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1 Formulas used

Integration by parts is used in many problems below to solve j;f"rsinwn (t — ) dr. 1 derive it once.

Let u =7 and dv = sinwy, (t — 7) hence du =1 and v = [ sinw, (t — 7) = <5<alt=n)

Wn

Hence

b
/ Tsin(t —7)dr = fudv
a
= Uv — /vdu

B [Tcoswn (t—7)

b 1 b
] - — / coswy, (t — 7)dT
a WnJa

Wn
i b
1 1 |sinw,(t—T1
= — [T COS Wy (t - T)]i B ('_'_______n ( )]
w“ wﬂ _wn a

1 1 ..
- = [T coswy, (t — T)]g + ;—)—5 [sinw,, (t — 'r)]fI

Hence the integral I becomes

f;‘rsin (t—T7)dr = ;31?; Twcoswy (t — T) + sinwy (t —7)]°

The above is the form to remember.
or

1
I= 2 [beoswy, (t —b) — acoswy (t — a)] + —5 [sinwp (t — b) — sinwy, (t — a)]
w“ wﬂ.

For example, when a =0, b =, we obtain

t sin wpt

t
f Tsinw, (t —7)dr = — —
0

Wn w?




2 Problem 4.3

Problem 4.3
The steel frame shown in Fig. P4.3 is subjected to a horizontal force F(t) applied at

the girder level. The force decreases linearly from 5 kip at time =0 to zero at /= 0.6
sec. Determine; (a) the horizontal deflection at ¢ = 0.5 sec and (b) the maximum
horizontal deflection. Assume the columns massless and the girder rigid. Neglect

damping.

F(r)

- 25°
Fig. P4.3

Solution
We first assume that the initial absolute state of the girder is ©(0) = 0, and % (0) =0

This is the force load diagram

F()

FO=5 kips

T=0.6 sec time

Force load diagram

The intercept is Fy and the slope is —fﬁ hence since the general line equation for y (z) is y = intercept + ‘
slope » z, we see that the equation for %orce loading is
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F(t)=F0—%t=Fo(l—-t%) 1)

First we draw the physical model diagram

}—ou
A ¢
A d ™ ~Ft)
Y k
IR © NN & HE,

Using Duhamel integral, the displacement u (t) is (using the assumption of no damping)

1
mwy,

u(t) = /ot F(1)sinw, (t — 7)dr

Substitute (1) into the above and carry the integration.

u(t) = o /t (1—%) sinwy (t — 7)dr

"Wn 0
by parts
F /‘ : Fy 'f‘ . )
= sinwyg (t — 7)dT — Tsinwy (t — 1) dr
i Jo S =T o s o (E=1)
F F
= mx.g,z, (coswy (t —7))g — mw:td (wi?, [rwcoswy (t — T) + sinwy, (t — 'r)]f])
Fo Fo .
= — (1 — coswpt) — —Ty (tw — sinwnt)
_ R Fy sinwyt
= 2 (1 — coswnt) + TS ( o t
But w2 = % hence the above becomes
_ B Fy [sinwgt
u(t)—-ic—(l—cosw,,t)+m ( o -t (2)

Now to find the stiffness k& :



i 12BI 3EI
L?eft Lgight
4 1
=3EI +
((15 x12)® (20 x 12)3)
=3x30x106x82.8( : 5+ . 3)
(15x12)° (20 x 12)

=15650.2 lb/in

Hence

wn= -
m

_ [5650.2 x 386
- 20 x 103

10. 443 rad/sec

Now substitute the above results for £ and wy, in equation (2), and evaluate at ¢ = 0.5 we obtain

R (sinw,,t _ t) ™

u(t) = - (1 — coswnt) + K ia \ o
5x 103 5x 103 sin (10. 443 x 0.5)
= 5650.2 -~ oos(10-443 % 0.8)) + et 56 ( 10.443 0'5)
=|—0.407 15 inch |

part(b)
To find maximum displacement upax (t) we use the response spectrum shown on page 107 of the 5th
edition of the text book. First we find the natural period 7.

Hence

Hence from the spectrum on page 107, we see that

DLFyax = 1.55



approximately

But

Hence

Umax
Ugt %n

Umax = DL Fax (%)

5 X 103 /
=195 ( 5650.2 )

=[1.3716 inch \_//

This is a small program to plot u(t) itself. We see that u (t) became maximum before t4. u (t) maximum

as at about £ = 0.25sec

Reroue{ "Qdnl "« ;
(sverificetion axds for pxblen 4.3, B 477, By Nuaser ftonads)

me 2230 1 e500.2; wl-0.6; 05410 ;

f1t ) 1= Pieosdae{{ (0, t<0), (D1 ), te0Ges ), (0, &>t )]

Flot{flY], (t, 0, ), Flotlshe] > "F(t} fioxr prxhlen 4.3, Soealzbel - (“t°, "0 ™))
ale Flattm{DSalue{{mu® (Y «laft] = 84, W0 =0, u'((} =0, WY, )/
Flot{u{t] /. aal, (¢, 0, 4, Flotizhel -> "uity fixr parhlem 4.3, Rexdlobel « (", "Wt "}

m
B

D

Waf /



3 Problem 4.5

Problem 4.5

For the load-time function in Fig. P4.5, derive the expression for the dynamic load
factor for the undamped simple oscillator as a function of £, @ , and #,.

solution

fig P4.5 is

Hence we need to find u (t)

F(t)

lime

For ¢t < t4 and for an undamped simple oscillator, using Duhamel integral, the displacement w (1) is

u(t)

1 i
F (1) sinwy (t —
p— A (7)sinwy (t —7)dT
1 tFy

—7Tsinwy, (t —7)dr
mwn Jo ld

integrate by parts
e

R [ )
L Tsinwy, (t — 7)dr
Lygmuwn fo
F (1
r— (w_2 [Twcoswy (t — T) + sinwy, (& — 'r)]:'))
o1 .
e ) (twy, — sinwpt)
4 n Wy

5k
Wi = % hence the above becomes

u(t) = %% (twy — sinwpt)




'ﬁ@ Now we find DLF

pLF < b)) _u®)k
Ust Fy

_ -td—f:?:% (twn, — sinw,t) k
= A
twy, — sinwyt

lawn

Hence

— t __ sinwpt '
DLF = £ — tineat -

Now we do the case for t > t, \/

u(t) = ;wl—nv/:F(T)sinw,,(t-T)dT

1 td FO . t .
= (/(; ?d-'rsmw,. t-7)dr+ . Fysinwy, (t—'r)d'r)

(’W integrate by parts

” “

Fp |1t 4 ¢
= — Tsinwy, (t—T T+/ sinwy, (t — 7)dr
o | 22 [ rsinen - 7) [ sinan (27

o ( 1 {Twn coswn (t ~ 7) + sinwp (t r)}‘d . {cosw,, (t - T)}‘ )

mwy, \ tg w2 0 w ty

Fo 1 . .
= Wg (w—-ntd {tdwn COS Wy, (t - td) + sinwy, (t - td) - Slnwnt}) +

Fo
muw?

{coswn (t — t) — coswn (t —14)}

Fy 1 1 .
= (cosw,, (t—tq) + =y sinwy, (t — tg) — ;- sin wnt) +

n Wnid
Fy
-~ (1 — coswp, (t — tg))
Fy 1 1
(@u = an% (1 + m SiNwy (t - td) — ot s1nwnt)




Hence

t
g ) _ uOk
Ust Fo
—n%g (1 + ;;17; sinwy, (t —ta) — w—:z sinwnt) k

Fy

But w? = £ hence the above becomes

DLF =1+

1
sinwy, (t — td) — : sin wpt /

Wntd Wnld '
. - . 7
=1+ u_,:i_d (sinwp (t — ta) — sinwnt) \J/

Notice there is a sign difference with the answer on the back of the book. The back of the’book gives

1 [ s Loet?

DLF =1+ (sinwpt — sinwn (¢ +ta))

wWrtd

I think the answer in the back of the book is wrong. One way to obtdin the book answer from my answer
is to replace t by —t.

-




4 Problem 4.6 f 28

Frame shown in problem 4.3 above is subjected to sudden acceleration of 0.5 g applied to the foundation.
Determine the maximum shear force in the columns. Neglect damping,.

solution

The equation for motion when the system is subjected to ground acceleration can be written as

mily + ku, = —mil,

Where u; is the relative motion of the girder to the ground, and ii, is the ground acceleration (absolute).
Hence —mii, is the effective force F,
Hence this is the same problem as

mit,. + ku,. = F,

which has the solution

1 t
Up = / F.sinwy, (t —7)dr
MWy Jo
Fe
= —= (coswy (t — 7))g

n

= -f (1 = coswyt)

Hence
2F,

Uprmax = z

But from problem 4.3, we calculated k to be 5650.2 1b/in, hence

[ ]

Fe

Upmax = T

2 (—miig)
k
-2 x 2‘]"—;“3 x 0.5 xg
5650. 2
-20 x 103
5650. 2

&= inch

Now maximum shear is given by kuyay, hence for the left column we have (I will take absolute value of
displacement, since we are only interested in maximum value, the sense of shear is not relevant).
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; 12E1
maximum shear = L—3~umax
left

_ 12x30x 10° x 82.8
(15 x 12)°

3ETI

maximum shear = ——tmax
right
_ 3x30x10°x828
(20 x 12)3

x 3.5397

and for the right column

x 3.5397
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5 Problem 4.14 o
[/1
Problem 4.14.

For the dynamic system shown in Fi

. . P4, i .
a function of time for the interval 0 ° g, determini and plot the displacement as

S1<0.5 sec. Neglect damping,

g—b u
k = 1000 Ibfin, i

+¢{sec)

{a) {t)

Fig. P4.14

solution

m=1001b

Fp = 2000 1b

k =1000 Ib/in

Let t; = 0.2sec

t2 = 0.4sec

Hencefor t < ;1] F(t) = Fy

For t) <t < to| F () = Fo(1 - (54)

For an undamped simple oscillator, using Duhamel integral, the displacement « (t) is

Hencefor 0 <t <t
1 t
i t—7)d
n/(; F(7)sinwy, (t — 7)d7
Fy (coswn(t—'r))t

MWy, Wn

= "—fg, (1 — coswnt)

Uy (t) =

It

0

Hence

(L) = "—53: sinwpt

12



Note that
ote tha Fy

mw?

up (4) = (1 = cos0.2wn)

and P
i1 (t) = —— sin 0.2wn
My,

Nowfort1 <t <is

response due to initial conditions at t_1 free vibration second integral
— i (t NEEC )
ug (t) = uy (t1) coswr (t — 1) + t) sinwy (¢ —t1) + F(1)sinwp (t — 7)dr
wn nw" tl,
But the free vibration response is , using ¢{; = 0.2
41(t1)
uy (tl) F
“Fo - ~ ng sin 0.2wy,
= p— (1 — cos0.2wp) coswn (t — 0.2) + —"—wn——— sinwy, (t — 0.2)
=D t—0.2 0.2 £—0.2)} + —2 5in 02wy s
= {coswy, (t — 0.2) — cos 0.2w, coswn (t — 0.2)} + p— sin 0.2w, sinw, (t — 0.2) |
F
= nugz {coswy, (t — 0.2) — cos 0.2wy, coswy (t — 0.2) + sin 0.2wn sinwy (t -0.2)}
n

and the second integral is

‘ .
Iy= [ F(7)sinwy (t—T7)d7
ty

t
-1
= | Fp(1—- (T——ll) sinwy, (t — 7)dT
t 0.2
t FO t
= Fo/ sinwg (t —7)dT — = | (7 —t1)sinw, (t —1)dr
tr 0'2 &
use integration by parts
t ot M
. F . thFy [
= Fg/ sinwy (t — 7)dT — 0 rsinwn (t—7)dr + 220 sinwy (¢ — 7)dr
" 02/, 0.2 J,,

= (F0+ t1Fo) (coswn (t_.,-))t R {frwncoswﬂ (t — 7) +sinwy (t — 7) }t

0.2 Wn y 02 w2 "

t1 Fi 1
- (Fo + 1_0) = {cosin (£~ 1) — cosuwn (¢~ t1)}
n

0.2
Fo

~ 022 {twy coswp, (t — t) + sinwy (t — t) — [t1wn coswy (2 — t1) +sinw, (t-t1))}
- n

13
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Simplify to

F
=22 (1 + 0. 2) (1 —coswy (t — t1)) — o 2w2 {twn — tiwn coswy, (t — t1) — sinwy, (¢ — 1)}

Hence u; () for t; < t < tg is by putting the above result back into (1) we obtain

up(t) = nfg2 (coswn (t — 0.2) — cos 0.2wy, coswy, (t — 0.2) + sin 0.2wy, sinwy, (t — 0.2))
n

miﬂ (Fo (1 + "‘) (1 —coswn (t —t1)) — {t“’n tywn coswy (£~ t1) — sinwn (t - tl)})

+

But ¢; = 0.2, hence

(coswy (t —0.2) — cos (0.2wy) coswy, (t — 0.2) + sin (0.2wy,) sinwy, (t — 0.2))
{twn — 0.2wy coswy (t — 0.2) — sinwy, (t — 0.2)})

Fy
uz () = —3
n

1 I ) 0.2
+mn (wn (1+ )(l—coswn(t—02))—m

= nfgz (coswn (t — 0.2) — cos (0.2wy,) coswy, (t — 0.2) + sin (0.2w,) sinw, (t — 0.2))
n
1 2Fy 2K Fy F F
— (wn o, Co8tn (t—0.2) t0.2w,, +— o, Cosun t-02)+ — 092 sinwn (t — 0.2))
simplify
> F N\
uw? -~
2F ~ 2K C tFR R ~ R .
e R— coswy (t —0.2) 0.2ma? + m— coswy (t —0.2) + 02mad sinwy (t — 0.2)
Hence
up () = n) cOSwy (t — 0.2) ) sinws (¢ — 0.2) + 2Fo
ﬂ
t Fo Fo .
0.2ma? + 02mad sinwy (t — 0.2)
= 72y (2 ~ 08 (0.2n) coswn (¢ — 0.2) + sin (0.2wn) sinwa (¢ — 0.2) — 5t + 2 sinwa (¢ - 0.2))

14



Now
a2 (t) = 19;(w,,cos(02wn)smwn(t——O2)+wnsm(02wn)coswn(t—02) 55 + 55 coswy (t — 0.2))

Note that at ¢ we have

( — c0s (0.2wy) coswy (0.4 — 0.2) + sin (0.2wy,) sinwy, (0.4 — 0.2) — 9—4 +3 2lw sinwp, (0.4 - 0.2))
n

K
uz (t2) = ng"’

n
i . . 1.
= mtg,% (2 — c08 (0.2wy) cos (0.2wy) + sin (0.2wy,) sin (0.2wy,) — 2 + 020 sin 0_2wn)
= % (— cos? (0.2w) + sin? (0.2ws) + 2= sin (0.20.),,))
and at t = 0.4 we have
K
i (t2) = m‘zz (wn cos (0.2wy) sin (0.2wy) + wy, sin (0.2wy,) cos (0.2wy,) — + % cos 0.2w. )
n

Now for ¢t > t; since no force is applied, we use the free vibration solution using the above us (t2) and

iz (t2) as initial conditions

U2 (t2)

n

sinwy, (t — t2)

ug (t) = ug (t2) coswn (t — t2) +

. 5 .
= mu(:,z, (— cos? (0.2wp) + sin® (0.2w,) + o Sin (O.Zw,,)) coswy, (t — t2)
F
+ m¢33 (wn cos (0.2wy,) sin 0.2wy, + wy, sin (0.2wy ) €08 0.2wy, — 5 + 5 c0s 0.2wy) sinwy, (& — t3)
n

Now that we have u(t) for each time segment, we can plot the solution. Here it is for up to ¢ = 0.5 sec
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r1E = Femove(["Gldoal "] ;
(»Plot for problem 4.14, HW3. Masser Abbasis)
100 #k

m:E:k=10m: t1=0.2; t2=0.4; f0=2000; w= ;.
f0

w(t]):= YH (1-Cos[wt]);

wit ] :=

.mf% (2 - Cos[0.2w] Cos{w (£-0.2)] + SIn[0.2w] Sin{w (£-0.2)] - 5t+ —i Sinfw (£-0.2)]

m z b 5

wit) = —0 (- cos10.2w)° + singo0.2w)°? = Sin[0.2w]) Cos{w (t- t2)] «

% (wCos[0.2w] Sin[0.2w] + wSin[0.2w)] Cos[0.2w] - 5+ 5C0s[0.2w]) Sin[w (t- t2)]
uft ] :=Piecadse[{ (wm[t], t<ti}, (w([t], tas ts &), (w(t], t>t)));
Plot{Bwaliate(u(t]], {t, 0, .5}, PlotLabal -> "u(t) for problam 4.14",

Aeslabel + ("t", "u(t)"}, PlotRarge- All];

W ut for preblem4.l4

e

NS

| /\

0.1 0.2 v ( s
-2 L
\\ /',
Here is the solution for up to t = 1.5sec Nt

uit; for problem4.14




