2 22(102 +322 + 3)
= S [2mi Y R(fE)]
= -1 ), R(f(2))
=1 Y R(f(2))
Now we need to find residues of f(z)
222 -z -1 _ 8@
2(10z+322+3) &=

factoring h(z) = z2(3 + z)(1 + 3z) gives

gl 222-z4-1
f&=e = 26 +20+32)

Need to find residue inside a unit circle. 3z = -1 or z, = —1/3 is inside the unit circle, also
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z1 = 0 is inside the circle

_ ¢(2) . 1\ 2z2-z4-1
lim (z - 20)52 = 1 -
l)mo(z 20) b4 z—>lr—r}/3(z - 3)z2(3 + z)(1 + 3z)

27221
m —:""
z— -1/3 3z2(3 + z)

2
_ 9 8 1
1 1
3(3)(3-3)
18-1-81
_ 81
T (1)[9-1
3\ '3
—64
_
(§
9
_ -8
9
To find residue at zero, since it is order m = 2
. 1 gt (z) - 1 222 - 74 -1
Lty T T L 1)2§( ) 0 2- 1)@( 28 1
! : Z2(3 + z)3(§ + z)
d 22241
= lim — N
2204z (34 2)3(5 + z)
d 222-7z4-1

20 dz3 + 10z + 322

—lim (42— 42°
T A

0) + (-1 10
=20+ (- )(())< )
10

(222 -z -

-1

”[(

3+10z + 3z2)
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Hence
= —_z 272 — 74 -1 s
2 22(102 + 322 + 3)
=7 Y} R(f(2))
10 8
=7 — — —
9 9
Therefore
I 21 gin 0
~J, 5+3cos6
2
= 9n

3.9.11 chapter 14, problem 7.5

Tt de
Problem Evaluate £ T for0<r<1
Solution
Since even function then,
do 1 2r do

0 1-2rcos@+r2 2 o 1-2rcosf +r?

-1 . .
Using cos 0 = % and z = ¢/ then dz = i¢'%d0 = izd6. The integral becomes
dz

2561 2( )+ 2 12

3 iSE 1 dz
2 C 1—r<z+§)+r2Z

1
- __156 - r(22 + 1) + zrzdz

1, 1
=——i 5 2clz
2 J Z—1Z—71+zr

1 1

:—Ei 2 2 dZ
- Z (—r)+z(1+r)—

1i 1
:—156 N dz
ZrC zz+z(_7—

C

11 1
=59 md

251



39. HW 8 CHAPTER 3. HWS

Since |r| < 1 then only pole inside the unit circle is z = r. We do not need to find residue

1
for the pole at z = - since it is outside. Hence

I= i2711' Residue(r)
2r

= ? Residue(r)

Where f(z) = ——— for purpose of finding residue.

1
Residue(r) = lim(z - ¥)———
z—7r 1
(z- r)(z - 7)
1
= lim

z7 ( 1)
Z_ —_—
’

Hence

3.9.12 chapter 14, problem 7.12

o 42
Problem Evaluate £ mdx

Solution

0o x2 1 oo 2
The integrand is even. Hence I = £ x;i Zdx = 3 f ﬁdx. First we find location of
—00

poles. These are roots of
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¥*+16=0
xt=-16
1
x = (-16)4

= (16)i(-1)
= 2(-1)i

1
To find (-1)4, we write it as
1 1
(_1)1 — (ein)4
l.(n+2nn)

— ¢ 3 n=0,1,2,3

Therefore the four roots are X s ,
LT . . .
1— 1-TC 1-TC 1—=TC
2e'4,2e4,2e47,2¢4

+iZ  xiom
2e4,2e 4

Now we use the following contour to do the integration, such that the upper half circle
include inside it the first two roots above, since these are the only ones in the upper half

plane.

9§ f(z)dz = 2mi Z sum of residues inside
C
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Where C above is the contour from —R to +R and around C, as shown. So all what we

. TU
need to do now if found the residues. There are two poles inside C. These are z; = 2¢'%

.3
and z, = 2¢'t". Therefore using

Residue(z;) = Zh_)r? (z-2z1)f(2)

Residue (ZeiZ )

Applying L'Hopitals rules gives

Residue(z;) = limn

Similarly

Residue(z,)

Residue (ZeiZ )

22

zt+16
73 — 2727
zt +16

LT
lim (z - ZelZ)
LT
z—2¢'%
lim

LT

i
z—2e 4

in
322 — 4z¢%

i 423
z—2e 4

T 2 T in
3(251) —4(2e12)e1
T\ 3
4(2e11)
1267 - 8¢"2
- 3
326/ %
461'%

3261
1z
= —¢ 4

8

(1)

Zlgg} (z -22)f(2)
2

4 +16

3
. 1—
lim (z —2e 4”)
.3
720 4"
i§n
73 — 27261

lim
3 z4 416

=7
z—2e 4
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Applying L'Hopitals rules gives

, o 322 -4z
Residue(z;) = llm e
z—2¢'4
2
3(2e14”) —4(2e’4”)e14”
- 3 \3
4(2e11”)
.3 .3
12¢'2™ — 8¢'2"
32617
4el§ﬂ
32¢'1"
[(3m 9
_ L5
— le—iin

From (1) and (2) then
1 =18
ff(z)dz = 2ni(§e T+ 5¢ l4n)

= Zni(—%i\/i )

1 2
=—-V27
4
Therefore, since
R 2 2
dz = li dx + li
fﬂz)z Rowd 21167 TR g A+ 16
Then
1 R 2 72
-V27m = lim 1 dx + lim
4 R—ooJ_p X +16 R—eco J o Z4 +16
ZZ

The only thing left is to show that limg_,, I;R 1e

(2)

(3)

dz

dz = 0. Let z = R ie?, then = = Rie'?,

de
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therefore the second integral above can be written as

N2

2 n  R2 (iezﬂ) '
lim [ iz = lim [ ——Riedo
oo dep 22416 R Jo (Rigio)” 116

= lim " R (iel@)z

—— 7 _jeif40
R—oo Jy R4ei40 +16le

As R — oo the integrand goes to zero, since the numerator has R® and the denominator
1

3 L
has R%. In other words, % or R—416 which goes to zero as R — oo. Hence (3) simplifies
. 1+F
0
R 42

—V2m=li —d

2T e

2

X 1
——dx = -V2
f_m AT

Therefore

xt+16 8

) 2 1
[ =2 - i
0

3.9.13 chapter 14, problem 7.18

Problem Evaluate
[ f"" COS TIX p
= —_—aXx
0 1+x2+x4

Since this is an even function then

Solution

0 COS X 1 > cosmix
— dx = - —dx
o T+x2+x4 2J o 1+x2+x4
1 ) einx
=—Ref ﬁdx (1)
2 oo L+ x5+ x

Now consider the contour shown
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ASz

Cr
> iz
—R +R
Then considering the integral
I= 56 F(2)dz
R einx einz
= li f ————dx + f ———d 2
Rgrolo( _R1+x2+x4x cl+z2+24 Z) 2)
But by Cauchy theorem,

271 Z residues of f(z) inside contour = 56 f(z)dz

The second integral to the right in (1) can be shown to go to zero as R — oo (See below).
Hence the above simplifies to

R iTTX

. . L . €

27t 2 residues of f(z) inside contour = lim ——dx
RoooJ_p 1+ x2+ x4

(3)

Now we need to find residues of

f@) = —

142244

Looking at 1 + z2 + z%, let z2 = B, then find root of 1 +  + 2 = 0, the roots are

-b+Vb?2—-4ac -1++1-4

2a 2
3 -1+ i\/§
=—
Hence ' '
(ﬁ _ -1 +21\/§ )(ﬁ _ -1 —21\/5) ~0
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Replacing z% = B gives

0
2 2

(zz . ﬂ)(zz . ﬂ)

2 —1+i\/§

looking at each term. z= — —

= ( results in

_ b=+ Vb2 - 4ac

zZ =
2a

0+ \/o - 4(—‘“2”5)

B 2

/—1+i\/§
2

-1 i3
_+_

2 2

Il
H+

I
H

Hence the first 2 roots are

-+
2 2 2 2

-5

= 0 results in

Now to find the second 2 roots, looking at second (z2 -

b=+ Vb2 — 4ac

z= 2a

Hence
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So the poles of f(z) are
-1 i\/§
R
(1 1\/5)
2=3% 7
1 i
23:(5_5\@)
1 i
Z4—(—E+E\/§)

Now need to find which ones are inside the contour. Need the poles with a positive
imaginary parts. Hence looking at above, these are z, and z4. To find the residue of f(z)
at Zn

1 N i\/§ D iz

Zeinz _ (l + ﬂ)einz
2

= i 2
T5h T 1422+
Applying L'Hopitals
ez + imze™ — in(1 + ﬂ)einz
Residue(z;) = lim —
zZ—7p 2z + 473

iV3

i 1+£) : i(1+i) ; i(—+—)
S I e IR L

Now to find the second residue
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l7'(Z

Zli_{?z(z —24)f(2) = Zh_)m (Z - (__ s \/—))1 +2z2+24
pinz (__+ z\/_) inz
= lim

224 1+22+24

Applying L'Hopitals

. . . . 1 l .
' + iTze'™ — zn(—z + Ex/g)emz

Residue(z;) = lim

257 2z + 423 |
ein(_%+2\/_) +z7'c(—— + - \/—) ( % \/_)—in(—%+é B)ein(_%%ﬁ)
. 2(—%+% 3)+4(——+i 3)3
5 (V3 +i)
B 3+3

The above is the second residue. Hence Sum of residues is

iexp(—%) iexp(—%) . 73 1 1
iV3-3  i3+3 _leXp(_ 2 )(i\/§—3_i 3+3)
73 \( (iV3 + 3) - (iV3 -3)
2 ( (V3 -3)(iV3 + 3) )

= iexp V3 (_36 )

-9

= iexp|—

Now, from (3) we obtain

+R iTx ;
lim —C  dv=2ni (—% exp(—i]]

Roood g 1T+ x2 +x* 2

n\/§)

=T exp(— T
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Taking the real part of both sides above gives

f“’" COS TIX gy = [n\/_)
————dx =1 exp|———

14+ x2 + x4 2

Using the above in (1) gives

©  cos X t  cosmx
0 1+x2+x4 2f 1T+x2+ 24 ax
V3
ol 18]

What is left is to show that limg_, £ e f(z)dz = 0. To do this, we use Jordan Lemma,

which says that integral limg_,, L eimz f(z)dz — 0 if | f (z)|max — 0 as |z| — co. But

1
o R L+ 22 + 24

hm |f z)|

min

= lim ! 1
A (Re®) + (R e)

min

= lim ———
R1—>ool+R2+R4
1

B
Rﬁwﬁ‘i‘ﬁ‘i‘l

0

1

=0

Therefore limpg_, ., Lei’”z f(z)dz = 0, which is all what we needed to show to complete the
solution.

3.9.14 chapter 14, problem 7.20

Problem Evaluate
®©  Ccosx
= [T
0 (1+9x2)
Solution consider
eiz
—zdz
(l + 922)
over the contour shown.
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> Rz

By Cauchy theorem,

iz
56 e—zdz =27 Z residues of f(z) inside contour
(1 +922)

But ] . )
§ elZ +R 11X elZ

& - f I f g

(1+92) = (1eo2f  Je(leo2)]

1+ 922)

second integral to the right above can be shown to go to zero as R — oo as was done in

earlier problem. Hence

oi% +00 elx
§ ———dz = f ——dx =2mi Z residues f(z)
(1+922) > (1+922)

+00 ezx
f ———dx =2mi E residues f(z)
—00 (1 + 9x2)

Now we need to find residues of

¥4

el
f@=———
(1 + 9z2)
Looking at
1+9z2=0
72 = 1
9
i
zZ=zx=
3
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Hence the poles of f(z) are

i
Zy=—=
3
i
Zy = +=

’ . 2 2 2
Eachis of order m = 2. Hence, (1 + 922) can be written as (9(2 - é)(z + %)) or 81(2 - é) (z + é) .
Therefore ‘

1 eZZ
f(Z) - 8_1 ; 2 ; 2
(-3) (+3)

Now need to find which ones are inside the contour. Need the poles with a positive
imaginary parts. Looking at above, z, is the pole we need to find residue for. Hence, to
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find the residue R of f(z) at zp, using m = 2

. dm—l -
K=l G -Diaz o~ 2 /G
= lim —(z—2,)" —
72—z dz Z 81 (z- Zl)z(z - 22)2
1 1 d eiZ
= - lmm-—-——-
81 z—z dz (z — 21)2
1
= — lim

— N4 + iz -2
81 z—z, (z—Zl)Z(Ze ) +e (

)
(z-z)
_ L(;(ieﬁz) . [2;])
- 8 (zp - 21)2 (zo - 21)3

_ _elzz( i 2 )
2 3
81 (zp —z1) (z2 — 71)

_ 1 ei% i 2
B 81 i i 2 1 i 3
G- (-(5)
1 X 1 2
= —e3|—— - ——
81 2i\>  (2i\°
& ()
1 (-9 54
= —e3 —+ —
81 4 8i
1 2({-18i—54i
= —e3 | —
81 8
1 2
= 8—163 (—91)
Hence
1. 22
R =——1i¢3
918
Since

f+oo elix
—oo (

dx = 27 2 residues f(z)
1+922)
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Then

too el 1,1
[ el )
o (1+9x2)
1 -1
== 271(67)
5
2 (2
= —7-((3 3 )
9
Taking the real part of both sides above gives

T cosx d—2 %1
[ Sl

1+ 9x2)

. COs x . .
Since ——; is an even function, then

(1+9x2)
+00 +00
f ST x=2 f 8T
o (1+922) 0 (1+922)
)

ol L

T
9

3.9.15 chapter 14, problem 7.29

Evaluate the following integral. Find principal value if necessary

* gin ax
I:f dx
0 X

consider

over the contour shown.

>Rz
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The contour avoids the singularity at z = 0, hence by Cauchy theorem,
iaz

9567d2=0

since f(z) is analytic on and everywhere inside the contour. Then

—r zax az +R ezax z'az
—dz—O f —dx+f—dz+f —dx+f—dz

X
iz X Lo d .
Looking at f %dz letz = re'?,dz = 1re’6d8,;z = 1d0, then
Cl
elllZ
[—dz = fe””el@ ido
¢ z
Asr —0,¢ " rel® _, 1, hence
eiuz 0 0
[—dz— [ido =[i6] = -
’ Z b T
C
Hence,asr — 0 and R — oo

—0 zax +00 eiux ez’az
0= f —t:lx z7'(+f —dx+f—dz
w0 X c %

But f ?dz — 0 as R — oo as from before and as shown in book page 603. Hence

—0 zux +00 eiax
0= f —dx im+ f —dx
+0 X

emx +00 eiax
in= f —dx + f —dx
X +0 X

—00

+00 eiax
in = f —dx
X

—00

Equating imaginary and real parts part of the above equation

. + cosax + isinax
i = X

oo X
Hence

0 sin ax

f+ ® cos ax
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sin ax sin(—ax) —sinax sin ax

Now, — isan even function, since f(-x) = —— === f(x). Therefore
+00 i +00 i
sin ax sin ax
T = f dx =2 f dx
—0 X 0 X

And

00 gin ax e
dx = —
0 X 2

3.9.16 Chapter 14, problem 7.30 part (a)
Evaluate the following integral by the method of example 2

Sl |
sz d
0 1+x4x

First, let me find what function we have.

1
()= ——
f 1+ (—x)4
_ 1
14+ ()4
= f(x)
Hence an even function. Consider .
9 1+24 2
over the contour shown.
ASz
C,
>Rz
R +R

Hence

1 R ] 1
§ dz:f dx+f dz
1424 R 1+x* cl+z4

= 2mi Z residues f(z) inside
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AsR — oo, f %dz — 0 as shown before and as shown in book page 603. Hence
e 1+z

1 teo
4;1 +Z4dz = f_oo 1 +x4dx = Zninesidues f(z) inside

—+00 1
f 1t dx = 2mi E residues f(z) inside

Now to find residues of

1
f@ 1+ z*
At poles inside C. Finding roots of polynomial 1 + z* = 0
zt=-1
1 . 1 i(n+2nn)
z=-1i = ()" =¢" n=0,123

Hence the roots are

[y

i(n)\4 (,—i(m+2m) 411 —i(t+4m) 411 —i(1t+677) 411
()", (), (e, (o)

The poles are
2 = o)
2 = 67
= i)
o

Out of these zeros, we want the ones with positive imaginary parts since those are the
ones inside the contour. From above, those are z; and z,. Therefore to find residue at z;

. 1 g
215?1(2 —z1)f(2) = 2152(2 e 4)1

+ z4
_ 1 z-— ei%
=
Applying L'Hopitals
: 1
Residue(z;) = Zh_)rgll e
1
REVIETE
4(611)
_ L%
4
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Now we find residue at the other pole, at z,
li — 1 i%n 1
lime @) = )
.3
z-e'i"
= lim
-z 1+ 24
Applying L'Hopitals
Resid = li !
esidue(z;) = Zg?l e
1
4(6117'[)
1 _om
= — 4
1€
1 4=
= — 4
1€
Hence sum of residues is
1 _;3n 1 _lg

. —1—
residues = —¢ 4 + —¢
2 2T+

Therefore

+00 1
f o 1+ dx = 2mi )] residues f(z) inside

2'_2'
= ZTll 1
4

Therefore
f+oo
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3.9.17 chapter 14, problem 7.45

Problem determine in which quadrants the roots of the following equation lie
f@)=22+22+z+4=0

Look at f(z) in the first quadrant, put a contour as shown in figure,

Q

And using theorem 7.8, which says

1
N-P= ﬂ(change of angle of f(z) around contour)

Where N is number of zeros of f(z) INSIDE contour, and P is number of poles of f(z)
INSIDE contour. The main idea is that we want to see how much does the argument
changes as the complex number is mapped by f(z) from z — z% + z2 + z + 4, then using
7.8 theorem this will tell us the number of zeros in the first quadrant. From this was can
tind where the other 2 roots are.

First, along path OP, f(z) is real and equals x> + x* + x + 4 which is always > 0. On path
QO, i.e. on imaginary y axis,
NS N2 . .
f(z) = (1]/) + (1]/) +iy+4=-iyP —y? +iy + 4
=iy’ +y)+(4-¥)
If this to be zero, then (4 - yz) =0, or y* = 4, or y = £2.Then looking at the imaginary
part of f(z) which is (—y3 + y) and substitute these y values, we get , when y = +2,
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(—23 + 2) = -6 # 0, and when y = -2, we get (—(—2)3 - 2) =6 # 0, hence f(z) is not zero
on OP and not zero on QO.

Now on the arc PQ, we can make the radius as large as we want to contains all zeros
of f(z) inside, so to make no zeros on PQ or outside. So, now we need to find the angle

change of f(z). on OP, z is real x, so any point on x is mapped to a point on x , hence no
argument is changed, i.e. angle change is zero by the function. On arc PQ write z = re'?

so mapping of f(z) results in

13 N2
f(z) = (reze) + (relg) +rel? +4
13 N2
= (rele) + (rele) +7ref + 4
= 13639 4 126210 4 rel? + 4

. . / TT
For very large radius r, r*term dominates, and so f(z) = r3e%9 50 as z moves from 0 to >

the change in angle cause by f(z) will be 30 or 3 x g = 3771 On QO, i.e. the imaginary axis,
z = iy then

f@) = (iy) + (i) +iy+a=i(-p+y) +(4-17)
Hence in the w domain, i.e. looking at the output of w = f(z), the angle that the complex
(v-v°)
(+v2)

For very large y, tan® = —y = —co and from above we see that the angle start at 3771 when
y is very large. now we decrease y as we move down to the origin and see how the angle
=)
()’
negative, this is until y — 4> = 0, or y = 0 at which time the angle is 27 (note the final
angle is 27, for arctan 0 and not angle of zero, since the tangent was negative when we
started and continued to be negative but smaller and smaller, hence the final angle is 27).

number w makes is tan ©® =

changes. Looking at tan® = as y get smaller y — 1> becomes smaller but remains

Since we got to y = 0, this completes the contour. So angle change is 27. From

1
N-P= Z—(Change of angle of f(z) around contour)
U

And since poles of f(z) do not exist (it has no denominator), then

1
N=—@2n)=1
2n(n)

Hence f(z) has ONE zero in the first quadrant. Now using the same argument as on page
611 of text book, we know that a polynomial of real coefficients, when it has a complex
root, then they come in conjugate pairs, hence the second complex root will be in the 4th
quadrant (since when take a conjugate of a complex number in the first quadrant, we get
a complex number in the fourth quadrant).

271



39. HW 8 CHAPTER 3. HWS

Now since a 3rd order polynomial must have number of zeros as its order, then the 3rd
zero must be real (it can’t be complex since complex roots come in pairs). In addition
the third root(the real root) must be on the negative x-axis to make x> + x?> + x + 4 a zero
quantity.

3.9.18 chapter 14, problem 8.15

Evaluate the following integral by computing residue at co check answer by computing
residues at all finite poles.

$ z% dz
(2z+1)(22+9)

around [z| = 5, where in the above, the circle is going in the positive direction, i.e. anti-

clockwise. We know that
b fo=- § o

clockwise anticlockwise
around zero around oo
but 56 f(z) = 2mi Yresidues of f(z) inside circle, therefore § f(z) = —27'ci(residues f(z) at oo)
clockwise clockwise

Hence we need to find residue of f(z) at co. We know that residue of f(z) at oo is residue
1 (1
of -5 f (;) at zero. Therefore

L f(z) _1_ e
2°\z)  2a/2) +1)(/2) +9)

1 1
z! (2— 4 1)(l2 N 9)
ya ya
11
T o4 (242 [ 14922
Tz z2
1 z3
22 +2)(1+922)
B -1
z(2 + z)(l + 922)

So we have a simple pole at z = 0, hence residue of the above function at zero is

-1 -1
lim z = —
=0 z(2 + z)(l + 922) 2

Hence
Z2 dz

2z + 1)(22 + 9) - —27'(1'(7) =

$
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To find the same integral by standard method, we write

Z2 dz , _
§(22 + 1)(22 + 9) =27 Z residues f(z)

-1 .
Poles are at > and at z = £3i. Notice that all poles are inside |z| = 5 so must add residue

. -1.
of f(z) for each pole. Residue at —is

22
lim (z + —)
i\ 2/ z+1)(22+9)
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Residue at 3i is

z2 z2
lim (z - 3i = lim (z - 3i
lim(z = 31) (22 +1)(2 +9) iz = 3 G D= 30 + 3)
2
= lim z

253 2z +1) (z + 30)
~ (3i)
~ (2(3i) +1) (3i + 3i)
9
(61 +1)(60)
-9
—36 + 6i
-3
—12 + 2i
-3 [-12-2i
- —12+2i( —12—21')
36 + 6i

144 +4
_ 36+6i

148
3 18 + 31

74

. . 18-3i : . .
Hence the residue at the last pole will be 71 symmetric. Hence sum of residues is

18-3i 18+ 3i 1_18+18+1

+ N

74 74 74 74

3 37

74

Hence

Z2 dz 37
§ = 21—
(2z + 1)(z2 + 9) 74

=701

which agrees with my answer earlier using the residue around oo approach. I think the
approach using residue around oo required less effort to do.

3.9.19 chapter 14, problem 8.4

Problem Determine if oo is a regular point, essential singularity or a pole (and of what

order) and find the residue
2z+3

(z +2)°

f@) =
274
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Solution We start by doing the transformation w = é and examine the function f(w) at
zero.
1
e =1(3]
21 +3
Z

2
l+2)
z

2+3z

—_

_ Z

1+2z 2
z

2+3z

—_

_ Z
(1+22)%
22

_2(2+32)
A +22)

Atz=0,f % = 0, hence f(z) is a reqular function at co. To find the residue at co, we want

to find the residue of
1 1
_ 5 fl=
(z - 2p) z

at zg = 0. The term —

? comes from doing Z = 1/z, dZ = —ledz. Hence, we want to the
Z—Z
residue of ’
1 1 1 z(2 + 3z)
- 2 2] =1 2 2
(z —zp) z (z=29)" /(1 +22)
B (_ 1 )2(2 + 3z2)
22)(1+ 22)2
_ —(2+32)

z(1 + 22)2
To find the residue of —22)

12 at 0, we see the function has a pole of order 2 at -1/2 and a
z(l+2z
simple pole of at z = 0, therefore

residue = hm(z)—(Z—-i-Sz;
=0 z(1+2z2)
_ =(2+3(0)

C(1+200)°
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2z+3

2atoois—2
(z+2)

residue of

3.9.20 chapter 14, problem 8.5

Problem Determine if oo is a regular point, essential singularity or a pole (and of what
order) and find the residue

o1
f(z) = sm;
We start by doing the transformation w = % and examine the function f(w) at zero.
1
f(w) = f(g) =sinz
atz=0, f (2) = 0, hence f(z) = siné is a regular function at co. To find the residue at oo,

(_(z —1zO)2 )f (é)

atzg = 0. The — L > term above comes from doing Z = 1/z, dZ = —ledz. Hence, we want

(z—20)
1 1 1 ,
(_(z —zO)z)f (5) ) (_(z —zO)z)smz

to the residue of
1

= ——sinz
-2

we want to find the residue of

1
To find the residue of = sinz at 0, we see the function has a pole of order m =2 atz =0,
hence
1 m—1
m-1 zh—g}) dzm-1

LA ol 1)
Zl_)r% dz(z Zp) 2 |sinz

residue =

(z-20)"f(2)

. d .
= lim — —-sinz = lim —cosz
z—z0 dz z—79

= —COS 2
= —cos0
=-1

Hence

1
residue of sin—at cois —1
z
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3.10.1 chapter 14, problem 9.2

For following function w = f(z) = u + iv find u and v as functions of x and y. Sketch the

graphs in the (x,y) plane of the images of u = const and v = const for several values of u

z+1
and several values of v where w = -

z+1 x+iy+1 Z.x+z'y+1 _—ixty-i Y ny -1-x
2i 2 2 2 2

Answer letz = x + iy, hence w = — = T) So, since

w=u+ivthen u = g and v = (%) Then u = C, where C is a constant, gives the

equation % = C. Which is the equation of a straight line y = C.

v =constant, gives the equation (%) = C, gives the equation of the straight linex = C-1.

These two equations are plotted for few points. The following shows the plots generated
for the mapping from the z-plane to the w-plane, and then the image of u=const and the
image of v=const back into the xy plane.
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Output from HW#9, problem
9.2 chapter 14
by Nasser Abbasi

- HlE

1 “.
ux,y) ==
(o) =5

|
| =
|
[

vix,y)=

Mapping of f(z) from the Z plane to the W plane.

)

Showing the images of U and V on the Z plane (the X,Y plane). The DASHED lines are the image of the
equation U=const, and the solid lines are the image of the V=const equation.

3.10.2 chapter 14, problem 9.3

For following function w = f(z) = u + iv find u and v as functions of x and y. Sketch the
graphs in the (x, y) plane of the images of u = C and v = C, where C is constant, for several

1
values of u and several values of v. w = .

. 1 1 1 x—i x—i x —i .
Answer letz = x + iy, hencew = - = — = — 2 = 2Y - =4 Y Hence, since
E— z x+zy x+iy x—iy  x2+y2 x2+y2  x +y

w=u+ivthen u= — and v = - Then u = C gives the equation —— =C
X<ty x +y +y

_ . . -y
v = C gives the equation T = C

These 2 equations were plotted for few points. The following shows the plots generated
for the mapping from the z-plane to the w-plane, and then the image of u = C and the
image of v = C back into the xy plane.
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Analysis for problem 9.3 chapter 14
Mary Boas text book.
by Nasser Abbasi

S I

Showing the images of U and V on the Z plane (the X,Y plane). The DASHED lines are the image of the
equation U=const, and the solid lines are the image of the V=const equation.

3.10.3 chapter 14, problem 9.4

For the function w = f(z) = u + iv shown below, find u and v as functions of x and y.
Sketch the graphs in the (x,y) plane of the images of u = const and v = const for several
values of u and several values of v. w = ¢*

Answer let z = x + iy, hence w = ¢ = "W = % = ex(cosy+ isiny) = e*cos(y) +
i e* sin(y). Therefore, since w = u +iv then u = ¢e*cos(y) and v = e*sin(y). Then u = C
gives the equation e* cos(y) = C and v = C gives the equation ¢* sin(y) = C

These 2 equations are plotted for few points. The following shows the plots generated
for the mapping from the z-plane to the w-plane, and then the image of u=const and the
image of v=const back into the xy plane.
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Analysis for problem 9.4 chapter 14
Mary Boas text book.
by Nasser Abbasi

f=e

x
ufx,y)=-e" cos(y)

vixy) = e’ sm(y)

Showing the images of U and V on the Z plane (the X,Y plane). The DASHED lines are the image of the
equation U=const, and the solid lines are the image of the V=const equation.

3.10.4 chapter 14, problem 9.7

For the function w = f(z) = u + iv shown below, find 1 and v as functions of x and y.
Sketch the graphs in the (x, y) plane of the images of u = C and v = C for several values
of u and several values of v. use w = sin(z)

Answer let z = x + iy, hence

w = sin(z) = sin(x + iy)

= sin(x) Cos(iy) + cos(x) sin(iy)

But cos(iy) = cosh(y) and sin(iy) = isinh(y), therefore

w = sin(x) cosh(y) + cos(x)i sinh(y)

Since w = u + iv then u = sin(x) cosh(y) and v = cos(x) sinh(y). Then u = C gives the
equation

sin(x) cosh(y) = C
280



3.10. HW9 CHAPTER 3. HWS

And v = C gives the equation
cos(x) sinh(y) = C

These 2 equations are plotted for few points. The following shows the plots generated
for the mapping from the z-plane to the w-plane, and then the image of u=const and the
image of v=const back into the xy plane.

Analysis for problem 9.7 chapter 14
Mary Boas text book.
by Nasser Abbasi

Z plane
f(2) = sin(z) R
kil
ufx,v) = sin(x ) cosh(y) I
1

v(x,y) = cos(x ) smh(y)

Mapping of f(z) from the Z plane to the W plane.

Image ol v—const, v—const ks dillerent constants

Showing the images of U and V on the Z plane (the X,Y plane). The DASHED lines are the image of the
equation U=const, and the solid lines are the image of the V=const equation.

3.10.5 chapter 7, problem 3.4

Draw a graph over a whole period for f(t) = cos(2mt) + cos(4mtt) + % cos(67tt)
Answer First, find the period of the above function. A function is periodic with period p
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if f (t + p) = f(t) for all . We know that cos(nt) has the same period as cos(nt + 2nm) for
n integer, since the function cos(x) has a period of 2mt. So a period of f(t) is 27 since it is
the sum of cos(x) functions. To plot this function, we plot each of its components over the
same period of 27 and then sum them together.

This plot below shows the result
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Analysis for problem 3.4 chapter 7

Mary Boas text book. plot of cos{2 PiR)
by Nasser Abbasi 1

283



3.10. HW9 CHAPTER 3. HWS

3.10.6 chapter 7, problem 3.6

Draw a graph of f(x) = sin(2x) + sin Z(x + g) what are the period and amplitude? Write
as a single harmonic.

Answer

Since sin(x + y) = sin(x) cos(y) + cos(x) sin(y) then
'2(+n)—' 2x + 2] = sin(2x) cos| 27t) + cos(2x) sin =
sin2\x + — | = sin| 2x + 27| = sin(2x) cos{ 77| + cos(2x) sin| =7

Hence
f(x) = sin(2x) + sin Z(x + g) = sin(2x) + sin(2x) cos(%n) + cos(2x) sin(%n)

2 1 . (2 3 )
Now cos(gn) = and sm(gn) = % so above can be written as

f(x) = sin(2x) - % sin(2x) + ? cos(2x)

f(x) = %sin(Zx) + ? cos(2x)

But sin(2x) = cos(g — 2x)

Fx) = %cos(g —2y) + ? cos(2x)

Now this is in term of a single harmonic function. Hence, we see that f(x) is the sum of
harmonics of the same periods (the cos function have period of 27).hence the period of
f(x) is 2rt. To find Max amplitude, this is a problem of finding a maximum of a function.

d 1 =« \/§ .

e f(x) = ~5 sm(E -2x) (-2) - - sin(2x)(2)
= sin(g -2x) - V3 sin(2x)
= cos(2x) - \3 sin(2x)

Hence for a maximum, cos(2x) — \3 sin(2x) = 0. A root for this equation is found at
x = 0.261799 so I use this value in f(x) to find the amplitude.
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£(0.261799) = 1. This is the maximum value, or the amplitude.The following is a plot of
this function

Analysis for problem 3.6 chapter 7
Mary Boas text book.

by Nasser Abbasi
v sinkbx 11 |
1
0.5
-3 -2 -1 1 2
-0,
-1
sin Lk;;:_l_;u
0.5
-3 -2 1 1 3
-0.5
-1

sin b thin b &0 ‘t_ll

\ A\
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3.11 HW 10

Local contents

3.11.1 chapter 7, problem4.10 . . ... ... ... ... ... ... o L. 295
3.11.2 chapter 7, problem 4.2 . . . ... ... ... 297
3.11.3 chapter 7, problem4.5 . . . ... ... . ..o oL 299
3.114 chapter 7, problem 4.8 . . . . . . . . ...
3.11.5 chapter 7, problem5.4 . . .. ... ... ... . .. o o 303]
3.11.6 Firstpartof HW 10wasscanned . . . . ... . ... ... .. ... ...... 305

3.11.1 chapter 7, problem 4.10

I wrote a Mathematica program to help me understand the Fourier problems. This below
is the output showing how series converges to the function for a number of n-values as n
increases. Problem 4.10, chapter 7. Mary Boas second edition.
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This is fourisr serias for

flx_]=x+x/;-m<=x<0
flx_]==x/0==x=x

N=5

N=10

(8]
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3.11.2 chapter 7, problem 4.2

I wrote a Mathematica program to help me understand the Fourier problems. This below
is the output showing how series converges to the function for a number of n-values as n
increases.
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[ wrote a mathematica programto help me understandthe Fourier problems.
This below is the output showing how senies converges to the functionfora number of n-
values asnincreases.

N=5

-0_5 =
-1
-1.5
-2
N=10
1.5

N=20

ey

>- e e -

-1 F
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3.11.3 chapter 7, problem 4.5

I wrote a Mathematica program to help me understand the Fourier problems. This below
is the output showing how series converges to the function for a number of n-values as n
increases.
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Iwrote a mathamatica programto help me understandthe Founer problems.
This below is the output showing how senes converges to the function for a number ofn-

values asnincreases. Problem 4.5, chapter 7. Mary Boas second edition.

N=5

N=10
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3.11.4 chapter 7, problem 4.8

I wrote a Mathematica program to help me understand the Fourier problems. This below
is the output showing how series converges to the function for a number of n-values as n
increases.
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I wrote 2 matheqatics prozram to help me undarstand the Fourier problems
This below is the output showing how series convergss to the function for a number of n-
values as n increases. Problem 4 8, chapter 7. Mary Boas second edition.

This is fougier series for
FxEl+wsx

N=5

N=10

=20
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3.11.5 chapter 7, problem 5.4

I wrote a Mathematica program to help me understand the Fourier problems. This below
is the output showing how series converges to the function for a number of n-values as n
increases.
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N=20
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3.11.6 First part of HW 10 was scanned
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3.12 HW11

Local contents

3.12.1 chapter 15, problem 2.11 . . . . . .. ... ... L 333
3.12.2 chapter 15, problem 2.17 . . . . . . . ... Lo 335
3.12.3 chapter 15, problem 2.18 . . . . . . ... ..o Lo L 336)
3.12.4 chapter 15, problem 2.2 . . . . . ... B37
3.12.5 chapter 15, problem 2.21 . . . . . .. ... ... Lo 339
3.12.6 chapter 15, problem 2.22 . . . . ... ... ... 340)
3.12.7 chapter 15, problem 2.23 . . . . . . ... B340
3.12.8 chapter 15, problem 2.3 . . . . . ... ... 347
3.12.9 chapter 15, problem 2.4 . . . . ... . 343l
3.12.10chapter 15, problem 2.5 . . . . ... ... ... L
3.12.11 chapter 15, problem 2.9 . . . . ... ... ... ... ..o o 345
3.12.12 chapter 15, problem 3.11 . . . . . . . .. ... ... oo 346
3.12.13 chapter 15, problem 324 . . . . . . ... ... oL o oo 348
3.12.14 chapter 15, problem 3.25 . . . . . . ... 349
3.12.15chapter 15, problem 3.29 . . . . . . ... ... 350]
3.12.16 chapter 15, problem 3.30 . . . . . . . . ... ... L 353
3.12.17 chapter 15, problem 3.4 . . . . . .. ... ... L 350
3.12.18 chapter 15, problem 3.6 . . . . . . ... ... . L oo 356
3.12.19 chapter 15, problem 3.8 . . . . ... ... ... . L Lo B57

3.12.1 chapter 15, problem 2.11

. 3p+2
Problem Find the inverse transform of the function F (p) = 3p2z;p_2

Solution

Need to simplify the above expression to some expressions which are shown in the table
on page 636.

. 3p+2
C 3p2+5p-2

N (1)

(3;9 - 1)(;9 + 2) (3;9 - 1)(;9 + 2)

E(p)

Expanding in partial fractions. For the first term in (1):
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1 _ A . B :A(p+2)+B(3p—1)
(3p - 1)(p + 2) (3;9 - 1) (p + 2) (3p - 1)(p + 2)
Alp+2)+B(3p-1) =1

Ap+2A+3Bp-B=1

Hence 2A - B =1 and (A + 3B) = 0 which gives A = % g Therefore = + +3B=0 or

5 =Qorl1+7B= OorB——HenceA—E

-1
1+B+6B 1 7
2

6 -1
Now the first term in (1) can be written as 2( 445 ) or 2( 1 ] + ( 4 )) or

6 2

7Bp-1) 7(p+2) @

. . . . . . 3p .
Doing partial fraction on the second term in (1) which is B gives

p A B _A(p+2)+B(3p—1)

Go-1)p+2) @r-1) (+2)  (Er-1)p+2)
Alp+2)+B(3p-1)=p
p

Ap+2A+3Bp-B =

Hence 2A — B = 0 and (A + 3B) = 1, therefore A = E. Hence (g + BB) =1or B+26B =
lor7B = 2o0rB = ;.ThereforeA = g = ﬁ Hence(ap_f% = 3((3:;—1)4_(?:;2)) =
2 2
sy o)
3 6

(3)

7(3p-1) 7(p+2)

Combining (2) and (3) gives
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Fo) - 6 2 3 6
P= 7(3p-1) 7(p+2) 7(3p-1) 7(p+2)
6 1 2 1 2 1 61

7(3p 1) (p+2) 7(3p—1) 7(p+2)
_4 1 5 1
T(p+2) 7 (3-1)
:é 1 +2 1
7(p +2) (1)

Now we can use the table to find the inverse transform. Use property L2, which says

1
A=

1 1 -11\3 1
Hence , setting a = 2, gives O%e‘Zt) =3 and setting a4 = - gives 3(6 3t) = —5.

P73
Hence f(t) = e‘Zt + 2 2 e3 and the inverse Laplace transform is
31
ft) = ‘2t + 763
3.12.2 chapter 15, problem 2.17
Problem Use L32 and L11 to obtain .,?(tz sin at)
Solution
ad" F( )
Ar o) = 7 (L32)
, 211;9
At sinat) = ———— (L11)
(v +a2)

we set f(t) =t sinat then we can write using L32

At fB) = (-1)—— ’ﬂf ®) (1)
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But a?( f (t)) = At sinat) = 5 from table L11 (1) becomes

p2+a )

At xt sinat) = —[p ﬁ X 2p + _ 28 xl]
, _ 8ap? _ 2a
3(15 sin at) = (pZ N a2)3 (PZ N aZ)Z
8ap? — 2a (pz + az)
(12 +a2)
a(8p2 —2p? - 2a2)

3.12.3 chapter 15, problem 2.18
Problem Use L31 to derive .21

Solution

g(f (t)) f F(u)du (L31)
e Yt p+b
A=)

we set f(t) = e — ¢! then we can write using 131

336



3.12. HW 11 CHAPTER 3. HWS

2

fu , F(u)du

[~ Asw] au
u=p

but s?[f (t)] = 5«3_‘” - e_bt) = i”(e"”) - ﬂe_bt) = ﬁ - ﬁ By using L2. But since we

are using u in place of p in integral, we need to call p = u. Hence

t (1 1
’%(Q) :L:p(u+a _u+b) du
| < 1
:j;,:pu+adu_j;=pu—+b du
= [In(u + a)];° — [In(u + b)];0
= [ln(oo +a) - ln(p + a)] - [ln(oo +b) - ln(p + b)]
= In(0) — In(p + a) - In(0) + In(p + b)
= ln(p + b) - ln(p + a)

butlnA-InB =1In %, therefore

ALY = 1afy +)-1n(p+)
A=)

3.12.4 chapter 15, problem 2.2
Problem Use relation L2 to find L7 and L8 in laplace table.

Solution

Ae) = ; Jlr - (L2)
for ‘R(p + a) >0
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Z = (L7)

7 = (L8)

For ER(p + a) > 0 and ‘;R(p + b) > 0. Where Zf(t) is the laplace transform of f(t) defined
as Zf(t) = F(p) = L‘“’ ePLE(B)dt.

From the linearity property of the .’ operator, expand the LHS of L7, we get

t

ge‘“ —e _ 1 at bty _ L —at bt
o~ e et = g (A) - A)

Now applying L2 gives for ‘R(p + a) > 0 and ‘R(p + b) >0

et 1 (1 1

b-a  b-a p+a_p+b)
1 p+b—(p+a)
b-a (p+a)(p+b)

1 b-a ]
“b-a (p+a)(p+b)
- (p+a)(p+b)

For Which is L7 as required to show. Similarly for L8, expand the LHS of L8 we get for
R(p+a)>0and R(p+b) >0
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a e—at _ be—bt

Z 5 :aibf(ae‘”t—be‘bt)
= (A - A
- ple ) -0 A )
:a—b(ap+a_bp+b)
1 a(p+b)—b(p+a)]
(p+a)<p+b)
1 [ap+ab-bp—-ba
- (p+a)(p+b) ]
_ 1 ap — bp
(p+a)(p+b))

_ 1 ( pa-b) )
(p+a)(p+b)

P
(p + a)(p - b)

Which is LS.

3.12.5 chapter 15, problem 2.21

Problem Use .29 and L11 to obtain ﬂte"” sin bt)

Solution
A f(t)) = F(p+a)
. B 2ap
At sinat) = (pz . a2)2
Then from L11 we get
o 2bp
At sinbt) = (p2 N bZ)Z

(L29)

(L11)
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Now, letp = (p + a) then from L29, the above becomes

,?(e‘“t t sin bt) = 2b(p i a)

((p + a)z + bz)z

3.12.6 chapter 15, problem 2.22

Problem similar to problem 2.21, Use L29 and L12 to obtain Q?(te‘”t cos bt)

Solution
A f(B) = Fp +a) (L29)
P2 — a2
At cosat) = — (L12)
(¢ +2)
then from L12 we get
2 _ 2
At cosbt) = p—bz
(v +2)

Now, letp = (p + a) then from L29, the above becomes

) (p + a)z - b?
,?(e %t cos bt) = > 5
((p + a) + bz)

3.12.7 chapter 15, problem 2.23

Problem use result obtained in problem 2.21 and 2.22 to find inverse transform for
p2+2p—1

(pz+4p+5)2
Solution

2b(p+a)

Recall, from 2.21 we showed that ﬂt@“” sin bt) = > and from 2.22 ag(te“” cos bt) =

((p+a)2+b2)
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(p+a)2—b2

((p+a)2+b2)

> Hence

St costt) et simb) = (p+af -7 2fp+a)
COS (4 sin ( >

Now Leta =2 and let b =1 we get

2
i« cost) ,?(te 2t smt) (P+2) —122—2(p2-|—2)
«p+g +p)
PP+a+4p-1-2p-4
((p+2) +pf
p? +2p-1
(;92+4p+5)2

i”(te‘Zt cost —te 2 sin t)

2
, +2p-1 .
Hence inverse transform of p—pz is te™? cost —te

(p2+2p+5)

2t sint or te % (cost —sint)

3.12.8 chapter 15, problem 2.3
Problem Using either relation L2 or L3 and L4, verify L9 and L10 in laplace table.

Solution

1
Ae) = p Re(p +a) >0 (L2)
Lsinat = Iﬁ Re(p) > [Ima] (L3)
ZLcosat = 7 -|p— " Re(p) > [Ima] (L4)
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Psinhat = zﬁ Re(p) > | Re(a)| (L9)

Fcoshat = 7 19512 Re(p) > | Re(a)| (L10)

Where ﬂ f (t)) is the laplace transform of f(t) defined as \,?( f (t)) =Y(s) = l}m ePtf(t)dt.

To derive L9, use the relation that

i sinh(x) = sin(ix)

Hence, using L3, we get

Aisinhat) = Asiniat)

i Asinhat) = —2—

24 (ia)2 Re(p) > |Ima]

Asinhat) = Re(p) > | Re(a)]

72 — a2

which is L9. To find L10, use the relation

cosh(x) = cos(ix)

And using L4, we get

Acosh(at)) = Acos(iat) )

Acoshat) = Lz Re(p) > [Ima]
p? + (ia)
: p
Asinhat) = m Re(p) > | Re(a)]

Which is L10.
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3.12.9 chapter 15, problem 2.4
Problem by differentiating the appropriate formulas w.r.t. ‘a’, verify L12
Solution

L12is

P2 — a2
At cost) = ——— Re(p) > [Im a] (L12)
(v +a?)
Where _i”( f (t)) is the laplace transform of f(t) defined asﬂ f (t)) =F(p) = fo e Ptf(t)dt.
To derive this, I start with L3, which says

Asinat) = Re(p) > Ima|

The above can be rewritten in the full definition of the transform to make it easier to see

(0 9) B . a
f(; €pt51nﬂtdt:m
Taking derivative of both sides w.r.t. a gives
af re d a
— Ptsinat dt|= —|———
da[fo ¢ S ] da p2+a2]

odp I !
fo %[e Pt smat] dt = a[(p2+a2)2}+ P + a? x1

242 . 1
(7 + az)z 2+ a2
—2a% + (p2 + az)

(2 +a2)
P2 g2
(2 + )

f e Pt tcosat dt =
0

At cosat) =

Which is L12
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3.12.10 chapter 15, problem 2.5
Problem by integrating the appropriate formulas w.r.t. ‘a’, verify L19

Solution L19 is

in at
iﬂ(su;a ) = arc:tanf7 Re(p) > |Ima] (L19)

Where .,% f (t)) is the laplace transform of f(t) defined as .,% f (t)) =F(p) = £m e Ptf(t)dt.
To derive this, we start with L4, which says

p
Acosat) = 2 Re(p) > [Im q]

The above can be rewritten in the full definition of the transform to make it easier to see

f e Pt cosat dt = %
0 p +a

Integrating both sides w.r.t. a gives

f=00
f(f e Pt cosat dt)da = f%da
t=0 peta

t=00
f (fe‘pt cos at da) dt = arctan a +K
t=0 p

f=co0 a
f e Pt (f cos at da) dt = arctan — + K
t=0 p

sin at
t

+ k and choose zero for values of the K’s, the constants of

oo sin at a
f e Pt ( ) dt = arctan —
0 t p

Now, since f cosat da =
integration gives

Hence

sin at a
3( ) = arctan -
t p

Which is L19
344
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3.12.11 chapter 15, problem 2.9

Problem Find the inverse transform of the function F (p) =

Solution

Need to simplify the above expression to some expressions which are shown in the table
on page 636.

_ 5%

AT

__ 5 2p

TP 4p-2 pPep-2

> W (1)
(P-1)p+2) (P-1)p+2)

—at_e

. 1
From table, L7, we see that 3( — ) =F(p) = o))

. Setting a = -1,b = 2 we get the

tirst expression in (1), that is

’7(et _36_2t) - (r- 1)1(;9 +2) @)

ae—at_be—ht

a-b
-1,b = 2 we get the second expression in (1), that is

j(_eﬁ—_;e_%) B (r- 1;9(70 +2) ®)

So combine (2) and (3) we get

53(62 161_%) - 25( _e+—t1_—2§_2t) - (v- 1)5(]9 +2) - (p- Sfp +2)

which is (1). Hence

also from table, we see that L8 is ,?( ) = F(p) = (L. Hence, letting a =

p+a)(p+b)
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-2t +t -2t
—e —et —2e
f(t)=5 3 -2 3

_ 56+t _ e—2t s 2_e+t _ ze—Zt
- 3 3

Sett — Be=2t — Dett _ 472t
3
3¢t — 92t
3
= ¢! - 3¢72

Hence the inverse transform of F(p) is ¢! — 3e7%

3.12.12 chapter 15, problem 3.11
Problem Use laplace transform to solve y” —4y = 4¢% Mo=0,y5=1
Solution

Let f(y(t)) = Y(p), and taking the laplace transform of both sides, noting first that
3(]/”) = p?Y - pyo — i then we get

Ay’) -4y) = #(4¢)

(P*Y ~pyo-w5) —4Y =4.A*)

L2 from table on page 636 : e?(e‘”t) = ﬁ , hence 3(€2t) = p%z, hence, after applying

boundary conditions, we get

(r?y -1) —4Y=4p%
Y(p2—4)—1:4p%2 1 1
] =962 " 1
4<p—z><1p+z><p—z> e
Y=4 5+
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Doing partial fractions, repeated roots, gives

1 A

B C

(r+2)(p-2)

2 (-2

(r-2)

1= A(p-2)" +B(p+2)(p-2) +Cp+2)
1=A(p? —4p+4)+B(p* -4) + C(p +2)
1=p*(A+B)+p(-4A+C) +4A-4B +2C

Hence

hence A = —B, then —4B—4B+2C =1or-8B+2C =1o0rC = # therefore 4B +

1
1+8(_1_6) _

A+B=0

—-4A+C=0

4A-4B+2C =1

1-

z)

thenB:—ll—6,thenA:1i6,C: 5 > :i.Hence
Y=4 !
(p+2)p-2) (*-4)
oA B cC 1
(P+2)  (p-2)  (p-2)) (*-9)
[ 1 )
| P TN TR 4
(P+2) (p-2)  (p-2)°) (*-9)
:1 1 _1 1 1 N 1
p+2) 4p-2) (-2 (P-9)
:l 1 _1 1 1 N 1 1 _1 1
dp+2) 4p-2)  (p-2) Hp-2) 4(p+2)
1
(p-2)

(-2)

2

— using L6, we have ,?( tke‘”t) = (
p+

k!

k+17

herea = -2,k =1 and

1+8B

= -0
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f(t) = te?

3.12.13 chapter 15, problem 3.24
Problem Use laplace transform to solve y”” -2y’ +y =2cost ,yg =5,y = —

Solution

Let f(y(t)) Y(p), Take the laplace transform of both sides, noting first that ﬂy”) =

P*Y = pyo = Yo, y’) = pY — yothen we get

ﬂy”) - Za?(y’) + ﬂy(t)) = A2cost)

(P*Y = pvo-v) =2(pY - yo) + Y = 2p2p+1

_ P
(r?Y -5p+2) —2(pY—5)+Y_2p2+1

2 _5_ P
Y(p —2;9+1)+12—5;a_2szrl

2
Y(p2—2p+1):p2i1

-12+5p
B (p2 -2p+ 1)
B 2p N S5p-12
(pz + 1)(;92 -2p + 1) (pz -2p+ 1)
Y — 2p N S5p-12
+)p-1) (1)
Doing partial fractions 2 = 4y B, b Solving, we get A = 0,B =

1 () 1) ) ()
1,C=0,D = -1 Hence
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yo 1 1 51
(r- 1) (P+1) (p- 1)2

S D SR R
(p-1)° 1) -1 (1)
11 1 5p

po1f (P (o)

— sint and

1
Hence , using table, we get inverse laplace transform W — te! and (p2+1)
p-1 p

P — et + te!, hence

(-1)
f(B) = —11te — sint + 5(e’ + te')

= —11te! —sint + 5¢ + 5te!
= Bet — 6te —sint

3.12.14 chapter 15, problem 3.25

—2t

Problem Use laplace transform to solve y” + 4y’ + 5y = 2e™*' cost, ,yg = 0,y, =3

Solution
Let ﬂy(t)) = Y(p), Taking the laplace transform of both sides, noting first that :.Eﬂ(y”(t)) =
P*Y —pyo v , A (1) = pY - yothen we get

Ay ) +4Ay' ) +5Ay(®) = A2e7 cost)

(PZY = PYo — y6) + 4(pY - yO) +5Y = 23?(6‘% cos t)

Applying initial conditions

(1?Y -3) +4(pY) +5Y = 2.4 cost)

From table using L.14 ,,S”(e‘Zt cos t) = ( 2 +)§ . Hence
p+2) +1
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p+2
(p+2)2+1

p+2
(p+2)2+1
2 p+2 +3

(p+2)2+1
(p2+4p+5)

+2 1
P +3

((P + 2)2 + 1)(;92 +ap+ 5) (pz L ap+ 5)

(?Y -3) +4(py)+5y =2

Y(p? +4p+5)-3=2

Y=2

but (p2 +4p + 5) = (p + 2)2 +1, therefore

p+2 3

((p+2)2+1)2 ’ (P+2)2+1

+2 3
=2 P +

((p + 2)2 +1)((p + 2)2 + 1) (p + 2)2 +1

Y=2

. +2 1, _ . . 1
But inverse transform of p—z = Ete 2tsint and inverse transform of T =

((p+2)2+1) (p+2) +1

-2

e %t sin t. Hence

1
f) = Z(Ete‘Zt sin t) + 3(6_2t sin t)

=te?tsint +3e 2 sint
= (t+3)e? sint

3.12.15 chapter 15, problem 3.29
Problem Use laplace transform to solve y’ +z' -2y =1,y =2p=1,z-y' =t
Solution

Taking laplace transform of both equations, then we get 2 equations in Y and Z, then
solve for them. Let A(y(t)) = Y(p), Az(t) = Z(p)
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Ay ®) + Az () - 2Ayb) = Q)
Aat) - Ay ®) = Z()

Then we get

(pY—y0)+(pZ—zo)—2Y:%
1
Z —(PY—yo) =2

Putting initial conditions gives

(py-1)+(pz-1)-2v=

<=

1
2

Z-(py-1) = ;

1
Y(p-2)+ pz-2 =2 (1)
Z -pY +1 :’% (2)

Li2-v(p—2
Solving for Y,From (1), Z = pT() , and substituting into (2) gives
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-p-2
Y =
(—p+2—p2)
Y = - p+2
(—p+1)(p+2)
1
Y = —
(-p+1)
Hence Y = — so from L2
p-1
yH) =¢
Now, that we have Y, we solve for Z. From (2)
1
Z-pY+1 = ;?
1 1
i)
T
Z_p2 1+p—1
. p-1-pp-1)+p°
P2(p-1)
_p-1 +p?
Pp-1)
_p-l+p
p*(p-1)

1,1
Doing partial fraction on the above, we get Z = Zt o Hence

z(t) =t + ¢t
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3.12.16 chapter 15, problem 3.30
Problem Use laplace transform to solve y’ +2z=1,1y7=0, 2y -z’ =2t,z5 =1
Solution

Take laplace transform of both equations, then we get 2 equations in Y and Z, then solve
for them.

Let Ay()) = Y(p), A=(t) = Z(p)

Ay 1) +22=2Q)
2Y — AZ(t)) = A2t)

pY —yg +2Z=£(1)
2Y — (pZ - zo) = _A_2t)

Then we get, by putting zg =1,y7 =0

1

pY +2Z=- (1)
P
2

2Y - (pz-1) =5 (2)
p

Ly
Obtain Z from first equation and sub into the second to solve for Y, Z = pT, Hence
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p 2
2Y -S| = -pY|+1= —
p
2
2Y—E(1 pY): 24
2\ p P
1 2—p?
2Y - =(1-p%Y) =
L= 2
1 1 2-p?
S
2Y 2+2pY 2
2 2 _ 2 1
Y(2+p—): ZP + =
2 P
o
_ ¥
Y= 4+p2
()
yo 2P
p2(4+p2)
Hence , using partial fraction gives
4 +p?
p2(4+p2)
Ap+B Cp+D
= > =+
p (4+p2)

Then

(Ap+B)(4+p2)+(Cp+D)p2:4—;72
4Ap + Ap® + 4B + Bp? + Cp> + Dp? = 4 — p?
p>(A+C)+p*(B+D)+p(4A) +4B =4 —p?

Hence,4B=4 —->B =1 and4A=0—->A=0andB+D=-1andA+C=0—-C =0,
therefore D = -1-B — D = -2 . Hence
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Using tables for inverse transform gives

y(t) =t —sin2t

Now, to find z(t), subtituting value we found for Y into equation (1) above.

1
Y +27 =-
g p
! 2 +27 !
Pl 5~ 7 ==
P (4+p?) p
1 2 1
. /-
po(4+p?) p
z=—F
(4+7%)
z=—F
(4+7%)
From tables, using L4
z(t) = cos 2t

3.12.17 chapter 15, problem 3.4

Problem Use laplace transform to solve y”’ + y = sint ,jyp =1,y; =0

Solution

Let i”(y(t)) = Y(p), Take the laplace transform of both sides, noting first that E_S”(y”(t)) =
p?Y — pyo — yj then we get

Ay’ 1) + Ayt)) = Asin

1
(P*Y =pyo—yo) +Y = 575
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Where I used L3 from table on page 636 which says that Asinat) = r%az. Now solving
for Y, noting that yy =1 and y;, = 0 gives

9 1
(p Y—p)+Y e
Y(p2+1) -p= P21+1
Y(p2+1) = P21+1 +p
1
T .
From table using L12, (pz%) — cost and using L17, ﬁ - %(sint —tcost). Hence,

putting these together into (1) gives

1
f(t) =cost+ E(sint —tcost)
This is the particular solution to the ODE.

3.12.18 chapter 15, problem 3.6

Problem Use laplace transform to solve " — 6y’ + 9y = te* ,yy = 0,y, =5

Solution
Let i’(y(t)) = Y(p), Take the laplace transform of both sides, noting first that ;?(y”(t)) =
p*Y - pyo — y4 and ﬂy’(t)) = pY -y, then we get

Ay 1) -6y 1) +9-Ayt) = At &)

(P2Y = pyo - v5) - 6(pY — o) +9Y = At &¥)

Iuse L6 from table on page 636 which says that ﬂtk e_”t) = %, hencefork =1,a = -3,

(p+a)
we get ,,S”(tk e“”) = ﬁ

1
(P2Y = pyo - o) - 6(pY — o) +9Y = .
(v-3)
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Applying boundary conditions gives

(r?Y =5) - 6(pY) +9Y =

Y(p?-6p+9)-5=

Y(p2—6p+9): 5 +5

e ey

Y = ! + > (1)

(r-3)" (p-3)

Now using table, from L6, ;)2, leta = -3,k =1 hence ( ! )2 — te3t And using L6 again,
p-3 p-3
o letk =3,a=-3then 6 T = t3e3, therefore (1) becomes
(r-3) (»-3)

1

1
f(t) = €t3e3t +5 te*t

1
= 3| 13 + 5t
o

3.12.19 chapter 15, problem 3.8
Problem Use laplace transform to solve y”” + 16y = 8cos4t ,yo =0,y5 =0

Solution

Let B?(y(t)) = Y(p), Taking the laplace transform of both sides, noting first that ﬂy”(t)) =
p?Y — pyo — y, results in

Ay’ (1) +16Ay(t) = L(8cos4t)
(P2Y = pyo - ) +16Y = 8 Acos4t)

p
P> +16

Y(p? +16) = 8

357



3.12. HW 11 CHAPTER 3. HWS

I used L6 from table on page 636 : A(cosat) = ;%112

p

Y=8—"—
(p2 + 16)

Now looking at L11, which says At sinat) = Ziz, hence letting a = 4 gives the

(p2+a2
solution

f(t) =t sin4t
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3.13.1 chapter 15, problem 4.12

Problem Find the exponential Fourier transform of the given f(x) and write f(x) as a
fourier integral.

Il < >
s x X 2
f) =

0, x> 2

Solution

Let F(a) be the Fourier transform of f(x) defined as F(a) = % f f(x) e dx
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Integration by parts, u = sinx,du = cosx,v =

I= :sinx
I= :sinx
I= :sinx
I= :sinx

—iax ]
e

-l

—iax ]
e

-l

—iax ]
e

-l

—iax ]
e

—ix

21 Fa) =

|
NI:I%M:I

sinx

sin x

1 r —iax
=5 ff(x)e dx

—iax ]
e i

—iq

—iqx ]
e

—iq

I B

sinx e @ dx

|
ol Sl
|

—iax

hencefudv = Uv — fduv

sinx e "% dx

—ZO(JC

dx

I
2
fCOSX

2 1
ia

cosx el dx

A
~.

,:%N,j

T TT Z
2 1 [ e—itxx“i 2 —iax
+ —q|cosx — - f (—sinx) dx
n X4 -1 | = -
-z | Lz =
2
T
n .o 7
2 1] elax 12 1
+ —q|cosx — —[— fsinx e dy
 la —ia | » i
_n | Iz a
2 2 _E
T
n R 3
2 10 eTlax |2 1
+ —|cosx — —ﬁfsinx e dx
1o - | » 1«
_z | Iz a
2 2 _E
T
E . 7
2 10 e~tax |2 1
+ —|cosx — +—2fsinx e~ dx
e 1703 | b 104 1= o
2 E
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But the last integral on the right above is the same as the integral we start with, so

e—iax 12 1 e lax 2 1
I=|sinx — + —|cosx — +—21
104 | = 1 ' 104 n 04
2 "2
T T
1 [ e—iax 12 i e—iax 2
I——ZI: sinx — — —|cosx —;
a | - |« «a —ia | «
2 2
) —i

~
Il

Hence the Fourier transform of f(x) is

27 F(a)

I
— i

»

@,

)

=

3™

5

=

2

=

Therefore
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To obtain f(x) given its fourier transform F(a), then we apply the inverse fourier transform

f(x) f F(a) e da

) . T
f al COS(O(E)

(az - 1)77

—00
[ai Cos(an)
_ lf 2 elax 4y
- 2
T as -1
—00

eiax da

3.13.2 chapter 15, problem 4.18

Problem Find the fourier sin transform of the given f(x) and write f(x) as a fourier integral.
Verify the answer is the same as the exponential fourier transform.

X lx] <1

flx) =
0, |x]>1

Solution

Let .7, f (x) be the Fourier sin transform of f(x) defined as g,(a) = % f(x) = \/g f f(x) sin(ax) dx.
0

Hence, for the function above we get

1
[2 .
gs(a) = - ! x sin(ax) dx

Notice, we integrate from zero, not from -1, since the sin transform is defined only for

positive x. Integrating by parts, u = x,v = _COZ(M), hence f udv =uv - f duv
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8s(a) =

—_—N—

lx(— cos(ax))rL _ j’ — cos(ax) dx}
) a

1

f cos(ax) dx}

0

A

QI'—‘

-1
—[x cos ax)
a

s;|H
S;I>—‘

[x cos ax)

|
i

—[ cos(ar) — 0] + %[sm(ax)] }

ﬁmmﬁz{m ;n%\ MQN\ 21N

QI»—\ R~ Q-

{— cos(a) + — [sm( ) —0] }

—cos(a) + — sm(oc))

— —(l sin(a) — cos(a) )
a\a

Hence the Sin Fourier transform of f(x) is

() = \/Z l(l sin(a) — cos(a) )
T a\a

To obtain f(x) given its sin fourier transform g;(«), then we apply the inverse sin fourier
transform

fs(x) = \/% fgs(a) sin ax da
2
\/7f\/7 (— sma—cosa) sinax da

= —f(— sma——cosa) sin ax da

a—acosa
— (Sm = €08 )sinax da (A0)

Now we need to show that the above is the same as the inverse fourier transform found
for problem 6. From back of the book, the IFT for problem 6 is given as
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® sina—acosa .
f(x) :f — elax dy
oo ma

Need to convert the above to f4(x). Since e = cos ax + isinax

® sina — acos )
f(x) = f — (cos ax + isin ax)da
—o ina

3 f‘” (sin @ — & cos ) cos ax N (sin @ — a cos )i sin ax

2 2
—oo ina ina

® (sina — a cosa) cos axd N f‘x’ (sina — a cos )i sin axd
= a
—00

2
—oo ina

Looking at the first integral,

odd odd even even
S —_—— ——
sma — a Cosa|Cosax
(o)
f da
—00

even
in a?

—oo even

_ (* (odd —odd ) X even N
- J. even

f‘x’ odd X even

even

© odd
= f ° da
- even

o

:f odd da

Hence the integral vanishes. Hence (1) becomes

© (sina — a cos a)i sin ax

f() =

2
o ina

Looking at the above

® (odd — odd X even) X even P

[84

o

(1)

(2)
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dd odd
(? O_CLd even \ ____
Smao — @ Cos«a

isin ax
(odd - odd X even) X odd
= - even
in a?
odd Xxodd
- even
even
~ even
= even

Since the integrand is even, then f_ =2 KO Hence (2) becomes

® (sin @ — @ cos a)i sin ax
—2 f , d 3
fw=2 = a )
2 (®(sina—acosa) .
= —f > sinax da
TTJp 04

comparing this to equation (A1) above, we see that

fs(x) = f(x)

Which is what we are asked to show.

3.13.3 chapter 15, problem 4.20

Problem Find the fourier sin transform of the given f(x) and write f(x) as a fourier integral.
Verify the answer is the same as the exponential fourier transform.

inx |x| < z
S 2

f(x) =

us
0, x> 2

Solution
Let 7 f (x) be the Fourier sin transform of f(x) defined as g,(a) = 7, f(x) = \/g f f(x) sin(ax) dx.
0

Hence, for the function above we get
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1
2,
gs(a) = \/; bf sinx sin(ax) dx

Notice, we integrate from zero, not from -1, since the sin transform is defined only for
positive x. Since sin fsiny = z cos(,B 7/)—l Cos(ﬁ + )/) Then sinx sin(ax) = z 5 Cos(x — ax)—

1
> cos(x + ax). Hence

1
2 1 1
gs(a) = \/;J‘Ecos(x—ax)—icos(x+ax) dx
1 z{sin(x—ax) ! _ lsin(x+ax)]l}
2V || 1-«a 0 1+a 0
1+a 0

l1-a
1 (2 (sin(l-a) sin(l+ a)
2\~ 1-a 1+a

Hence the Sin Fourier transform of f(x) is

1 \/E sin(l —a) sin(1 + a)
gS(a)_E ;( 1-a  l+a )

Therefore, to obtain f(x) given its sin fourier transform g,(«), we apply the inverse sin
fourier transform

2 _
fs(x)Z\/;Ofgs(a) sin ax da
(2 1 [2 sinl —a) sin(l+a)\ .
_\/;fz\/;( T2 " 11 )smaxda

1 (sm(l a) sin(l+a)
B f 1+a

) sinax da (1)

Now we need to show that the above is the same as the exponential inverse fourier trans-
form found for problem 12. The exponential IFT for problem 12 is
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(o]

o= L[] g, @)

—00

So Need to show that (1) and (2) are the same. Need to convert the above (1) to f(x) in
(2).Since e'** = cos ax + isinax, (2) can be written as

1 o ai cos(a—)
flx) = ;f —12 (cos ax + isin ax)da

e A2 —
. TT . TC
1| p~ aicoslaz o i coslaz
= E‘IM%COSMC da+j:m%isinax da (3)

Looking at the first integral,

foo o cos(ai) even

oven cosax da

do

f°° (odd x even) X even
o even

f"" odd X even

- even

© odd
= f ° da
- even

:f odd da

Hence the integral vanishes. So (3) becomes

da

. us
o i cos(ag) '
————isinax da

fw=0+ [

_ a?

isinax da

nJd_o -
. T
1 foo ai cos(ozE)

nd o a?2-1

Looking at the above integrand,
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even
odd

—_— . T odd
a i COS(QE) —— (odd X even) x odd
o isinax =
—~ even
a? -1
odd xodd
even
even
~ even
= even

Since the integrand is even, then £ =2 £m. Hence (2) becomes

. T
2 o atlcos\as
f(X): EL %isinax da

2 e cos(ag)

= ——— <% sinax da
a? —1

foo o COS
= — sin ax da
1- az

Butl - a? = (1 + a)(1 - a), therefore

Tt
00 (X COS(O(E)

fO=2) Troa-a

sinax da

. 1 . .
But cos(ag) sinax = §<_ sm(a% - ax) + sm(a% + ax)), hence the above becomes

2 o %(— sin(az% - ax) + sin(ag + ax))
f(x)=;f0 A +a)1-a) da
1 ra (— sin(ozE - ax) + sin(aE + ozx))
f(x)‘%fo (rai-a da
1 oo sin(cvz + ax) o sin(ozz - ax)
f(x):Ef (1+a)§1—a) B (1+oc)(i—oc) da

3.13.4 chapter 15, problem 4.21

2

Problem Find the fourier transform of the given f(x) = e2:?
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Solution

Let F(a) be the Fourier sin transform of f(x) defined as

17 |
F@) = 5- [ f e ax

-0

So, for the function above we get

Fla) = — f 202 7iX (x

o0 —xz—iax(ZGZ)

1 — =)
= — 202 d
21 fe *

—00
o 2 2

1 —x“=2iao“x
= — f e 22 dx
27
. -x?-2iac?x . . .
looking at the exponent —————. completing the square in x gives

2+ 2iao’x = (x+Z)*-Y

Solving for Z, Y gives

X2+ 2iqo?x =2 +2xZ + 72 -Y

Therefore Z = ino?,Z% - Y =0, and Y = —a?c*. Hence Exponent can be written as

o2
X2 + Diox (x + iao? ) —~ (—a204)

—202 B —202
, 2
(x + io? ) + %ot
052
. 2 2
(x + iao ) alot
—202 202
. 2 2
(x + o ) a’o?
—202 2

(1)
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The integral (1) becomes

1 © (x+ioc02 )2 a2q2

F@) = o= [e 27 7 dx

1 o (x+ia02 )2 o252

=— e 2> ¢ 2 (x

a2q2

Movinge 2 outside the integral because it does not depend on x gives

2.2
e—% 9 (v+iao? )2
Fla) = > e 22 dx
Tt —00

Let y = x + iao?, dy = dx and the limits do not change. Hence we get

2,2

e_aza - y_22 p
= —20°
o= [ 5

o0

. . o . 2
Since the exponential function is raised to a square power, then we can write f eV =

—00
(o)

2 . . .
2 f eV (since even function). Hence above integral becomes

0

242 00 2

e 2 y_z p
= -20
Fa) = Of e 22 dy

Let { = -4, then y = V20(, and y? = 2022 Hence d( = !

dy and the above integral

V2o’ V2o
becomes
azoz
F@) = [ Vaoac
& 0
0(2(72
€_ 2 2
Fl@) = V2o'— [ dc 2)

0
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Now from equation 9.5 on page 468

2
— e dc=1
o A

Hence (2) becomes

a2q?

Fla) = \/Eae_nT (ﬂ)

2

Fla) =

Which is what we are asked to show.

3.13.5 chapter 15, problem 4.23
Problem Show that

00 1—cosTta . 1-cos ma s
£ ~ nada——andL smnadazz

Solution

From problem 17, the Fourier sin transform for f(x) shown in problem 3 is

\/5(1 — COS TiY)
Vra

From equation 4.14 page 651, f(x) can be obtained from inverse sin transform is

fs(x)=\/§fmgs(a)sinaxda
\/’f [V_(l—cosna)) ,
sin ax do

(1 -cosma) .
= —f — —sinaxda
T o

gs(a) =

(1)
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Now, from the definition of f(x), which is

-1 -n<x<0
fx)=9 1 O<x<m
0, x| > 7t

We see that for x =1, f(x) =1, hence substitute in (1) we get

2 1-

1:__f (A-cosma) . ..
TC 0 03

T * (1 - cos mtav)

—=f ————~sinada

2 0 03

Which is the first result we required to show. For the second result, let x = 7 hence

f(m_ )+f 7'(+) 1+0 1

f(mr) = average value of f(x) at x = m. Which is given by -

substitute in (1) we get

2 1-
fsx=m)=-=~— f —( cos ) sinam da
TC 0 04

— “sinanda

1

2

f (1 - COs na)
0

Which is the second result we are asked to show.

3.13.6 chapter 15, problem 4.25
Problem Show that

(a) represent as an exponential fourier transform the function

sin x O<x<m
fx) =

0, otherwise

(b) Show that the result can be written as

1 f‘x’ cos ax + cos a(x — )

f(x)=— -2 da

5 Hence
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Solution

The exponential Fourier transform is defined as

1 o |
g@) = - f_ Flx)eiax dx

Applying the function f(x) gives

1 :
g(a) = o j; sinx e dx
But

ol _ pmix

2i

sinx =

Hence the transform can be written as
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-

) (eni eTIMA 4 Tt =i | =T pmina _ o= Ti pmina _ 2)
4

(1-

e—iax dx
plx—iax

— e ix—iax gy

ex(i—ia) _

ex(—i—ia) dx
l ex(i—ia) ln [ ex(—z'—iac) ]HJ
1—10 0 -1 -1 0

en(i—ia) 1 n( i—- za)
i—ia 1—-ia —i—
1
m(—i—iq) _
o [ 1)
n( i—ia) _ )

i+za

1 . 1
- ni(i—ia) _ 1| + n( i—ia) _ 1
iﬁn@—a[e [+ le )

en(i—ioz) 1 en(—z—za) 1
1-a 1-a 1+a _1+a)
1 + a)e™ ) + (1 - @)™ (1+a)+ (1 -a)
1-a)1+a) (1 -a)1+a) )
(1 + a)e™71a) 4 (1 — g)em(-i-i) 2
(1—&2) _(1—a2)]
-1 (en(i—ia) + gel=ie) 4 pril=izia) _ ppn(=i-ia) _ 2)
a2)4n
-1

a2

Bute™ =-lande™ = -1
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— -1 _—ina _ ’—:Fa_ —ina ’—:Fa _
g(a) —(l ~ a2)4n e ae e + ae 2
g(a) = ﬁ(—e_ina —pima _ 2)

g(a) = @(e—im + eina 4 2)
(@) = 2e7m 42
s = (1 — a2)4n

Hence the exponential fourier transform is

oy = L0t
(1 - az)Zn

Therefore f(x) can be rewritten as

Flx) = f " g(a) e da

00 e—ina +1 .
= j:oo —(1 - 042)271 e da

1 .
_ Ef ) 6% doy (1)

Which is the answer required to show.
Part(b)

Now need to show that the above can be written as

1 [ cosax + cosa(x — )
=— d
f) nfo 1-a? 0(

From (1)

375



3.13. HW 12 CHAPTER 3. HWS

I 1 foo1+e—i7w x4
X)=— ¢ a
27 -0 (1_0(2)

1 00 eiax +eiaxe—i7wc
= — f da
27 —00 (1 - 0(2)
1 00 eiax + eiax—ina
S f £ T
27 —00 (1 - 0(2)
1 00 eiax + eia(x—n)
L et
27 —00 (1 - 0(2)

da

1 f‘x’ 2(cos ax + cos a(x — 1))
27 —00 (1 - (Xz)
1 f°° cos ax + cos a(x — 1)

. (1-2)

da

Tt

Which is what is required to show.

3.13.7 chapter 15, problem 4.3

Problem Find the exponential fourier transform of the given f(x) and write f(x) as a
fourier integral.

-1, -n<x<0
fx)=11, O<x<m
0, x| > 7

Solution
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Let F(a) be the Fourier transform of f(x) defined as fF(« f f(x) e* dx, hence

(@) = % f F(x) eior dx

T
27 Fla) = f — o7 gy + f e~ dx

~r 0
0 e—iax T
=]

. -l 0

e—iax
- _[ —iq
1 .10 1 .
_ E[ e—zax]_n _ E[ e_m]g
1 l[ e—iom _ 80]

— ‘_[eO _eiarc]_ :
184 (1614

Tt

0
m

— %[1 _ eian] _ %[e—ian _1]0

1 ezcm e—zan 1

= — — — — —+ —
(104 704 1704 704

— E _ _(eicm + e—zcm)
v i

But ¢/ + ¢ = 2 cos an. Hence
2 1
21 F(a) = — — —(2cosan)
v i
2
= —(1 - cosan)
i

Hence the Fourier transform of f(x) is

1] 2
Fla) = E[ 5(1 — Cos cm)]
= L (1 - cosan)
i

To obtain f(x) given its fourier transform F(a), then we apply the inverse fourier transform

f(x) = f F(a) e da

(o]

1 .
= f— (1 - cosamn) e da
J mai
171
= — (1 — cos amn) e da
Tt «
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3.13.8 chapter 15, problem 4.5

Problem Find the exponential fourier transform of the given f(x) and write f(x) as a
fourier integral.

1, O<x<l1

f) =

0, otherwise

Solution

Let F(s) be the Fourier transform of f(x) defined as F(s) = % f f(x) e dx

1 7 .
Fo) = 5 [ foo e dx

Il
—
)
&
=
I W
Y

27 F(s)

Il
| B
(9
L L
@ g
| S
(e)

- 2]
_ ;_81[ e — 0]
= Zlen-]

Hence the Fourier transform of f(x) is

(-1, .
F(s) = E[ =Ler —1]]

1 .
= 5 1)
To obtain f(x) given its fourier transform f(s), then we apply the inverse fourier transform
F) = [Fe) e ds

- f 2%75 (e‘is - 1) 5% ds

= if 1(e‘is - 1) 5% s

S
-0
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3.13.9 chapter 15, problem 4.7

Problem Find the exponential fourier transform of the given f(x) and write f(x) as a
fourier integral.

x| |xl <1

flx) =
0, x| >1

Solution

Let F(a) be the Fourier transform of f(x) defined as F(a) = % f f(x) e dx

1 |
Fla) = o f f(x) e dx

0 1

27 Fla) = f —x el gy 4 f x eix dx
-1 0
Integrating by parts, u = x,v = :Zj, hence f udv =uv- f du v. The first integral is

(104
_ 1 [eza ~ l e—iax 0
Cia ia| —ia

1 . 1
— 5 [ela’] + @[ —IOZX] .
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And the second integral

Hence

But € + ¢ = 2 cos a and

) e—iax 1 1 e—iax
fxe‘w‘xdx: X — —f — dx
—i —iq
0 0

-~

a

1 p 1 e—iax
- e

1 ;.1 1 _
- — 2] - @[ p-iax ](1)

1

= — [1xe‘i“—0]+,lfe_i“xdx
0
1

1 ) 1 .
- L[] Aee-)
—ia a?
e—ia e—ia 1
= - + — — —
—i a2 a2

elOl 1 elO{ e—la e—la 1
ia a2 a? o a?  a?
ela elO{ e 104 e—la 2

i a? i a? a?

i _p—iat

a
o _ ,—ila

l € ¢ +l(ewz+e—wc)_£

a i 2 a?

— = 2 sin ¢, Hence the above becomes

1 1 2
21 Fla) = E(Zsina) + E(Zcosa ) — =

2

= —[asina + cosa —1]
2
a

1
Fla) = —lasina + cosa -1]
T
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Hence the Fourier transform of f(x) is

1
F(a) = —lasina + cosa -1]
T

To obtain f(x) given its fourier transform F(a), then we apply the inverse fourier transform

Flx) = f (@) €% da

o0

1 .
= f—z[asina+cosa —1] é* da
o

-0

101 |
= — | —=[asina+cosa —1] e da
nJ_ a?

3.13.10 chapter 15, problem 5.1
Problem Show that g(t) ® h(t) = h(t) ® g(t)
Solution

By definition,

t
3 ®h(t) = fo gt =) h(r) d (1)

Letu=t-1,du=—-dt,whent=0,u=t whent =t u=0,Hence The RHS becomes

t u=0
f ot - ) h(z) dt = f () h(t — u) (~du)
O —

u=t
u=0
= — g(u) h(t — 1/[) dl/l

u=t

- f " o) h(t - ) du
u=0

Since u is a dummy variable of integration, call it anything we want, say 7 so above integral
becomes
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t t
f 2t - ) h(z) dt = f (1) h(t = 7) dr
0 0
t t
f ot — ) h(7) dt = f h(t - 1) g(c) de 2)
0 0
Hence from (2) g(t) ® h(t) = h(t) ® g(t)

3.13.11 chapter 15, problem 5.10

Problem
Use convolution integral to find the inverse transform of 5
p(p2+a2)
Solution
1 1 1
== = GH

P2+ P2 ead)

sinat—at cosat
243

From Tables using L1 and L17 g(t) =1 and h(t) =
of GH = g(t) ® h(t). Using L34

. Hence the inverse transform

o) ® h(t) = fo (=) h(o) dr (134)

Hence

sina(t— 1) —a(t — 7) cosa(t— 1)

73 drt

g(t)@h(t):j:lx

1 t
:ﬁf sina(t— 1) —a(t— 1) cosa(t—1)dr
0

243

:Llfotsina(t—f)dT—atj: COS[Z(t—T)dT+aj;tTCOSQ(t—T)dTl (1)

The last integral can be integrated by parts. u = 7, v = sina(t—1)

—a
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ft’ccosa(t— T)dt = [TW]
0

! ft sina(t — 1) P
- | ———~dt
0

—a —a

0

-1 1 ot
= —|[tsina(t - T)]g + - f sina(t — 1) dt
a aJy

t
— _—1[Tsina(t _ T)]g n 1[ Ml
a a —a X

= _71[1 sina(t - 7)], + %[ cosa(t =)l

= _—1[tsina(t -t)-0]+ lz[ cosa(t—t)—cosa(t—0)]
a a

__1[0] + lz[ cos a(0) — cos a(t)]
a a

1
;[ 1 — cos at]

Hence (1) becomes

g(t) ® h(t) =

g(t) ® h(t) =

So the inverse Laplace transform of

1
2a4

10t t 1
3 fsina(t—r) dT—atf COSﬂ(t—T)dT+{1—2[1—COSElt]]
2a B 0 a

1 {—cosa(t— T)]t o [ sina(t — 1)

1
+ —[1-cos at]}
—-at 0 —-at a

— —1[cos a(t — T)]g +t[sina(t - T)](t) + 1[ 1 - cos at]]
| a a

1 1
Z[l —cosat] +t[ —sinat] + E[l - cosat]]

1 1
—[1 -cosat] -t sinat+ -[1 —cosat]]
a a

(2 -2cosat —at sinat)

5 is
p(p?+a?)

ﬂ(Z —2cosat —at sinat)

%[cos a(t—t)—cosa(t—0)] +t[sina(t —t) —sina(t — O)]g + %[ 1 - cos at]]
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3.13.12 chapter 15, problem 5.2

Problem Use L34 and L2 to find the inverse transform of G(p)H (p) when G(p) = L _and

(p+a)
H(p) = (plTb) your result should be L7
Solution
1
—at\ _—
Ae) = o (L2)
t
o @ h(t) = f ot - 1) h(z) dt (1.34)
0
Using L2, g(t) = 5/—1(’7171) = ¢~ and h(t) = 5/—1@ = ¢ Now Let Y(p) = G(p)H(p),
But

G(p)H(p) = A g(H) @ ht) |

Then

t
() = g(t) ® h(t) = fo o(t - 7) () dx

t
=f€—ﬂ(i‘—’f) e—b’f dt
0
t
— f eat+at o=bt 4o
0

— f et paT o=bT 4o
0

e~ can be moved outside the integral

-

384



3.13. HW 12 CHAPTER 3. HWS

t

y(t) — et f et bt dr
0
t

y(t):e—at f ear—br dt
0

t
y(t)ze—at f eta-b)  4r
0

(H) = e ey
i =e a->b 0
at

)= S [ 1]

e—at+t(a—b) —eut
) =
y(t) p—
e—bt —eut
) =
y(t) p—
e—at _ e—bt
H=——
y(t) -

Which is L7 as required to show.

3.13.13 chapter 15, problem 5.22

Problem

Verify Parseval’s theorem for f(x) = e”™ and g(a) =Fourier transform of f(x)
Solution

Parseval theorem says that total energy in a signal equal to the sum of the energies in the
harmonics that make up the signal. i.e.

(o] 1 (oe]
[ @l da=o [ |feof ax
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1( (© o
= —{ f e dx + f e 2x dx}
27 —oo 0

:L{[f . ]}

|l 2] -2

“lleT - T

= s2ll#-0l- -]

:i{1+1}

= 1)

Now we find the Fourier transform for f(x)
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1 00 .
gla) = > f e We=ixa gy
i S
= ﬂ[ f e‘e ™ dx + f e"‘e‘”‘“dx]
PN 0
1 0 . 0 .
N f ex(l—wz) dx + f e x(-1-ia) dx
27 _oo 0
1 ex(l—ia) 0 ex(—l—ioc) A
= — +
27 [1—1'0[]_00 |—1—i0¢L

1 1 10 1 .00

1 (1 0 1 ¢ o e
- [ex(l la)]_oo _ [ex( 1 za)]o )

2n \1 —-ix 1+ix

1 1 ) 1 )

- 1-— —co(1-ia) | _ _ = [, oc0(-1-iax) _ 1
2t \1 - ia[ ¢ ] 1+ia [e ]
1 1 1

=— 1]- -1
2n 1—1'(1[ ] 1+i0z[ ])

1 1 1
== |— +7—

2 \1-ia 1+za)
1 [(T+ia+1-ia
C2n \ (1 —-ia)(1 + ia)

1 2
Ton\1+a2
B 1
- n(l + az)
So
. 2
(o) 2 o0
da = f — |4
j:oolg(a)| “ —o0 n(l +a2) “
1 00 1
-— [ ——da
2 J o (1 + a2)2
Bt f: (1+1a2)2d01 = %, Hence
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= 2
2 2)
Comparing (1) and (2). They are the same. Hence

(o) 1 (oe]
f_ |g(a)|2da:§f_ ) dx

was verified for this problem as required.

3.13.14 chapter 15, problem 5.4

Problem
Use convolution integral to find the inverse transform of 5
(p+a)(p+b)
Solution
1 1 1

From but from L6

Atre™) = S (L2)
(p+a)

1 _ 1 _ . 11
Hence — = :y(e “t) and = ,?(e bt). Hence the inverse transform of — —— =

(p+a) B (p+b)2 B (p+a) (p+b)2
e @ te™. Using L34

o) ® h(t) = fo (b —1) h(o) dr (1.34)

Hence
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eT([l—b)
a-b

Integrate by parts. u = t,v =

[ T t eT(ll—b)
et @tet = e |1 - f drt
| a— b 1y 0 a— b

- b qt —b
:eat{ Ter(a ) B 1 leT(“ )

| a-b| a-bla-b
1 t 1 t
_ ,—at T(a=b T(a=b
=e m[w (a )]0_ P [e (a )]0)
1 1
=gt tet(u—b) _ et(a—b) -1 )
a— b[ ] (El _ b)2 [ ]
_ e—at teta—tb _ eta—tb _ 1)
a-b  (a-0p)>
feth  pth _ pat
Ta-b (a-by
_(a-bett -ttt
(a-b)°
_ ((a-b)t- 1)e~tt 4 ¢t
(a - by’
So the inverse laplace transform of 5 is
(p+a)(p+b)
(a-bt-1)ett 4ot
(a - by’
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3.13.15 chapter 15, problem 6.2

Problem

. . . . 1
Find the inverse laplace transform using 6.6 of the function a1

Solution

6.6 states that f(t) = sum of all residues of F(z)e* at all poles. Poles of F(z) = #L_lare at
+1, +i. Hence

ezt

FO = o e e e+

Since each pole is of order 1, we use equation 6.1 page 599 which says
Residue of F(z) at z = z5 is lim (z — zg)F(2)
z—z2

Hence sum of residue is

ezt ezt
R=1i + li
o DGzt i D=+ i)
ezt ezt
+ lim

I e ey A e e

£ —t

e e

A+)A-)A+1)  ((A-1)(1-i) -1+
—it

elt e
TS DGA )G+ -+ 1) —i—d)

e—it

— + +—+ —
4 -4 -4 4i

ot et 1/elt — et
)l

3.13.16 chapter 15, problem 6.4

Problem

P3

pt-16

Find the inverse laplace transform using 6.6 of the function
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Solution

6.6 states that f(t) = sum of all residues of F(z)e* at all poles. Poles of F(z) =
+2,+2i, Hence

-16

Z3 ezt

(z=2)(z +2)(z - 2i)(z + 2i)

F(z) =
Since each pole is of order 1, we use equation 6.1 page 599 which says
Residue of F(z) at z = z5 is lim (z —zg)F(2)
zZ—7g

Hence sum of residue is

Z3ezt Z3ezt
R = lim + lim , ,
z—+2 (z + 2)(z — 2i)(z + 2i) o (z - 2)(z - 2i)(z + 2i)
Z3ezt Z3ezt

i e ) A G e -2)

8e2t —8e72
T 2+2Q2-2)2+2)  (<2-2)(-2-2i)(-2+2)
(21)3 2it (- 21)3 —2it

T Ri—)Qi+ Qi+ 2] (20— 2)(=2i + 2)(-2i - 2))

8€2t —2t ( 81) 2it (81-)6—2#
4)8 (—4)8 —8(4i)  —8(—4i)
eZt e—2t eZit e—Zit

is

So inverse Laplace transform of
pt-16

e2t + e—2t

1
1 + E(COS 2t)

391



3.13. HW 12 CHAPTER 3. HWS

3.13.17 chapter 15, problem 6.5

Problem

3p2
Find the inverse laplace transform using 6.6 of the function ;13%8

Solution

6.6 states that f(t) = sum of all residues of F(z)e* at all poles. To find poles, look at p>+8 = 0,
1

hence p® = -8, p = -83. Let

Then the roots are

% i(0+27) % i(0+47)
8°e 3 ,8% 3

19
=8%¢3,
8% 8%( 2n+,‘2n)8%( 47’(+,_4n)
= P COS — 1sm—), COS — s —
3 3 3 3
=2,2(cos120% + i sin 120°), 2(cos 240° + i sin 240°)

V3.1 -3

—22(1+'3)2( +
B S T e N S

=2,-1+iV3,-1-i\3

)

Hence
p=-21-iV3,1+iV3
And
322
F — zt
@) z3 + 86

322

B iB))

Since each pole is of order 1, we use equation 6.1 page 599 which says
Residue of F(z) atz =z is lim (z — z)F(z)
zZ—7g

Hence sum of residue is
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322 322
R = lim z e+  lim z et

=2 (z-(1-1V3))(z (1+z\/_)) -(1-13) @ +2)(z—(1+iV3))

322
+ lim

z—(1+iV3) (z+2)(z (1 z\/—))
3(-

_ 2)2 o 3(1 ~iV3 )2 e(l_i‘/g)t
(-2- (1-iv3))(-2 (W@)) (1-i¥3)+2)((1-iV3) - (1+13))
3(1+iV3 ) S(1+VB )
(L+iv3)+2)((1+iV3) - (1-iV3))
_ 12 o2 3(_2_2i\/§) 1-iV3)E 3(_2+2i\/§) p1FiV3 )
(-3+iV3)(-3-iV3) (3-iV3)(-2iV3) (3+iV3)(2iV3)
Ee—2t+ -6 — 61\/5 (1-iv3 )t —6+6z\/— 1+1\/')

12 6iv3 6 61\/_ 6
— €_2t+ €<1 z\/_) (1+1\/_)t

o2 4 ete—i\/§t+etei\/§t
— o2t 4 et(ei\/§t+e—i\/§t)
= ¢ 4 et(2 COS\/§t)

+

2

So inverse Laplace transform of —8 is

et + et(Z cos V3 t)

3.13.18 chapter 15, problem 6.9

Problem

Find the inverse laplace transform using 6.6 of the function - — o £ —

Solution

6.6 states that f(t) = sum of all residues of F(z)e? at all poles. To find poles, look at p*~1 = 0,
1

hence p* =1,p = 11. Let

Then roots are
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Lo 1 jo+2n) 1 i(0+4n) i(0+6m)
- 1
=1%e4,17e ¢ ,17e¢ ¢ ,"e ¢

11 2n+,.27'c 1 47’[+,'47Z 1 67'(+,,67'(
— - - — — — +isin —
,1|cos 1 isin 1) cos 1 isin 1) cos 1 S 1

=1,(0+14),(-1+i0),0—-i1)
= 1,i,-1,-i

S
NS

Therefore

p=1,i,-1,-i

Hence

F(z) = 24%16”
— Z zt
T e-De-)e+Dz+D)

Since each pole is of order 1, we use equation 6.1 page 599 which says

Residue of F(z) at z = z5 is lim (z — zg)F(2)
z—72g

Hence sum of residue is

Z Z
R =li 2 4 1 at
N oD+ D)z+). T G-+
+ lim z ¢ + lim z zt

A D=+, AN E-De-)e+D)

= L et + i e't
A-0a+D0+) = G=DG+1i+)

-1 ~ -1 .
My v p G e sy ar ra L
= l4et + %41,@” + %e‘t + ;—:e‘it

1

Z(et + e‘t) —~ %(cos t)
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So inverse Laplace transform of p‘*L—l is

l4(et + e‘t) - %(cos t)

3.13.19 chapter 15, problem 7.11

Problem

Using the 6 function method, Find the response of the following system to a unit impulse.
&y =5t - 1)

Solution

Taking the laplace transform of each side gives (assuming initial conditions for the system
are at rest)

Yp4 —_Y =¢Ph
Y - e4_pt0
p* -1
e‘PtO
(PP

1 1 1 ef—et
Finding the inverse laplace of = = GH. Then ¢(¢) = us-
nding the inverse laplace of e = Grpe) (2 W=

ing L7 and, h(t) = sint using L3. Hence the inverse transform is

t 5T —T

sin(t — 7) dt

ﬂﬂ@Mﬂ=ﬁ
= %(sinht —sint)

Using L28 with the result above we get

o= | FERE— ) —sine k) 1>k
y =
0 t<t0

Or by expressing sinh using exp, the above becomes

Z(ef o — et — 2sin(t - £y)) > £

> =

y(t) =
0 < tO
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3.13.20 chapter 15, problem 7.7

Problem

Using the 6 function method, Find the response of the following system to a unit impulse.
Y+ 2y +y =06(t—tg)
Solution

Take the laplace transform of each side we get (assume initial conditions for a system at
rest)

Yp? +2Yp+Y =ePho
e Pho
Cp2+2p+1
e Pho

(r+1)

Y =

2

Using L28 and L6 (for k =1)

(t - to)e_(t_to) t >t
y(t) =
t < tO

3.13.21 chapter 15, problem 7.9

Problem

Using the 6 function method, Find the response of the following system to a unit impulse.
Yy’ + 2y +10y = 6(t - tp)

Solution

Taking the laplace transform of each side we get (assume initial conditions for a system
at rest)

Yp? +2Yp +10Y = e Pho
e Pho
Cp2+2p+10
e Plo

(p-a)p-1)

Y =
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Where a = -1 + 3i, b = -1 — 3i the roots of p? + 2p + 10. Using L28 and L7

ea(t—to)_eb(t—to)
y(t) = (=b)~(-a)
0 < tO

t>t0

Replacing values for a, b gives

eﬂ(t—to) _ eb(l’—to)
a-b
e(—1+3i)(t—t0) _ e(—1—3i)(f—f0)
(<1 +31) — (-1 - 3i)
e(—1+3i)(t—t0) _ e(—l—?)i)(l’—i’g)
61
e—t+i’0+3ii’—3it0 _ e—t+t0—3it+3if0
61
e3i(t—t0) _ e—3i(t—i’0)

61

it 1 e3i(t—i’0) _ e—3i(t—t0)
= e Tl —
B

—H—to

= ——sin 3(t - to)

y(t) =

— e—t+t0

Therefore

e—t+t0

yity=1 3
0 t<t0

sin 3(t - to) t> tO
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/] Q

Write and solve the Euler equation to make the following integral stationary

fxz Vx /1 +y2dx
X1
Solution

LetF = (x,y, y’) = x+/1+y7?

The Euler equation is

dx\ 9y’

Hence the Euler equation becomes

d (JdF —ﬁ—O
o"y_

JF d [
_ = — 2 =
dy Qy(\/; 1+y ) 0
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JF
This means that e = C for some constant C.

JF 4
= X —
dy’ Vx VI+y72
Hence
-y
V1+y?
B C2(1 + yzz)
X
_ CZ + C2y12
X = y/2
CZ
X = ]ﬁ +k
2 5
¥y = x — C2
, C
Y Vx - C?
2C
y(x) = +C
x — C?
yx)y C 1

2C cC v — (2

C 1
Let = = —b (some constant), and Let < =4 (constant), Hence above becomes

C
1
lly+b:—1
Syl
2
ay+b= i
402 x -1

This is equation of a parabola.

3.14.2 chapter 9, problem 2.3

Problem

Write and solve the Euler equation to make the following integral stationary f 21— Y2 dx
X1

Solution
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Let F = (x, Y, y’) = x4/1 — y’2. The Euler equation is

agor) or
dx\oy') dy
JF Jd

_— = — -2 =
dy &y(x ! y) 0

d(F\_,
dx\dy' |

JoF
This means that E = C for some constant C.

Hence Euler equation becomes

JdF _ Y
ay’ 1 - ]//2
Hence
1-— y/2
2 12
yIZ — ¢ (1 _y )
x2
xz _ C2 _ C2y12
y/2
x? = C—i - C?
y/
2 C2
G
C

I= Va2 +C?
x

y(x)=C arcsinh(c) +C;
-C
y—C L - arcsinh(%)

C
% = sinh(% - El)

C 1
Let = = -b (some constant). Let c=a (some constant). Hence the above becomes

C

ax=sinh<ay+b)
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3.14.3 chapter 9, problem 2.6
Problem

Write and solve the Euler equation to make the following integral stationary fx fz (y'2 +4y )dx

Solution
Let F (x, Y, y’) =12+ /y . Since F does not depend on x, we change the integration variable

toy. Lety’ = %, then dx = Z—;dy. Hence the integral becomes

Y2 1 , v2 (1 ,
Sl o ar= [ (i) ay
n 1

Now F(y, x’) = (5 + x’\/y). The Euler equation changes from ;—x(;—;) - g—j; =0to %(%) -
JF

JF
== 0. Now, == 0 since F does not depend on x,Hence the Euler equation reduces to

d (JF
dy\ dx’

d{ 1
il 7=

1 .
Hence —— + \Jy = C where C is some constant

1

=5 =C—y
1
_ — x/2
Vi
1
= x'2 where b is a new constant = —C
b+4ly
1 B dx

o @
W (s
fm fd
%(—2b+\/y)(,/b+\/y

Hence the solution is A
5(\/]7 —Zb)(w/b+\/y) =x+a

=x+a  Where ais constant of integration

S—
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3.14.4 chapter 9, problem 3.2

Problem
/ 2
Write and solve the Euler equation to make the following integral stationary f [ ey
X1 y2
Solution
/ 2
Let F (x, Y, y’) = 1;2‘1/ . Since F does not depend on x, we change the integration variable
toy. Lety’ = %, hence dx = Z—;dy. The integral becomes
1
va| A1+ =3 V2 \Vx'2 +1
f 0 [y = f —0 %
A y 11 y
NN
Now F(y, x’) = xy;l . The Euler equation changes from %(;—;)—g—; =0to %(%)—% =0.

JF
But=- = 0 since F does not depend on x,Hence the Euler equation reduces to

d(IF\ _
dy\ox’'|
JF a(\/xf2+1J

ax' x| 12

x/
- y2Vx'2 +1

Hence

d x’
Sl |=0
dy[yz\/x’z +1 J
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= C where C is some constant

Hence
yZ x/2+1

X2 +1 =Cy’
X241 1
x/2 _C_y4
1
1+ﬁ"c_y4
1 1-Cy
X2 Cyt

ey _
\1-Cyt
VC iy dx

W_dy
fm f

The solution is

——7 __—x+(
31-Cyt

Where C; is constant of integration. Let C; = 4, C = b hence solution can be written as

Vb 3

——— =x+a
3+/1 - by

3.14.5 chapter 9, problem 3.4
Problem

Write and solve the Euler equation to make the following integral stationary fx fz y\y'? +y? dx

Solution
Let F (x v,y ) = yy/y’? + y?. Since F does not depend on x, we change the integration

variable to y. Let y’ = % and dx = @dy. Hence the integral becomes

Y2 1 , Y2 ;
f{y\/ﬁ+y2]x dy:f Y4/l +x2 y? dy

1 Y1

Now F (y, X ) y/1 + x’? y? . The Euler equation changes from — (;;) g—; =0to %(%) -
403
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% = 0. But% = 0 since F does not depend on x,Hence the Euler equation reduces to

i JF 0
dy\ox’' |
JF 0
— 12 4,2
ox axf(y‘/”x y)

X 2
V1+x%y

__Xy
1+ x2 2
Hence
d [ x' 3 J o
dy\ \1 + x72 2
7 .3
X'y _ .
Hence Ny = C where C is some constant

Xy =C m
X2 yf = C2 (1 42 yz)
X2 Y8 = C2+ C2x2 2
x'2 (y6 -2 yz) -2
C2?

x/Z —

C
X = ——
yvyt - C?
1
dx=cf—d
f yvy* - C? !

The solution is (using Mathematica)

1 =2iC + 2+/-C?% + y*
ax= —Eilog( : "> / ]

3.14.6 chapter 9, problem 3.6

Problem

72

Write and solve the Euler equation to make the following integral stationary f v 1315 %
X1
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Solution

72
Let F (x, vy )= Y7 Since F does not depend on x, we change the integration variable
1+y v

toy. Lety’ = %,dx = Z—;dy. Hence the integral becomes

n +
Y2
y \ X' +Y
Now F(y, x’) = (xiy). The Euler equation changes from %(5_;)_% =0to %(%)—% =0.

% = ( since F does not depend on x,Hence the Euler equation reduces to
d ( JF )
- =0
dy\ dx’

JFEJ [y

dx' Ix'\x' +y

:y[leiy)z]

_ —Y
2
(x’ + y)

Hence

d _

Yy (x’ + y)
Hence—2 > = C where C is some constant

(x’ +y)
2
-y=C (x’ + y)
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LetC = -k
y=k (x’+y)
% =x'+y

1
Where f is the integration constant. Let — = a a new constant

Vi
1, N 2 g 8
- __ Zavyz -
2/ T3
Let ga = g a new integration constant, let - = b a new constant, we get

x=a ol b
v =5yt +

3.14.7 chapter 9, problem 3.9

Problem

Write and solve the Euler equation to make the following integral stationary !p 2 Vo2 1 sin? 0 do
1

r 49
7 9 - d(P
Solution

Here P(x, y(x), y’(x)) becomes F(cp, 6(¢), 6’(q5)). Sonow x — ¢,y — 0,y — 0. Since
F(0’,0) does not depend on (Z) we change the integration variable to 0, so we want to

change from 6’ = t o¢ = Let 0 = ¢,, do = d@. Hence the integral becomes

fez[JW + sin 9]¢'d6:f;2\/1 +qj/251n26 de

F(¢',0) = \/ 1 +¢2sin® 0

So now
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. d(dF dF d [ JF JF JF .
The Euler equation changes from E(&—y,) i Oto E( 5 ¢,) aFri 0. Frie 0 since F does

not depend on ¢,Hence the Euler equation reduces to
d(JdFY 0
do\dg’ |

;;/ = 935’ (\/1 + ¢’2 sin? 6)

¢’ sin® 0

\J1+¢2sin? 0

d|  ¢'sin’6
40 J1+¢2sin? 6

= C where C is some constant

Hence

=0

¢’ sin? 6

N 1+ sin® 0

Hence

¢’ sin® O = c\/ 1 +¢2sin® 0
¢2sin* 0 = C2 (1 + ¢2sin’ 0)
¢?sin* @ = C? + C? ¢ sin” 0

C2
(P’Z —

~ sin*@ - C2sin% 0
C

o =
sin OVsin? 6 — C2

C
do = f 4o
f sin OVsin? 0 — C?

C tanh_l \/E\/a cos(0)
1-2C2-cos(26)

Vo

The last integral value was found using mathematica. Hence

V-C2(¢ +a) V2VC2 cos(6) ]

¢+a=-

= arctanh
-C [\/1 —2C2 - cos(20)
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Let__ESZ:A,let\/E\/C_ = B,1-2C? =D, then

A ((1) + a) = arctanh( Beos(®) )

VD — cos(26)

B cos(0)

VD - cos(26)

tanh(A (¢) + a)) =

3.14.8 chapter 9, problem 5.2
Problem

Set up Lagrange equations in cylindrical coordinates for a particle of mass m in a potential
field V(r, 0, z)

Solution

L =T - V where T is the K.E. and V the potential energy. T = %mvz, But

ds? = dr® + r2d0? + dz?
As shown on page 219 equation 4.4 , now differentiate both sides w.r.t. time
2ds % =2dr i+ (r22d0 0 +2r ¥ d6?) + 2dz 2
ds _dri+1* dOO+rid0*+dzz
dt Vdr2 + 12402 + dz2

Hence
. 2
(dri’+r2d6 O +r i do? +dzZ)
dar? + r2d6? + dz?
I used Mathematica to simplify this getting

v? =

= P2+r2 0+ 22

Hence,
KE.

PE.
—_——

1 .
L=om (72 + 1262+ 22) - V(r,0,2)

The Lagrange equations are

d(JL\ IL _
a\ar) "o =0
d(dL\ L
a\ge) a0 ="
d(JL\ IL _
a\2z) 9270
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Hence, we get

d o dV
a(m ) — (mr@ - W) =0
d A%
2 —
E(mr 9) + 35 = 0
d( )+ aV 0
—(mz)+ — =
dt dz
Now differentiating w.r.t. time, and remembering that r(t) also changes with time.
o dV
mi—mro*+— =0
ar
: o dV
2170 + 1?0) + — =
m( 170 +r ) + 30 0
A%
mz + 5 = 0
Hence finally we get
: A%
—7r0?) = - —
m(r r ) Ep
. 10V
210 +1r0) = ———
m( 0 +r ) 30
.V
mz = e

3.14.9 chapter 9, problem 5.6

Problem

A particle moves on the surface of a sphere of radius 4 under the action of the earth grav-
itational field. Find the 0, ¢ equations of motion. (this is called the spherical pendulum).

Solution

L =T -V where T is the K.E. and V the potential energy. Using spherical coordinates.
x=asinfcosp, y=asinOsing, z=acos O

Hence a position vector
r=iasin@cos¢ +jasinOsing +k acosO

So velocity is

L4 LA d
rzla(asm@cos¢))+]E(asm@sm¢)+ka(acos(9)

=i (—asin@sin¢q5+acos@9 coscp) +j (asin@cosqb(b+acos6 2] sin(p) +k (—asin@ 9)
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Hence

. . 2 . . 2 2
7=t = \/(—asin951n¢¢+ac059 Qcosqb) +(asin9cos<p¢+acos@8 sinqb) + (—asin@ 6)
Then

, . 2 , . 2 \2
vzzizz(—asinasin¢qb+acos(9 Gcoscp) +(asin6cos¢)qb+ac0566 sinqb) + (—asin@ 6)

= (a2 sin? 0'sin® ¢ ¢? + a? cos? O 62 cos? ¢ — 2a2 sin O'sin ¢ ¢ cos O 6 cos qb)

+ (az sin? 6 cos? ¢ 2 + a® cos? 0 62 sin® ¢ + 2a2 sin O cos ¢ cos O O sin q,‘)) + (az sin? 6 92)

= a2 sin® Osin” ¢ h2 +a2 cos? O 02 cos? ¢ + a2 sin® O cos? ¢ P2 +a2 cos? O 62 sin® p + a®sin® O 62

=1 =1

= a?¢?sin® 0 (sin2 ¢ + cos? qb) +a26? cos? O (cos2 ¢ + sin? qb) +a? sin® 6 02

=1

= a?¢?sin? 0 + a20%(cos? 0 + sin? 8)

= az(cﬁz sin® 0 + 92)
Hence T = %mvz. For a particle, taking mass as one unit. Hence
T = laz(gﬁz sin? @ + 92)
2

The P.E. is mga cos 0. Hence the Lagrangian is

L=T-V

Loagia 2 12
L:Ea (gb sin“0 +0 )—ga cos 0

We have 2 independent variables, hence we need 2 Lagrangian equations

d(JL\ IL
a(a—g)‘%—o
i(@)_ﬂ_o
dt\dp) 9o
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Hence the first equation becomes

d(aLy oL
dt\90) 96
2?0 - a?(¢?sin O cos ) - ga sin 6 =0
a6 -a($?sind cos6)-g sind =0

To find the second equation

Z—j{; = a? (2(]5 sin? 6)
d(JL d .
E(%) = E(QZ(ZQD SlIl2 6))

JL 0

70"

Hence the second equation is
d(dL\ JL _ 0
)2
%(az(Zd) sin’ 9)) =0
%( 2¢) sin? 9) =0
%( 2¢ sin® 9) =0

3.14.10 chapter 9, problem 6.1
Problem

Find surface of revolution formed by rotating the curve around the x-axis that has a
minimum area subject to a curve of give length [ joining 2 points.

Solution

Area is
2
sz 2my4/1 + y% dx (1)
X1
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Since integrand does not depend on x we change the independent variable to y. dx =

@dy, y = % Hence (1) becomes

dy
Y2 1 ,
sz 21+ = ¥y (1)

n

G
= f 22713/\/x’2+ 1dy
n

Hence F (y, x, x) = 2nyVx’? + 1. Now finding the constraint

g:fds:l
X
=f 1+ y?dx

X1

Since integrand does not depend on x we change the independent variable to y. dx =

Y2 1
9= f \/1+72 x'dy
n x

Y.
:fz\/x’2+1 dy
n

dx , 1
@dy, Y = <. Hence

So G = Vx2 + 1. Hence we get
F+AG = (Zny\/x'z + 1) +AVx'2 +1

As the new Euler equation (with constrains). Solving

0 since does not depend on x

J J
d
@(ax, (F + /\G)) - a(P + AG) =0
(2 (2ny\/x’2 + 1 +AVx2 + 1) =0
dy\ dx’
d ( 27tyx’ Ax/ )
— + =0
Ay \Vx2+ 1 Vx2+1
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Hence
2nyx’ N Ax' _.
Va2 41 Vx2+1
2nyx’ + Ax’ .
Nezan
x’(27'(y + )\) =cVx? +1
x’2(2ny + /\)2 = cz(x’2 + 1)
x/2 C2
(v2+1) (2my + /\)2
(x2+1) (2my+A)
x’2 = c2
2
1 2y + A
SERNCIT)
1 <2ny + /\)2 —c?
Iz c?
C2 — 172
(271y + /\)2 - c?
c _

\/(2ny + A)z — 2

dx

dy:

ol
foee f

X = = arccosh

C

\/ 2ny+/\)2 - c?

dy

2ny+/\) - c?

2ny+A
() -1

(27zy+/1

dy

c

Tt c

)+C1
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To express this as y a function of x we get

2 2y + A
Tn(x —cp) = arccosh( T )

c

2 2ty + A
cosh(Tn(x - cl)) = 7T]/C

ccosh(zTn(x - cl)) -A
27

We have 3 unknowns, ¢, c1, A that we can use boundary conditions, and length [ to deter-

mine.

=Y

3.14.11 chapter 9, problem 6.2

Problem

Find the equation of the curve subject to a curve of give length / joining 2 points so that
the plane area between the curve and straight line joining the points is a maximum.

Solution
Area is f y dx. Hence area is [ = f 2 y dx subject to constraint that f ds =lor g =

X1

f 2+ y"?dx = I. Hence the Euler equation with constrains now becomes
X1

F+AG=y + A Jy? +1

Therefore
d( d d
d ( Ay ) 1-0
dy\\y2 +1
A /
LY —xic
Y2 +1
This simplifies to

(x+c¢)
dy = dx
f f\//lz—(x+c)2
Y40 = —A2 = (x+c)f
(y+c1)2 = A2 (x +0)
(y+cl)2+(x+c)2 = A2

This is the equation of a circle.
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3.14.12 chapter 9, problem 6.5

Problem
Given surface area of solid of revolution, finds its shape to make its volume a maximum.
Solution

Volume is f nty?ds where ds is a small segment of the curve length. Hence

I:fznyz 1+y2dx (1)

X1

Constraint is that area is given, say A. Hence
X2
g:f 2ny\J1+y?dx = A (2)
X1

Since both integrands do not depend on x we change the independent variable to y.
dx , 1
dx = @dy,y = . Hence (1) becomes

I= [P+ 2 vd
= + — /
fxl my? 1+ =5 x'dy

=f2ny2'\/x’2+1dy

X1

oy 1+ = vd
g—jj;l T(y +ﬁxy

y
= f 227zy\/x’2 +1 dy
n

And (2) becomes

Hence we get

F+AG = (nyz\/x’z + 1) +2Amy Va2 + 1

as the new Euler equation (with constrains) to solve.

0 since does not depend on x

d( o d
@(&XI(F+/\G)) - ZF+AG) =0
%(ai/ (nyz‘\/x'z +1 +2Any Va2 +1 )) =0

d( e . ZAnyx’)
Ay \Vx2 +1  Vx2+1
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Hence
my2x’ s 2Amyx’
VeZ+l  VaZ+1
iy’ + 2Anyx’
my?x’ + 2Anyx’ = cVx'2 + 1
x'? (ny2 + 2/\71]/)2 = cz(x’2 + 1)
x/2 _ CZ
(x/z + 1) (nyz + 2A7zy)2
(x’2 + 1) (ny2 + 2Any)2
x’2 = c2
1 (ny2 + ZAny)z
1 X2 c?
1 (ny2 + 2A7’cy)2 —c?
X2 c?
CZ — Ar2
(nyz + 2/\71]/)2 - c? ’
c
=x’
\/(nyz + 2/\71]/)2 - c?
dx _ c
4y \/ (ny2 + 2)\7'(]/)2 -2
f dx = f - > dy
\/ (nyz + ZAny) - c?
c
X = f > dy
\/ (nyz + ZAny) -c?
X = f ! dy
\/( T2 +2Amy )2 _1
c
Hence

2
. c cosh-! (7Y + 2Amy
2ym + 2Am c
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3.14.13 chapter 15, problem 8.12

Problem
Solve y” +y = f(x) with y(0) = y(g) = 0 using 8.17:

T

X n
y(x) = —cosx f sin(x”) f(x’) dx’ — sinx f ? cos(x’) f(x") dx’
0 X
when f(x) = secx
Solution
x z
y(x) = —cosx f sin(x”) secx’ dx’ — sinx f cos(x’)secx’” dx’
0 X
Since secx’ = — we get
COs X

x z
y(x) = —cosxf tanx’ dx’ — sinx fz dx’
0

X

But K tanx’ dx’ = —log(cos(x)), Hence

y(x) = cos(x) log(cos(x)) — sinx (%n - x)

1
cos(x) log(cos(x)) - En sinx + xsinx

3.14.14 chapter 15, problem 8.15

Problem

Use Green function method and the given solutions of the homogeneous equation to find

a particular solution to y’” — y = sec h(x), where y;(x) = sinh(x), y,(x) = cosh(x)

Solution

_ v f va f
w=ve [ e [ S

(1)
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Where f = sech(x)

Vi Vs
Y1 Y2

coshx sinhx

sinhx coshx
= cosh? x — sinh? x
=1

So from (1) we get

Yy, = cosh(x) f sinh(x) sech(x) dx — sinh(x) f cosh(x) sec h(x) dx

But sech(x) = COS%, Hence

. 1
Yy, = cosh(x) f sinh(x) “oshx

= cosh(x) f tan sh(x) dx — sinh(x) f dx

1
cosh x

dx — sinh(x) f cosh(x) dx

But f tan sh(x) dx = log(cosh(x)), Hence

Y, = cosh(x) log(cosh(x)) — x sinh(x)

3.14.15 chapter 15, problem 8.17

Problem

Use Green function method and the given solutions of the homogeneous equation to find
a particular solution to y”’ — 2(csc2(x))y = sin®(x) , where y1(x) = cotx, y(x) =1-x cot(x)

Solution

Note cot(x) =

Where f = sin?(x).

1 cos(x) 1
tan(x) sin(x)'csc(x) " sin(x)
_ vif Yo f
yp‘]/Zdex_yldex (1)
;= 2 (cot(w) = —cot ¥ -1
yl—dxco X)) = —cot x
B 1
- sin?(x)
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And
5= i(1 —x cot(x))
Yo = dx
_ cos(x) X
~ sin(x) sin?(x)
Therefore
V1Y
W= 1 Y2
V1 Y2
_ 1 _cos(x) X
sin?(x) sin(x)  sin®(x)
B cos(x) X cos(x)
sin(x) sin(x)
1 x cos(x) cos(x) X cos(x)
ol B | e B R
sin”(x) sin(x) sin(x)  sin*(x)/ sin(x)
—_—~ —_—~
_ 1 x cos(x) cos®(x) xcos(x)
sin(x)  sind(x) sin®(x)  sin®(x)
1 cos?(x)

" sin? (x)  sin?(x)

So from (1) we get

Xcosx ) Sil’lz (X)

xcosx) f ;(;—Si sin®(x) iy COsX f(l_ sin(x)

Y= (1  sinx 1 cos?(x) ¥~ sinx 1 cos?(w)
sin(x)  sin?(x) sin?(x)  sin?(x)
XCosx COs X sinx cosx (sin®x—x cosx sinx
- (1 a sin x ) f —1+cos? x - sin x f —1+cos2 x dx
sinz(x) sinz(x)
_ XCosx cosx sin’ x cosx (sin*x—x cosx sin®x
_(1_ sin x )f -1 + cos? x x_sinxf -1 + cos? x *

3

.3 .
COSX sSIn™ x COSX s~ x . 1
butI:f :f :f—cosx smxzzcoszxAnd

cos? x—1 —sinx

4x - x cosx sin®x

sin
I= 5
-1 + cos* x
Yy —x cOoS X sin3x

f sin
- sin2 X

= f—sin2x+x cOSX sinx

= - f sin?(x) dx + f x cos(x) sin(x) dx
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But f sin?(x) dx = sin(2x) and f x cos(x) sin(x) dx = 1y cos(2x) + % sin(2x), therefore

1
4 4

:
- f sin?(x) dx + f x cos(x) sin(x) dx = (—E + 1sir1(2x) + (—lx cos(2x) + lsin(2x))
2 4 4 8

1
= —g + 1 sin(2x) — Zx cos(2x) + 3 sin(2x)

—3'2 ! 2
—851nx 5%~ 7¥Cos2x

Hence (2) becomes

B xcosx\(1 5 cosx(3 . 1 1
Yp(x) = (1— ) Ecos x| - —s1n2x—§x—1xc052x

sin x sinx \ 8
1 , lxcos’x 3 _cosx 1 cosx 1 COS X
=|=-cos“x — —— — [ =sin2x— - —X— — —XCOS 2X—
2 2 sinx sinx 2 sinx 4 sin x
r 1xcos®x 3 cosx 1 cosx 1 CcoS X
= —COS“ X — ——— — —sin2x— + —x— + —XxCos2x—
2 2 sinx 8 sinx 2 sinx 4 sin x

= Zcotx (x — cosx sinx)

3.14.16 chapter 15, problem 8.2
Problem
Solve y”’ + w?y = f(t) using y(t) = f % sinw(t —t') f(t') dt’ when f(t) = sinwt

Solution
t1
y(t) = f = sinaw(t - ) () d¥
0 w
t1
_ f ~ sinaw(t — ') sinwt’ d’ (1)
0 [00]
But sinasinf = % cos(a - ﬁ) - % cos(a + ,8), hence

1 1
sinw(t —t')sinwt’ = > cos(w(t—t') —wt’) - > cos(w(t —t') + wt’)

_1 (tw = 2wt") L t
—2COSC() @ 2COSC()

420



w

3.14. HW 13 CHAPTER 3. HWS
Hence (1) becomes
t11 1
y(t) = f =3 cos(wt —2wt’) — > coswt dt’
0
1 1 t
= — f cos(wt —2wt’) dt’ — = cos a)tf datr’
2w 0 2 0
1 [sin(wt —2wt’) |
= — — —tcostw
2w 2w 0
-1 , 1
= m(sm(wt —2wt) — sin(wt)) — Etcos tw
1
= ) sintw — Etcos tw
1
= 2—2(sin tw — wt cos tw)
w
1
y(t) = m(sin tw — wt cos tw)
3.14.17 chapter 15, problem 8.3
Problem
Solve y” + w?y = f(t) using y(t) = g % sinw(t —t') f(¢') dt’ when f(t) = e
Solution
t1
y(t) = f ~sinw(t - ) f(t') dt’
0 W
1 t ,
- - f sinw(t—t) et dt’ (1)
0

t
Let [ = f sinw(t —t') et dr

0
Integrate by part, let u = sin(wt - wt') ,v = -

¢
I'=[sinw(t-1') (—e_t/)]f) -w f cos(wt — wt’) e dt’
0

t
= sin wt —a)f cos(wt — wt’) e d¥’
0
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Integrate by parts again. u = cos(wt - wt’) ,v = -

t
I =sinwt — a)([cos(a)t - a)t’)(—e‘t/)]g +w f sinw(t —#)e ™" dt’)
0

I =sinwt — a)([—e‘t + cos(wt)] + a)I)

t— wcos(wt) — w?l

[ = sinwt + we”
I + w?l = sinwt + we™ — wcos(wt)
I sinwt + we™ — w cos(wt)

B 1+ w?

Hence from (1)
1 we™ — w cos(wt) + sin(wt)
y(t) = - 2
@ l+w

3.14.18 chapter 9, problem 3.1

Problem

Change the independent variable to simplify the Euler equation and then find the first
. . X1 §

integral of it. fx . y2ds

Solution

2
ds = (@ + (dy)] = dy[1 + (Z_Z) P

S 13
I:f yst:fx Y241+ y?dx
X2 X2

Since integrand does not depend on x, changing the independent variable to y in order

Hence

to simplify solution. Using dx = Z—;dy -y = % The integral now becomes

13 1
I:f y24[1+ — X" dy
X2 X

X1 §
:f y2Vx2 +1 dy
X2

3

F(y, x’,x) =y2Vx? +1
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The Euler equation is

d(F\_IF_
dy\ox’] oJx
d(dF\ 0
dy\ox’' |
JF
o -
ER o
2 =C
/ Va2 +1
Simplifying gives
, c
X =
e — 2
dx c
dy -2
1
X = dy
]/3
1

We can stop here as the problem did not ask to fully solve the integral.
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4.1. First midterm exam

CHAPTER 4. EXAMS

4.1.1 questions

Math 121a, Spring 2004, F.Rezakhanlou

1. (6 pts)Evaluate

@)
(b)(-2 - 26)t,

o X

{E}ill’l‘i.,_-._u EI_:[’ " man rl—a ) “

2. (3 pts)Evaluate

(E r cos 'I"ii) 4 (Z r*" sin n.t)
e} (i

for a real number r satisfying |r] < 1.
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4.1. First midterm exam CHAPTER 4. EXAMS

3. (5 pts) (a)Find the circle of convergence for the following complex power series: e

13
E (n!)* In ﬂh — i)
n=1 ’
(b) Let z be a nonzero complex number. For what value of z is the series 3 oo, 2* "
absolutely convergent? Explain your answer.

—\l .-_.: - ' . d
Vo e

|

i
"

4. (3 pts){a) Find complex numbers z such that |z — 3i| = 2 — 2=z1.

(b) Deseribe the set of points = such that Im(e™?z) < L

5. {4 pts){a) Find two variable Maclaurin series for oy

{b) About how much does a relative error of 2 percent in a and b effect the relative
error of /5 in the worst case?

6. (3 pts)Use power series to evaluate e /% — | — [n cosT at r = .0011.
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4.1. First midterm exam

CHAPTER 4. EXAMS
4.1.2 Key solution

ey R

G) '\2‘:!__ A=t = o }_L—‘E:“-_R -1 » \«ni11{t-£‘t{} & ‘

- L &
r.h.-‘.nzl
: L -vizgm
U;,‘) Lo ™ N
W o

[ - =
z 3 '8
o -0y
{b! —1=21 a 23 [_*E-Jﬁf‘ = 1dn {.?_k »
“E3 [ g AW
{.-'!-n-}l’ﬁ- 1'!3 "“L*-E o, i,2,%0%
% 1Y 3 T -
ey » G Sids = xGax (K- yp) =X (1- K e -0)
= T snT T

v‘unﬂ.....)’
n
{1- i‘; h--~"_i‘_ {l-a!;;.. 2

i 1 =
- SPS SUUTDRY O S S, |
1 ) Lt T 0

L

l.il-ﬁ_gi_zq--]\ A

- e im - - - L
Tr e = Tvbmeai Lr S
- - " a
e x - © - .
kT o, R L™
et {‘r_ Ly Lh*} g i\'%"vr El.un-lnl‘} = \t'r -] \
" .1 -1_
FR _ ] \
= \‘3; IL ¢ ) \ - l + -'1-\ = O x }l e et
\-v @ e
- )
\..1-"::..1; et
iy L = Oy _ [CRet)) )"“ Loeey _G )
@[n! -D-“ = — e ¥ - = " L. w Lj(ua.n}'
a— ‘.3""'"1.' e . *
_nen)? Livsy L e
= {thh‘}tl“..l_:t‘h'ﬁ\} L W P!

l‘.‘_-.'-u.ll: a..{ {,....“,-.}_:mu - { z " ‘;T-L\, '5}_"\} .
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ﬂm'h Eh-. L.‘ J.-F' | -!I-H- lE.- L‘ﬁ Ln LI‘I-_'.
L b= 1= Ve \ = e = e
By
= " .
. |
Now Elﬁ f:mv-tuam A,‘..,_}‘ """'!j _,1 L'ﬂ:l{-i

o ‘lt\{.l-,e "/

@ ‘._'d f# Z-sid-n"*a e, 2 -1l = Lz-ki:j}—i'{h =0 .

Hanw ¥z9o and 2423 z0. Now

lz=ail= Ly =ai)s [3-3]
I.'H.J 1‘3-—31 = l-n'*.‘a R T =% = i.ﬁ-'l.‘a _"'1 ?_,'g.
By '!,_a 11'-13 M.ul 'd-:'g. » :L-'I-:-.\-h . TLI i-u‘b\"lr (agpu

whamt Y o= -9 whidh ittt wl y23. Tt seccach faan

-I-Ll
el Dy 1_1

Tha B} B ey = L;i

) 1. Ltz) <) masms X < L

—_—

Gwey =1- 3 . "

R a h
]
= ‘qﬂ.-‘lq. a
=
r--a {'!‘_,qr‘*_ ‘](_I.— _5."'1- '}‘1 _)
| == = 2l sl
i 1
;'l"r'-'l"r“'_L"ﬂl“"‘mr}—ui
S EE e +1
%
”:r-ilf;_
PR YN Sy da- a L cl'h,
) Pumo &' b, dba La :
[]
a4 & L &i_l J:-i » y. T« = *f/: '
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- TER—)
....:f: -
@ e _.I_Lcnh‘- - r—
2 Ga) Lo 2t
1\-.!;-, 22 s -t - (_1.-?.‘-:.‘—‘- )
L]
2 4 2 - xt g7 * }
- x ¥ I L3 P — o n
Il CRE Rk D ISl -l A

4 o
- x o) .-i*,._. ]
= —_— = ' = = — - 3
® b 8 q1

%
Al.'h__,lw 5-{\. ﬁﬂ“!
4 1

.
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4.2. Second midterm exam CHAPTER 4. EXAMS

4,2 Second midterm exam

4.2.1 Key solution

Math 121a, Spring 2004, F.Rezakhanlo

1. (5 points) Define 2+ 249
. £+ 2%z
flz)= 1—cos 'mwz ~
Find all the isolated singularitis of f and identify each as a removable, & pole (give
the order) or an essential singularity. What is the radius of convergence of the Taylor
expansion of f ot 2= 1/27  Tha Aimowimeder Wonidhis whim Canz =l o
A Lav 3awa uh&&v k. Simta #“ Rizrz I-Cawz wWe

o s ~wSiwEZ, we hawa qjuh'j-u- , tlawid o, 3

Cizls % GRT
P, I .,.-'nz.wac-[aw&-.-r z -
vamoveble 1;*3*1-;&3 [ o |
- T m.‘;{w.-.{ .f.h»e,«ah;_._ ot = Iy - l-._ "T“m N A_T_h_
“ wdey Iy , v diwe Uy - Lv;ul' 6 ovon 4 stmmulastier,

h...'b-l.

'ﬁnu, o T L ] T = =L &4 o

2, (4 point) Find the Laurent expansion of f(z) = (1 + 2%~ + (z + 3)™! in the set

{z:1<|z| <3} as P Y ;
: . [ . Tz - Covetyet
Tiewr T R L L -}E" [

Sor lzvsy , Alse

oy
L - AL "'—-—— - A 'Z LE‘—)“‘ :—u; w‘l‘ E.-_;H'{Aa,lr--i-' '[#v*

N1 = 3 i* -'r'!rl = > Y]
Izh s 3 . B e-t ;e-f | =2y = 3 -
-L=1w - - - =w=\
oa " 2 -
- rd * E t=12
-Plzd = 2. = 5

2k %»l-#—'l - n.?qh_vtwk.l.fl.
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L]

3. (6 points) Evaluate [J" —i—df and [J° 22, d.
4z C hhl." :\.rd_‘.
= de S | iz _ S 2 X
= 0 —_— = -
@ c B =3 L i @E-2yd, = _ T ) AT 1
' ) : vl C, 5o
1:--31';'!"'_6 a Zﬁﬁ-i"ﬁm e »

I‘tdr'-l'- == ® =3

a § ‘-"!l-‘nﬂ.l
l“-ll" 2T Ra. T w. b Tz = '%'E- z-2, I|"""4:'"'1:!"
o Sam =B = T )
. _ A Heew ‘il-i'ta-v;.i: %—-
Eﬂn,_F = z-z,  w ‘u:a
* * L -] LR
= - C.ax N 3 e
- — e = dx
® f e, ‘5... — ) ——
AT
T feabiw Farz e hor n siphe pola oX Ze0 . So
z_l-
4. (2 points)Find -
ij“'eﬂﬁu
dz . ' 5
%
Cx L eta
x X
- S t‘lﬂ.’ d + - B Bime = 1x <
i'l.-
=k F.‘
f';JrSF-u(I *S )F:ﬂ. (%
G C R’ € ' T
* E LT .1-.:{" '
- ' "] & <
v §F se Meme 0o Vels .-.
e
3*"—“‘ e MR A a0 e b Al
l ETE. =

F = . - _
b z

CF- - i 3 2 . -+¢.J""j R t
S e —2.2 ‘{1 . ne , 'I'u-i'r' J
{ |

c .
L

T !utr,..,....pk gvd wa 2 iiﬁ.aﬂ.
[ 3

€ € "
Zero weliwss tth:'hi'l-?*ﬁ'lj - Lpu.....nlnlq .

T (‘C'.,_l..fu:!;.
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5. (4 points) Assume
Tty +z=10 (1)
where z = z(z,y) and z, and z, denote the partial derivatives of z with respect to =
and y. Make the change of variables r = z, ¢ = y/r. Derive an equation for z as a
function of r and ¢. Use this equation to solve the equation (1).

. T z ¥ - ) _ e
E v o % T 1'1-*11.—[‘"1?) = T, -2 r
Z, = oz X oz L o= oL
}'j'zv 2y vy 2 % tor
L - ra Z =0
gﬂ' £ L 1"31:]4\.1 =fg,‘, _E 1&] .|,.,'1.T|»- t-t?iz =- "".
Heru 3T T I_t,..d‘_.r =3 E.n1+f.=-ﬂh"¢'j
v r 7 z -
T = S gk C fn-J.l‘.q.?.n-Aun + s
Y
- L - 1
= C(+} _1;: C(‘ n) )

6. (5 points)Find the smallest and largest value of F = yz + 2* + z on the sphere z* +
P+=1

U‘:"‘:} L-.r..-aa h\--q_“r.""u"t.-p-, v F =}.#G 3 hamta  of w f—“"--h‘r'vp
pou-X (2%, 2, Yar ) = A 2x,29:22) - TL x30 we

. . X .
a.-t F\.ﬁ-.'l} &1 13 =3 jqi:ﬁﬁ:,j:i‘;"i‘; fi‘ ¥ 'l._.dl‘_iq:i_}

':llr'l.*l'l,.l

- . x = £ W% T - ',
T t-trt!['ﬁh-ﬁlﬂ-nj F ko a + Y * Y - r 3 rr " o 5.!-7-1‘
Yer=2 Az v R, ghy=z , e ‘:3,‘&1":. v, Swo
T =1 -\.‘:I ks 3
- 2 44 =\ =0 8 +
Jey=\37 s 29y P : x by o zesf3
The t:nr-:'rfunda-j F e © ¥z Zao, Y=~
2 e O = | 2 . ¥3
Mox = " % > V=T 2
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4.3. Finals CHAPTER 4. EXAMS
4.3 Finals
4.3.1 questions
Math 121a Final, Spring 2004, F.Rezakhanlou
1. (3 points) Find the Lagrange's equation in polar coordinates for a particle moving in
a plane if the potential energy is V = r~1,
2. (3 points) Use the cylindrical coordinates to find the equation of the shortest path _
connecting two points on a circular cylinder. o .:"r:-u E 4 A an
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#" 3. (3 points) Solve the Euler equation corresponding to the action

f‘* “"f“'Fd:
o

14y

Y 1 (3 points) Find the inverse Laplace transform of flz)={z— 1322 +4)7".
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5. {3 points)Find the exponential and sine Fourier transform of a function

1if0<z<2
flx) = ~1if =2<x <0
0 otherwise,

Use this to evaluate

fm (cos2y — I]Hmydy.

S 613 points) Solve (z? + Ly — 2ry’ + 3y = {z* + 1)* using the fact that r and 1 — =*
are solutions to the homogeneous equations.
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7. (3 points) Find y = y(x) such that y(0) = y'(0)} = 0 and 4y + 4y’ + 10y = &{zx — o).

8. (3 points) Given f{z) = |z| on (-, 7), expand f in an appropriate Fourier series of
period 27, To what value does the series converges at 77
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4.3. Finals CHAPTER 4. EXAMS

L I

9. (3 points) Evaluate j;u f=ndr.

10. {3 point) Use the transformation f(z) = =~ to find the temperature distribution T in

the region
{lzy):{z =17 =y > Lx =}

provided that T(x,y) = 20 if (x = 1)* +¢* = L and T(0,y) = 10.
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[ e

11. (2 points) Evaluate

%[[m,:}ﬂm_

12. (3 poims)If = = zy, 2r* + 2y* = 3t* and 32 + 3y® = 6t, find L.
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