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1 Formulas used

Integration by parts is used in many problems below to solve
R b
a � sin!n (t� �) d� . I derive it once.

Let u = � and dv = sin!n (t� �) hence du = 1 and v =
R
sin!n (t� �) = cos!n(t��)

!n

Hence

Z b

a
� sin (t� �) d� �

Z
udv

= uv �
Z
vdu

=

�
�
cos!n (t� �)

!n

�b
a

� 1

!n

Z b

a
cos!n (t� �) d�

=
1

!n
[� cos!n (t� �)]ba �

1

!n

�
sin!n (t� �)

�!n

�b
a

=
1

!n
[� cos!n (t� �)]ba +

1

!2n
[sin!n (t� �)]ba

Hence the integral I becomes

R b
a � sin (t� �) d� =

1
!2n
[�! cos!n (t� �) + sin!n (t� �)]ba

The above is the form to remember.

or

I =
1

!n
[b cos!n (t� b)� a cos!n (t� a)] +

1

!2n
[sin!n (t� b)� sin!n (t� a)]

For example, when a = 0, b = t, we obtain

Z t

0
� sin!n (t� �) d� =

t

!n
� sin!nt

!2n
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2 Problem 4.3

Solution

We �rst assume that the initial absolute state of the girder is u (0) = 0, and _u (0) = 0

This is the force load diagram

The intercept is F0 and the slope is �F0
td
hence since the general line equation for y (x) is y = intercept+

slope � x, we see that the equation for force loading is
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F (t) = F0 � F0
td
t = F0

�
1� t

td

�
(1)

First we draw the physical model diagram

Using Duhamel integral, the displacement u (t) is (using the assumption of no damping)

u (t) =
1

m!n

Z t

0
F (�) sin!n (t� �) d�

Substitute (1) into the above and carry the integration.

u (t) =
F0
m!n

Z t

0

�
1� �

td

�
sin!n (t� �) d�

=
F0
m!n

Z t

0
sin!n (t� �) d� �

F0
m!ntd

by partsz }| {Z t

0
� sin!n (t� �) d�

=
F0
m!2n

(cos!n (t� �))t0 �
F0

m!ntd

�
1

!2n
[�! cos!n (t� �) + sin!n (t� �)]t0

�
=

F0
m!2n

(1� cos!nt)�
F0

m!3ntd
(t! � sin!nt)

=
F0
m!2n

(1� cos!nt) +
F0

m!2ntd

�
sin!nt

!n
� t
�

But !2n =
k
m hence the above becomes

u (t) =
F0
k
(1� cos!nt) +

F0
k td

�
sin!nt

!n
� t
�

(2)

Now to �nd the sti¤ness k :
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k =
12EI

L3left
+
3EI

L3right

= 3EI

�
4

(15� 12)3
+

1

(20� 12)3

�
= 3� 30� 106 � 82:8

�
4

(15� 12)3
+

1

(20� 12)3

�
= 5650: 2 lb/in

Hence

!n =

r
k

m

=

r
5650: 2� 386
20� 103

= 10: 443 rad/sec

Now substitute the above results for k and !n in equation (2), and evaluate at t = 0:5 we obtain

u (t) =
F0
k
(1� cos!nt) +

F0
k td

�
sin!nt

!n
� t
�

=
5� 103
5650: 2

(1� cos (10: 443� 0:5)) + 5� 103
5650: 2� 0:6

�
sin (10: 443� 0:5)

10: 443
� 0:5

�
= �0:407 15 inch

part(b)

To �nd maximum displacement umax (t) we use the response spectrum shown on page 107 of the 5th
edition of the text book. First we �nd the natural period T:

T =
2�

!n
=

2�

10: 443

= 0:601 66 sec

Hence

td
T
=

0:6

0:601 66

= 0:997 24

Hence from the spectrum on page 107, we see that

DLFmax = 1:55
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approximately

But
DLFmax =

umax
ust

=
umax
F0
k

Hence

umax = DLFmax

�
F0
k

�
= 1:55

�
5� 103
5650: 2

�
= 1: 371 6 inch

This is a small program to plot u(t) itself. We see that u (t) became maximum before td. u (t) maximum
as at about t = 0:25 sec
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3 Problem 4.5

solution

�g P4.5 is

DLF =
u (t)

ust

Hence we need to �nd u (t)

For t � td and for an undamped simple oscillator, using Duhamel integral, the displacement u (t) is

u (t) =
1

m!n

Z t

0
F (�) sin!n (t� �) d�

=
1

m!n

Z t

0

F0
td
� sin!n (t� �) d�

=
F0

tdm!n

integrate by partsz }| {Z t

0
� sin!n (t� �) d�

=
F0

tdm!n

�
1

!2n
[�! cos!n (t� �) + sin!n (t� �)]t0

�
=

F0
tdm!n

1

!2n
(t!n � sin!nt)

!2n =
k
m hence the above becomes

u (t) = F0
td!n

1
k (t!n � sin!nt)
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Now we �nd DLF

DLF =
u (t)

ust
=
u (t) k

F0

=

F0
td!n

1
k (t!n � sin!nt) k

F0

=
t!n � sin!nt

td!n

Hence

DLF = t
td
� sin!nt

td!n

Now we do the case for t � td

u (t) =
1

m!n

Z t

0
F (�) sin!n (t� �) d�

=
1

m!n

�Z td

0

F0
td
� sin!n (t� �) d� +

Z t

td

F0 sin!n (t� �) d�
�

=
F0
m!n

0BBB@ 1

td

integrate by partsz }| {Z td

0
� sin!n (t� �) d� +

Z t

td

sin!n (t� �) d�

1CCCA

=
F0
m!n

 
1

td

�
�!n cos!n (t� �) + sin!n (t� �)

!2n

�td
0

+

�
cos!n (t� �)

!n

�t
td

!

=
F0
m!2n

�
1

!ntd
ftd!n cos!n (t� td) + sin!n (t� td)� sin!ntg

�
+

F0
m!2n

fcos!n (t� t)� cos!n (t� td)g

=
F0
m!2n

�
cos!n (t� td) +

1

!ntd
sin!n (t� td)�

1

!ntd
sin!nt

�
+

F0
m!2n

(1� cos!n (t� td))

=
F0
m!2n

�
1 +

1

!ntd
sin!n (t� td)�

1

!ntd
sin!nt

�
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Hence

DLF =
u (t)

ust
=
u (t) k

F0

=

F0
m!2n

�
1 + 1

!ntd
sin!n (t� td)� 1

!ntd
sin!nt

�
k

F0

But !2n =
k
m hence the above becomes

DLF = 1 +
1

!ntd
sin!n (t� td)�

1

!ntd
sin!nt

= 1 + 1
!ntd

(sin!n (t� td)� sin!nt)

Notice there is a sign di¤erence with the answer on the back of the book. The back of the book gives

DLF = 1 +
1

!ntd
(sin!nt� sin!n (t+ td))

I think the answer in the back of the book is wrong. One way to obtain the book answer from my answer
is to replace t by �t.
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4 Problem 4.6

Frame shown in problem 4.3 above is subjected to sudden acceleration of 0.5 g applied to the foundation.
Determine the maximum shear force in the columns. Neglect damping.

solution

The equation for motion when the system is subjected to ground acceleration can be written as

m�ur + kur = �m�ug

Where ur is the relative motion of the girder to the ground, and �ug is the ground acceleration (absolute).
Hence �m�ug is the e¤ective force Fe
Hence this is the same problem as

m�ur + kur = Fe

which has the solution

ur =
1

m!n

Z t

0
Fe sin!n (t� �) d�

=
Fe
m!2n

(cos!n (t� �))t0

=
Fe
k
(1� cos!nt)

Hence

urmax =
2Fe
k

But from problem 4.3, we calculated k to be 5650: 2 lb/in; hence

urmax =
2Fe
k

=
2 (�m�ug)

k

=
�2� 20�103

g � 0:5� g
5650: 2

=
�20� 103
5650: 2

= �3: 539 7 inch

Now maximum shear is given by kumax, hence for the left column we have (I will take absolute value of
displacement, since we are only interested in maximum value, the sense of shear is not relevant).
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maximum shear =
12EI

L3left
umax

=
12� 30� 106 � 82:8

(15� 12)3
� 3: 539 7

= 18; 092 lb

and for the right column

maximum shear =
3EI

L3right
umax

=
3� 30� 106 � 82:8

(20� 12)3
� 3: 539 7

= 1; 908: 1 lb
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5 Problem 4.14

solution

m = 100 lb

F0 = 2000 lb

k = 1000 lb/in

Let t1 = 0:2 sec

t2 = 0:4 sec

Hence for t � t1; F (t) = F0

For t1 � t � t2; F (t) = F0(1� (t�t1)
0:2 )

For an undamped simple oscillator, using Duhamel integral, the displacement u (t) is

Hence for 0 � t � t1

u1 (t) =
1

m!n

Z t

0
F (�) sin!n (t� �) d�

=
F0
m!n

�
cos!n (t� �)

!n

�t
0

= F0
m!2n

(1� cos!nt)

Hence
_u1 (t) =

F0
m!n

sin!nt
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Note that

u1 (t1) =
F0
m!2n

(1� cos 0:2!n)

and

_u1 (t1) =
F0
m!n

sin 0:2!n

Now for t1 � t � t2

u2 (t) =

response due to initial conditions at t_1 free vibrationz }| {
u1 (t1) cos!n (t� t1) +

_u1 (t1)

!n
sin!n (t� t1)+

second integralz }| {
1

m!n

Z t

t1

F (�) sin!n (t� �) d� (1)

But the free vibration response is , using t1 = 0:2

=

u1(t1)z }| {
F0
m!2n

(1� cos 0:2!n) cos!n (t� 0:2) +

_u1(t1)z }| {
F0
m!n

sin 0:2!n

!n
sin!n (t� 0:2)

=
F0
m!2n

fcos!n (t� 0:2)� cos 0:2!n cos!n (t� 0:2)g+
F0
m!2n

sin 0:2!n sin!n (t� 0:2)

=
F0
m!2n

fcos!n (t� 0:2)� cos 0:2!n cos!n (t� 0:2) + sin 0:2!n sin!n (t� 0:2)g

and the second integral is

I2 =

Z t

t1

F (�) sin!n (t� �) d�

=

Z t

t1

F0(1�
(� � t1)
0:2

) sin!n (t� �) d�

= F0

Z t

t1

sin!n (t� �) d� �
F0
0:2

Z t

t1

(� � t1) sin!n (t� �) d�

= F0

Z t

t1

sin!n (t� �) d� �
F0
0:2

use integration by partsz }| {Z t

t1

� sin!n (t� �) d� +
t1F0
0:2

Z t

t1

sin!n (t� �) d�

=

�
F0 +

t1F0
0:2

��
cos!n (t� �)

!n

�t
t1

� F0
0:2

�
�!n cos!n (t� �) + sin!n (t� �)

!2n

�t
t1

=

�
F0 +

t1F0
0:2

�
1

!n
fcos!n (t� t)� cos!n (t� t1)g

� F0
0:2!2n

ft!n cos!n (t� t) + sin!n (t� t)� [t1!n cos!n (t� t1) + sin!n (t� t1)]g
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Simplify to

I2 =
F0
!n

�
1 +

t1
0:2

�
(1� cos!n (t� t1))�

F0
0:2!2n

ft!n � t1!n cos!n (t� t1)� sin!n (t� t1)g

Hence u2 (t) for t1 � t � t2 is by putting the above result back into (1) we obtain

u2 (t) =
F0
m!2n

(cos!n (t� 0:2)� cos 0:2!n cos!n (t� 0:2) + sin 0:2!n sin!n (t� 0:2))

+
1

m!n

�
F0
!n

�
1 +

t1
0:2

�
(1� cos!n (t� t1))�

F0
0:2!2n

ft!n � t1!n cos!n (t� t1)� sin!n (t� t1)g
�

But t1 = 0:2, hence

u2 (t) =
F0
m!2n

(cos!n (t� 0:2)� cos (0:2!n) cos!n (t� 0:2) + sin (0:2!n) sin!n (t� 0:2))

+
1

m!n

�
F0
!n

�
1 +

0:2

0:2

�
(1� cos!n (t� 0:2))�

F0
0:2!2n

ft!n � 0:2!n cos!n (t� 0:2)� sin!n (t� 0:2)g
�

=
F0
m!2n

(cos!n (t� 0:2)� cos (0:2!n) cos!n (t� 0:2) + sin (0:2!n) sin!n (t� 0:2))

+
1

m!n

�
2F0
!n

� 2F0
!n

cos!n (t� 0:2)� t
F0
0:2!n

+
F0
!n
cos!n (t� 0:2) +

F0
0:2!2n

sin!n (t� 0:2)
�

simplify

u2 (t) =

z }| {
F0
m!2n

cos!n (t� 0:2)�
F0
m!2n

cos (0:2!n) cos!n (t� 0:2) +
F0
m!2n

sin (0:2!n) sin!n (t� 0:2)

+
2F0
m!2n

z }| {
� 2F0
m!2n

cos!n (t� 0:2)�
t F0

0:2m!2n
+

z }| {
F0
m!2n

cos!n (t� 0:2)+
F0

0:2m!3n
sin!n (t� 0:2)

Hence

u2 (t) = �
F0
m!2n

cos (0:2!n) cos!n (t� 0:2) +
F0
m!2n

sin (0:2!n) sin!n (t� 0:2) +
2F0
m!2n

� t F0
0:2m!2n

+
F0

0:2m!3n
sin!n (t� 0:2)

= F0
m!2n

�
2� cos (0:2!n) cos!n (t� 0:2) + sin (0:2!n) sin!n (t� 0:2)� 5t+ 5

!n
sin!n (t� 0:2)

�

14



Now

_u2 (t) =
F0
m!2n

�
!n cos (0:2!n) sin!n (t� 0:2) + !n sin (0:2!n) cos!n (t� 0:2)� 1

0:2 +
1
0:2 cos!n (t� 0:2)

�
Note that at t2 we have

u2 (t2) =
F0
m!2n

�
2� cos (0:2!n) cos!n (0:4� 0:2) + sin (0:2!n) sin!n (0:4� 0:2)�

0:4

0:2
+

1

0:2!n
sin!n (0:4� 0:2)

�
=

F0
m!2n

�
2� cos (0:2!n) cos (0:2!n) + sin (0:2!n) sin (0:2!n)� 2 +

1

0:2!n
sin 0:2!n

�
= F0

m!2n

�
� cos2 (0:2!n) + sin2 (0:2!n) + 5

!n
sin (0:2!n)

�
and at t2 = 0:4 we have

_u2 (t2) =
F0
m!2n

�
!n cos (0:2!n) sin (0:2!n) + !n sin (0:2!n) cos (0:2!n)�

1

0:2
+
1

0:2
cos 0:2!n

�
Now for t � t2 since no force is applied, we use the free vibration solution using the above u2 (t2) and
_u2 (t2) as initial conditions

u3 (t) = u2 (t2) cos!n (t� t2) +
_u2 (t2)

!n
sin!n (t� t2)

=
F0
m!2n

�
� cos2 (0:2!n) + sin2 (0:2!n) +

5

!n
sin (0:2!n)

�
cos!n (t� t2)

+
F0
m!3n

(!n cos (0:2!n) sin 0:2!n + !n sin (0:2!n) cos 0:2!n � 5 + 5 cos 0:2!n) sin!n (t� t2)

Now that we have u (t) for each time segment, we can plot the solution. Here it is for up to t = 0:5 sec
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Here is the solution for up to t = 1:5 sec
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