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1 Problem 7.1

Solution

The idealized physical system is the following

=)

=1

m |~ ~_ np

kl (@] [@] k2 [@] [@]
The Lagrangian of the system is
L=KF—-PFE
1 1 1 1
= (§m1uf + Emlu%) — (§/€1U% —+ 5/{72 (Ug — U1)2>
1 . 1 . 1
= §m1uf + §m1u% — §k1u% — §l€2 (UQ — U1)2

Now apply Euler equation on the Lagrangian to obtain the equation of motion for each degree of

freedom. Given L the equation of motion for u; is given by % <%) — gf, =0

Hence the equation of motion associated with u; is given by

d(ony_ oL
dt E)ul aul_
d

E (mlﬂl) — (—k:lul — k’g (Ug — ul) X —1) =0

mlﬂl + klul — k2u2 + kQUl =0
mliil + u (k?l + ]{32) — ngg =0 (1)

And the equation of motion associated with uy is given by



d(PLY_ 0L
dt 8u2 8’&2_

d .
% (WQUQ) + k’z (Ug — Ul) =0

mgﬁg - Ulkg + UQ]CQ =0 (1)
Hence the equation of motions are
mliil + uy (/{71 + ]{72) — u2k2 =0
mgﬂg — ulkz + UQk‘Q =0

Hence the overall system EQM can be put in a matrix form as follows

mi 0 ﬁl ]fl + ]{52 —]fg (51 o
|: 0 meo :| { 7.1'/2 }+ |: —kQ ]{72 (%) o (3)
Notice that the mass matrix M and the stiffness matrix K are symmetric. This will always be
the case for conservative systems.

Equation (3) can be written as
[M]{a} + [K]{u} =0 (4)

Now assume the solution is given by

{u} ={a}e™ (5)
Substitute (5) into (4) we obtain
—w? [M]{a} e“" + [K]{a} ™" =0
Since e # 0 we divide by it and obtain
—w? [M]{a} + [K]{a} = 0
Factor out {a}
(1K) — w* [M]) {a} = 0

To have a non-trivial solution for the motion the above implies that the determinant of ([K] — w? [M])
must be zero. Hence we need to solve

det ([K]—w?[M]) =0
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Let A = w?, and expand the matrices and rewrite we obtain

by +ky —ky B
(L))

)=
([P ][ D} :

det |: ]{31 + kﬁg /\m1 —]{32

(ky + ky — Amy) (kg — )\mg —k3=0

kiky — kydmg + k2 — kodmg — kadmy + Nmymy — k2 =0
kiks — kidmg — kadmo — kodmy + A2mymy = 0

A2mims — kyAms — koms — kodmy + kike = 0

Nmymg — A (k1 + kg) ma + komy) + kika =0

((ky + ko) mag + komy) N ke ks
mime mims

A2 — A =0

Now find the numerical values for ki, k2, m;, mo and plug into the above equation to find A 2

12 EI 12 (5 x 10%)

k= — — 1028.8 Ib/in
o (15 x 12)° /
12 BT 12 (2.5 x 10°
by = _ 12 @500 04 7 i
L? (12 x 12)
and Wy 3860
1
S —10 Ib
T T 3k6
Wy 1930
=2 =51b
M2 =TT %6

Hence eq (6) above becomes

1028.8 4 1004.7) 54 1004.7 x 10) ~ 1028.8 x 1004.7
90 - 90

N .

Hence

A2 —404.29 X\ + 20673 = 0

Hence this is now in standard quadratic format, solve for A



b= Vb2 — 4dac

A
2a
40420 £ \/(~404.29)* — 4 x 20673
A=
2
\ 404.29 + 284. 18
B 2
Hence
404.29 — 284. 18
A =
2
= 60. 055
and
404.29 + 284.18
)\2 =
2
=344.24
Since \; = w? then
wy = V60.055
=|7.7495 rad/sec
and similarly
wy = V344.24

= | 18. 554 rad/sec

Now to find the eigenvectors, since

(K]~ w? [M]) {a} =0

Then

2
—l{?g ]{72 — W; M2

|:]€1+]€2—wi2m1 —kg :|{ aq

1028.8 +1004.7 — 10w?  —1004.7 ay
—1004. 7 1004. 7 — 5w?



For the first eigenvalue w; = 7. 7495 the above becomes

1028.8 +1004.7 — 10 x 7.74952 —1004.7 ax
—1004.7 1004.7 — 5 x 7.749 52 as

1433.0  —1004.7] [ | _,
~1004.7 704.43 ay |~

From first equation we obtain

1433.0a; — 1004. 7ae = 0

Hence 10047
aq .
— = =0.70112
Qs 1433.0

Hence we choose the first eigenvector to be

ap | | 0.70112
a9 1_ 1




For the second eigenvalue wo = 18. 554

1028.8 4+ 1004. 7 — 10 x 18.554> —1004.7 ay
—1004.7 1004.7 — 5 x 18. 5542 az J,

—1409.0 —1004.7 ay _0
—1004.7 —716.55 az J,
From first equation we obtain

—1409 a; — 1004. Tas =0

Hence

ap  1004.7
— = = —0.71306
ay  —1409

Hence we choose the second eigenvector to be

ap | | —0.71306
(05} 27 1

Conclusion

wy = |7.7495 rad/sec

wo = | 18. 554 rad/sec
a | _|f 070112
a9 1 o 1
ar | | [ —0.71306
(05} 9 o 1




2 Problem 7.6

Answer
I wrote a Mathematica program to solve this. This is the result, and below that I attach step by
step run of the program



