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1 Formulas used

Integration by parts is used in many problems below to solve f: Tsinwy, (t — 7) dr. 1 derive it once.

cos wn (t—7)

Let u = 7 and dv = sinwy, (t — 7) hence du = 1 and v = [sinw, (t —7) = =5

Hence

b
/ Tsin(t—T)dTE/udv
:uv—/vdu

_ [Tww(tf)] _1/ coswy (t — 1) dr
a

Wn Wn

y 1 [sinwn (t — T)]b

= — [rcoswy, (t —71)], — — e

a

Wn, “ wy

a
b

_ 1 [T coswy, (t — T)]Z + —5 [sinwy, (t —7)],

wn, w2

Hence the integral I becomes

brsin(t—r dr = L [twcoswy (t — 7) +sinwy, (t — 7 b
a wy, a

The above is the form to remember.

or

I:i[bcoswn(t—b)—acoswn(t—a)H— ! [sinwy, (t —b) — sinw, (t — a)]

o )
For example, when a =0, b =t, we obtain

t sin wnt

t
/ Tsinwy, (t —7)dr = — —
0

W, w2




2 Problem 4.3

Problem 4.3
The steel frame shown in Fig. P4.3 is subjected to a horizontal force F(t) applied at

the girder level. The force decreases linearly from 5 kip at time = 0 to zero at 1 = 0.6
sec. Determine: (a) the horizontal deflection at ¢t = 0.5 sec and (b) the maximum
horizontal deflection. Assume the columns massless and the girder rigid. Neglect

damping.

20 Kips
[T p——
Z'C n P ""':’
B
& L=
W8 X 24
15 /\
i
4 ¥
i
Fig. P4.3

Solution

We first assume that the initial absolute state of the girder is u (0) = 0, and @ (0) =0

This is the force load diagram

F(t)

FO=5 kips

T=0.6 sec time

Force load diagram

The intercept is Fy and the slope is —f—; hence since the general line equation for y (x) is y = intercept +
slope x x, we see that the equation for force loading is



F(t):F—f—;t:Fo(l—i) 1)

tq

First we draw the physical model diagram

}—DH

c
L e 2 (3)
k_(.u.;

Using Duhamel integral, the displacement « (¢) is (using the assumption of no damping)

w(t) = /OF(T>smwn(t—T)dT

MWy,

Substitute (1) into the above and carry the integration.

Fo (! T .
- 1— — o (t —
u (t) mwn/o ( td> sinwy, (t —7)dr

by parts
F t F t
=0 / sinwy, (t —7)dr — 0 / Tsinwy, (t —7)dr
mwn Jo mwntq Jo
Fo t Fo 1 : t
= 2 (coswy (t—7))y — monta \ &2 [Tw coswy, (t — 7) + sinwy, (t —7)]
F E
= 02 (1 — coswpt) — 72 (tw — sinwpt)
mwi, mwitd
F E i t
= 02 (1 — coswpt) + g <smwn — t)
mw;, mwity Wy,
But w? = % hence the above becomes
FO FO sin wyt
u(t) = ?(1_C08wnt)+k7td ( wnn _t> (2)

Now to find the stiffness k :



_12BEI  3EI

= —au 4+ —
3 3
Lleft Lright

k

4 1
— 3EI ( =+ 3>
(15 x 12)° (20 x 12)

:3><30><106><82.8< 4 + L >

(15 x 12)> (20 x 12)*
—[5650.2 1b/in

Hence

Wn = —
m

~ [5650.2 x 386
- 20 x 103

= ’ 10.443 rad/sec‘

Now substitute the above results for k£ and w,, in equation (2), and evaluate at ¢ = 0.5 we obtain

Fy Fy [sinw,t
t)y==2(1—- nt) + — —t
u(t) k( cos w )+ktd< o >
5% 103 5 x 103 sin (10. 443 x 0.5)
= 1 — cos (10.443 x 0.5 0.5
5650.2 (1~ 08! X0+ 50 9% 06 < 10. 443 )

=|-0.40715 inch]

part(b)

To find maximum displacement umax (t) we use the response spectrum shown on page 107 of the 5th
edition of the text book. First we find the natural period T.

wy  10.443

=10.601 66 sec

B 2T 2

Hence

ta 0.6

T  0.60166

~ [0.99721]

Hence from the spectrum on page 107, we see that

DLFya = 1.55



approximately

But u U
max max
DLF . = =7
Ust %
Hence

k
5 x 103
=1. _—
55 < 5650. 2 )
=|1.3716 inch

This is a small program to plot u(t) itself. We see that u () became maximum before 4. u (¢) maximum
as at about ¢t = 0.25sec

F
Umax = DLFnax <0>

Faowe "Gld=al +" ;
(»verification code fimr prblen 4.3, GBE 477, By Mass=r Mimsis)

2016 ; k=5680.2; tl=0.6; F0=521F ;

m=

t
£t ] := Piscswise[{ {0, t<0}, {8 (l—a], tz0skts wd}, {0, t>th}]

Flot[f[t] , {t, 0, 2}, Flotizhel — "F(t) for mrblen 4.3", Beslaheal -+ {5, "F(H "}]
sal = Flatten[Talve[ {mu' '[t] «ku[t] =£[t], u[0] =0, w'[0] =0} ,u[t], H];
Flot{u[t] /. =dl, {t, 0, 4}, Plotlzhel - "u(t) for pdklem 4.3", Zeslabal & (™", "ult) "]

E[&] F(t] for pmblem 4.3

PR
LUV

D[l 5= = GrEphics -




3 Problem 4.5

Problem 4.5
For the load-time function in Fig. P4.5, derive the expression for the dynamic load
factor for the undamped simple oscillator as a function of 7, @, and #;.

solution

fig P4.5 is

td time

Force load diagram

prr— 4
Ust

Hence we need to find w (t)

For t < t4 and for an undamped simple oscillator, using Duhamel integral, the displacement w (t) is

u(t) = ! /F(T)Sinwn(t—T)dT

mwy,
1
Wn,

0
t
E
/ 7 sinwy, (t—r71)dr
0 td

integrate by parts

m

B[t )
=0 / Tsinwy, (t —7)dr
0

N tgmwn,

Fi 1 .
= tdm(c)u <w2 [Tw coswy, (t — 7) + sinw, (t — 7')]6)
n n
Fi 1
=0 — (twn — sinwpt)
tagmwy, Wy,

= % hence the above becomes

u(t) = tiﬁ’n% (twp, — sinwy,t)




Now we find DLF

DLF — u (t) _ u(t)k
Ust Fo
Fo 1

(twy, — sinwpt) k

Fo
twp, — sinwyt

_ tqwn k

tawn

Hence

_ t _ sinwnt
DLF = L — sinent

tdwn

Now we do the case for t > t,

t
u(t) = ! /()F(T)Sinwn(t—T)dT

MW,
1 tq F t
= (/ Drsinw, (t—7)dr+ | Fysinw, (t—7) dT)
mwny, 0 td ta
integrate by parts
F 1 tq t
=0 / TSinn(t—T)dT+/ sinwy, (t —7)dr
mwy | tq./o tq

mwn, \ tq w2 0

F (1 {Twncoswn(t—T)+Sinwn(t—7')}td+{

coswy, (t —7)

K 1
= mczﬁ <wntd {tqwn coswy, (t — tgq) + sinwy, (t — tg4) — sin wnt}> +

Fy
coswy (t—t) —cosw,, (t —t
ez 05w (6= 1) = coseon (6 = ta)}
Fy .
= coswy (t—tg) + sinwy, (t —tg) —
mw? ( n a) wntd n ) Wntd
Fy

(1 — coswy, (t —tq))

2
mw?

o (1 L (t —tq) L inwnt
= S11 W — — —— SInw
mw? wntd " VT ot "

sin wnt) +



Hence

t t) k
g b0 ()
Ust Fo
B m}g’% <1 + ﬁtd sinwy, (t —tq) — ﬁtd sinwnt> k
= 7
But w? = % hence the above becomes
DLF =1+ sinwy, (t —tq) — sin wpt
Wnld Wnld

=1+ ﬁtd (sinwy, (t — tq) — sinwpt)

Notice there is a sign difference with the answer on the back of the book. The back of the book gives

DLF =1+ (sinwpt — sinwy, (t +t4))

wnta

I think the answer in the back of the book is wrong. One way to obtain the book answer from my answer
is to replace t by —t.



4 Problem 4.6

Frame shown in problem 4.3 above is subjected to sudden acceleration of 0.5 g applied to the foundation.
Determine the maximum shear force in the columns. Neglect damping.

solution

The equation for motion when the system is subjected to ground acceleration can be written as

mily, + ku, = —miiy

Where wu, is the relative motion of the girder to the ground, and ii4 is the ground acceleration (absolute).
Hence —mii, is the effective force Fy
Hence this is the same problem as

mi, + ku, = F,

which has the solution

1

MWy,

Up =

¢
/ Fesinwy, (t —7)dr
0
— e
mw?

=2 (1 — coswpt)

(coswy, (t — 7'))6

Hence
2F,
U max = ——
T ma. k

But from problem 4.3, we calculated k to be 5650.2 1b/in, hence

[\)

Fe

Ur max = L

2 (—miig)
k

—2x%x0.5xg

5650. 2
—20 x 10°
5650. 2

- e

Now maximum shear is given by kumax, hence for the left column we have (I will take absolute value of
displacement, since we are only interested in maximum value, the sense of shear is not relevant).

10



12E71

maximum shear = —3 Umax
left

12 x 30 x 10°% x 82.8
= S T O X 3.5397
(15 x 12)

- 15002 )

and for the right column

3ET

maximum shear = —s——Umax
right

3% 30x10%x82.8
(20 x 12)*

(L9051 1)

x 3.5397

11



5 Problem 4.14

Problem 4.14.

F or the dynamic system shown j
a function of time for the interva

n Fig. P4.14, determine and plot the displacement as
10<7<0.5 sec. Neglect damping.

2 > u Fle)

"{; k == ?0{}0 !b,’iﬂ.
g.‘“—*ﬂ\f\m—mw-
g - 100%  peeeip £y} 2000°
A E {
|
t
G2 0.4
{a) (b}
Fig. P4.14
solution
m = 100 Ib
Fy = 2000 Ib
= 1000 1b/in
Let t1 = 0.2sec
to = 0.4sec
Hence for t < 1| F (t) = Fy
- _ (=t
For tl S t S t2, F (t) = Fo(l 0.2 )

For an undamped simple oscillator, using Duhamel integral, the displacement w (t) is

Hence for 0 <t <t

Hence

1
mwy,
Fy

Ui (t) =

¢
/ F(7)sinw, (t —7)dr
0

MWn

(el

Fo
mw2

(1 — coswpt)

(1)

_ | _Fo o
= | s sin wyt

12



Note that

Fy
t1) = 1—cos0.2
uy (t1) et (1 — cos 0.2wy,)
and
1),1 (t1> = sin O.an
mwy,
Now for tl <t< tg
response due to initial conditions at t_1 free vibration second integral
1 (¢ I
ug (t) = uq (t1) coswy, (t —t1) + i (t1) sinwy, (t —t1) + F (1)sinwy, (t —7)dr
Wn, mwny th
But the free vibration response is , using t; = 0.2
ﬂl(tl)
———
ul(tl) b
T sin 0.2wy,,
= 02 (1 — cos0.2wy) coswy (£ —0.2) + 2 ginw, (t —0.2)
mwy, Wn
_ o Fo . :
= {coswy, (t — 0.2) — cos 0.2w,, coswy, (t —0.2)} + 2 sin 0.2wy, sin wy, (t — 0.2)
F
= 02 {coswy, (t —0.2) — cos 0.2wy, cos wy, (t — 0.2) + sin 0.2w, sinwy, (t — 0.2)}
mwz

and the second integral is

P :/tF(T)Sinwn (t—7)dr

t1

t

—t

:/ Fo(l—u)sinwn(t—T)dT

" 0.2
t FO t

:F[]/ sinwy, (t —7)dr — — | (7 —t1)sinwy, (t —7)dr
. 0.2 /.,

use integration by parts

t

¢ FO tlFO !
:Fg/ sinwy, (t —7)dr — — Tsinwn(tT)dT+/ sinwy, (t —7)dr
. 0.2/, 0.2 J,,
(s t1Fp coswy, (t — 1) ¢ Fy [ 1wncoswy, (t—T) 4 sinwy, (t — 1) t
U 02 Wn ., 02 w2 "

t1 Fi 1
= (Fo + (1]20> o {coswy, (t —t) — coswy, (t —t1)}

F
- 02% {twy, coswy, (t —t) + sinwy, (t —t) — [tiwn coswy, (t —t1) + sinwy, (E —t1)]}
° n

13
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Simplify to

F t F
) ——— <1 + 012> (1 —coswy (t —11)) — 5 22)2 {twy, — trwp coswy, (t — t1) — sinwy, (t —t1)}
. 2w2

Wn

Hence ug (t) for t; <t < t9 is by putting the above result back into (1) we obtain

ug (t) = (coswy, (t — 0.2) — cos 0.2wy, cos wy, (t — 0.2) + sin 0.2w,, sinw, (t — 0.2))

mw?
1 Fi t EF .
+ — <w: (1 + 012> (1 —coswy, (t —1t1)) — 70.22}% {twy, — tiwp coswy, (t —t1) — sinw, (t — tl)}>

But t; = 0.2, hence

(coswy, (t — 0.2) — cos (0.2wy,) coswy, (t — 0.2) + sin (0.2w,) sinw, (t — 0.2))

0
uz (1) = mw?2
n

1 K 0.2 F
=0 <1 + > (1 —coswy, (t—0.2)) — 702 {twyn, — 0.2wy, coswy, (t — 0.2) — sinw,, (t — 0.2)}>
n

+ MWy, \ Wn 0.2 0.2w
= (coswy, (t —0.2) — cos (0.2wy,) cos wy, (t — 0.2) + sin (0.2wy,) sinwy, (t — 0.2))
n
1 2F, 2F, Fo ) 0 .
i t—02) -1t — t—0.2 t—0.2
— ( o o coswy, ( ) 020, + o cos wy, ( )+ 0202 sin wy, ( ))
simplify
(t) (t = 0.2) =0 cos (0.2) (= 0.2) + 22 in (020 sinwn (¢ — 0.2)
u = coswy, (t —0.2) — cos (0.2wy,) cos wy, (t — 0. sin (0.2wy,) sinwy, (t — 0.
2 mw?2 " mw? " " mw?2 " "
2F), 2Fy . t Fo Fo ) .
me? ma? coswy, (t — 0.2) T 02me? + " coswy, (t —0.2) +m sinwy, (t —0.2)
Hence
FO FO . . 2F0
ug (t) = — cos (0.2wy, ) coswy, (t — 0.2) + sin (0.2wy,) sinwy, (t — 0.2) +
2 " " mw? " " mw?

n n

t Fy Fy

— 3 t—0.2
0.2mw? = 0.2mw3 sinw ( )

_ | _Fo <2 — cos (0.2wy, ) coswy, (t — 0.2) + sin (0.2wy,) sinwy, (t — 0.2) — 5t + w% sinwy, (t — 0.2))

2
mwy,

14



Now

i1 (1) ::153%(wncosﬂl2wn)sh1wn(t——02)%—wnshlﬂlen)coswn(t——02)——6%-+i%§coswn(t——02))

Note that at t9 we have

E 0.4 1
ug (t2) = muOJ% (2 — cos (0.2wy,) cos wy, (0.4 — 0.2) 4 sin (0.2wy,) sinw,, (0.4 — 0.2) — 03 + 020, sinwy, (0.4 — 0.2))
Fo (o (0.2wy,) cos (0.2wy,) + sin (0.2w, ) sin (0.2w,) — 2 + L in0.2
= — : . in (0. in (0. — in 0.2w
o cos (0.2wy,) cos (0.2wy,) + s wn) S Wn 020, n

=| Lo (— cos? (0.2wy,) + sin? (0.2w,,) + % sin (0.2wn))

mwy

and at t5 = 0.4 we have

. Fo : . 1 1
Uz (t2) = " <wn cos (0.2wy, ) sin (0.2wy,) + wy, sin (0.2wy, ) cos (0.2wy,) — 02 + 03 ¢ 0.2wn>

Now for t > t5 since no force is applied, we use the free vibration solution using the above s (t2) and
2 (t2) as initial conditions

Uz (t2)

ug (t) = ug (t2) coswy, (t — t2) +
Wn

sinwy, (t — t2)

F )
= 02 <— cos? (0.2wy,) 4 sin? (0.2w,,) + — sin (O.an)> cos wy, (t — t2)
mwy n

+ (wn, cos (0.2wy,) sin 0.2w,, + wy, sin (0.2wy,) cos 0.2w;, — 5 + 5 cos 0.2wy, ) sinwy, (¢ — t2)

U
3
Wn

Now that we have w (t) for each time segment, we can plot the solution. Here it is for up to ¢ = 0.5 sec

15



IM16%= Remove["Glabal +"] ;
(«#Plot for problem 4.14, HW3. Masser Abbasis)

100 k
m=——=; k=1000; t; =0.2; £, =0.4; f0=2000; w=.[— ;
386 m

w[t ] ::W (1-Coswt]);
w(t ] :=

% (2- Cos[0.2w] Cos[w (£- 0.2)] + Sin[0.2w] Sin[w (t-0.2)] - 5t+§ Sin[w (£-0.2)]

0 2 . 2 5
wlt ] ::W (—CCS[O.QW] + 8in[0.2w] o Sin[0.2w] | Cos[w (E-t2) ] +

% (wCos[0.2w] Sin[0.2w] +wSin[0.2w] Cos[0.2w] - 5+ 5Cos[0.2w]) Sin[w (t- tz) ]

uft ] :=Piecarise[{ {w[t], t<ta}, {w(t], th< tz &}, {w[t], t>1t} 11/

Plot[Evalwmte[u[t]], {t, 0, .5}, Plotlabel -> "u(t) for prablem 4.14",
FomsTabel 5 {"", "u(t)"}, PlotRarge— All];

u(t) for problem4.14

/\/\ /\ . -
0.1 0.2 0.3 0.4

Here is the solution for up to t = 1.5sec

-2k

ult) u(t) for problemd.14

O.2v-. Q. a4.9 1l 1l
-1t

2L
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