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1 Problem 3.2 10

3.1 An electric motor of total weight W = 1000 b is mounted ‘at the cente'r of 'a / [)
simply supported beam as shown in Fig. 3.15. The unba.lance in .the rotor is W'e
= 1 1b-in. Determine the steady-state amplitude of vertical moum? of t}:e motor
for a speed of 900 rpm. Assume that the damping in the system is 10% of the
critical damping. Neglect the mass of the supporting beam.

5 W8 x 31
— il |
{_ L=1% *{

Solution

The rotating mass generates a force of Egie‘;ﬂ where @ is the angular speed of the rotating weight
and e is the distance of the mass from the center of the motor.

Hence the vertical load is
P =m'ewsinb (t)

But 8 (t) = @t, hence the vertical force is

Fo
P =mlex®sinwt
The physical idealized model is
I-—4> u
Y.
/] k
et o s © N

Hence the equation of motion can now be written from the free body diagram as (where M is the

mass of the electric motor) and assuming the mass is moving to the right, and taking u relative
to the static equilibrium position.



|—4>ll

m [— P=FpsinaX

F = Ma
Fysinwt — et — ku = M
Mii+ ci + ku = Fysinat

The above ODE has the solution /

u (t) = e™¢“nt (A coswgt + Bsinwgt) + ug sin (&t — @)

/

Where %9 = uy Ry, where u, = £2 and Ry = ¢=tan"! (Z5)andr= £

1
(1=r2)24(2¢r)? 1-r? wn

and w, = /&£

At steady state, the transient solution decays to zero thanks to the negative exponential term in
it, and the solution becomes

u (t) = ugsin (ot — @)

Which has amplitude of uo. Hence we need to evaluate ug

Uug = ust Ry
Fo 1

o

But motor runs at 900 rpm, hence

2 (900)
60

94.248 rad/sec

I, = 307

We are given that W’e = 1 lb.in, Hence

7
Fo = E-elJ_J2

; o

-— 2
= 386 30)
—[23.01216



Now we need to find k, the stiffness of the beam against bending. For this geometry,

_ 48EI

k 13

But E = 30,000 ksi for steel, and for W8 x 31 from tables we find Iz =110 in*, hence

ko 48 x 30 x 10° x 110
(15 x 12)°
=(27,160 ib/in

Now to find w,.Recall that that W = 1000 1b, hence

Wn =1/ —

M

_[27160 x 386
- 1000

=(102.39 rad/sec

Hence
w
r=—
Wn
_ 30
102.39
=(0.92048
Putting all these together we obtain
o
= oy
_23.012 1

= X
27180 /1 - 0.920482) + (2 x 0.1 x 0.92043)°

Hence

o = 0.0035422 inch]

(Note: The back of the book gives uy = 0.0037, I think the book used a slightly different steel
table to obtain I,, which could have been slightly different than the one I used.)
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2 Problem 3.3

Determine the maximum force transmitted to the supports of the beam in Prob-

lem 3.1. / %

solution
From the free body diagram:
|-—-(> u
CuU
T m > P = Fosinat
ku

We see that the forces transmitted to the support are

ftr=C'l.l+ku

Where u here is taken as the steady state solution from problem 3.2, which is

u (t) = ugsin (&t — ¢)

Where ug = u, Ry, and ¢ = tan™! (1—2_%) . Differentiate the above equation and substitute the
results back into the f;,. equation we obtain

fur = civug cos (Wt — @) + kug sin (@t — @)
= \/(c@uo)? + (kuo)*sin (@t — ¢+ B)

Where 8 = tan™! (£)

Hence we see that the maximum force transmitted to the supports are given

Fery = 0/ (c)? + &2 (1)

We now plug into the above equation the results we obtain from problem 3.2 to determine f,.
All the variables in the above expression are known, which are repeated here




wy = 102.39 rad/sec
1000 '

M=Elb

¢=01
ug = 0.0037 in

k = 27160 1b/in
@ = 307 rad/ sec

We just need to find the damping ¢. Since ¢ = and ¢ = 2w, M, hence

1000
Cor =2 % 102.39 x 386

= 530. 52 Ib-sec/in
Hence

c={cCer
= 0.1 x 530. 52

=153.052 lb-sec/in

Now substitute all the above values into equation (1) we obtain

furo = 0.00371/(53. 052 x 307)? + 271602
=[102.18 1b



3 Problem 3.8 //'5

Consider the water tower shown in Fig. 3.17 which is subjected to ground motion
produced by a passing train in the vicinity of the tower. The ground motion is
idealized as a harmonic acceleration of the foundation of the tower with an am-
plitude of 0.1 g at a frequency of 10 cps. Determine the motion of the tower
relative to the motion of its foundation. Assume an effective damping coefficient

of 10% of the critical damping in the system.
é——e y
m w = 100"

k = 3000 K/ft.

70777
e A ]

solution
The physical idealized system is the following

Cc
4——
m
A
k
0 O

Where in the above, u is the absolute displacement of the tower, and u, is the absolute displace-
ment of the ground. The free body diagram is



f—u

(it~ ilg)

B

k(- ug)

Applying newton’s second law we obtain

F =ma
—k(u—ug) —c(—4,) =mit

Expand and rearrange

mii + cit + ku = kug + ciig

1)

Let the relative motion between the mass and the ground be u,., hence u, = u— Ug OT U = Uy +Ug,

similarly '
dr———"l_ag
=ty + By

And
ﬁ-,-:ﬁ_ilg
U= Uy + ilg

Using the above expressions for u, %, i, we can now rewrite (1) as

m (i + dg) + ¢ (iy + g) + k (ur + ug) = kuy + ciy

Expand (2) and cancel terms we obtain

mil, + mig + cliy + cly + kuy + kug = kug + ctiy
mity + iy + ku, + mity =0

Or

(2)



mﬁr + c'ar + ku,n = _mag (3)

The above is the equation of motion of the tower using relative displacement. Hence we can view
the term mii, as the effective force acting on the tower due to the acceleration of the ground.

Now using the fact that the ground motion is harmonic, we can write

Ug = Ug, SINWE

Where u,, is the maximum amplitude of the ground displacement, and @ is the ground motion
frequency. Hence from the above we obtain that

0.1g
N

o ) S
Ug = —UgW" sin i

Plug the above into (3) we obtain

Fy

2

.. . ~—
mily + cy + ku, = mug@°sin ot

The above is now in standard 2nd order linear system, the steady state solution for u, is

uy (t) = upsin (@t — ¢)

o2
Where tan ¢ = 23_:7 and ug = ug Rq, where u, = 5,;“ = %, and Ry = TRToY=S

Uy = Us Ry
_ B !
=) ()
_ mug @ 1

CF Ja-r e oy

But we are told that ug,@* = 0.1g, Hence the above becomes

vy = ™ (0.1 x g) 1
B Ja—m ey

We are given that
w=2rf
= 2 (10)
= 207 rad/sec




and

k= 3000 x 108
- 12
=(2.5x 105 b/in
Then
k
wn = E
_ \/2.5 x 10% x 386
- 100000
=|31.064 rad/sec
Then
w
r=—
Wn
207
~ 31.064
=(2.0227
and since ( = 0.1 we obtain
_0lmxg 1
boJa=rrP ey
100000
_ 0.1 x =5 X9 1
5
2510 1 -2.0227) + (2 x 0.1 x 2.0227)?
0.1 x 100000
=0.01283 in
~10.013 in
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4 Problem 3.9 / ()

Determine the transmissibility of the above problem
Solution

We need to determine first the expression that represents the force that is transmitted to the
ground. From the idealized system diagram

b e Jo U

A ¢

m
]

k

—0 O

We see that the force transmitted to the support is

Jir = city + ku,

But
u, = ugsin (ot — ¢)

Where ug = L;;“ where Fy here is the effective force.

Hence

Jer = ¢ (uo cos (Wt — ¢) + kupsin (ot — ¢))
= ug [civ cos (@t — ¢) + ksin (@t — ¢)]

= uo\/(cd))2 + k2sin (@t — ¢ + B)

Where tan 8 = 5

Hence Max force transmitted is A,

Atr = Up V (C‘D)2 + k?
= ug Ra\/ (c)? + k2

= %Rd (c@)? + k2

But 1/(c)? + k2 = ky/1 + (2r¢)? hence

11



-

Ay = FoRay/1+ (2r¢)?

V1i+ (2r¢)?

- ey

But T, = AT,‘: hence

- Vit (21'()2
T =y

Now, since from the earlier problem we found that r = 2.0227, and given that { = 0.1, then

V1+ (2% 2.0227 x .1)?

T,

V(1 -2.02272) 4+ (2 x 2.0227 x .1)?

=10.346
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5 Problem 3.12 / O

Vv
Problem 3.12 . . o
Determine the damping in a system in which during a vibration test under a

harmonic force it was observed that at a frequency 10% higher than the resonant

frequency, the displacement amplitude was exactly one-half of the resonant
amplitude.

Solution
We start with the expression for the maximum amplitude steady state displacement given by

Up = Ug g
1

V=722 4 (2¢r)?
1

J-(2)) + (e’

We have 2 cases, case 1 is when @ = w, (resonance), and the second case is when @ = 1.1w,.
Hence we obtain the following equation

= Ugt

= Ugt

Ugt

(- C=) om0~ - (e
(- (2)) () - (- (22 ) « (222

220 = /(1 - (L1 + (2¢ x L.1)?
4(2¢)% = (1 - (L)% + (2¢ x 1.1)?

16¢% = 0.044 1 + 4.84¢?
11.16¢% = 0.044 1

‘= [0.0441
TV 11.16

= 0.06286 2

Ust

Hence

(~63%
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e
¥ 2,13 F/) W /0
sing U, = Us, R - - Ky
U, = U~ N

~ VG ey
. \ | e ob Fayv
6&'«5’& Hor b e;ll/xﬁm MJ 57}"0;4_&_ LdH\ J‘lCC‘—‘_, L%

Z.

e = (Aule) ((l )% (230) )
) .—xﬂ
- M, (%t &) (25) ™
- = )t (e i)
4
wa=« gt o [k

* 2L, -
So 45 H(/{/p____ u/LC -Y‘) —+ ‘f‘f)"é(,

W (—ar)e W )T
+5 v ("‘r‘“, )= 1

Qwééw




sinee  W,= -—)E- R -
¥ F o= U~
|’
4
l if e
&t Ri= 37




