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1.1 Links
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1.2 Schedule
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© ./ 000200 MATH 2520 01 Calculus 4: Differential 6/1/2021 - |n/a n/a |Online Zedingle, 5.0 Normal @& 9

Equations with Linear Algebra  7/16/2021 Class LINE Ghidel BE
Course Notes: Prereq: MATH 1520 {C or higher).

1.3 Text book
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ALGEBRA

. Stephen W. Goode - Scott A. Annin
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1.4 syllabus

NORMANDALE COMMUNITY COLLEGE
SUMMER 2021, COURSE SYLLABUS
MATH 2520-01 DIFFERENTIAL EQUATIONS AND LINEAR ALGEBRA ( Online)

. IDENTIFYING INFORMATION

Mathematics 2520 - 01:  Differential Equations and Linear Algebra ( Online)
Instructor: Ghidei Zedingle

. Summer Semester, 2021

. 5 credits

. Prerequisite: Math 1520 with a grade of C or higher, or approved equivalent preparation.
Office:

. Office hours: MWEF 9:00 - 10:00am, TTh 5:00 — 6:00; other times by appointment. ( Using zoom meeting )
. Office phone: (952) 358- 8362

. Office e-mail: ghidei.zedingle@normandale.edu
. Normandale fax number: (952) 358 — 8101

«=TITOTMMOO D>

1. COURSE DESCRIPTION

Matrices and systems, vector spaces, subspaces, linear independence, basis, dimension, linear transformation, eigenvectors;
first and second order differential equations, Euler’s Method, phase plane analysis of linear and nonlinear systems, extensive
modeling. Laplace transforms and power series solution.

. LEARNING OUTCOMES

Upon successful completion of Math2520, students will be able to:

- Classify and solve first order differential equations of various types: separable, exact and linear including
initial-value problems.

- Apply existence and uniqueness theorems.

- Use direct field to illustrate solutions of differential equations.

- Approximate solutions to first order equation using Euler’s method.

- Compute algebraically with matrices, products, inverses and determinants.

- Apply matrix reduction method to solve and describe solution sets of linear systems.

- Describe the structure and characteristics of vector spaces, subspaces and linear transformation between
vector spaces.

- Compute eigenvalues and eigenvectors.

- Solve nth order linear differential equations with constant coefficients using undetermined coefficients and
variation of parameter, including initial and boundary value problems.

- Analyze linear and nonlinear systems of differential equations using eigenvalue and phase plane methods.

- Model a variety of applied situations with differential equations and dynamical systems (e.g. harmonic
oscillator and predatory-prey).

- Solve problems using Laplace transforms and power series solutions.
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v MAJOR TOPICS: (Based on Lecture notes)

Chapter 1: FIRST ORDER DIFFERENTIAL EQUATIONS

Chapter 2: MATRICES AND SYSTEMS OF LINEAR EQUATIONS

Chapter 3: DETERMINANTS

Chapter 4: VECTOR SPACES

Chapter 5: LINEAR TRANSFORMATION

Chapter 6: EIGENVALUES AND EIGENVECTORS

Chapter 7: LINEAR DIFFERENTIAL EQUATIONS OF ORDER n

Chapter 8: SYSTEMS OF DIFFERENTIAL EQUATIONS

Chapter 9: THE LAPLACE TRANSFORM AND SOME ELEMENTARY APPLICATIONS
Chapter 10: SERIES SOLUTIONS TO LINEAR DIFFERENTIAL EQUATIONS

Vv BREAKDOWN OF SECTIONS BY WEEK

Breakdown of topics by week will be posted as reading material on D2L content area. Lecture notes will
also be posted on D2L in the content area. Because some chapters, some sections from chapters and even
topics from sections are omitted, | recommend that you start reading from the lecture notes and go to the
text book for more examples and reading on the subject matter.

\%8 MATERIALS NEEDED
A. Textbook: Differential Equations and Linear Algebra by Goode and Annin, 4th edition, published by
Pearson.
B. Graphic Calculator(recommended): TI-83/TI-84/TI-89.

vi. EVALUATION

A. Homework (25%)

There will be weekly assignment questions that will be posted on D2L content area. All home-works will be
done in paper and pencil (pen ) and will be submitted on D2L under Assessment -> Assignment. Due dates
will be indicated with the questions. Check for the due date ahead of time. I didn’t know (or I forgot) is not
an excuse for not completing the assignment on time. You can review your work and any comments after it
is corrected. Lowest one assignment will be dropped.

B. Quizzes (20%)

There will be three quizzes as indicated in the table below. Quizzes will be posted on D2L content area. Same
as with the homework, quizzes will be done in paper and pencil and will be submitted on D2L. Due dates will
be indicated with the questions. Check for the due date ahead of time. I didn’t know (or I forgot) is not an
excuse for not completing the quizzes on time. You can review your work and any comments after it is
corrected.
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VIIL

VIIL

Week 2, 06/11 Q1
Week 4, 06/25 Q2
Week 6, 07/9 Q3

C. Exams. (55%)

Two exams will be given. One mid semester and one final exam. Mid-semester exam is comprehensive and
will be on June 18, 2021. Final exam will be comprehensive and will take place on July 16, 2021.

D. Discussion Board

Discussion board will be set up on D2L. You can post questions or respond to questions posted on the
discussion board. The questions can be on the course material and use of technology (TI-83/84, Maple etc.).
If you have personal or grade related questions the best way will be to use e-mail and make sure to use your
Normandale e-mail account.

Technology

The course being mostly on line, you will depend heavily on technology and in particular in computer. You
are expected to have your own computer or have continuous access to computer that works effectively.
Assignments posted for 4 - 5 days so that you will have time to check your equipment and to finish them on
time. If for some reason it didn’t work, you will have time to fix it or to look for an alternative, such as public
library to complete it on time. Have a backup plan. Normandale’s Computer Center is also open.

COURSE POLICIES

A. Grading. The final course grade will be based on the total accrued in the course as follows:

Homework 25%
Quiz 20%
Mid Exams 25%
Final exam 30%
Total 100%

The final course grade will be based on these percentages of the total points:

90% - 100%
80% - 89.9%
70% - 79.9%
60% - 69.9%
Below 60%

1l
mo O w >

Incomplete (I) grades generally will not be given. They are reserved for students who have
successfully completed a great majority of course work, but due to extreme circumstances cannot
complete some essential component, e.g. final exam and the student has a passing grade. Withdrawing
from class (W) is a student-initiated action Last date of withdrawal is 07/07/2021. Please talk

to your counselor about withdrawing before you take any action to do so. Any student who stops

3
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working on class activity without officially withdrawing will receive an F grade.

B. Late assignment policy. Each homework has a due date. Check ahead of time. There will be 24 hrs
automatic extension of time with a 10% penalty. Any make-up quiz or exam will alo be subject to 10%

penalty.

VIII. ADDITIONAL HELPS
A. Communication with instructor through e-mail or zoom meeting during the office hrs or by appointment.

B. Online tutoring from Normandale.

IX. Disability Services and Accessibility
If you qualify to receive classroom accommodations based on a disability, please contact the Office for students
with Disabilities Director, Debbie Tillman, at 952-358-8623 or osd@normandale.edu to discuss how
accommodations may be implemented in all of your Normandale classes.
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2.1.1 Problems listing

Math2520-01 Assignment |

INSTRUCTION: Show all the necessary work. Writ your answer on a separate sheet preferably
hand written clear and legible. Post your answer sheet on D2L by Monday June 6. Late June 7.

1. Determine the order of the differential equation.

dy) . ,d?y  dy -
a — | +y°=sinx b) t* —+t—=+2y=sin(t
)(dxj y ) presmil ®

2. Verify that for t >0, y(t) =Int is a solution to the differential equation
3 3
-5
dt dt

3. Determine whether the differential equation is linear or nonlinear.

a) y+4M+smxﬂ—xy2+tanx. b)tz—y+t%+2y sin(t)

dx? dx

4. Prove (show) that the initial-value problem

y' = xsin(x+y), y(0)=1
has a unique solution using the existence and uniqueness theorem.

5. Let
y'=(y-2)(y+1).
a) Determine all equilibrium solutions.
b) Determine the region in the xy-plane where the solutions are increasing, and where
the solutions are decreasing.

c)

6. Solve the following differential equations.

dy y 2 2
—=—— b Dy +y*=-1 y(0) =1
a) - XInx ) (X +Dy'+y y(0)

7. Solve the following differential equations.

dy

2) dx

+zy=5xz, x>0. h) t%+2x=4e‘, t>0
X dt
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10.

11.

12.

13.

14.

A container initially containing10 L of water in which there is 20 g of salt dissolved. A
solution containing 4 g/L of salt is pumped into the container at a rate of 2 L/min, and the
well-stilled mixture runs out at a rate of 1 L/min. How much salt is in the tank after 40
min?

Consider the RC circuit (See page 65 in the text) whichhasR=5Q, C = 5—10 F and

E(t) =100 V. If the capacitor is uncharged initially, determine the current in the circuit
for t>0.

Solve the initial-value problem.

dy 2x-y
2222 yw=1
dx x+4y Yo

Solve the given differential equation.
y' +2x7y =6y*x’
Determine whether the given differential equation is exact. Show the work.
2xe’dx+ (3y* + x%e¥)dy =0
Solve the given differential equation.
(y* +cos x)dx + (2xy +sin y)dy =0

Determine an integrating factor for the given differential equation and hence find the
general solution.

(xy —1D)dx +x*dy =0

2 10
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2.1.2 Problem1

3 2
Determine the order of the differential equation a) (%) +y? =sinx, b) tZZTg + t% +2y =
sin(t)

Solution

d
For (a), the order is one. Since highest derivative % is of order one. For (b) the order is

, : Ay
second. Since highest derivative d_tz is of order two.

2.1.3 Problem 2

3_ By

- nti - ) _
Verity for t > 0, y(t) = Int is a solution to 2 ( dt) =23

Solution

The verification is done by substituting the solution into the ODE, if the result is an
identity (both sides of the equation are the same), then it is verified, otherwise it is not.

dy 1 dzy_—l d3y_2 . . .
o = 7and —5 = — and —3 = . Substituting these into

S(1) 2
t) B
2 2
#

Since solution is y(t) = Int then
the ODE gives

3
Which is an identity. Hence y(t) = Int is a solution to the ODE.

2.1.4 Problem 3

Determine whether the differential equation is linear or nonlinear a) y’” +4y” +sinxy’ =
xy? + tanx, b) 2y + ty’ + 2y = sint

Solution

ODE (a) is not linear, due to presence of the term 3> while ODE (b) is linear, since all
derivative terms of the dependent variable and the dependent variable are linear.

2.1.5 Problem 4

Prove (show) that the initial-value problem v’ = xsin (x + y), y(0) = 1 has a unique
solution using the existence and uniqueness theorem

Solution

11
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Writing the ODE as

y = xsin(x+y)
= (=)

Shows that f (x, y) is continuous everywhere, since x and sin function are continuous

everywhere. And

ggzxaﬁ@+y)

Which is also continuous everywhere. This shows there exists an interval I which must
contain xy = 0 where the initial value ODE given above has a solution and the solution is
unique for all x in I.

2.1.6 Problem 5

Lety = (y - 2) (y + 1). a) Determine all equilibrium solutions. b) Determine the region in
the xy-plane where the solutions are increasing, and where the solutions are decreasing.

Solution

2.1.6.1 Parta

The equilibrium solutions are given by solution to y* = 0 which givesy = 2,y = 1.

2.1.6.2 Partb

The equilibrium solutions divide the solution domain into three regions. One is y > 2
and one is where -1 < y < 2 and one where y < 1.

When y > 2, we see that (y - 2) (y + 1) is always positive. Hence ' is positive, which
means the solution is increasing.

When y < -1, then (y - 2) < 0 and also (y + 1) < 0. Hence the product is positive, This
means for y < -1, the slope is positive and the solution is increasing.

For -1 < y < 2, the term (y - 2) is negative and the term (y + 1) is positive. Hence the
product is negative. This means the slope is negative and the solution is decreasing.
Therefore

y>2 increasing
-1 <y <2 decreasing
y<-1 increasing

To verify this, the following is a plot of the solution curves. It shows the 3 regions which
agrees with the above result.

12
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restart;

ode:=diff (y(x),x)=(y(x)-2)*(y(x)+1):

pl:=DEtools:-DEplot(ode,y(x),x=-4..4, y=-4..4):

p2:=plot([-1,2],x=-4..4,color=blue):

plots:-display([pl,p2],axes=boxed, scaling=constrained,title="Regions of
solution")

Regions of solution

—_—
—_—
—_—
—_—
—_—
—_—

———— N N
e Y PPl A
———— N N
———— N N
———— N\ N
—————~~ v NN ~——
e N I g A
——— N\ N
o] s N
——— N\ N
——— N\ N
——— N\ N
———— NS N
o NV A N~ ———

—_
= O
(%0

Figure 2.1: Solution curves

2.1.7 Problem 6

Solve the following differential equations a) Z—i =—_b) (x2 + 1) v +y?=-1y0)=1

xInx

Solution

2.1.7.1 Parta

This is separable ODE, it can be written as

Integrating gives

13
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x —1In
To find f d—, we notice that, by definition L n (Inx) = a1 This shows that
xlnx dx Inx xInx
In (In x) is the antiderivative. Hence the above becomes
In|y| = In(In|x]) + C;
Taking the exponential of both sides gives
y= Celn(lnlxl)
Where the sign is absorbed by the constant C. Hence
y=Clnx
2.1.7.2 Partb
The ODE is
,_ 1 v
(x2 + 1) (x2 + 1)
_(1-v)
(x2 + 1)
-1
= 1+?
(@+1) (1+v)
This is now separable.
dy ~—  —dx
(1 + yz) (xz + 1)
Integrating gives
arctan(y) = —arctan(x) + C
or
y = —tan (arctan(x) + C) (1)

Applying initial conditions y(0) = 1 to the above gives

1 = —tan (arctan(0) + C)
= —tan(C)

Hence C = —%. Therefore the general solution (1) becomes
U
y = —tan (arctan(x) - Z)

Tt
= tan (Z - arctan(x))
14
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2.1.8 Problem 7

Solve the following differential equations a) % + %y =5x%,x > 0,b) t% +2x =4el,t >0

Solution

2.1.8.1 Parta

This is a linear ODE in y. It is of the form ¥’ + p(x)y = g(x), where p(x) = %,q (x) = 5x2.

2
Hence the integrating factor is I = el P = o Six  2inx o1 = 52, Multiplying both
sides by this integrating factor make the LHS complete differential giving

2Inx

X
d
p (yxz) = 5t
yx? = f5x4dx
yx? = 5x_5 +C
5
yx2=x"+C
C

y:x3+; x#0

The above is the general solution.

21.8.2 Partb
Writing the ODE as
dx 2 i

— +-x=4— t+0
@t T

t
Show this is a linear ODE in x. It is of the form x” + p (t) x = q(t), where p(t) = %, q(t) = 467.
2
Hence the integrating factor is [ = el 0t = o[ it _ 2t oy = g2, Multiplying both sides
by this integrating factor make the LHS complete differential giving

% (xtz) = 4tet

Integrating gives
xt? = 4 f teldt (1)

15
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Integration by parts. f udv = uv — f vdu. Letu = t,dv = e',du = dt,v = ¢, therefore

ftetdt = tet—fetdt

= tet — ¢t

Hence (1) becomes

xt? = 4(tet —et) +C

Where C is constant of integration. Therefore

4(tet—et) C
.X'(t): t—2+t_2
4et(t-1) C

T e g

2.1.9 Problem 8

t#0

A container initially containing 10 L of water in which there is 20 g of salt dissolved. A
solution containing 4 g/L of salt is pumped into the container at a rate of 2 L/min, and
the well-stilled mixture runs out at a rate of 1 L/min. How much salt is in the tank after

40 min?

Solution

2 Litre/Min

>
salt: 4 g/Litre

10 L of fresh water

Initial conditions

x(t) is mass of salt in the tank at time ¢

V(t) is volume of water in tank at time ¢

20 g of salt 1 Litre/Min
V(t),z(t) Salt: $(3

Figure 2.2: Showing tank flow

Let x(t) be mass of salt (in grams) in tank at time t. Let V(¢) be the volume of water (in

litre) in the tank at time ¢. Using the equilibrium equation for change of mass of salt

X
— =rate of salt mass in — rate of salt mass out

dt

16
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Which becomes

dx (. L g L \(x®) g

a—(2ﬁ)(4z) - (1E)(Wt)z)
x(t)

-

But

V(t) = V(0) + (rate of mixture volume in — rate of mixture volume out) ¢
=V0)+@2-1)t
= V() +t

But we are given that V(0) = 10 L. Hence

V(i) =10+t
Substituting the above in (1) gives
dx X
dt 10+t

The solution to above ODE gives the mass x of salt in tank at time .

dx+ X
dt 10+t

1
This is linear ODE. The integrating factor is I = el Tt = 0+ 10 4 4, Multiplying
both sides of the above ODE by this integrating factor gives

d
—(10+1t)x) =810 +1)
dt
Integrating gives
10+ 8 x = 8f(1o + 1) dt

t2
=8(10t+5)+c

Hence
t
_ £(10+3) L C
(10 +1) 10 +1)
t(20 +t) C

“YM0+p @0+

17
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At t = 0, we are given that x(0) = 20 (g). Hence the above becomes

20—C
10
C =200

Therefore (1) becomes

tQ0+1) 200
x = +
10+1f)  (10+0)

At t = 40, the above gives

40 (20 + 40) N 200
(10 + 40) (10 + 40)
=196 grams

x(40) = 4

2.1.10 Problem 9

Consider the RC circuit (See page 65 in the text) which has R = 5Q,C = %F and E(t) =
100V If the capacitor is uncharged initially, determine the current in the circuit for ¢ > 0.

Solution

The equation for RC circuit is given by equation 1.7.16 in the text book as

dg 1 E()

it "RCTTR
Where 4(t) is the charge on the plates of the capacitor We are told thatatt = 0,4 = 0.
Using the numerical values given, the above ODE becomes

dq 1 100
— 4+ q - —
dt (1L 5
50
dq
— +10g9 =20
ar
This is linear ODE in g. The integrating factor is I = e/ 10t — o0t Multiplying both sides

by this integrating factor gives

% (qewt) — 20e10t

Integrating

ge'% =20 f elVtdt
P10t
=20—+C
10

18
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Hence
qit) =2+ Ce™10t

Using initial conditions g(0) = 0 shows that 0 =2 + C or C = -2. Hence

g(t) = 2 — 2710t

=2 (1 _ e—lOt)
Hence the current in the circuit is
. dq
f) = —
i) = -
d
- -10¢
_25(1—e )
=2 (10e71°)
= 20¢~ 1"
2.1.11 Problem 10
Solve the initial-value problem
dy 2x-y
dx  x+4y
y) =1
Solution
Let us first check if a solution exists, and unique. f (x, y) = i—;}y/. This is continuos for all

ﬁ_ —9x
9}/_

x,y except when y = —lex. And 5. This is also continuos for all x, y except when

(x+4y)
1o . - 1 , . .
y = —;X. Since initial conditions satisfies y # —7, then there is an interval I that includes

xo = 0 where a solution exists and is unique for all x in this interval. Now we can solve
the ODE.

Let v = . Hence y = xv. Therefore W~ v+ xZ. The given ODE can be written as
x dx dx
Y
dy 273
== — x#0
dx  1+42
X

19
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In terms of the new dependent variable v(x), the above becomes

Z)-FJCEZ2 2-v
dx 1+4v
dv_2—v
dx  1+4v
_(2-9)-0v(1+40)
Bl 1+4v
_2—0—0—402
B 1+4v
220 -47
1440

The above ODE is separable. Therefore

1+4v 1
—  dv=-d
2 — 20— 40?2 v xx

Integrating gives

1+4v
d —f d
220 4020 X
1+4v

. d 2\ _
We notice that . In (2 —2v—4v ) = oo 4 5. Therefore —-— ln (2 20 —4v ) = i

which is the integrand. This shows that —> “In (2 20— 4v ) is the anti derivative of the
integral of the LHS above. Therefore the above becomes

_% 1n(2—20—4vz) =Inx+C;
In(2-20-40%) = -2Inx - 2C;

1
220 —4v? =201

xz
Let ¢ = 721 be new constant. The above becomes
c
2-20-40" = —
X
c
402 + 20 -2 + - = 0
X
+ 1 1 + ‘ =0
P+ 00— -+ —
2 2 4x2

20
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Solving for v gives

| =

1
v=-—+—Vb?-dac
2a  2a
I Y SV
47 2\4 2 4x2
B O (N
47 2V4 x2
1 1 /9 ¢
= —— 4 — el
4 2V4 x2
1 1 [9x2-4c
= —— 4 —
4 2 4x2
1 1
:_ZiE 9x2 — 4¢ x>0
Since v = %, then there are two general solutions
1 1
T4 2_4
y1(x) 4+4x 9x c
1 1
yZ(x)__Z_él_ 9x2 — 4c

1 1
1=—-—+4+-V9-4c
4 4
5—1 9-4c
4 4
5=v9-4c
25=9-4c
c=-4

Hence one solution is

And for y,(x)
1 1
1=—--V9-4c
4 4
5 1
Z__ZV9_4C
-5=vV9-4c

21
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There is no solution for ¢ in this equation since sqrt of a real number must be positive
(principal root). Hence the only particular solution is the first one which is

y1(x) = —Z + i\/9x2 +16

The above verifies the existence and uniqueness theorem, as only one solution is found
which includes x; = 1.

2.1.12 Problem 11

Solve the given differential equation

y Y 04
+2==6
Y » y-x
Solution
In canonical form the ODE is )
y = A 6xty?

We see that this is Bernoulli ODE of the form y" = p (x) y + q(x)y" where n = 2. Dividing
both sides by y? gives

}/_2 —— = 6x*
y Xy
Letv = i Then % = _%%' Or dy y Subst1tutmg this in the above ODE gives
40 1 + 2v 6x*
¥ dxy?  x

dv 2 ot
—_— _’Z) - —
dx x

2
This is now linear in v. The integrating factor is I = ef 9 g~2Inx = xl—z Multiplying both
sides by this integrating factor gives

= () =
dx \x2) :

Integrating
12 =-6 f x?dx + C
x
=-2x3+C
v =-2x>+ Cx?
Buty = % Therefore the final solution is

1
—2x5 + Cx?

yx) =
22
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2.1.13 Problem 12

Determine whether the given differential equation is exact

2xeVdx + (3y2 + x%e¥ ) dy=0

Solution
Writing the ODE as
M(x,y) dx + N(x,y) dy=0
Where
M = 2xeY
N = 3y? + x%e¥
Therefore
oM
— = 2xéY
dy
JON
&—x = ery
Since oM _ N then the ode is exact.
dy ox —_—

2.1.14 Problem 13

Solve the given differential equation

(yz + cos x) dx + (ny + sin y) dy=0
Solution

The first step is to determine if the ODE is exact or not. Writing the ODE as
M(x,y) dx + N(x,y) dy=0

(1)

Therefore
IM 5
y Y
IN 5
ox Y
Since (Z—M = , then the ODE is exact. This implies there exists potential function ¢ (x, y)
Y dx
such that its differential is
do = g—fdx + g—jdy (2)
=0
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This implies ¢ (x, y) = C;. Comparing (1,2) shows that

o _
oM ®)
o _

Integrating (3) w.r.t. x gives
o= [ Max+ f)

Where f(y) acts as the integration constant, but since ¢ depends on both x, y, it becomes
an arbitrary function of y instead. The above becomes

¢)=f(y2+cosx)dx+f(y)
= xy? +sinx + f(y) (5)

Taking derivative w.r.t. y of the above gives

d
a—i’ =2+ F(y) (6)

Comparing (6) and (4) shows that

N =2xy+ f'(y)
2xy +siny = 2xy + f'(y)
siny = f'(y)
Therefore f(y) = — cos x + C, where C, is arbitrary constant. Substituting f(y) back in (5)
gives
o (x,y) = xy? + sinx — cos x + C,

But since ¢ (x, y) is a constant function, say C; then the above becomes

xy? +sinx —cosx = C

Where the constants C;, C, are combined to one constant C. The above is the solution
to the ODE. It can be left in implicit form as the above, or we can solve for y explicitly.
Solving for y gives

5 C+cosx—sinx

y

X

C+cosx—sinx
yx) =+ » x#0

Hence
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2.1.15 Problem 14

Determine an integrating factor for the given differential equation and hence find the
general solution

(xy—l)dx+x2dy=0 (1)
Solution
Writing the ODE as
M(x,y) dx + N(x,y) dy=0
Where
M=xy-1
N = x?
Therefore
IM
dy *
IN _ o
dx

. IJM |, IN . .
Since m # - then the ode is not exact. Applying theorem 1.9.11 part(1).

My_Nx_x—zx
N %
3 1

X
= fx)

Since this depends on x only, then there exists an integrating factor that depends on x
only which makes the ODE exact. The integrating factor is therefore

T=e [ fx)dx

Multiplying the given ODE (1) by this integrating factor gives
1 1
= (xy — 224y =
» (xy 1)dx+ i dy=0
1
(y— ;)dx+xdy =0
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Where now
M = 1
N=x

Let us first verify the above is indeed exact.

o
Iy
Ny
ax

This shows it is exact as expected. Hence now we need to find ¢ (x, y) by solving the
following two equations

8¢)_ B _1

3 - M=y-- (3)
o . _

&—y—N—x (4)

Integrating (3) w.r.t. x gives
o= [ Mix+ )

Where f(y) acts as the integration constant, but since ¢ depends on both x, y, it becomes
an arbitrary function of y instead. The above becomes

o= [[v-3)a+r0

=xy-Inx+ f(y) (5)
Taking derivative w.r.t. y of the above gives
d
xS ©
Comparing (6) and (4) shows that
N=x+f'y)
x=x+ f'(y)
0=Ff"()

Therefore f(y) = C, where C, is arbitrary constant. Substituting f(y) back in (5) gives

cp(x,y) =xy—-Inx+C,
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But since ¢ (x, y) is a constant function, say C; then the above becomes
xy—Inx=C

Where the constants C;, C, are combined to one constant C. Solving for y gives

_ C+lnx
Where x # 0
2.1.16 Marks per problem
Assignment 1 X
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2.2.1 Problems listing

Math2520-01 Assignment 2

INSTRUCTION: Show all the necessary work. Write your answer on a separate sheet
preferably hand written clear and legible. Post your answer sheet as a PDF on D2L by Sunday
June 13. Late June 14.

1. Let

2 0 -1 7 -5 1 1 2
AZ BZ C:
[4 -5 2} L -4 —3} {—2 J

Compute: a) A+ 2B b) AT c) A+C d CB

If the expression is undefined explain why.

2. Determine the solution set to the given system. If using calculator, show three steps:
1. Write the augmented matrix and determine the size of the matrix.
2. Find the rref(augmented matrix)
3. Write the solution.

X +2%X, + X, =1 X, —2X, —=X; +3X, =0
a) 3x +5%X,+X%X =3 b) —2X, +4X, +5%, —5%, =3
2X, +6X, +7X; =1 3%, —6X, —6X, +8X, =2

If the system is inconsistent state why.

3. Given the following matrix function,

-7t
A(t):[lﬂ cos(%‘)]

a) determine the derivative ((jj—'? ,

1
b) determine jA(t)dt :
0
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4. Write the system of equations with the given coefficient matrix and right-hand side vector.

-1 2 3 1
A=|1 1 -2 6|, b=-1
3 1 4 2 2

5. Reduce to row-echelon form and determine the rank of the matrix.

2 1 4 2 -1 3
a) A=|2 -3 4 by B={3 1 -2
3 -2 6 2 -2 1

6. Reduce the matrix to reduced echelon form. Circle the pivot positions in the final matrix
and in the original matrix and list the pivot columns.

1 3 8
2 4 8
3 6

o o b~

12

7. Determine A, if possible, using the Gauss-Jordan method.

1 -2 -1 1 3 -4
a A=|-1 5 6 b) B=|-1 -2 5
5 -4 5 2 6 7

8. Use A™ to find the solution to the given system.

6x, +20x, =-8
2x,+ TxX,= 4

9. Use the cofactor expansion theorem to evaluate the given determinant along the specified
row or column,

2 1 4 6 -1 2
a) A=|2 -3 4|, column3 b) B=—-4 7 1], secondrow
3 -2 6 0 3 1

2 30
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10. Find A™ .
t 2t
A 3 e
2¢'  2¢”
11. Let A and B be 3x3 matrices with det(A) =3 and det(B) = -4 . Compute det(B*AB)°.

12. Use Cramer’s rule to solve the given linear system.

3X, —2X, =6
—5X, +4x, =8

3 31
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2.2.2 Problem 1

2 0 -1 7 =5
Let A = ,B =

4 -5 2 1 -4
d)CB
Solution
2221 parta

A+2B =

2222 parth

2
N Compute a) A +2B.b) AT.c)A +C,

20 <] [7 -5 1
+2

4 -5 2 1 -4 —3}

> 0 —1'+14 10 2

4 5 2| |2 -8 -6

2414 0-10 -1+42

442 -5-8 2-6

16 -10 1

6 -13 -4

The transpose operation exchanges rows with columns, therefore

2.2.2.3 partc

A+C=

AT =
4

[ 2

-1

2 0
4 -5

> 0
5 2

T
_1]
4
2

-1
2

+

1 2
-2 1

This is undefined because the size of the matrices must be the same in order to add them
to together, because addition is done element by element.
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2224 partd

1 2
-2 1

CB =

7 =5 1
1 -4 -3
C has size 2 X2 and B has size 2 X 3. Since inner dimensions agree, then the matrix product

is defined. The result will be 2 X 3. Doing the matrix multiplication using the standard
rows times columns method, gives

2.2.3 Problem 2

Determine the solution set to the given system. If using calculator, show three steps: 1.
Write the augmented matrix and determine the size of the matrix. 2. Find the rref(aug-
mented matrix) 3. Write the solution.

a)

x1+2x2+x3:1
3X1+5X2+X3:3
2x1+6x2+7x3=1

X1 —2xp —x3+3x4 =0
—2X1 + 4X2 + SX3 - 5X4 =3
3x1 —6xy —6x3 +8x4 =2
If the system is inconsistent state why.

Solution

2.23.1 parta

In matrix form Ax = b the system becomes

Ax=b
1 2 1([*x1 1
3 5 1|[{x|=13
2 6 7||x| |1
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The size of the A matrix is 3 X 3. Now the augmented matrix is setup in order to solve the
system.

1211
3513
2 6 71

In the above, the vector b was appended to the right side of the A matrix. The augmented
matrix has size 3 X 4. The augmented matrix is now converted to Echelon form using the
allowed row operations. (Multiplication by constant, or adding multiples of another row
to the row). In all the following, the notation R; = R; + R; means to replace row i with
row i added to row j.

R2 = 3R1 - Rz gives

1211
0120
2 6 71
R3 = 2Ry — Rj3 gives
1 2 1 1
01 2 0
0 -2 51
R3 = 2R; + Rj gives
12 1 1
01 2 0
00 -11

Now it is in row echelon form. Next step is to convert to row reduced echelon form.
Multiplying last row by -1 gives

121 1
0 2 0
00 -1

Ry = Ry — 2R3 gives
121 1
1 0 2
001 -1

Ry = Ry — Rj3 gives

1 2 2
0 2
001 -1
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Rl = R1 - 2R2 giVGS

1 00 -2
010 2
001 -1

This is now in row reduced Echelon form. The basic variables are x1, x5, x3. There are no
free variables. Hence the original system now becomes

1 0 o||lx| [-2
01 0||x|=|2
00 1||xs| [

The last row gives x; = —-1. Second row gives x, = 2 and first row gives x; = —-2. The
solution is

X1 -2

Xl =1|2

X3 -1

2.2.3.2 parth

In matrix form Ax = b the system becomes

Ax=b
_x1_

1 -2 -1 3 1
X2

-2 4 5 -5 =13
X3

3 -6 -6 8 1
X4

The A matrix size is 3 X 4. The augmented matrix is

1 -2 -1 3 1
-2 4 5 -5 3
3 -6 6 8 1

R2 = RZ + 2R1 giVGS

1 -2 -1 31
0 3 15
3 6 6 81
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R3 = R3 —3R; gives
1 -2 -1 3 1
0 0 3 1 5
0 0 -3 -1 -2
R3 = R3 + R; gives

1 -2 -1 31
0 0 3 15
0 0 0 O 3

The system is inconsistent. Because the last row says 0 = 3. Therefore there are no solu-
tions.

2.2.4 Problem 3

-7 2

Given the following matrix function A(t) = . (a) determine the derivative

it

1+t cos (7)

dA . t
— (b) Determine L A(t)dt

Solution

2.2.4.1 Parta

A 4|7 P
ETERET mt
dt  dt|1+t cos (?)

60 LB

L% 1+t % cos (%t)

[0 ot
i ()
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2.24.2 Partb
¢ il =7 T2
A(r)dr :f o | At
jo‘ ) o|l1+7 cos (7)
[ t by
- £ 7dt £ T2dt

L’* (1 +7)dt f cos (ZF) dt

2.2.5 Problem 4

Write the system of equations with the given coefficient matrix and right-hand side vector.

1 -1 2 3 1
A=11 1 -2 6 b=|-1
31 4 2 2

Solution

The problem is asking to write Ax = b. Let the variables be x1, x;, x3, x4. Hence the above
becomes

X1

1 -1 2 3 1
X2

1 1 -2 6 =|(-1
X3

31 4 2 2
Xy

Carrying the matrix vector multiplication using standard method of a row times a column
gives the system of equations

X1 =Xy +2x3+3x, =1
X1+ Xy —2x3 + 6x4 = -1
3x1+xp +4x3 +2x4 =2
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2.2.6 Problem 5

Reduce to row-echelon form and determine the rank of the matrix

2 1 4 2 -1 3
A=|2 -3 4 B=13 1 =2
3 -2 6 2 2 1
Solution
2.2.6.1 Parta
2 1 4
A=12 -3 4
3 -2 6
Ry = Ry — Ry gives
2 1 4
0 -4 0
3 -2 6
R3 = 2R3,R; = 3R, gives
6 3 12
0 -4 0
6 —4 12
R3 = R3 — R; gives
6 3 12
0 4 0
0 -7 0
Rz =R3 + ZRz gives
6 3 12
0 4 0
0O 0 O

The above is row echelon form. Pivots are A(1,1) and A(2,2). Number of pivots is 2.
Hence Rank is 2
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2.2.6.2 Partb
2 -1 3
B=13 1 -2
2 -2 1
Ry = 3Ry, Ry = 2R, gives
6 -3 9
6 2 -4
2 -2 1
Ry = Ry — Ry gives
6 -3 9
0 5 -13
-2 1
R3 = 3Rj3 gives
6 -3 9
0 5 -13
6 -6 3
R3 = R3 — Ry gives
6 -3 9
0 5 -13
0 -3 -6
R3 = 5R3,R; = 3R; gives
6 -3 9
0 15 -39
0 -15 -30
R3 = Rz + R; gives
6 -3 9
0 15 -39
0 0 -69

Pivots are A(1,1),A(2,2),A(3,3). Three pivots. Hence rank is 3.
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2.2.7 Problem 6

Reduce the matrix to reduced echelon form. Circle the pivot positions in the final matrix
and in the original matrix and list the pivot columns

1 3 4 8
A=(2 4 6 8
36 9 12
Solution
Ry = Ry — 2R, gives
1 3 4 8
0 -2 -2 -8
3 6 9 12
R3 = R3 —3R; gives
1 3 4 8
0 -2 -2 -8
0 -3 -3 -12
Ry = 3Ry, R3 = 2R3 gives
1 3 4 8
-6 -6 -24
0 -6 -6 -24
R3 = R3 — R, gives
3 4 8
0 -6 -6 -24
0 0 O
R, = % gives (to simplify)
1 3 4 8
0 -1 -1 -4
0O 0 0 O

Basic variables are x1, x,. Free variables are x3,x4. The above is row echelon form. Now
we apply the reduced Echelon phase by zeroing all entries in the pivot columns above the
pivots. In the above, the pivots are A (1,1) and A (2, 2). First, all pivot entries are changed
tol
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Ry = -R; gives
1 3 4 8
011 4
0 00O
R1 = Ry = 3R; gives
1 01 -4
011 4
000 O

The above is the reduced echelon form. I do not know how to circle the pivots using Latex.
But they are A(1,1) =1 and A(2,2) = 1 in the above final matrix. I the original matrix
they are A(1,1) =1and A(2,2) = 4.

The pivot columns are the first and second columns. In the final matrix, these are

1{ [0
0f,|1
0] 10

2.2.8 Problem 7

Determine A™! if possible using Gauss-Jordan method

1 -2 -1 1 3 -4
A=|-1 5 6 B=|-1 -2 5
5 -4 5 2 6 7
Solution
2.2.8.1 Parta

The augmented matrix becomes, after adding the identity 3 X 3 matrix to the right side
of the original matrix

1 -2 -1100
-1 5 6 010
5 -4 5 001

Elimination is now applied to transform the left half of the above matrix to becomes the
identity matrix. What then results on the right half will be A™L.
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Rz = R2 + Rl gives

R3 = R3 - 5R1 giV@S

6] ]
|
—_
—_
(@]

R3 = R3 — 2R, gives
1 -2 -1 1 O
0 3 5 -1 10
0 0 0 -3 -21

Since the last row in the left half is all zeros, it means it is not possible to obtain the identity
matrix on the left side. Therefore this matrix has no inverse since it is singular. The rank

is only 2. We stop here.

2.2.8.2 Partb

The augmented matrix becomes, after adding the identity matrix to the right side

1 3 4100
-1 -2 5 010
2 6 7 001
Now elimination is applied to transform the left half to the identity matrix. What results
on the right side will be A7,
Ry = Ry + Rq gives
13 4100
01 1 110
26 7 001
R3 = Rz — 2R, gives
13 41 00
01 1 1 10
0015 201

Now reduced echelon phase starts.
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Ry .
R; = 15 8ives

13-4 1 00
01 1 1 10
1
15

2

0 0 1 T 0

R2 :RZ—R3 gives

13 -4 1 0 O
17 1

01 O = 1 T
2 1

00 1 ~% 0 &

Ry = Ry +4R; gives

[ 2 T 7 4 |
1 30 1+4(_E) 0 4(%) 1 30 T 0 =
17 1| 7 _1
2 1 2 1
0 01 I 0 = _O 01 -3 15 |

Rl = Rl — 3R2 gives

7 17 4 0T 44 7 ]

100 E_?’(E) -3 E_?’(_E) 100 -5 3 5
17 1 B 17 1

) 1 2 1
001 15 0 15 LO 01 15 0 15 |

Since the left half is the identity matrix, then the right half is the matrix inverse of the
original matrix. Therefore

[ 44 7]

5 3 0B

17 1
Bl=|< ——
15 1 15

2 1
R

2.2.9 Problem 8

Use A™! to find the solution to the given system
6X1 + ZOXZ =-8
2x1 + 7.X'2 =4
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Solution
The first step is to find A™. In matrix form, the above system is

Ax=b

B NN

Hence the augmented matrix to find A~ is

2 7 01

62010}

Now elimination is applied to transform the left half to the identity matrix. What results
on the right side will be A™1,

6 20 1 0

6 21 0 3

RZ = 3R2 gives

Ry = Ry — Ry gives

6 20 1 0]
1 -1 3
Rlz%gives
[ 20 1 ]
1 < 0
0 1 -1 3]

Ri=R; - %Rz gives

+(@) 100 10 7 10

01 - 3 01 -1 3

Since the left half is now the identity matrix, then the right half is the inverse. Therefore

Now that A™! is found, then the solution is found as follows. By premultiplying both
sides of the equation by A™
ATAx = A"
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But A7 A = I, the identity matrix. Hence the above simplifies to

x=A1p

x| g —10|[-8
X9 -1 3 4

Applying the standard matrix vector multiplications on the right side gives the solution
as

X1 |68

Xy 20
2.210 Problem9

Use the cofactor expansion theorem to evaluate the given determinant along the specified
row or column.

2 1 4
A=12 -3 4 column 3
3 -2 6
6 -1 2
B=|-4 7 1 row 2
0 3 1

Solution
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2.2.10.1 Parta

The expansion along column 3 is given by

2 1 4
det(A)=12 -3 4
3 -2 6
el lr@ol Hi@rel !
3 -2 3 -2 2 -3
2 -3 2 1 2 1
=4 -4 +6
3 -2 3 =2 2 -3
= (4)(5) - (4) (-7) + (6) (-8)
=20+28 -48
=0

Since the determinant is zero, the matrix is singular.

2.2.10.2 Partb

The expansion along row 2 is given by (the sign of each cofactor is found using (-1
where i is the row number and j is the column number).

6 -1 2
detB)=|-4 7 1
0 3 1
-1 2 6 2 6 -1
= (-1)*" (-4) +(-1**2(7) +(-1**° (1) ‘
3 1 01 0 3
-1 2 6 2 6 -1
=4 +7 -
3 1 01 0 3
= (4) (=7) + (7)(6) — (18)
=-28+42-18
=4
2.2.11 Problem 10
Find A™!
A 3¢t 2
2t 2e2t
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Solution

The augment matrix is

Ry =2Rq,R; = 3R, gives

R; = Ry — R, gives

Rl = R1 - %Rz gives

Ri .
R = — ¢iv
1= 7 gives

_ R .
Ry = -~ gives

Ry

Ry = = (since e’ # 0) gives

et

Rq . 2t .
Ry = —; (sin i
2 = % (since ™ # 0) gives

3¢t 2 1 0]
_Zef 22t 0 1
60! 262 2 0
6ef 662 0 3]
et 24 2 0
0 4e¢2 -2 3
t _3
6! 0 3 -
0 4e¢* -2 3
t 11
e 0 5 1
0 4 -2 3
t 11
e 0 5 1
2 1 3

0 e > 1
1+ 1 4

0 e 4e
2 1 3
€ 2 4
1+ _1,-¢

0 5e 7€
T YRR ¥

e 46

47



22. HW 2 CHAPTER 2. HWS

Since the left half is now the identity matrix, then the right half is the inverse. Therefore

2.2.12 Problem 11

2
Let A and B be 3 X 3 matrices with det(A) = 3 and det(B) = —4. Compute det (B‘lAB)
Solution

The determinant of a product of matrices is the product of their determinants. Hence

2
det (B1AB)" = det (B"'AB) det (B AB) (1)
But
det (BT AB) = det (B™!) det(A) det(B) (2)
Also, the determinant of the inverse of an invertible matrix is the inverse of the determi-
nant. Hence det (B‘l) - and the above reduces to
det(B)
-1 _
det (B1AB) = 3ot det (A) det(B)
= det(A)
=3

Substituting the above into (1) gives
2
det(B1AB)" = (3)(3)
=9

Note that knowing det(B) = —4 was not really needed, as it cancels out. We just needed
to know that det(B) # 0. (in other words, that B is not singular).

2.2.13 Problem 12

Use Cramer’s rule to solve the given linear system

3X1 — ZXZ =6
—5X1 + 4XZ =8

Solution
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The system is matrix form is

Hence, using Cramer’s rule gives

6 -2
8 4
X1 =
3 -2
-5 4
3 6
-5 8
Xy =
3 -2
-5 4
But : _4 =12 -10 = 2. The above becomes
6 -2
8 4| 24+16 40
X1 = = = — = 20
2 2 2
3 6
-5 8| 24+30 54
Xy = = =— =27
2 2 2

Therefore the solution is

23 HW3
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2.3.1 Problems listing

Math2520-01 Assignment 3

INSTRUCTION: Show all the necessary work. Write your answer on a separate sheet
preferably hand written clear and legible. Post your answer sheet on D2L by Sunday June 20.

1. If x=(-3,9,9) andy = (3,0,-5), find a vector z in R® such that 4x—y+2z=0 and its
additive inverse.

2. Determine whether the given set S of vectors is closed under addition and is closed under scalar
multiplication. The set of scalars is the set of all real numbers. Justify your answer.

a) ThesetS =Q, the set of all rational numbers.

b) The set S of all solutions to the differential equation

y'+3y =0 (do not solve the differential equation)

3. Let S={(x,y)eR’:x=0,y>0}. IsSasubspace of R. Justify your answer.

4. LetV =C?(l) and Sis a subset of V consisting of those functions satisfying the
differential equation

yn+2yr_y:O,

On I. Determine if S is a subspace of V.

5. a) Determine the null space of the given matrix A, nullsapce(A) .

2 6 4
A=|-3 2
5 41
1
b) Determine if w=| -1 is in the nullsapce(A).
1
1
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6.

10.

11.

12.

13.

2 3 5
Let v, :{ J, v, ={2} vectors in R® . Express the vector v:{ } as a linear

combination of v,,v,.

3 1 2
Let v=|3|,v,=[-1],v,=[1| bein R®. Let W =span(v,,v,). Determine if v is in W.
4 2 3

Determine whether the given set {(1, -1,0),(0,1,-1), (1,1,1)} in R? is linearly independent or
linearly dependent.

Use the Wronskian to show that the given functions are linearly independent on the given interval
l.

f.(x)=1 f,(x)=3%, f,(X)=x"-1, | =(~o0,00)

Determine whether the set of vectors,

S= {(1,1, 0,2),(2,1,3,-1),(-111,-2),(2,-11, 2)}

is a basis for R*.
Determine whether the set S ={1-3x?,2x+5x°,1—x+3x°} is basis for P,(R).

Find the dimension of the null space of the given matrix A.

1 -1 4
A=12 3 =2
1 2 22

Determine the component vector of the given vector space V relative to the given
ordered basis B.

V =R?*; B={(2,-2),(1,4)}; v=(5-10).
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14. a) find n such that rowspace(A) is a subspace of R" and determine the basis for
rowspace(A).
a) find m such that colspace(A) is a subspace of R™, and determine a basis for
colspace(A).

-1 2 3
A=1 1 -2 6
3 1 4 2

Note: 1. You can use a theorem whenever applicable.

2. Check the video clips posted on D2L related to this chapter.
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2.3.2 Problem1

If X = (-3,9,9) and j = (3,0,-5) find a vector Z in R3 such that 4% - + 2Z = 0 and its
additive inverse.

Solution

—5 Z3
ollzi| [o]

-3 3 21

49—0+222:0
2 0
02022:0
00

2_ Z3
> 0 o]|zi| [15
Zy| =|-36
0 2||z| [-41

Now it is in Az = b form. The A matrix is already in rref form. Last row gives 2z3 = —41

41 1
orzz = —-. Second row gives 2z, = —36 or z, = —18 and first row gives 2z; =15 0orz; = b

2
Hence the vector z is -
15

NI
Il
|
—_
%

Therefore its additive inverse is

2.3.3 Problem 2

Determine whether the given set S of vectors is closed under addition and is closed under
scalar multiplication. The set of scalars is the set of all real numbers. Justify your answer

a) The set S = Q, the set of all rational numbers b) The set S of all solutions to the
differential equation v’ + 3y =0

Solution
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2.3.3.1 Parta

Let x1,x, be any two rational numbers in S. Then x; + x; is also a rational number, since
the sum of two rational numbers is a rational number. Hence x; + x, € Q which means S
is closed under addition.

Let a be any real scalar and x a rational number in S. The type of the product ax; will
depend on if the real number a can be represented as rational number or not. Since not
all real numbers are rational, then it is possible to find scalar a which is not a rational

number which make ax not rational (for an example if a = mora = \/E ). Therefore the
set S is not closed under scalar multiplication by real numbers.

2.3.3.2 Partb

The general solution to above first order ODE are given by y (x) = Cf(x). Where C is an
arbitrary constant. Let y;(x) be one general solution given by y; (x) = c; f(x) where c; is
arbitrary constant of integration. And let Let y,(x) be another general solution of the ODE
given by y,(x) = c, f(x) where c, is arbitrary constant of integration. Hence

Y1(x) + y2(x) = ¢ f(x) + e f (%)
= (c1 +¢2) f(x)

Let ¢; + ¢, = Cy be new constant. Hence the above can be written as
y1(x) + y2(x) = Cof (x)

This shows it is closed under the sum since it has the same form. Similarly, let a be any
scalar from the reals . Then

ay1(x) = a (le(x))

Let ac; be new constant Cy. The above becomes

ay1(x) = Cof (x)

This shows it is closed under scalar multiplication since it has the same form.

2.3.4 Problem 3

LetS = [(x, y) €ER?:x>0,y > O]. Is S a subspace of R?. Justify your answer
Solution

The set S contains all vectors in the first quadrant in R?. First, we see that the zero vector
is in S which is when x = 0,y = 0. This is requirements for all subspaces. Now we check
to see if S is closed closed under addition and scalar multiplication.
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Let v;, v, be two arbitrary vectors selected from first quadrant. Hence

X1 X2
?))1 + 6)2 = +

Al Yo

X1+ X

Yi+Y2

But since x; > 0 and x, > 0 then x; + x, > 0. Similarly since y; > 0 and y, > 0 then
Y1 + vy, > 0. Hence 7; + ¥, € S which means closed under addition. Now, let a be real
scalar. Hence

.

But this is not closed for all a. For example if 2 = -1 then ax < 0 and ay < 0. Hence
not closed under scalar multiplication.

This shows S is not a subspace, since it is not closed under scalar multiplication.

2.3.5 Problem 4

Let V = C?(I) and S is a subset of V consisting of those functions satisfying the differential
equation y”" + 2y’ —y = 0 on I. Determine if S is a subspace of V

Solution

The first step is to check for the zero solution. Since y = 0 is a solution to the ode (since
it satisfies it), then the zero solution is in S. Now we need to check if S is closed under
additions. Since the general solution to second order ode of constant coefficients can be
written as (assuming the independent variable is ¢)

y(x) = Cie'tt + Cpe'!

Where Cy, C, are arbitrary constants, and r1,r, are the roots of the auxiliary equation
r2 +2r —1 = 0. We do not have to solve the ODE, but the roots are distinct in this case,
hence the above is a valid general solution form.

Let y1(x) = Aje'" + Aye™ be one solution which satisfies the ODE on I and let y,(x) =
B;e"1'+B,e"! be another solution which satisfies the ODE on I. Both are twice differentiable.
Therefore

yl(t) + yz(t) = (Alerlt + Azerzt) + (Blerlt + Bzerzt)
= (Al + Bl) €r1t + (AZ + Bz) erzt
= Clerlt + Czerzt
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Where C; = (A1 + B;) isnew constant, and C, = (A, + B,). This shows it is closed under addition
since it has the same form and this is twice differentiable as well because the exponential
functions are.

Now we show if it is closed under scalar multiplication. Let 4 be a scalar. Then, let y(x) =
Ae"! + Be™' be a solution which satisfies the ODE on I (it is also twice differentiable).
Hence

ay(t) = a (Ae’lt + Berzt)
= aAe"! + aBe'?!
Let aA = C; be new constant and let aB = C, be new constant. The above becomes
ay = Cie'! + Cpe'?!

This shows it is closed under scalar multiplication since it has the same form and this is
twice differentiable.

2.3.6 Problem 5

a) Determine the null space of the given matrix A, null-space(A)

2 6 4
A=[-3 2 5
-5 41
1
b) Determine if w = [-1| is in the null-space(A)
1
Solution
2.3.6.1 Parta

A is 3 X 3. The null-space of A is the set of all 3 x 1 vectors X which satisfies AX = 0. To
find this set, we need to solve

2 6 4|[v 0
-3 2 5f[x[=]0
-5 -4 1||x;3 0
The augmented matrix is
2 6 40
-3 2 50
-5 410
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Ry = % gives
1 3 20
-3 2 50
-5 -4 10
Ry = Ry + 3Ry gives
1 3 20
0 11 11 O
-5 -4 1 0
R3 = R3 + 5R; gives
1 3 2 0
011 11 0
0 11 11 0]
R3 = R3 — R, gives
1 3 2 0
011 11 O
0 0 0 0]

This shows that x3, x, basic variables and x3 is free variable. There is no need to go all the
way to rref to find the solution. But we can also do that and same solution will results.
Let the free variable be x5 = s.

Second row gives 11x, + 11x3 = 0 or x, = —s. First row gives x; + 3x, + 2x3 = 0 or
X1 = —3xp — 2x3 or x; = 3s — 2s = s. Hence the solution is

X1 S
Xp| = |[-s
X3 S
1
=s|-1
1

There are infinite number of solutions, one for different s value. Therefore the null-
1

space(A) is the set of all vectors which are scalar multiples of | -1]|.
1
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2.3.6.2 Partb
1
Yes. Since when s =1 then @ = |-1] is in the null-space(A). Hence @ is scalar multiple of
1
1
-1
1

2.3.7 Problem 6

N 2
Letv, = [

NE |5
, Uy = [ ] be vectors in IR?. Express the vector ¥ = [ } as linear combinations
2

of v1,v,
Solution

We want to find scalars ¢y, ¢, such that
Cl?}l + Cz?))z =7

Therefore

€1
2 3lla| |5
= (1)
-1 2{le| |-7
The augmented matrix is
2 3 5
-1 2 -7
Rz :2R2+R1 gives
23 5
07 -9
Rl = %/RZ = % gives
3 5
123
9
_O 1 7
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3 .
Rlle_ERZ glVQS
10 g_%(_g) 10 2
9
01 - 01 —

This is rref form. Hence the original system (1) now becomes

bl

: 9 . . 31 T
Last row gives c; = —- and first row gives c; = —. Therefore the combination is

31, 9.,
701—§UZZU
To verify
[ (31 9
31[2‘ 9 3]_ 2(7) 3(?)
71211 72| 31 9
(3| [26)
2] [z
|7 7
I 18
— 13
s
-7
Which is 7

2.3.8 Problem 7

3 1 2

Let@ = |3|,7; = |-1|,7, = |1| be vectors in R3. Let W = span (?}1,?}2). Determine if 7 is
4 2 3

in W.

Solution
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To find if 7 is in W means if ¥ can be reached using the vectors vy, U,. This implies we can
find solution ¢y, ¢, to
Cl?))l + C252 =7

In this context, ¢, ¢ are called the coordinates of ¥ using the basis 7, 7,. Setting the above
gives

1 2| 3]
c1|-1|+c (1| =3
2 3] |4]
1 2| ¢ ]3]
€1
-1 1 =13
gl
The augmented matrix becomes
1 23
-1 13
2 3 4
Ry = Ry + Rq gives
1 2
4
R3 = R3 — 2R, gives
3
3
-1 -2
R3 = 3R3 + R, gives
3
0
Ry = % gives
123
0
00
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Rl = R1 - 2R2 gives

1 0 -1
01 2
00 O

The above is the rref form. Hence the system becomes
10 -1
€1
o 1[1%]-| 2
c
0 o/t |o

The last row provides no information. The second row gives ¢, = 2. First row gives
c1 = —1. Since solution is found, then 7 is in W. The vector 7 can be expressed as a linear
combination of the basis vectors given.

—51 + 252 = 5

2.3.9 Problem 8

Determine whether the given set {(1,-1,0),(0,1,-1),(1,1,1)} in R3is linearly independent
or linearly dependent

Solution

We need to find ¢y, ¢y, 3 such that

1 0 1 0
ci|-1|+c|1|+cf1|=]0
0 -1 1 0

If we can find ¢y, ¢;, c3 not all zero that solves the above, then the set is linearly dependent.
If the only solution is ¢; = ¢, = c3 = 0 then the set is linearly independent. Writing the
above in matrix form Ax = b gives

1 0 1f|a 0
-1 1 1]]|c| =10 (1)
O —1 ]. C3 0
Therefore, the augmented matrix is
1 0 10
-1 1 10
0 -1 10
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Rz = R2 + Rl gives

1 010
01 10
0 -110
R3 = R3 + R, gives
1 010
110
0020
R3=%gives
1 01
11
0010
R; = R, — Rj gives
1 010
00
0 0
Ry = Ry — Rj gives
1 0 0 0
0100
01 0

The above is rref form. Hence the system

—~

1) becomes

1 0 0]|c 0
010C2:0
00 1|[es| [0

This shows that c; = 0,c, = 0,c3 = 0. Since the only solution is ¢; = 0, then the set is
linearly independent. Another way we could have solved this is by finding the determi-

1 01
nantof A=|-1 1 1| If the determinant is not zero, then ¥ = 0 is the only solution and
0 11

hence the columns are linearly independent. In this example det (A) can be found to be 3,
which confirms the above result.
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2.3.10 Problem 9

Use the Wronskian to show that the given functions are linearly independent on the given
interval I = (—oo, 00)

fi®) =1 fo(x)=3x  fa(x)=x*-1
Solution

The Wronskian is

fi fa fs
W=Ifi fo fs

144 1/ ’’

1 2 3

1 2x x%2-1
=0 3 2x
0 0 2

To find the determinant, it is easiest to expand along the last row as that has the most
zeros (Also the first column will do). Therefore the determinant is

W=l >
0 3
_23)
=6

Since W # 0 then the functions are linearly independent.

2.3.11 Problem 10

Determine whether the set of vectors
5s={1,1,0,2),(2,2,3,-1),(-1,1,1,-2),(2,-1,1,2)}

is a basis for R*.

Solution

Since there are four vectors given, they can be used as basis for R* if they are linearly independent

of each others. To find this, we need to find ¢y, ¢y, c3, ¢4 which solves

1] [ ] =1 (2] (o]

1 1 1| o
C1 + Co + C3 + Cy =

0 1 0

2] 1 2] 2| o
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If we can find ¢, ¢y, c3, ¢4 not all zero that solves the above, then the set is linearly depen-
dent and they can not be used as basis for R%. If the only solutionis c; = ¢, = c3 =c;, =0
then they are basis for R*. Writing the above in matix form Ax = b gives

2 -1 2]la

1 0]
1 2 1 -1f|ez| |0
0 3 1 1]|cs ) 0 M)
2 -1 -2 2||e] 1o
The augmented matrix is
1 2 -1 20
12 1 10
03 1 10
2 1 2 2 0
Ry, =R, - Ry
1 2 -1 20
0 0 2 30
0 3 1 0
2 -1 -2 20
Ry =Ry 2Ry
1 2 -1 2 0
0 2 30
0 3 1 10
0 -3 0 -2 0
Swapping R3, R; so the pivot is non-zero
1 2 -1 2 0
0 1 0
0 0 2 30
0 -3 -2 0]
Ry = R4+ Ry
12 -1 2 0
03 1 10
00 2 =30
0 0 1 -1 0

65



CHAPTER 2. HWS

23. HW 3

66

0
0
0
0
0
0

= o o o o o o o
o = P N = P I N i P NI =
Lol
1_‘ — N 11 — N O 4. — — o 1_A —ln () oo = O
N 0 o o N 0 o o N v o o N - o o a - o ©
- © © O - O O O —- © o o - O o o = <o © 9,
>
o
4 Nl
<H o
N o S e o
1 Il Il Il Il
<H <H o o o
a4 a4 a4 R a4



23. HW 3

CHAPTER 2. HWS

1
Ry =Ry = 3Ry

Rl = R1 - 2R4

1
Rz = R2 - §R3

R1=R1+R3

Rl = Rl - 2R2

This is now rref. Hence the original system (1) is

o o o =

===

o o o =

o o =

o O = O

S O = N an)

o O© =, N

0
1
0
0

o = O O

)

_ o O o = O O

- o o O

—_ O

_ o o O

_ o o O

0
0
0
1

1

%)

C3

Cq

o o O O

o o o o

o o o O

o o o O
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Which implies ¢; = 0,¢, = 0,c3 = 0,¢4 = 0. Therefore the set S is a basis for R%. Another
way to solve this is to find the determinant of A. If it is not zero, then the set S is basis.

2.3.12 Problem 11

Determine whether the set
S= {1 —3x%,2x +5x%,1 - x + 3x2}

is a basis for p,(R)
Solution

Let p1(x) =1 = 3x2, py(x) = 2x + 5x2, p3(x) = 1 — x + 3x?, hence the Wronskian is
P P P

P1 P2 Ps

W=Ip1 P2 Ps

pi P2 ps

1-3x? 2x+5x% 1-x+3x?
=l -6x 2+10x -1+6x
-6 10 6

Expanding along last row gives

1-3x2 2x + 5x2

—6x 2 +10x

1-3x2 1-x+3x?

—6x -1+ 6x

2x +5x2 1—x+3x2
2 +10x -1+ 6x

W = (1)’ (-6) +(-1)°*2(10) + (-1’ (6)

1-3x2 2x + 5x2

-6x  2+10x

2x +5x% 1—x+3x%
2+10x  -1+6x
= —6 (2 +522) (-1 + 6x) — (1 - x + 3x2) (2 + 10x))
-10 ((1 - 3x2) (-1 +6x) — (1 -x+ 3x2) (—6x))
+6((1-3x2) (2 +10x) - (2x + 5x2) (-6x))

1-3x2 1-x+3x?
+6

—6x -1+ 6x

-10

or
W=-6 ((30x3 +7x2 - 2x) - (30x3 — 422 + 8x + 2))
-10 ((—18x3 +3x2 + 6x — 1) - (—18x3 +6x% - 6x))
+6 ((—30x3 — 632 +10x + 2) — (302 - 12x2))
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or

W=-6 (11x2 —10x — 2) ~-10 (—3x2 +12x — 1) +6 (6x2 +10x + 2)
= —66x% + 60x + 12 + 30x2 — 120x + 10 + 36x2 + 60x + 12
=34

Since the Wronskian is not zero, then set S is basis for p, (R)

2.3.13 Problem 12

Find the dimension of the null space of the given matrix A

1 -1 4
A=|2 3 =2
1 2 2
Solution
Ry = Ry — 2R, gives
1 -1 4
0 5 -11
-2 |
R3 = R3 — R; gives
1 -1 4
0 -11
0 4 -62
Ry = 4Ry, R3 = 5R;3 gives
1 -1 4
20 -44
20 -310]
R3 = R3 — R, gives
1 -1 4 |
0 20 -44
0 0 -266]

The above shows there are 3 pivot columns, which means the rank is 3 which is the same
as the dimension of the column space. The dimension of A is 3. Using the Rank—nullity
theorem (4.9.1, in textbook at page 325) which says, for matrix A of dimensions m X n

Rank(A) + nullity(A) = n
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Therefore, since n = 3 in this case (it is the number of columns)
3 + nullity(A) =3
Hence

nullity(A) =3 -3
=0
This means the dimension of the null space of A is zero. The nullity (A) is the dimension

of null-space(A).

2.3.14 Problem 13

Determine the component vector of the given vector space V relative to the given ordered
basis B.

V= RZ B = {(2/ _2) ’ (1/ 4)} U= (5/ _10)
Solution
Let
2 1 5
(o] +Cy =
-2 4 -10

In Ax = b form the above becomes

B AR

The augmented matrix is

2 1 5

[—2 4 —10}
R, =R, + R,

21 5

05 -5
Ry =“2,R; =}

133

0 1 -1
Ri =Ry - 3R

0 3
01 -1

70



23. HW 3 CHAPTER 2. HWS

This is rref form. Hence the original system (1) becomes
1 0ffaa| |3
01 Cy -1

3
Which means ¢, = -1, ¢; = 3, Therefore the component vector is l ‘

2.3.15 Problem 14

a) find n such that rowspace(A) is a subspace of R"” and determine the basis for rowspace(A).

b) find m such that colspace(A) is a subspace of R" and determine a basis for colspace(A)

1 -1 2 3
A=]1 1 -2 6
31 4 2
Solution
2.3.15.1 Parta
R; = Ry — Ry gives
1 -1 2 3
0 2 43
31 4 2
R; = R3 -3k,
1 -1 2 3
0 2 -4 3
0 4 -2 -7
R; =R3-2R,
1 -1 2 3
-4 3
6 -13

Pivotsare A(1,1),A(2,2),A(3,3).
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R3:%gives
1 -1 2 3
0 2 -4 3
13
0 0 1 5|
-5
Rz_z ,
1 -1 2 3
3
0 1 -2 5
13
0 0 1 _Z_
R2:R2+2R3
1 -1 2 3 1 -1 2 3
3 13 17
01 0° 2(7):0 10 -Y
13 B
0 0 1 - 00 1 -
R1:R1—2R3
13 22 |
1—103—(—?) 1—10?
17 _ 7
01 0 -— |70 1 0 -5
13 _ 3
0 0 1 -= _0 0 1 -4
R1:R1+R2
2 17 [ 9
1 00 3 % 1 00 5
17 | 17
010 < |= 010 -
13 13
0 01 - _O 01 -

The above is rref form. Pivot columns are 1,2,3. The set of nonzero row vectors in the
above rref form are basis for rowspace(A). Hence rowspace is

1009 0,1,0 v 0,0,1 L
11121 777 6 7 7 M7 7 6

The rowspace is 3 dimensional in R*.
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2.3.15.2 Partb

From part(a) we found that the pivot columns are 1,2, 3. Therefore the column space is
given by the corresponding columns in the original vector A. Hence the column space is

11 -1 2

11,111,1-2

31 |1 4
It is 3 dimensional in IR3
24 HW4
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24.1 Problems listing

Math2520-01 Assignment 4

INSTRUCTION: Show all the necessary work. Write your answer on a separate sheet preferably
hand written clear and legible. Post your answer sheet on D2L by Sunday June 27. In this section
you may need to remember the theorems and how to apply them to answer the questions.

1. Determine the null space of A and verify the Rank-Nullity Theorem.

[

1
A=|3
2

~N oo N

1
7 2
9 2

w

2. Using the definition of linear transformation, verify that the given transformation is
linear.

T :R* > R? defined by T(x,y) = (x+2y,2x—Y).
3. Determine the matrix of the given linear transformation.
T:R® > R? defined by T(x,y,2)=(X—y+2,2—X)

4, Let T:R?*— R? be a linear transformation that maps u = (5,2) into (2,1) and
v=(13) into (-1,3). Use the fact that T is linear to find the image under T of 3u+2v.

5. Assume that T defines a linear transformation and use the given information to find the
matrix of T.

T:R?> > R* such that T(0,1) =(1,0,-2,2)and T(1,2)=(-3,1,11).
6. Find the Ker(T) and Rng(T) and their dimensions.

T:R® > R? defined by T(x) = Ax, where

1 -1 2
A= .
[—3 3 —6}

7. Let T:R®— R? be a linear transformation defined by Tx = Ax where
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10.

11.

12.

>

Il
N Pow
o N gl
~N R e

Show that T is both one-to-one and onto.

Determine all eigenvalues and corresponding eigenvectors of the given matrix.

5 4

i) A=

_8 _7_

74
i) A= :

__1 3_
7 3]
i) A=

__6 1_

If v, =(1,-1) and v, =(2,1) be eigenvectors of the matrix A corresponding to the
eigenvalues A, = 2,1, =-3, respectively find A(3v,—V,).

Determine the multiplicity of each eigenvalue and a basis for each eigenspace of the
given matrix A. Determine the dimension of each eigenspce and state whether the matrix
is defective or nondefective.
1 4
A= :
2 3

Determine whether the given matrix A is diagonalizable.

-1 -2
A p—t
G
Determine the general solution to the given differential equation.
a) y'-y'-2y=0
b) y"+10y'+25y=0

c) y'+6y'+11ly=0

2 75



24. HW 4 CHAPTER 2. HWS

2.4.2 Problem 1
Determine the null space of A and verify the Rank-Nullity Theorem
121 4

A=|3 8 7 20
279 23

Solution

The null space of A is the solution AX = 0. Therefore
_x1_

X2

(1)

X3

NN
N
(=)
Il
o O O

X4

The augmented matrix is

Ry = Ry — 3R, gives

R3 = Rz — 2R, gives

7 15 0

Ry .
R, = = ¢giv
2 = - glves

R3 = R3 - 3R2 gives
1 2140
01240

00130
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Now the reduced echelon phase starts.

R, =R, — 2R,
121 40
10-20
001 3 0
Ry =R, -R,
120 1
10-20
01 3 0
Ry =R, -2R, _
00 5 0
010 -20
01 3 0

The above in RREF form. There are 3 pivots. They are A(1,1), A(2,2),A(3,3). Hence
original system (1) becomes

X1
1 00 5 1
X2
010 -2 =0
X3
001 3 0
Xq

The base variables are x1, x,, x3 and the free variable is x, = s. Last row gives x5 + 3x4, = 0
or x3 = —3s. Second row gives x, — 2x; = 0 or x, = 2s. First row gives x; + 5x4 = 0 or
x1 = —5s. Hence the solution is

X1 —5s]
Xa| 2s
X3 T |-3s
[Xa| LS ]
]
2
=5
-3
L 1 |
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It is one parameter solution. Hence the dimension of the null space is 1. (it is subspace

o]

of R" or R* in this case). Any scalar multiple of 3 is basis for the null space. For

1

verification, using the Rank-nullity theorem (4.9.1, in textbook at page 325) which says,
for matrix A of dimensions m X n

Rank(A) + nullity(A) =n

Therefore, since n = 4 in this case (it is the number of columns), and rank is 3 (since there
are 3 pivots) then
3+ nullity(A) = 4

Hence

nullity(A) =4 -3
=1
This means the dimension of the null space of A is 1. The nullity (A) is the dimension of

null-space(A), which is also the number of free variables at the end of the RREF phase.
This verifies the result found above.

2.4.3 Problem?2

Using the definition of linear transformation, verify that the given transformation is linear.
T : R?> > R? defined by T (x, y) = (x +2y,2x - y)

Solution
The mapping is linear if it satisfies the following two properties
T(ﬁ+5):T(ﬁ)+T(ﬁ) forallu, 7€V
T (cﬁ) =cT (ﬁ) for all 7 € V and all scalars ¢
T above is the linear mapping that assigns each vector ¥ € V one vector w € W, where

V, W are vector spaces. V is called the domain of T and W is called the codomain of T. The
range of T is the subset of vectors in W which can be reached by the mapping T applied

to all vectors in V. i.e. Rng(T) = {T (5) ve V} . To find if T is linear, we need to check both

X1
U=
W Y

holder since we do not know yet if LHS is equal to RHS. It should really be < but this

X

properties above. Let i = . Then (Please note that = below is used as a place
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gives a Latex issue when used)

=
» d
Il
~
—

]/2‘
X1+ XZ— Fxl + 2]/1

T = +
1ty _2x1 -1

(xl + xZ) +2 (3/1 + yZ) le + 2y1 + Xy + 2]/2—

Xy + 2]/2

—_—

2x; =Y

2(x; +xy) — (y1 + yz) hle —Y1+2x3 - Y2 |

X1+ X + Zyl + Zyz— le + Xy + 2y1 + 2y2—

2x1 4+ 2x =11 ~ V2| _le + 2% —y1 ~ Y2

Comparing both sides shows they are indeed the same. Hence the first property is satis-

X
then
y

fied. Now the second property is checked. Let ¢ be scalar and let # =

T (cﬁ) =cT (ﬂ’)

x| b
T|c =cT
Y Yy
cx< x+2
T =c /
[ Y| 2x — y}
cx + 2cy“ cx + 2cy
2cx —cy | 2ex - cy

Comparing both sides shows they are the same. Hence the second property is satisfied.

This verifies that the given transformation T is linear

24.4 Problem3
Determine the matrix of the given linear transformation
T:R3— R? definedbyT(x,y,z):(x—y+z,z—x)

Solution
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X

ajp dip 413

Let the matrix of the transformation be A = and let ¥ = |y | be some vector

ap1 dpp a3

z
in the domain of T, then we need to solve
X
aqp aip a3 X—y+z
y =
A1 A a3 zZ—=X
z
For the unknowns a4y, a1, 413, 31, A2, ay3. The first row equation is
apX +apy +a;3=x-y+z (1)

Comparing coefficients for each of the variables x, y, x gives a;; =1,a;, = -1,a13 = 1. The
second row equation is

Ap1X + ApY + A3z =z — X (2)
Comparing coefficients again gives a,; = -1, a5, = 0,43 = 1. Hence the matrix A is

1 -1 1
A=
-1 0 1}

2.4.5 Problem 4

5 2 1
Let T : R? — R? be a linear transformation that maps # = L] into L‘ and 7 = L‘ into

. Use the fact that T is linear to find the image under T of 3 + 20

Solution
The mapping is linear if it satisfies the following two properties
T(+7)=T(i)+T(3) foralli,eV
T (cﬁ) =cT (TZ) for all 7 € V and all scalars ¢
By using first property above we can then write
T (34 + 20) = T (31) + T (29)
And by using the second property the RHS above can be written as

T (3ﬁ + 23) =3T (ﬁ) +2T (6)
80



24. HW 4 CHAPTER 2. HWS

2
But we are given that T (ﬁ) = [
1

Il
o o
| SO —
+

Hence the image under T of 3u + 27 is
4
T (31 +28) =
12

2.4.6 Problem 5

Assume that T defines a linear transformation and use the given information to find the

matrix of T.
T:R2 > R*

Such that T(0,1) =(1,0,-2,2)and T(1,2) = (-3,1,1,1)
Solution

Let A be the representation of the linear transformation and let X vector in the domain of
T. Hence N
AX =D

Where b € R?*, hence it has dimensions 4 x 1 and since ¥ € R? then it has dimensions 2 X 1.

Therefore
(mxn)2x1)=4x1)

Since inner dimensions between A and X must be the same for the multiplication to be
valid, then n = 2. Therefore m = 4. Hence A must have dimensions 4 X 2. Let A be

a1 a2
apy d

azy 4azp

241 (42|
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Using T (0,1) = (1,0, -2,2), then we can write

a1 412 1]
an 42|10l |0

az az||1 - -2
241 42| [ 2]

or by carrying out the multiplication

(011(0) + 2| [1]
21(0) + (1) 0

a31(0) + az(1)| |2
1241(0) + agp(1)| |2 ]

a2 1]
M 1)
asp -2
B 2 ]

And using the second relation T (1,2) = (-3,1,1,1) gives

—ﬂn alz- 3]
a1 axp||1 1
a3 a3 [2] BE
241 42| [ 1]
a1 () + 41| [-3]
an(l) +ax@)| |1
a5 (1) +a52)| |1
a4 (1) +ap(2)| |1 ]
011+ 201, [_3]
ay1 + 245, 1
az, + 2aszp N 1
Ay +2ag| | 1]
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Substituting values found in (1) into the above gives

[ oy +2(0) | [-3]
a; + 2(0) 1
o +2(=2) |1
| ag +2(2) | | 1]
—all +2] [_3]
a21 1
az —4 B 1
0y +4| | 1]
_1111< 3 - 2]
a21 1
as B 1+4
1] L 1-4]
5]
1
B 5
__3_

All entries of A are now found. Therefore the matrix representation of T is

s g
1 0
A=
5 =2
__3 2 .

2.4.7 Problem 6
Find the ker(T) and Rng(T) and their dimensions. T : R®> — R? defined by T(x) = Ax

where
1 -1 2
-3 3 -6

Rng(T) are all vectors in R? (subspace of R™) which can be reached by T for every vector
in domain of T which is R?. It is the same as the column space of A.

A=

Solution
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Ker(T) are all vectors in R®> which map to the zero vector in R2. They are the solution of
A% = 0. Ker(T) is the same as null-space of A where A is the matrix representation of the
linear mapping T. To find Ker(T), we then need to solve the system AX = 0.

X1

12| o "
3 3 6|/ |o

X3
1 -1 2 0
-3 3 -6 0

1 -1 20
[O 0 0 O]
Base variable is x;. Free variables are x, = s,x3 = t. Pivot column is the first column.
Hence (1) becomes
1 -1 2
[O 0 0

First row gives x; —s + 2t = 0 or x; = s — 2t. Hence the solution is

The augmented matrix is

Ry = Ry + 3R, gives

X1

It

X3

X1 [s — 2t
Xy | = S
X3 |t
s -2t
=|ls|+| O
0 t
1 -2
=s|1|+¢t|0
0 1

It is two parameters system. The dimension of the null-space is therefore 2. (it is also the
number of the free variables). The null-space is subspace of R®. Hence

1 -2
ker(T) ={7e€R3:B=s|1|+t|0],s,teR
0 1
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Now Rng(T) is the column space. From above we found that the first column was the

pivot column. This corresponds to the first column in A given by . Therefore

,se]R}

-3

— — 1
Rng(T):{ve]Rz:v:s[ ;

It is one dimension subspace of IR?.

2.4.8 Problem 7

Let T : R? — R3 be linear transformation defined by Tx = Ax where

351
A=11 2 1
2 67

Show that T is both one-to-one and onto.

Solution

Using Theorem 6.4.8 which says, the linear transformation T : V — Wis
1. one-to-one iff ker(T) = {6}
2. onto iff Rng(T) = W

To show one-to-one, we need to find ker(T) by solving the system AxX = 0.

3 5 1% 0

1||x| =10 (1)
7| |x3 0
Augmented matrix is
3 5 1 0
1210
2.6 7 0]

Swapping Ry, R; gives (it is simpler to have the pivot be 1 to avoid fractions)

(1 2 1 0]
3510
2 6 7 0
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R2 = R2 - 3R1 gives

R3 = R3 — 2R1 giVGS

R3 = R3 + 2R2 gives

Ry = =R, gives

Ry = Ry — 2R3 gives

Rl = R1 - R3 giVGS

Rl = R1 - 2R2 giVGS

0

00

1
0

0
1

)

)

(e}

There are no free variables. Number of pivots is 3. The system (1) becomes

10

0f]*1
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Which shows that the solution is x; = 0, x, = x3 = 0. Hence ker (T) = [6] Since number of
free variables is zero, then we see that the dimension of the null space is zero. Therefore
T is one-to-one.

Now we need to show if it is onto. The matrix A is 3x3. Therefore the mapping is R> — RR>.
Hence W is R3. But Rng(T) is the column space of A. From above, we find that there are
3 pivots. So the 3 columns of A are pivots columns. Hence

3 5 1
Rng(T) =43 €R®>:T=c|1|+cp|2| +c3|1]|,c1,c0c5€R
2 6 7

Which is all of W, since there are 3 independent basis vectors which span all of R and
W is R3. Hence onto.

249 Problem 8

—1
Determine all eigenvalues and corresponding eigenvectors of the given matrix 1) [ ],

7
2 7 4 3) 7 3
1 31" 7 |-6 1

Solution
24.9.1 Partl
5 —4
A=
8 —7}
The eigenvalues are found by solving
[A-AIl=0
5 -4 |A 0
det - =0
8 -7 |0 A
5-14 -4
=0
8§ -7-A7

G-AM)(E7-4)-(-4)(©8) =0
G-A)(-7-1)+32=0
A2 4+21-35+32=0
A24+21-3=0
A-1)(A+3)=0

87



24. HW 4 CHAPTER 2. HWS

Hence the eigenvalues are A; =1, A, = =3. For each eigenvalues, we now find the corre-
sponding eigenvector.

/\1:1

We need to solve A = 1,7 for vector 7. This gives
5 —4|le] o
1 _ A 1
8 -7 (%) (%)
5 —4|[o o] o]
1 1 1l _
8 -7 (%] »Uz_ »0<
5-A 4 0]
8  —7-A

E

. Hence v, is the base variable and v, = t is the free variable.

01

But A; = 1. The above becomes

4 -4
Rz = RZ — 2R1 gives 0

Therefore the system becomes

Using first row gives

Then the eigenvector is

S o1 |t
U}Ll:l = =
(%] t

Choosing t = 1. (any arbitrary value will work), then the eigenvector is

|

= —_—
0/11 =
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We need to solve AU = A, for vector v. This gives (as was done above)

5- /\2 -4 ] r’01— _Oq
8 -7 — AZ (%)

8 —4- PU1—
8 —4_ LUz_ _O‘

8 -4

Ry, = Ry — Ry gives . Hence v; is the base variable and v, = f is the free variable.
0

Therefore the system becomes

Using first row gives

801—402—0
1 1t
U1 = =0y = —
1 > 2

Therefore the eigenvector is

1 1
% -t = 1

@223: Ho|2 =t|2| =t
(%) t 1 2

Choosing t = 1. (any arbitrary value will work), then the eigenvector is

ﬂ

= —
0/11 =

Summary table

eigenvalue | Algebraic multiplicity | Geometric multiplicity | defective? | eigenvector
]

A =1 1 1 No
1

Ay =-3 1 1 No
2
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24.9.2 Part2
7 4
A=
-1 3]
The eigenvalues are found by solving
[A-AIl=0
7 4] |A O
det - =0
-1 3] |0 A
7-A 4
=0
-1 3-A

7-A)@B-A)+4=0
A2=10A+21+4=0
A2-10A+25=0
A-5@A-5=0
Hence the roots is A = 5 which is a repeated root. (its algebraic multiplicity is 2)
A=5

We need to solve A7 = A, for vector v. This gives

7-2 4 ||lor] o]
-1 3—A 02 0

[7—5 4 |[er] o

-1 3-5||0,
2 4|
1 2|, o

2 4
Ry, =R, + %Rl gives [ . Hence v, is base variable and v, =t is free variable. Therefore
0

the system becomes
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The first row gives

201 +40, =0
201 = 40,
U1 = =20,
= -2t

Therefore the first eigenvector is

P

Choosing t = 1. (any arbitrary value will work), then the eigenvector is

ali

Since we are able to obtain only one eigenvector from A = 5, then this is a defective eigenvalue.

It has an algebraic multiplicity of 2 but its geometric multiplicity is only 1. When the geo-
metric multiplicity is less than the algebraic multiplicity then the eigenvalue is defective.

Summary table

eigenvalue | Algebraic multiplicity | Geometric multiplicity | defective?

eigenvector

A=5 2 1 yes

i

The matrix is defective and hence not diagonalizable.

7 3
-6 1

2.4.9.3 Part3
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The eigenvalues are found by solving

|A = Al
7 3| |A 0
det -
-6 1| |0 A
7-A 3
-6 1-A7
(7-A)1-2A)+18
A2-81+7+18
A2 -81+25
Using quadratic formula A = ~2 o L\ “dac gives
2a  2a

=0

=0

=0

=0
=0
=0

8 1
AZEiEVMe4Q®

1
=4+ -V64-100

Il
N
H+
I
[68)
(@)

1

NN

H
NN~ RN

H
«

Hence the eigenvalues are complex conjugates of each other. They are A; =4 + 3i, A, =
4 — 3i .For each eigenvalues, we now find the corresponding eigenvector.

Ay =4+3i

We need to solve A7 = A, for vector v. This gives

7—/\1 3 01
-6 1—/\1 (%) -

But A; =4 + 3i. The above becomes

7 — (4 + 3i) 3 ||v]
-6 1-(4+30)| |0,

3-3 3 |[o
-6 -3-3i||0]

g
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N1 1. 1 1)\ [ 1 1.
3-3i (—+—z) 3(—+—z) 1 -+
R1:R1(2+%i)gives( Nets 6 6/f= 2 2 landnow R, = R, +6R;
-6 —3-3i -6 —-3-3i
gives _
1 1.
1 -+ i 1 1.
2 2 _ 1 >t 5t
. 1 1.
0 (3-3)+6(3+3i) [0 o

Hence the system using RREF becomes

1 1.
1 E+EZ

ol

vy is the base variable and v, = t is the free variable. First row gives

0 0

1 1.
0 + §+§l 02:0

01 = (—
Therefore the eigenvector is

v 2L 1—i
. 11 1
gy = [=tl? %=t

(%) 1 2

Choosing t = 1. (any arbitrary value will work), then the eigenvector is

N
'0/11 = )

Ay =4-3i

We need to solve A = A, for vector 7. We could follow the same steps above to find
the second eigenvector, but since the eigenvectors are complex, then they must come as
complex conjugate pairs. Hence 7, can directly be found using

?))/\2 = (5/12)*
-1+
2

Summary table
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eigenvalue | Algebraic multiplicity | Geometric multiplicity | defective? | eigenvector
| B
Ap=4+3i |1 1 No
2
) ——1 + i-
Ap=4-3i |1 1 No )

2410 Problem9

If 1
01 =
R

Ay =2, = =3 respectively. Find A (3v; — v,)

and v, = [J eigenvectors of the matrix A corresponding to the eigenvalues

Solution

By definition
Av = Ao

Where A is the eigenvalue and v is the corresponding eigenvector. Therefore by linearity
of operator A

A (301 - 02) =A (3'01) - AUZ

= 3A7)1 - sz
=3 (A101) = (A7)
1 2
=3|2| " ||-]-3
-1 1
2 6
=3 +
6 6
= +
-6 3
3 6+6
_—6 +3
2
_—3
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2.4.11 Problem 10

Determine the multiplicity of each eigenvalue and a basis for each eigenspace of the given
matrix A. Determine the dimension of each eigenspace and state whether the matrix is
defective or nondefective.

1 4
23
Solution
The eigenvalues are found by solving
JA-AIl=0
1 4] |A 0
det - =0
2 3 [0 A
1-12 4
=0
2 3-A

1-2)3B-1)-8=0
A2 41 +3-8=0
A2 —41-5=0
A-5A+1)=0

Hence the eigenvalues are A, = 5 with multiplicity 1, and A, = -1 with multiplicity 1. For
each eigenvalues, we now find the corresponding eigenvector.

A1:5

We need to solve A7 = A, for vector v. This gives
1- Al 4 (4] 0
2 3 - /\1 (%) - 0
But A; = 5. The above becomes
-4 4|01 |0
2 22|loy| |0

-4 4
Ry =Ry + %Rl gives [ o ol Hence v, is base variable and v, = tis free variable. Therefore

the system becomes
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Using first row gives

—401 +402 =0
U1 =70z
=t

R 01 —t— ; 1
0 = = =
M Uy t 1

By choosing t =1

Azz—l

We need to solve AU = A, for vector v. This gives (as was done above)

RIS WX
R

. Hence v, is base variable and v, = t is free variable. Therefore

But A, = —1. The above becomes

2 4
Rz = R2 - Rl giV@S
00

the system becomes

First row gives

2?71 + 402 =0
01 = —2?)2

Choosing t = 1 the eigenvector is

Summary table
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eigenvalue | eigenvector
1

/\1 =5 :|
1

Ay =-1 &

’ 1

The matrix is not defective because we are able to find two unique eigenvalues for a 2 x 2
matrix. The dimension of eigenspace corresponding to each eigenvalue is given by the
dimension of the null space of A—AI where A is the eigenvalue and I is the identity matrix.
For A, =5, since there was one free variable, then the dimension of this eigenspace is one.

Similarly for A, = -1 since there was one free variable, then the dimension of this eigenspace
is one.

2412 Problem 11

Determine whether the given matrix A is diagonalizable
-1 -2
-2 2

A matrix is diagonalizable if it is not defective. The eigenvalues are found by solving

A=

Solution

IA-All =0
-1 -2 A0

det - =0
-2 2 0 A
1-1 -2

=0
-2 2-A

(-1-1)(2-1)-4=0
A2-1-2-4=0
A2-1-6=0
A=3)(A+2)=0

Hence the eigenvalues are A; = 3,1, = -2. For each eigenvalues, we now find the corre-
sponding eigenvector.

/\1:3
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We need to solve AU = A, for vector v. This gives
1= =2 o] o
2 2-A]lw] o
-4 =2f(7a| |0
2 ||| |0

.Hence v, is base variable and v, = tis free variable. Therefore

But A; = 3. The above becomes

1. . |74 2
R2 = RZ_ERl glVeS 0

the system becomes

First row gives

—401—20220
Uy = 1'(]
2 — 2 2

1

=2t

2

Therefore the eigenvector is

Choosing t =1 then

/\2:—2

We need to solve AU = A, for vector ©. This gives
-1- AZ -2 01 0
2 2-Alw] o

But A, = -2. The above becomes
1 =2l |0
-2 4 (%) 0
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-2

1
Ry = Ry +2R; gives [ . Hence v; is base variable and v, = t is free variable. Therefore
0

the system becomes

First row gives

01 —202 =0
01 :2?)2
=2t

Therefore the eigenvector is

Choosing t =1 gives

Summary table

eigenvalue | eigenvector
M =3 B
: 2
Ay =-2 2
’ 1

Since the matrix is not defective (because it has two unique eigenvalues), then it is
diagonalizable. To show this, let P the matrix whose columns are the eigenvectors found,

and let D be diagonal matrix with the eigenvalues at its diagonal. Then we can write

A =PDpP!
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3
Where D = and P = . Hence

2 1

1 2‘ [3 0H—1 2]1
A=
2 1|0 2|[2 1
e 22 2
28 2|21

i -1

[-3 4l 2

le —2ll2 1
-1

I - N R U IR R

Tlo 1| TEr@| L 4| S| 4

1 -2
-2 —1}
1 [3) @) +(4)(-2) (-3)(-2) +(-4) <—1)}
B OO+ (2 (-2)  (6)(-2)+(-2)(-1)
1]5 10
-5 10 -10

. Hence the above becomes

Verified.

2413 Problem 12

Determine the general solution to the given differential equations a) y”” -y’ — 2y = 0. b)
vy’ +10y" +25y =0.c) y”" + 6y  +11y =0

Solution

2.4.13.1 Parta

This is a constant coefficients second order linear ODE. Hence it is solved using the
characteristic polynomial method. Assuming solution is y = e*. Substituting this into
the ODE gives

AZeAx _ /\e)tx _ ZeAx =0
100
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Since e'* # 0, the above simplifies to

A2—1-2=0
A+1)(A-2)=0
The roots are A; = —1,A, = 2. Therefore there are two basis solutions, they are y; =

eM¥ = ¢ and y, = ¢'2* = ¢%*. The general solution is a linear combination of these basis
solutions. The general solution is

y(x) = cqy1(x) + oy (%)

= Cle_x + C2€2x

Where ¢y, ¢, are the constants of integration.

2.4.13.2 Partb

This is a constant coefficients second order linear ODE. Hence it is solved using the
characteristic polynomial method. Assuming solution is y = e*. Substituting this into
the ODE gives

AZeM +10AeM + 256" = 0

Since e!* # 0, then the above simplifies to

A2 +10A+25=0
A+5A+5)=0

Hence the roots are A = -5, which is double root. Since the root is double, then the first
basis solution is ; = e™* and the second is x times the first, which gives y, = xe™*.

The general solution is a linear combination of these basis solutions

Y(x) = c1y1(x) + ey (%)

= 167 + cyxe™™*

2.4.13.3 Partc

This is a constant coefficients second order linear ODE. Hence it is solved using the
characteristic polynomial method. Assuming solution is y = e*. Substituting this into
the ODE gives

A2eM 4+ 61e™ +11eM = 0

Since e'* # 0, then the above simplifies to

A2+6A+11=0
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Using quadratic formula A = - Ly ;—aVbz —4ac gives

A= 64D
:_s%m
=—3¢%\/§
=-3+V-2
=-3+iV2

Hence roots are A; = -3 + i\/E Ay = =3 - i\/i. Hence there are two basis solutions, they
are

yl — e)tlx

_ e(—3+i\/§)x
— e—3xei 2x
And

yZ — e/\zx

= e(—3—i\/§ )X

— 6_3x€_i 2x
The general solution is a linear combination of these basis solutions. Therefore

y(x) = cqy1(x) + ey (%)

— Cle—3xei 2x 4 Cze—Sxe—

— e—3x (clei 2x +C2€_i Zx)

iv2x

Using Euler formula eV2X = cos (\/Ex) +isin (\/5 x) and e 1V2¥ = cos (\/Ex) —isin (\/Ex)
The above becomes

Y(x) = e (01 (cos (\/E x) +isin (\/5 x)) o (cos (\/E x) — isin (\/E x)))
_ o3 (cos (\/E x) (cy +¢y) + sin («/E x) (icy + icz))
Let (¢; +¢) = C; and (ic; + ic;) = C, be new constants. Hence the above becomes
yx) = e (c1 cos («/E x) +Cysin (\/E x))
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2.5.1 Problems listing

Math2520-01 Assignment 5

INSTRUCTION: Show all the necessary work. Write your answer on a separate sheet preferably
hand written clear and legible. Post your answer sheet on D2L by Monday July 5.

1. Solve the following Differential Equations.
a) y'-y'—2y="5*
b) y"+16y=4cosx
c) y' -4y +3y=9x*+4, y(0)=6, y'(0)=8
2. Use the variation of parameters method to find the general solution to the given
differential equation.
y"+y =tan?(x)

3. Show that the given vector functions are linearly independent on (—oo, ).

t t
Xl(t)=M,Xz(t) =L2}

4. Show that the given vector functions are linearly dependent on (—o0,0).

e 4¢'
o &m0

5. Show that the given functions are solutions of the system x'(t) = A(x)x(t) for the given

matrix A and hence find the general solution to the system ( remember to check linear
independence). Then find the particular solution for the given auxiliary conditions.

X (t) {; } % (t) =[3e: }
e e
-2 3 -2
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6. Solve the initial-value problem x' = Ax, x(0) = x,.
-1 4 3
A= , X(0)=
2 -3 0

7. Use the variation of parameters technique to find a particular solution x, to x'= Ax+b

for the given A and b. Also obtain the general solution to the system of differential
equations.

2] ol
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2.5.2 Problem1

Solve the following Differential Equations
a vy’ -y -2y=>5e*

b y” +16y = 4cosx

¢y’ -4y +3y=9x>+4,y(0) =6,4(0) =8

Solution

2.5.21 parta
y// _ y/ _ zy — 5€2x

This is a nonhomogeneous linear second order ODE with constant coefficients. The gen-
eral solution is given by

Y=Yn+Y, (1)

Where y;, is the solution to the homogeneous part and y,, is a particular solution. The first
step is to determine y, which is solution to y”” — " — 2y = 0. The characteristic equation
becomes (by assuming the solution to be y = e’* and substituting this into the ODE and
simplifying)

A2-1-2=0
A-2)(A+1)=0

The roots are A; = 2,1, = -1. Therefore the basis for y; are {ezx, e } and yj, is linear
combination of these basis which is

Yn = 016%* + cpe™ (2)

Looking at RHS of the ODE which is 5¢>* shows that the basis function for this is {ezx].
But ¢?* is also also a basis function for ;. Therefore this is adjusted by multiplying it by
x and it becomes {xezx} which no longer a basis for y;,. Therefore the trial solution is

y, = Axe™
Hence

y) = Ae* + 2 Axe™
yy = 2Ae™ + 2Ae* + 4Axe*

Substituting the above in the given ode gives
Yy = Yp = 2Yp = 5e**
(2462 + 2467 + 4Axe®) - (Ae® + 2Axe?) - 2 (Axe?) = 5¢%
106
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Since e** # 0, the above simplifies to

2A+2A +4Ax - A-2Ax-2Ax =5
AR+2-1)+x(4A-2A-2A)=5

3A=5
5
A==
3
Therefore the particular solution is
5
Yy = gxezx (3)

Substituting (2,3) into (1) gives the general solution as

Yy =yn + Yy
= c1e? + e + 5x32x
2522 parth
Yy’ +16y = 4cosx

This is a nonhomogeneous linear second order ODE with constant coefficients. The gen-
eral solution is given by

Y=YntYp (1)

Where y;, is the solution to the homogeneous part and y, is a particular solution. The first
step is to determine y;, which is solution to y”” + 16y = 0. The characteristic equation is

A2+16=0
A% =-16
A= +4i

The roots are Ay = 4i, A, = —4i. Therefore the basis for y;, are {641"‘, e 4ix } These are con-

verted to trigonometric functions using the Euler relation e = cos(x) + isin(x) as was
done in the last HW and the basis become {cos (4x), sin (4x)}. yj, is a linear combination
of these basis.

Yy = €1 €os (4x) + ¢, sin (4x) (2)

Looking at RHS of the ode which is 4 cos x shows that the basis function for y, is {cos x}.
Taking all possible derivatives (and ignoring any sign change and constants that appear),
results in the basis for y, as the set {cos x, sin x}. There are no duplications with the basis
for y;, found above. Hence the trial solution is

Y, = Acosx + Bsinx
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Therefore

Yy = —Asinx + Bcosx

Yy, = —Acosx—Bsinx
Substituting the above in the given ode gives

vy +16y, = 4cosx
(—Acosx —Bsinx) +16 (Acosx + Bsinx) = 4cos x
cos(x) (A +16A) + sin(x) (-B + 16B) = 4 cos x

Comparing coefficients gives

-A+16A =4
-B+16B =0
Or
A= 4
15
B=0
Therefore the particular solution is
4
Yp = 15 COSX

Substituting (2,3) into (1) gives the general solution

y(x) =y, + Yp

4
= (1 COS (4x) + ¢y sin (4x) + 5 cos x

2.5.2.3 partc

Yy’ -4y +3y =9x> +4
y(0)=6
y'(0)=38

(3)

This is a nonhomogeneous linear second order ODE with constant coefficients. The gen-

eral solution is given by

Y=Yntlp

(1)
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Where yj, is the solution to the homogeneous part and y, is a particular solution. The first
step is to determine y;, which is solution to y”’ — 4y” + 3y = 0. The characteristic equation
is

A2—41+3=0
A-3)(A-1)=0

Therootsare A; = 3, A, = 1. Therefore the basis for y;, are [e3x, e’ } Yy is alinear combination
of these basis.

Y = 1€ + cpe? (2)

Looking at RHS of the ode 9x? + 4 shows that the basis functions for this are the set {1, xZ].
Taking all possible derivatives (and ignoring any sign change and constant multipliers

that appear) results in the set {1,x, xz}.There are no duplications with the basis for y;,.
Hence the trial solution is linear combination of these basis which is

Yy = A+ Bx + Cx?

Hence
Yy =B+2Cx
y;,’ =2C

Substituting the above in the given ode gives
vy — 4y, + 3y, = 9x?% + 4
(2C) - 4(B+2Cx) +3(A+Bx+Ca?) =92 +4
x?(3C) + x(-8C +3B) + 2C —4B +3A) = 9x* + 4

Comparing coefficients gives

3C=9
-8C+3B=0
2C-4B+3A =4

First equation gives C = 3. Substituting in second equation gives —24 + 3B = 0 or B = 8.
Third equation now becomes

2(3)-4(8) +3A =4
A=10

Therefore the particular solution is

yp =10 + 8x + 3x (3)
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Substituting (2,3) into (1) gives the general solution
y(x) =y, + Yo
= 16% + cpe* +10 + 8x + 3x2 (4)
Initial conditions are now used to determine ¢y, c;. v (0) = 6 gives

6:C1+C2+10
c1+cp=-4 (5)

Taking derivative of (4)
Y = 3c1€% + cpe* + 8 + 6x

Using y’(0) = 8 the above becomes
8 = 3C1 +C + 8

3C1 + Cy = 0 (6)

Eq (5,6) are solved for ¢y, c;. From (5) c; = —4—c,. Substituting in (6) gives 3 (=4 — ¢cp)+c, =
0, c, = —6. Hence c; = —4 + 6 = 2. Therefore the solution (4) now becomes

y(x) = 2¢ — 6¢* + 10 + 8x + 3x?

2.5.3 Problem 2

Use the variation of parameters method to find the general solution to the given differen-
tial equation.

Y’ +y = tan?(x)
Solution
This is a nonhomogeneous linear second order ODE with constant coefficients. The gen-
eral solution is given by
Y=Yn+Yp (1)

where yj, is the solution to the homogeneous part and y, is a particular solution. The first
step is to determine y;, which is solution to y”” + y = 0. The characteristic equation is

A2+1=0

A=+

The roots are Ay =i, A, = —i. Therefore the basis for y, are [eix, e } Using Euler relation
these become {cos x, sin x}. Hence y, is a linear combination of these basis

Yy =1 COSX + Ccpsinx (2)
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Using variation of parameters, let y, = yju; + youp, where

Y1 = cosx
Yo =sinx

Are the basis of y;, found above, and u4, u; are functions yet to be determined. Applying
reduction of order as shown in the textbook (not repeated here) gives

_ [ Y8x)

Uy = W@ dx (3)
_ (8)

u = | W 0 dx (4)

Where in the above W(x) is the Wronskian and g (x) is the forcing function which is
g(x) = tan?(x) in this case. The first step is to calculate W (x)

Yi Yo

/

W(x) = )
i ¥

cosXx sinx

—sinx cosx

= cos? x + sin® x

=1
Therefore (3) becomes
Up = —fsinxtanzxdx

2

sin“ x 1-cos?

X 1
cos? x cos? x cos? x

1
u; =— | sinx -1] dx
! f (COSZX )
i
:—f( 1n2x —sinx) dx
cos? x

— 1. Hence the above becomes

But tan?x =

= —f stx dx+fsinx dx
cos? x
1
:—ftanx dx+fsinxdx (5)
cos x
To find the first integral in (5), let u = L. Then du = —(cos x)—z (—sinx)dx = szx d
COS COSs< Xx

2
COs™Xx CcOos x
Hence dx = du =

sinx tan

du Therefore the first integral in (5) becomes

co sx
ftanx f(tanx)u( )
cosx tanx
= —fucosxdu
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1
But cosx = - The above becomes

1
—ftanx dx:—fdu
CcOS X
=—u

1
Cos x

The second integral in (5) is just f sinx dx = - cos x. Therefore (5) becomes

1
U = — —cosx
Cos X
2 x

-1 — cos

COs X

1 + cos? x

COos x

Now u, in (4) is found.

Uy = fcosxtanzxdx

:fsecxdx—fcosxdx

To find f sec x dx, we start by multiplying the integrand by

sec x+tanx
=1. Hence

sec x+tanx

secx + tanx

secxdx = | secx| — |dx
secx + tanx

f sec? x + sec x tan x
secx + tanx

X

Using the substitution
U =secx+tanx
Then
du d

— = —secx+ —tanx
dx dx dx

(6)

(7)
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sinx . 2
5~ = Smmxsec
COS* X

d _d _ 2, . _
ButEsecx— - (cosx) = —(cosx) “(—sinx) =

—tanx =1 + tan?x

x = secxtanx. And

dx
sin? x
=1+—
COS* X
cos? + sin? x
cos2 x
1
cos? x
= sec? x
Hence (7A) becomes
du 5
— =secxtanx + sec  x
dx
Therefore (7) now becomes
2 d
sec“x + secxtanx u
secx dx = 5
u sec xtanx + sec- x
du
u
=lnu

= In(secx + tan x)
Eq (6) now becomes
Uy = fsecxdx— fcosx dx
= In(secx + tanx) — sin x
Now that uy, u; are found, then y, = y1u; + ypu, gives

1+ cos

Yp

—COS X
COS x

- (1 + cos? x) + sin x (In (sec x + tan x) — sin x)

—1 - cos? x + sinx In (sec x + tan x) — sin® x

-1- (c052 x + sin? x) + sinx In (sec x + tan x)

-2 +sinxIn (secx + tan x)
1 sin x
+
COSX  COSX
1+ sin x)

-2+ sinxln(

=-2+sinxIn
cos x

2
X
—) + sin x (In (sec x + tan x) — sin x)
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Therefore the general solution is

Y=YntYp

1+sinx
-2
cosXx

=(1COSX + Cpsinx + sinxln(

2.5.4 Problem 3

Show that the given vector functions are linearly independent on (-0, o0)

t
t2

2(t) = H 3(t) =

Solution

The Wronskian of these vectors is

t
W(t) =
t 12

If the above is nonzero at some point in the interval (-0, 00) then ¥ (t), X, (t) are linearly
independent.

W(t) =3 -2
=t (t-1)

Any point other than t = 0, =1, then W(t) # 0. For example att = 2, W(2) = 4 # 0. Hence
X1(t), X, (t) are linearly independent .

2.5.5 Problem 4

Show that the given vector functions are linearly independent on (-0, o0)

0= wmo-*
X1 = X9 =
2et 8e2t
Solution
The Wronskian of these vectors is
el 4¢t
Wi(t) =
2¢f 8¢t
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If the above is nonzero at some point in the interval (-0, 00) then ¥ (t), X, (t) are linearly
independent.

W(t) = 8¢° — 6¢*
= % (8¢ - 6)

Choosing say + = 0 then the above becomes W(0) = 2 # 0. Therefore X;(), X,(t) are
linearly independent.

2.5.6 Problem 5

Show that the given functions are solutions of the system x’ (t) = A(x)x(t) for the given
matrix A and hence find the general solution to the system (remember to check linear
independence). Then find the particular solution for the given auxiliary conditions.

Xi(t) = ‘ Xo(t) =

| e
2 3‘ [—2}
A= x(0) =

x1(t) |2 3 x1(t)
B®| |2 5]]x®

We need to first find the eigenvalues and eigenvectors of A. The eigenvalues are solution
to|A-All=0or

Solution

The system to solve is

2-A1 3
-2 5-A
(2-A)B-A)+6=0
A2-31-10+6=0
A2-31-4=0
A-4HA+1)=0

=0

Hence the eigenvalues are A, =4, A, = -1.
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Ay =4
2-1 3 |[o]
-2 5—A_ _02_
2-4 3 o]
-2 5-4 (%]
-6 3||w|
-2 1 Uy
1
R2:R2+§R1

okl

. . . : . . 1
Hence v, is base variable and v, = t is free variable. First row gives —6v; = -3t or v; = St

The eigenvector is then

Choosing t =1, then

!
’0)\12 )

Therefore the first basis vector solution is given by

5(7)1 (t) = eAl t?}Al

_ At 1
2

e4t

- 2e4t

fl

|
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Alz—l
-2-A 3 U1 3
2 5-Allo] |o
2+1 3 |[e] o]
2 5+1||o,] |0
-1 3|[ea| o]
-2 6_ »UZ_ _04
R2:R2—2R1

B (8

Hence v, is base variable and v, = t is free variable. First row gives —v; = -3t or v; = 3¢.

The eigenvector is then
N 01 3t ; 3
0 = = =
12 01 t 1

s
UAzzl

Therefore the second basis vector solution is given by

Choosing t =1, then

Yz(t) = eAzt ?])/12

A
I

The above result shows that the solution to x’(t) = A(x)x(t) is

X(t) = 1% (t) + cpXp(t) (1)

e4t 3 e—t
+Cy
2€4t e—t

Now we check that ¥, (t), X,(t) are linearly independent (they have to be, since they are
eigenvectors of A, but the problem is asking to verify this result). The Wronskian of these
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vectors is

e4t 3 e—t

W(t) - 2€4t e—t

If the above is nonzero at some point in the interval (—co, 00) then X;(f), X, (t) are linearly
independent.

W(t) = e — 6%
= —5¢*

Choosing say t = 0 then the above becomes W(0) = —5. Since we found at least one point
where W(t) # 0 then X, (t), X,(t) are linearly independent and (1) is the general solution
to given system of differential equations. This answers the first part of the question by
showing that the given functions are solutions of the system x’(t) = A (x) x(¢).

-2
The final step is to find the particular solution to the given initial conditions x(0) = l ) }

At t = 0 the solution in (1) becomes

bl
L

Which can be written as

The augmented matrix is

RZ = Rz - 2R1
1 3 2
0 -5 5
1 31| -2
= (3)
0 -5{|c 5
Second row gives —5c, = 5 or ¢, = —1. First row gives c; + 3¢, = 2 orc; = -2-3(-1) =

-2+ 3 =1. Hence
C1 B 1
Co —1

Hence (2) becomes
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Therefore the solution (1) becomes

x1(t) = e* — 3¢

x(t) = 2e* — et

2.5.7 Problem 6

Solve the initial-value problem x” = Ax, x(0) = xg

1 4] [ﬂ
x(0) =

2 -3 0

q@® |1 4 ||a®

B0 (2 -3]|w®

A=

Solution

The system is

We need to first find the eigenvalues and eigenvectors of A. The eigenvalues are solutions

to|]A-All=0or

-1 4
2 -3-1
(<1-A)(=3-1)-8=0
A2 4410 +3-8=0
A2 441 -5=0
A-1)(A+5)=0

=0

Hence the eigenvalues are A; =1, 4, = -5.

/\121

-2 4 o] o

22 4|[n] (ol
2 —4 02 0
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-2 4f(v1| |0
0 O (%) 0
vy is base variables and v, = t is free variable. First row gives —2v; = —4t or v; = 2t. Hence

the first eigenvector is
. 2t ; 2
(9 A = =
B 1

|2
U/h: 1

The first basis vector solution is therefore

R2:R2+R1

Orfort=1

J_C)l = e)‘lt 5/11
et 2
1
et
ot

(1)
A =5
-1-A 4 (%] 3 0
2 3-Allo| o
4 4l[wr] Jo
2 2 (%) 0
1
Ry =Ry - Ry

4 4o |0
0 0]|vy 0
vy is base variables and v, = t is free variable. First row gives 4v; = —4t or v; = —t. Hence

the second eigenvector is
iR
’()A = =
tot 1

Orfort=1
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The second basis vector solution is therefore

3(,')2 = €A2t 5}/12
— o5t -1
1
_e—5t
o 2)

From (1,2), the general solution is linear combination of (1,2) which is

X(t) = c1X1(F) + X (t)
[2€t
= Cl

Now ¥ (t), X,(t) are verified to be linearly independent using the Wronskian.

Zet _,—5t
W(t) =
o oot
= 2e7# 4 o7
=3¢

Att =0, W(0) = 3 # 0. Hence X,(t), X,(t) are linearly independent. ¢y, ¢, are now found
from initial conditions. At t = 0, (3) becomes
_1}
2
1

i
-

2
+c

Which can be written as

The augmented matrix is

Rz = 2R2 - Rl

121
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2 -lla] |3
0 3| -3
Second row gives c; = —1. First row gives 2c; —¢; =3 or2c; =3 -1 =2. Hencec; = 1.
C1 B 1 ]
Cr -1
2ef| |-
X = ot B o5t

x1(t) = 2ef + 7t

Xo(f) = et — e

Hence (2) becomes

Therefore the solution (3) becomes

2.5.8 Problem 7

Use the variation of parameters technique to find a particular solution x, to x" = Ax +b
for the given A, b. Also obtain the general solution to the system of differential equations

2 -1 0
b=
-1 2 } LJ

a® |2 -1f|a®| |0
= +
@) (-1 2 ||| |4l
X(t) = %(1) + %, (1)
Where ¥,,(t) is the solution to the homogeneous system x’ = Ax and %, (t) is a particular

solution. First Xy (t) is solved for. The eigenvalues and eigenvectors of A are now found.
The eigenvalues are solutions to |A — Al| = 0 or

A=

Solution

The system to solve is

The solution is given by

2-1 -1
-1 2-A
2-10)2-1)-1=0
A2 41 +4-1=0
A2 —41+3=0
A=-3)(A-1)=0

=0
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Hence the eigenvalues are A = 3,1, = 1.

A‘l:l

R2:R2+R1

B

01
(%)

(%1

vy is base variables and v, = t is free variable. First row gives v; = t. Hence the first

eigenvector is

A4

Orfort=1

2
Z) =
"l

The first basis vector solution is therefore

X (t) = MY,

RZZRZ_Rl

|

(%}
01

(%)

BN
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vy is base variables and v, = t is free variable. First row gives v; = —t. Hence the second

eigenvector is
N —t ; -1
’Z)Z = =
t 1

. -1
Uy =
1
The second basis vector solution is therefore

Yz(t) = eAZt ?J}z

Orfort=1

_odt
-1 2)
From (1,2), the homogeneous is

X (t) = 121 (1) + c%(t)
ot o3t
et +C 631' (ZA)

The Wronskian can be used to show that X;(t), X,(t) are linearly independent

t 3t

et —e
W(t) = = et + o* = 20
o o3

Which is not zero at a point, say at t = 0. Variation of parameters is now used to find
the particular solution fp(t). The fundamental matrix is the matrix whose columns are

X1 (t), %y (t)

@ =[m0) B

Therefore

() = D f @ 1B(b)dt
ot oot ot oot B 0

f dt (3)
et eSt et eSt 461‘
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But
Bt Bt
-1

et _€3t _et et

R - |D|
And

t_ 3t
|D| = = e# 4 o = e
el e

Therefore

Substituting the above in (3) gives
. et -1 et et||o
*p(t) = t 3t Ef 3t -3t tdt
e e —e™ot e | |4e
e et ] 0 4
But =
_€—3t e—3t 4et 42t

. Hence the above becomes

. —e3t 2
() = Lt 3t }f [2621‘] dt

Carrying the integration element by element gives

. —et _e3t' f 2dt
xp(t) =
e f 2e 2t dt
ot —e3t|[ 2t
»et i »_e—Zt
2tet + ¢t
_2tet —¢

(4)
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Substituting (2A) and (4) into X(t) = X;, (f) + X,,(t) gives the final solution as

—e3t| | 2tet + ¢t

2tet — et

+
e3t

et
Y(t) =0 + Cy
et

c1et — e + 2tet + et

ciet +cye® + 2tet — et

x1(f) = c1ef — 8% + 2tet + ¢t

Xo(F) = 16t + cpe® + 2tet — et
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2.6.1 Problems listing

Math2520-01 Assignment 6

INSTRUCTION: Show all the necessary work. Write your answer on a separate sheet preferably
hand written clear and legible. Post your answer sheet on D2L by Sunday July 11.

1. Consider the following figure below that shows two brine tanks

r gal/min fresh water

containing V, and V, gallons of brine respectively. Fresh water flows into tank 1, while mixed
brine flows from tank 1 into tank 2. Let x (t) denote the amount (in pounds) of salt in tank i at

time t for i=12. Ifeach flow rate is r gallons per minute, then a simple account of salt
concentration yields the first-order system

X, =—kx,
Xz': k1X1—k2X2
where
k=1, i=12.
V.

If V, =25, V, =50, r =10(gal / min), and the initial amounts of salt in the two brine tanks, in
pounds, are

%,(0) =15, x,(0) =0,

a) Find the amount of salt in each tank at time t>0.
b) Find the maximum amount of salt ever in tank 2.
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2. Determine all the equilibrium points of the given system.

X' =X—X* =Xy
y'=3y-xy-2y’

3. Using the definition of Laplace transform, determine L{f}.

f(t) =te'

4. Find the inverse Laplace transform of the given functions.

2
a) F(s)= S6_2)
25+2
b F(s)= s?+2s+5

5. Use the Laplace transform to solve the following given initial-value problems.
d y+y=8e", y(0)=2

b) y'+y -2y=10e", y(0)=0, y'(0)=1
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2.6.2 Problem1

xp = —kyxp
x5 = kixy —koxp
Where
10 10 2
vy 255
10 10 1
ky = =— ==
Vo(t) 50 5
x1(0) =15
x(0)=0

a) Find the amount of salt in each tank at time t > 0. b) Find the maximum amount of
salt ever in tank 2.

Solution

2.6.2.1 Parta

The system in matrix form is

x' = Ax
40| [k 0 |[x
O |k —ka]|x2
2
|5 01 [x
- % _1 X2
| 5

---A 0
52 _0
S ---A
2 A L Al=0
5 5 )
Hence A; = —g, Ay = —%. Now the eigenvector for each eigenvalue is found.
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2 1. . _
A0 m_1
2 _1 ol o
5 5 A2l L
2 2 ] L o
2 0 |l o
2 1 _z) 0|
5 5 5 -
0 0][p,]
2 1 =
5 5[1%2] (9]

. . . . 2, 1
Hence v; = t is free variable and v, is base variable. From second row sh+ sy = 0 or
2t + v, = 0 or v, = —2t. The solution is

RS

Choosing t =1 this gives the first eigenvector

ol

2 1. . .
=% 0 o] [o
2 1 B
5 5 )l
2 1 ﬁ_ _ L
‘5‘(‘5) 0 ol o
2 1 (()\|[e]
5 5 5 ST
1 _ _ _
5 0 U1 0
2 o,
5 0 '2‘
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Rz = R2 - 2R2

O gl

eI

Hence v; is base variable and v, = t is free variable. Therefore évl = 0orov; = 0. The

eigenvector is

At

Choosing t =1 this gives the second eigenvector is
- |0
Uy =
1

241
71(t) = €Alt51 =e 5! }

Therefore the solution basis are

1,10
?Z(t) = eAzt?))z =e5 t ]

And the solution is linear combination of the above basis, which gives

2
X(t) =c; , + ¢y =
—2¢75 e>s
The scalar solutions are therefore
2,
x1(t) = cre 5

_2, 2
Xo(t) = —2c1e 5 +cpe’s

(1)

Now ¢y, ¢, are found from initial conditions. At t = 0,x; (0) = 15,x,(0) = 0. Hence (1)

becomes

15 [ 1
= Cl
0 2

(2)
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The augmented matrix is
1 0 15
21 0
10 15|
01 30_

1 of[a] |15
01 Co _30
Second row gives ¢, = 30 and first row gives ¢; = 15. Hence

AR

2,
x1(t) =15e 5

Ry = Ry + 2R, gives

Hence (2) becomes

And the solution (1) becomes

2

1
X(t) = =2 (15) e 5" + 30e5"

A
x1(t) =15e 5
—t

2t
xy(t) = =30e 5 + 30e5

The above is the amount of salt in each tank for t > 0.

2.6.2.2 Partb

(3)

The solution in (3) above shows that at t — oo then x,(t) — 0 because both exponential
are raised to negative power of t. This is as expected, as with time, and with more fresh
water coming in and mixture discharges, we expect the initial salt in the tank to eventually
vanish leaving only pure water in the tank. The following plot shows how the amount of

salt changes in each tank as function of time
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salt (Ib)

15

10. — tank 1
tank?2

= : — time (sec)
5 10 15 20

Figure 2.4: salt amount vs. time for each tank

The above shows that salt starts in tank 1 at amount x;(0) = 15 which is the initial value,
and continues to decreases exponentially where is becomes close to zero after about 15
seconds. While for tank 2, which initially has no salt, its salt content initially increases to a
maximum value after about 3 seconds and then starts to decrease where it will eventually
becomes zero. The initial increase in tank 2 is because of the salt coming from tank 1 in
the mixture. But as salt decrease in tank 1 with time, so will the salt in tank 2 as well.

Code used for the plot above is

ClearAll[x1,x2,t];
x1[t_] 15%xExp [-2/5%t]
x2[t_] -30*Exp [-2/5*t]+30*Exp [-t/5]

Plot [{x1[t],x2[t]},{t,0,20},
AxesLabel->{"time (sec)","salt (1b)"},
BaseStyle->14,
GridLines->Automatic,GridLinesStyle->LightGray,
PlotLegends->{"tank 1","tank2"}

2.6.3 Problem 2

Determine all the equilibrium points of the given system.

X' =x-x%-xy

y =3y —xy -2y’

Solution
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The equilibrium points are the solutions x,y to
2 xy =0 (1)
3y—xy—2y>=0 (2)

X=X

We can start with either equation, find one unknown from it, and use that to solve for the
second unknown using the second equation. Starting with (1) and solving for x. Writing
(1) as

x2+x(y—1) =0
x(x+(y—1)) =0
Then the solutions are
x=0
x+(y—1) =0
Or
x=0 (3)
x=1-y (4)

For each one of the above solutions, we go back to (2) and solve for y now. When x = 0,
then (2) gives

3y -2y =0
y(3-2y)=0
Hencey =0,y = 2 are the solutions. So now we have the following solutions found for

N

the case when x = 0

oo o)
And when x =1 -y then (2) gives

3y - (1-y)y-22=0
2y-y*=0
y(2-y)=0
Hence y = 0,y = 2 are the solutions. When y = 0, the corresponding x from x =1 -y is

1. And when y = 2, the corresponding x is -1, So now we have the following solutions
found

{(1/ O)/(_1/ 2)} (6)
Adding (6,5) gives the list of equilibrium points as

(00.62) 0.0.12)
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2.6.4 Problem 3

Using the definition of Laplace transform, determine Laplace transform of

f(t) =tet
Solution
By definition
#(f@) = Jim | et
Therefore

et(l—s)

Integration by parts. f udv = uv — f vdu. Let u = t,dv = /19 therefore du = dt,v =

-
Hence the above becomes ’
1 N N pt(1-5)
. £ tH(1-s) R F
A(F0) = 7 Y [, - i [5G ®
1 N 1 N
= —— lim [tef(l‘s)] ——— lim et(1=5) gt
1-8N-ow 0 1-sN-ow 0
But
lim [te!1=)] = lim (NeN0=)) -0
N—>oo 0 N—->ooo
= lim (NeN(l_s))
N—oo
But

lim (NeN(l‘S)) = lim N lim eN1-9)

N—>oo N—-ooo N—ooo

— . N(1-s)
@ (Jim )

For s > 1, limy_,o, N1 = ¢ = 0 since 1 — s < 0, and therefore the exponential is raised
to negative infinity. Hence the above becomes

Jlim (NeNO=) = (0) (0)

=0
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Therefore (1) simplifies to

(f(t)) ! — N1m fON et 1=9)gt

= ——— lim [e H1- S)]

$—11-5N-ow
1

T 5-1)(1-5) Nowo

lim [ t(1-s) ]0

But for s > 1 then limy_o, [e/09]" = limy_.eN0™ =1 = 0 =1 = —1. The above then
N X N

becomes
-1
“V0) = hay
B 1
S (s-D(s-1)
1
(-1
Fors > 1.

2.6.5 Problem 4

Find the inverse Laplace transform of the given functions
2

a F(s) =

s(s—2)
2s+2
b P(S) = 52425+5
Solution
2.6.5.1 Parta
Using partial fractions, let
2 A B
N + -
s(s—=2) s s-=2
Therefore
A= 2 =-1
= oo
2
B= - =1
5 s=2
Hence
2 1 1
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Using Table 10.2.1 in textbook,

Therefore, by linearity of -~

A2 ) (Vs g (L
) () ()

=—1+¢% s>2

2.6.5.2 Partb

25 +2
s2+25+5
Completing the squares in the denominator

F(s) =

2+25+5=(s+ A’ +B
=s>+2sA+ A>+B

Comparing coefficients of s shows that

2A=2
A2+B=5

Hence A =1 and B = 4. Therefore

25+2  25+12
PL+25+5  (5+1)° +4
_ 2(s+1)
_(s+1)2+4

Using the first shifting property (theorem 10.5.1 in book, which says)
Z(ef(t) =F (s -a)

Then for a = -1, we see that
Z(etf(H) =F(s+1)

Where f(t) = ! (F(s)). Therefore we just now need to find f(t) using

_ 2s
f =~ 1(52+4)

(1)
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To complete the solution. But .~} (L) = cos 2t for s > 0 from Table 10.2.1. Hence

s2+4

2
5/‘1(32_?_4):2@5(215) s>0

Therefore using (1) the final result is given by

25 +2 2s
-1 — ot 1
(52+2s+5) ‘ (52+4)

= ¢~ (2 cos (2t))
= 2¢7  coss (2t) s>0

2.6.6 Problem5
Use the Laplace transform to solve the following given initial-value problems
ay +y=28ey0) =2
by’ +y -2y=10e"y(0)=0,(0) =1
Solution
2.6.6.1 Parta
Taking the Laplace transform of both sides of y’ + y = 8¢* gives (using linearity)
E(y’) + L) = 8$(e3f)
Assuming £ (y) = Y(s), and using the property that & (y’) =5 Z(y)-y(0) and from table
102.1 ¥ (e3t) = ﬁ,s > 3, then the above becomes

sY(s) —y(0) + Y(s) = %

but y(0) = 2, hence the above simplifies to

E

sY(s) -2+ Y(s) =

)
E¥
W

Y(s)(s+1)-2=

W

S—
8
Y(S)(S+1):m+2
8 2

YO = 696 T 6e)

(1)

Looking at first term above, and using partial fractions

8 A B
-3+ -3 G+D
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Therefore g 3
A = = — = 2
(s+1) s 4
And
S R
(s-3)I_, -4
Therefore (1) becomes
2 2 2
Y(s) = -
& =623 G+ G+
B 2
~(s-3)

From table 10.2.1 3(€3t) = L 5> 3 Hence

s—3’
2
v == 1((s—3))

1
:231(@—3))

= 26%

2.6.6.2 Partb
Taking the Laplace transform of both sides of y”’ + 1’ — 2y = 10e™! gives (using linearity)
3(]/’) + 3(]/) -2L(y) = 103(e‘t) (1)
Assuming Z(y) = Y(s), and using the property that
Z(y') = sZ ) - y(0)

And
< (y") = s2.Z(y) - sy(0) — y'(0)

And from table 10.2.1 g(e‘t) = s%,s > —1, then (1) becomes
1

(2 W) -sy0) -y (0) + (5L 1) - 9(0) -2Z () =10 —
1

2V _ - -0) - = _

(s2Y = 5(0) = 1) + (sY = 0) = 2Y =10 —
» 1

Y -1+sY-2Y=10|—

s+1

Y(s2+5-2) =10 L
s+1
10 1

Y= (s+1)(sz+s—2) +(52+s—2)
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But (52 +s— 2) = (s +2) (s = 1). The above becomes

. 10 1
TG4 61  G+DG-D

Using partial fractions to simplify the above, the first term becomes

10 A N B N C
s+1)G+2)(-1) s+1 s+2 s-1

Hence
e 10 | _ 10 _
c+2)s-DI_, 1+2)(-1-1)
10 B 10 10
T s +1)(s—1)|5=_2 T (2+1)(2-1 3
10 10 5
T Gr1)(5+2) 1+1)1+2) 3

-5

s=1
And for the second term in (2)

1 D E
6+2)G-1 G6+2 G-D

Hence
1 1 1

6-Dl_, (2-1) 3
1 11

E= 6+ _, a+2 3

Using all the above in (2) gives

A B C D E
+ + + +
s+1 s+2 s-1 (s+2) (s—1)
1 10 1 51 1 1 1 1
+ — + = - = + =
s+1 3s+2 3s-1 3(s+2) 3(s-1)
1 1 1
=-5 +3 +2 (3)

s+1 s+2 s—1

Y

-5

But from table 10.2.1

‘ -

.

S

— 4+
—

o

%)
+
N

1
3‘1(— = ¢ s>1

—

S_
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Using these results in (3) gives the final solution as
y(t) = L7 (Y(5)

1 1 1
=571 —|+3 72— |+2¥ | —
s+1 s+2 s—1
= —5e~t + 372t + 2¢t
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3.1.1 Problem1

Find the general solution of the following differential equation

dy

yrialUas 2xe%
Solution
Writing the ODE as
d
% —y = 2xe* (1)

Shows it is a linear ode as it has for form ¥y’ + p(x)y = g(x) where in this case p(x) = -1
and g(x) = 2xe?*. The first step is to determine the integrating factor, which is given by

I=e f p(x)dx

— ef—ldx

= e_x

Multiplying both sides of (1) by this integrating factor gives

d
e (—y - ) = Qxe?¥e™*

But (%e‘x - ye‘x) = % (ye‘x) by the product rule. Hence the above becomes

d
Tr (ye‘x) = 2xe*
d (ye‘x) = 2xe*dx

Integrating both sides gives

f d(ye‘x) = f 2xe*dx

ye ¥ =2 fxexdx +C (2)

Where C is the constant of integration. What is left is to solve the integral f xe*dx. Using

integration by parts
fudv:uv—fvdu
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Let u = x,dv = e*dx, therefore du = dx and v = ¢*. Therefore

fxexdx = Uv — fvdu
= xe* — fexdx

But f e*dx = ¢*. Hence the above becomes
fxexdx = xe¥ —¢e* (3)

Note that a constant of integration is not needed in (3), since constant of integration was
already added in (2) earlier. Substituting (3) in (2) gives

ye ™ =2(xe* —e*)+C

Solving for y from the above (by multiplying both sides of the above equation by e*),
gives the general solution

y =2(xe* —e¥)e* + Ce*
=2 (xezx - ezx) + Ce¥

Therefore
y(x) = 2¢% (x - 1) + Ce*

The solution contains one constant of integration as expected since the order of the ODE
is one.

3.1.2 Problem 2
Solve p
v _
e 2xy (4 - y)
Solution

This ode is separable because it can be written as

Y =py)q(x)

Where the function p(y) depends explicitly on y only and the function g(x) depends on x

only. In the given ODE, p(y) = y (4 - y) and g(x) = 2x. Hence the ODE can be be written
as

dy_
dx

1
p(y)

py)9(x)
dy=q(x)dx y+4

146



3.1. Quizz1 CHAPTER 3. QUIZZES

Integrating both sides gives

f ﬁdy: f q(x)dx

Replacing p(y) =y (4 - y) and q(x) = 2x into the above gives

fy(%y)dyzfzxdx (1)

The integral on the right side is

= xz + Cl (2)

Where C; is the constant of integration. The integral on the left side is solved using partial
fractions. Let

Comparing the numerators shows that
1=4A-y(A-B)

Which implies, by comparing coefficients of y on each side that 4A =1 and (A - B) = 0.
This means A = i and B = 31. Therefore

1 11 11

Hence the left integral in (1) now can be written as

[yt e

147



3.1. Quizz1 CHAPTER 3. QUIZZES

But f ;dy = In|y|. To find f ﬁdy, let y — 4 = u. Hence dy = du. Therefore

1 1
f y—4 y= f Ed”
= In |u]
=In(|y - 4))
Substituting all of this back in (3) gives

fy(41_y)dy 41n|y| —1n(|y 4))

= % (ln ly| - In (|4 - y'))

1
iy
Now that both integrals are found, substituting (4) and (2) back in (1) gives
1
ZIn N S
4-y
In || = 422 + 4c,
4-y
Let 4Cy = C,, a new constant.
In|-Y | =42+ C,
4-y
Raising both sides to exponential gives
Yy — 4x2+C2
4-y ¢
— eCze4x2
Let ¢©2 = C a new constant. The above becomes
Y- Ce®®

4-y
The absolute on the left side can be removed by letting the new constant C absorbs the
sign for either positive or negative..

Solving for y from the above in order to obtain an explicit solution gives
y= (4 - y) Ce®’
= 4Ce*® — yCet
y + yCe¥” = 4Ce%”
y(1+Cet®) = 4Ce™”
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Hence the solution is

4Ce*
y = 4 2
1+ Ce**

The above can be simplified further by dividing numerator and denominator by Ce** # 0
which gives
4
Yy=1— 2
Ee *+1

1
Let = = Cp a new constant. Hence the final general solution becomes

X)= ———
y( ) 1+ C0€_4x2

Where Cj is the constant of integration which can be found from initial conditions when
given.

3.1.3 Problem 3

Solve
dy x2 + 3y?

dx 2xy

Solution

This is homogeneous ODE. Dividing both the numerator and denominator of the right
side by xy # gives

X Yy
dy w5t
dx 7Y
Xy
§+3%
= 1
> (1)

Let v(x) = @ be a new dependent variable. Hence y = vx. By the product rule

Substituting v = % and replacing Z—Z by the above into (1) gives a new ODE in v(x) which
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is now separable

+ —x =
T A 2
do l + 30
-2
1+302
— (% _
1+ 30
= -0
20
14307 - 202
B 20
1477
0
The above ODE is separable. It can be written as
20 dv 1 £ 20
1+02dx  x
20 dx
dv=—
1+02 0 x
Integrating gives
20 dx
dv= | —
1+ 0270 X
=In|x|+ C4 (2)

Where C; is constant of integration. To evaluate the left integral f %dv, letu =1+02
Hence du = 2vdv. Therefore
20 P f20 du
1+02  J ul\20
du

u
=In|u|

= ln|1 + vzl

But [1 + % is always positive so the absolute sign is not needed. Therefore

[0 =n(1+2)

Substituting the above in (2) gives

In(1+22) = Inlx| + Cy
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Raising both sides to exponential gives
1+ UZ — eln|x|+C1

= xeC1

Since exponential function is never negative. Let ¢“1 = C be a new constant. The above
becomes

1+ 0% =Cx
¥ =Cx-1

v=+VCx-1

Butov = % Hence the above becomes

% =+VCx -1
Which implies
y=+xVCx -1 x#0

There are two solutions. They are

y1(x) =xVCx -1
Ya(x) = —xVCx -1

3.1.4 Problem 4

A tank initially contains 120 L of pure water. A mixture containing of a g/L of salt enters
the tank at a rate of 2 L/min, and the well-stirred mixture leaves the tank at the same rate.
Find an expression in terms of a for the amount of salt in the tank at any time ¢. Also find
the limiting amount of salt in the tank as t — oo

Solution
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Initial conditions at ¢t = 0

2 Litre/Min

P
salt: a g/Litre
120 L of fresh water

0 g of salt 2 Litre/Min
L

.oz(t)
V(t), z(t) Salt: 777
x(t) is mass of salt in the tank at time ¢

V(t) is volume of water in tank at time ¢

Figure 3.1: Showing tank flow and initial conditions

Let x(t) be mass (amount) of salt (in grams) in the tank at time t. Let V(¢) be the volume
of water (mixture) (in litre) in the tank at time . Using the equilibrium equation for
change of mass of salt

x .
— = rate of salt mass in — rate of salt mass out

dt
Which becomes
x_(h L )(,8 L) (20 8
dar (2 H) (Ct E) - (2 min)( (t) L)
3 x(t)
=2ua - ZWt) (1)
But

V(t) = V(0) + (rate of mixture volume in — rate of mixture volume out) ¢
=V(0)+(2-2)¢
= V(0)

But we are given that V(0) = 120 L. Hence
V(t) =120

Which means the volume of mixture remains constant in the tank (this is as expected,
since rate of flow in is the same as rate of flow out). Substituting the above in (1) gives
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the ODE to solve
dx P X
it YT 120
=2a - =
60

The solution to above ODE gives the mass x(t) of salt in tank at time ¢.

dx x

TR (2)

This is linear ODE as it has the form x" + p(t)x = g(t). The integrating factoris I = el P _

1 t
el & = . Multiplying both sides of the above ODE (2) by this integrating factor gives
* (dx x ) +
ee0 | — + — | = 2are€0

dx £ x L i
(Egm + @(360) = 2qe60

dx L t i L
But (—xe o + ¢ 60) = — (xe 60) by the product rule. Hence the above becomes
dt 60 dt

Integrating both sides gives
t i
fd(xe60) = f2a660dt
t t
xes0 = 2afe@dt+ C
t
Where C is the constant of integration. To evaluate f esodt, let é = u, then %dt = du.
t t
Hence f esodt = f e (60du) = 60 f e'du = 60e* or 60ec0. Therefore the above becomes
t i
xee0 =2 (60@60) +C
t
= 120aes0 + C
t
Multiplying both sides by e 6 gives the general solution as

—t
x(t) = 120a + Ceeo (3)
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Initial conditions are now used to find C. Att = 0, we are given that x(0) = 0 since there
was no salt in the tank initially. Hence the above becomes at ¢ = 0

0=120a +C
C =-120a

Therefore (3) becomes the particular solution given by

—t
x(t) = 120a — 120e0 (4)

—t
To answer the final part, as t — co then e® — ¢™° — 0 and the above gives

tlim x(t) = 120

In grams. The above is the limiting mass (amount) of salt in the tank. For example if @ = 1
grams per liter, then the maximum possible mass of salt in the tank will be 120 grams.
The amount of salt is initially zero in the tank, and increases exponentially before leveling
off at the limit given by 120a grams. The following is a plot that illustrates this for a« = 1.

restart;

x:=(alpha,t)->120*alpha-120*alpha*exp (-t/60) :

plot(x(1,t),t=0..500,gridlines=true,axes=boxed,color=blue,labels=["time (sec)","
salt (g)"],view=[default, 0..125], labelfont = ["TimesNewRoman", 16])

1201

100{

801

salt (g) 6o

404

204

b 100 200 300 400 500
time (sec)

Figure 3.2: Showing limiting value of amount of salt for a =1
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3.2.1 Problem1

5 -1 3

Letd=|3|,0,=|1|,,=|1 |beinR>. Let W = span (v;,v,). Determine if 7 is in W
-6 2 —4

Solution

¥ is in W if ¥ can be expressed as a linear combination of basis 7y, U,. To find if this is the
case, we solve
— — —
€101 + 00y =0

If a solution exists, then 7 is in W. Writing the above in matrix form gives

-1 3| [5]
1|1 ]+c|1]=]3
2 —4| |[-6]
-1 3] ¢ |[5]
R N EE (1)
2 |l |
Hence the augmented matrix is
-1 3 5
1 1 3
2 -4 -6
Ry = Ry + Ry gives
-1 3
0 4 8
2 -4 -6
R3 = R3 + 2R gives
-1 35
0
| 0
R =R5 - % gives
-1 3
0 4
0 0)
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The pivots columns are the first two columns. The system (1) now becomes

1 3 5
€1
04[=8
C
o ol o

Last row provides no information as It just says 0 = 0. Second row gives 4c, = 8 or ¢, = 2.
First row gives —c; + 3¢, = 5 or —c; = 5 - 3(2) or ¢; = 1. Hence the solution is

Ag

Since a solution is found, this means v can be expressed as a linear combination of ¥y, v,
given by

514‘252:5

Hence 7 is in W.

3.2.2 Problem 2

Determine the component vector of p(x) = —4x?+2x+6 in the given vector space V = P, (R)
relative to the given ordered basis B = {x2 +x,2 + 2x, 1}

Solution

The problem is asking us to find ¢, ¢, c5 such that

1 (xz + x) +0y (24 2x) + c3(1) = p(x)
= —4x® +2x+ 6

Expanding gives

C1X% 4+ 01X + 205 + 20X + 03 = —4x2 +2x + 6
X% (cq) + x(cq +2¢p) + (2c5 + ¢3) = —4x> +2x + 6

For these to be equal, the corresponding coefficients of the polynomials must be the same.

Therefore equating coefficients of each power of x gives

C1:—4
C1+2C2:2
2C2+C3:6
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Or
C1:—4
4420,=2
2C2+C3:6
Or
C1:—4
C2=3
2C2+C3:6
Or
Cl__4
C2—3
2(3) + ¢35 = 6
Or
Cl__4
C2:3
C3:0

Hence the component vector of p(x) is {—4, 3, 0} relative to the basis B.

3.2.3 Problem 3

Determine if the given linear transformation is a) one-to-one and b) onto. Justify your
answer.

T(x,y,z) = (x,x +y+ z)
Solution

In Matrix forum the above is

X
Alyl=
X+y+z

Therefore A matrix must have dimensions 2 X 3. The above becomes

X
[all a1 ﬂ13] X

ay1 Ay a3 X+ty+z
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First row gives a11x + a5y + a13z = x. Equating coefficients of the polynomials on each
side gives ay; = 1,4y, = 0,413 = 0. Second row gives a1x + axny + a3z = x + y + z which
implies that ay; = 1,45, =1, a3 = 1. Hence the matrix A is

100
A=
111
Now that we have found the matrix representation of the linear transformation T, we can
answer parts a and b.
Using Theorem 6.4.8 which says for the linear transformation T : V — W
1. one-to-one iff ker(T) = {6}
2. onto iff Rng(T) = W

In this problem V is R? and W is IR?. To show one-to-one, we need to find ker(T) by solving
A% = 0 and check if it is the zero vector or not.

X
10 of[| |o o)
SR

z
The augmented matrix is
100
1
Ry = Ry — Ry gives
100 0
0110

Therefore the base variables are x, y and the free variable is z = t. Hence (2) becomes

3l

z
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First row gives x = 0 and second row gives y + z = 0 or y = —t Therefore the solution is

X 0
yi =1t
z t
0
=t|-1
1
0
Therefore null-spaceis { |1 | ;. Since null-space is not the zero vector, then T is not one-to-one.
1

To check if it is onto, the Rng(T) is the column space of A. From the above RREF, we
found that the first two columns are the pivot columns. These correspond to the first two
columns of A. Therefore

R
,C1,Cy €
1 1/C2

The question now is, does the above span all of W which is R?? it is clear it does, since
1

+ 0

1
Rng(T) = {7}6 R3:7=¢ L

7

} are linearly independent of each others and any two linearly independent vectors

in IR? span all of IR?. Hence it is onto.

If we need to show this, then this can be done by solving
1], o] _|o

c c =
Tl | o
1 0[] |of
1 1||cz| |O

First row gives ¢; = 0 and second row gives ¢, = 0. Hence only solution to ¢;

1], o
C
1l %)

0
} is c; = ¢; = 0. Therefore these two vectors are linearly independent vectors in R2.
0

Hence Rng(T) is all W. Therefore T is onto.
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3.2.4 Problem 4

Given the linear transformation T : R*> — R?® defined by the equation, find the standard
matrix for the inverse transformation T~

w1 =X +4x2—x3

Wy = 2x1 + 7.X'2 + X3

w3 =Xx1 + 3x2
Solution

In matrix form the above is
1 4 -1||1*1 w1
2 7 1 XZ = wz

13 0|[xs| |w,

1 4 -1
Where A = (2 7 1 |represents the linear transformation T. Hence T~ is represented
13 0

by A7L. Therefore we need to find A™!. Setting up the augmented matrix for finding the
inverse is setup by adding the identity matrix to the right half as follows

14 -1100
27 1 010
13 0 001

R, =R, - 2R, _
1 4 -1100
0 -1 3 21
13 0 00

Ry=R;-R,
1 4 -1100
0-1 3 210
0-11 -101

R; = R3 - R,

1 4 -1 1 0 O
0 -1 3 -2 1 0
0O 0 -2 1 11
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_ ~Rs

Ry =—,R; =R,

14 -1 1 0 O
01 -3 2 -1 0
00 1 —

Now we start the reduced Echelon phase. R, = R; + 3R3

1 4 -1 1 0 ol h 4 -1 1

0 0
o1 0 2e@) sl Yoo o 1t
oo 321 3 e

R; =R, +Rs |

140 5 5 —

010 5 5 —

R, =R, - 4R,

o0 gealy) 1ol o] oot 2
oro 3 b 3 o b
ERTE R R KR

Now that the left half above is the identity matrix, then the right half is A™L. Therefore

3 3 11]
2 2 2
11 3
Atl=1 1 3
2 2 2
1 1 1
2 2 2|

Which is the standard matrix for the representation of T

3.2.5 Problem 5
Answer the following questions by writing TRUE or FALSE.

Solution
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a The rank of a matrix equals the dimension of its column space. TRUE

b The number of variables in the equations Ax = 0 equals the dimension of the nullsapce
of A. FALSE

¢ If Ais 3 x5 matrix and T is a transformation defined by T(x) = Ax, then the domain of
T is R®. FALSE

d If a4 X 7 matrix A has four pivot columns then the nullity(A) = 3. TRUE

e A linearly independent set in a subspace H is a basis for H. FALSE
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3.3.1 Problem1

Determine whether or not the given matrix A is diagonalizable. If it is find a diagonalizing
matrix P and a diagonal matrix D such that PP AP = D

3 0
8 -1

A=

Solution

The first step is to find the eigenvalues. This is found by solving

det(A-AI) =0
3-A 0
8§ -1-A
B-A)(E1-4)=0

=0

Hence the eigenvalues are A; = 3,1, = -1. Since the eigenvalues are unique, then the
matrix is diagonalizable. We need to determine the corresponding eigenvector in order
to find P

A1:3

Solving

3- A4 0 |l [0l
8 —1-A|lw| |0

3-3 0 o] Jol
8  -1-3||o,| |0
0o olle] o
8 —4 02 0

Hence v; = t is free variable and v, is base variable. Second row gives 8t —4v, = 0 or
v, = 2t. Therefore the eigenvector is

Lett =1, then
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Azz—l

Solving
3-4, 0 |[e] Jol
8 —1 - /\2_ »Uz_

341 0 |[w] o

8 -1+1 (%)
Ul_ B 0
(%] 0

Rz = R2 - 2R1 giVGS

i

Hence v, = t is free variable and v; is base variable. First row gives 4v; = 0 or v; = 0.

Therefore the eigenvector is
(%1 0 0
= =1
(%) t 1

o

Now that both eigenvectors are found, then

P: [?))1 ?J)Z:I

b

And D is the diagonal matrix of the eigenvalues arranged in same order as the corre-
sponding eigenvectors. (Will verify below). Hence

Lett =1, then

3 0
D =
0 —1]
Therefore
PlAP =D
-1
1 0 3 011 O 30
= (1)
21 8 1112 1 0 -1
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To verify the above, the LHS of (1) is evaluated directly, to confirm that D is indeed the
-1

result and it is diagonal of the eigenvalues. The first step is to find . Since this is

10 1 0
21 -2 1

But det(P) = 1. The above becomes

2 X 2 then .,

1
" det(P)

Therefore the LHS of (1) becomes

-1 -

10| [3 0| [1 o[z o

2 1| [8 -1f |2 1|8 -1
]oixs o
|2x3+1x8 -1

|3 o
—6+8 -1
|30
2 -1
And now LHS of (1) becomes
3 olft o] | 3 0
2 -1f|2 1| [2x1-1x2 -1
30
0 -1
Hence
30
D=
0 -1

Which confirms D is the matrix whose diagonal elements are the eigenvalues of A.
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3.3.2 Problem 2
Find the general solution of the homogeneous differential equation y’”’ + v’ —10y = 0
Solution

This is a linear 3rd order constant coefficient ODE. Hence the method of characteristic
equation will be used. Let the solution be y = Ae?*. Substituting this into the ODE gives

AA3A 1 A)eM —10A4eM = 0
AeM (A3 +A- 10) =0

Which simplifies (for non-trivial y) to the characteristic equation which is a polynomial
in A

AB+1-10=0
By inspection, we see that A = 2 is a root. Therefore a factor of the equation is (A - 2).
31—
Now doing long division % gives A2 + 21 +5.
e s
N2 I Nt h—lo
2 Z=
N -7
O +2X xHto
2\ =4k
O +5%-10
e
s . -
7 e ———— s | f““ *{C ol }"% )
F

Figure 3.3: Polynmial long division to find remainder

Hence the above polynomial can be written as

(A-2)(A2+24+5)=0 (1)
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Now the roots for (Az +2A + 5) = 0 are found using the quadratic formula.
1
+ —Vb? - 4ac
a 2a
RN vy
VI
(4)

| =

A=—

H I\JII\JI\J
I\)l’—‘

H

H

N NIRNI-

-1
-1

H+

Hence the roots of the characteristic equation are

A =2
A2:—1+21‘
/\3:—1—21'

Therefore the basis solution are [ezx, el-1+20)x e(‘l‘zi)x]

combination of these basis solutions which gives

and the general solution is a linear

y= Aer + Be(—1+2i)x + Ce(—l—Zi)x
Which can be simplified to
y=Ae®* +e* (BeZix + Ce‘Zi") (2)
By using Euler formula, the above can be simplified further as follows
y g p

Be?* + Ce™?* = B (cos (2x) + isin (2x)) + C (cos (2x) — i sin (2x))
= (B + C)cos (2x) + sin (2x) (i (B - C))

Let (B + C) = By a new constant and let i (B — C) = Cy a new constant, the above becomes
Be?™ 4+ Ce™2* = By cos (2x) + Cg sin (2x)

Substituting the above back in (2) gives the general solution as
y = Ae?* + e (By cos (2x) + Cy sin (2x))

The constants A, By, Cy can be found from initial conditions if given.

3.3.3 Problem 3

Using the method of undermined coefficients, compute the general solution of the given
equation y” + 3y’ + 2y = 2 sin(x)
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Solution

The solution is

Y=YntYp
Where y, is the solution to the homogenous ode y” + 3y’ + 2y = 0 and y, is a particular
solution to the given ODE. The ode y”” + 3y’ + 2y = 0 is linear second order constant

coefficient ODE. Hence the method of characteristic equation will be used. Let the solution
be y, = Ae!*. Substituting this into y”’ + 3y’ + 2y = 0

AN2eM + AA3eM +2AeM =0
At (A2 +30+2) =0
And for non trivial solution the above simplifies to
A24+31+2=0
A+1D)A+2)=0

Hence the roots are A = -1, A = —2. Therefore the basis solutions for y;, are {e‘x, e‘zx} and
Yy, is linear combination of these basis. Therefore

yp = ciet + e (1)
Now y, is found. Since the RHS is sin(x) then the trial solution is
Yy, = Acos(x) + Bsin(x) (2)

This shows that the basis for y, are {sinx, cos x}. There are no duplication between these
basis and the basis for y;, so no need to multiply by an extra x. Using (2) gives

Yy = —Asin(x) + B cos(x) (3)
Yy, = —Acos(x) — Bsin(x) (4)

Substituting (2,3,4) back into the given ODE gives

Yy + 3y, + 2y, = 2sin(x)

(A cos(x) — Bsin(x)) + 3 (A sin(x) + B cos(x)) + 2 (A cos(x) + B sin(x)) = 2 sin (x)
cos(x) (A + 3B + 2A) + sin(x) (-B — 3A + 2B) = 2sin(x)

cos(x) (3B + A) + sin(x) (-3A + B) = 2sin(x)

Comparing coefficients on both sides gives two equations to solve for A, B

3B+A=0
-3A+B=2

Multiplying the second equation by -3 gives

3B+A=0
9A-3B=-6
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Adding the above two equations gives 10A = —6. Hence A = —g and therefore 3B = g or
B = é Substituting these values of A, B into (2) gives
3 1
Yy = 3 cos(x) + 5 sin(x)
Hence the solution becomes
Y=Yntlyp
= (cle‘x + cze‘zx) + 3 cos (x) + ! sin(x)
5 5

2x

3 1
=17 + e - o cos(x) + o sin(x)

3.3.4 Problem 4

Show that the given vector functions are linearly independent

. el . sin t
x1(t) = [ ] Xo(t) = l

Solution

These functions are defined for all t. Hence domain is t € (—oo0, 00). The Wronskian of
these vectors is

t

et sint

W(t) =

2¢! cost
= el cost —2e! sint
= ¢! (cost —2sint)

We just need find one value ¢, where W (ty) # 0 to show linearly independence. Att =0

the above becomes
W(it=0)=1

Therefore the given vector functions are linearly independent. An alternative method is
to write

c1X1(F) + caXo(t) = 0

et sint 0
+ Cy =
2¢t cost 0
If the above is true only for ¢; = 0,¢, = 0 then Xy (t), X,(t) are linearly independent. The

above can be written as
C1 B 0
Co O

51

l el sint

2¢t cost
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sint | 0
cost—2sint||cy 0

Cy (cost—2sint) =0

Rz = R2 - 2R1

|
o X

Row two gives

For this to be true for any ¢ in the interval ¢ € (—oo, o), then only solution is ¢, = 0. First

row now gives
t
cet =0

But ¢ is never zero which means ¢; = 0.

Since the only solution to c;X; + cX, = 0isc; = ¢, = 0, then this shows that %1, %, are
linearly independent.
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4.1.1 Problems listing

Math2520 Calculus IV Mid-Semester Exam.

Name:

INSTRUCTION:

Write you name on the answer sheet.
Write clearly and legibly ( bigger and darker) so that it easy to read when printed.
You can only post once, so make sure that all the pages/questions are posted.

Eal A

You can use your own paper if you cannot print it.

1. Solve the initial-value problem. (4 pts)

ay y=2x%y, y@=1

X__
dx
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2. Solve: (5pts)

ng—+2xy—y3:0,x>0
X

2 176
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3. Verify that the given differential equation is exact; then solve it. (6 pts)

¢ +L)dx+ (y? +Inx)dy =0
X

3 177
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4. a) Solve the initial value problem

d—y:3+x—y,

dx

y(0)=1

(4pts)

b) Apply Euler’s methods to the initial value problem with step size h = 0.1 and complete the

following table. You can use calculator or excel.

(4pts)

Euler method y

Exact y

Absolute Error

0.1

0.2

0.3

0.4
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5. Solve the following system of equations and write the solution in parametric vector form.

(4pts)
X, +2X,+ X, =1

2X, =X, +2%X; = 2
3X,+X, +3X; =—8
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3 4
6. Given the matrix A:{4 2}, (5pts)

a) Find A", the inverse matrix of A.

b) Use A™ to solve the system of equations

3X+4y=7
4x—-2y=5
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7. Use the cofactor expansion to evaluate the given determinant along the 2" row.

0 2 -3
-2 0 5
3 5 0

8. Let H be the set of points in the xy — plane given by,

X
H = {[y} DXy > O} . Show that H is not a subspace of R*>. (3 pts)
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9. Determine if the set of vectors span R®. Justify our answer. (3pts)

(1,-2,1),(2,30),(4,-1,2)}
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10. Mark each statement TRUE or FALSE. (5pts)

a)
b)

dy

An integrating factor for the differential equation d_ =X’y is eIX "
X

The equation Ax =0 has the nontrivial solution if and only if there are free
variables.

If A is nxn matrix, then det(cA) =cdet A, c constant.

The solution set of a homogeneous linear system Ax =0 of m equation and n unknowns is a

subspace of R".

If X is a vector in the first quadrant of R, then any scalar multiple kx of X is still a vector in

the first quadrant of R?.
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4.1.2 Problem1

Solve the initial value problem

dy
Ly =92y2
xdx y xy

y(1) =1
Solution

It is a good idea to start by first applying the uniqueness theorem in order to find if we
expect the solution to exist and if it unique and the interval I it is valid on. Writing the
ODE as

dy 2%y +y
dx ~ x
y (222 +1)
:T

= f(xy)

The above shows that f (x, y) is continuous for all y and x except at x = 0. Taking deriva-
tive w.r.t. y gives

If (vy) 22241
dy x
Which is continuous for all x except at x = 0. This shows that interval I can not contain
x = 0. And since the initial condition are at x = 1 (to the right side of x = 0), then the
interval must contain x = 1 and since interval can not cross x = 0, then this means x
must be positive and there exists an interval I that contains x = 1 and for x > 0 where the

solution exists and is unique. Now we know that x must be positive, we can solve the
ODE.

Dividing the given ODE through by x # 0 gives

dy y_
dx_x_zxy
Collecting on y gives
y_y
L oy =
ax x Y 0
dy -1
-z — 2] = 1
dx+y(x x) 0 (1)

This has the form v’ + p(x)y = 0. It is therefore a linear ODE in y. The integrating factor is

I = el P0H 2)
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But p(x) = _71 — 2x in this case. Hence

fp(x)dx: —f%dx—fodx

= —In|x| - x?

But since x > 0, then the above simplifies to

fp(x)dx = —Inx—x?

Substituting this in (2) gives
[=¢In x—x2

_ A2
:elnxex

1

— X

X
Multiplying both sides of (1) by this integrating factor gives

1 2 dy -1 _
€ (dx+y(x 2x))—0

dx x

—x2 _ —x2
But (d—yeT +y (71 - 2x) e‘xz) = i (ye ) by the product rule. Hence the above becomes

Integrating gives

=C
Y= Cxe® (3)

The constant of integration C in the above general soltion is found from the given initial
conditions y(1) = 1. Substituting initial conditions in (3) gives

1=2=Ce
C=e¢l
Hence (3) becomes
y = xe le¥
Therefore the particular solution is
y(x)=xe"1 x>0
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4.1.3 Problem 2
Solve the initial value problem

4 oxy —18 =
xdx+xyy 0

x>0

Solution

Since x # 0, then dividing the given ODE throughout by x? gives

dy 2y 1
i x 2
dy 2 1,
ax T Y
This ODE has the form vy’ = p(x)y + g(x)y" where n > 1. Therefore it is a Bernoulli ODE.
In this case p(x) = _72, g(x) = xl—z and n = 3. Dividing the above by 1> for y # 0 gives

ldy 2, 1
P i (1)
Let
u(x) = y2(x) (2)

be a new dependent variable. Taking derivative w.r.t x and applying the chain rule to the
above gives

du dy
7 030
dx 2y dx
Which means
dy 1 .du
dx Zy dx (3)

Substituting equations (2,3) back into (1) gives a new ODE in u (x)

L(1qdu)_ 2 1
| —— — = ——Uu J—
Y3 2Y dx x X
1du 2 N 1
—_— = J—
2 dx X x2

du 4 2

—_ = =Y - —

dx x  x?

du 4 2
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The above has the form u” + p(x)u = g(x). Therefore it is linear in u. The integrating factor
is

[ = of PO

But p(x) = —f—c. Hence
[= el
_ e—4ln|x|

But x > 0, therefore the above simplifies to

I = e—4lnx

1
T

Multiplying both sides of (4) by the above integrating factor gives

lfdu 43 _1( 2
x4 \dx xu_x4 x2

(dul 14) 2
ul =

Integrating both sides gives

u 1
x—4 = —2dex+C
= —2fx bdx + C
x5
=-2|—|+C
55)
=-x°+C
Hence the solution in u is
u=—+Cxt
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But from (2), u = y~2. Therefore the above becomes

2
2= 4+ Cx*
Y 5x *

2+ 5Cx°
B 5x

Or
5 5x

YT 2vsce
We can simplify this more by letting 5C = C be a new constant. The above becomes

5x

2:—
2+C0x5

y

There are two solutions given by

) > >0
X) = 7|—— x
4 2+C0x5

5x
Ya(x) = - 27O x>0

41.4 Problem 3

Verify that the given differential equation is exact, then solve it.

(x3 + %)dx+ (y2+1nx)dy: 0

Solution
The ODE has the form
M(x,y)dx+N(x,y)dy:0 (1)
This is exact if
oM _ N
dy  dx
Comparing (1) with the given ODE shows that
_ 3.7
M (x, y) =x + »

N(x,y) =y +Inx

Hence
oM 3 1
dy  x
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And

L. . oM JON
Therefore it is exact since Fm =

Let ¢ (x, y) be some constant function, which means d (qb (x, y)) = ( or by the chain rule

)¢, 9P, _
gdx + a—ydy =0 (2)
Comparing (1) and (2) shows that
I¢
> - M (3)
I¢
8_]/ =N (4)

Therefore, if we can find such a function ¢ (x, y), then the solution to the ODE becomes
¢ (x, y) = Cq, where C; is some constant. ¢ (x, y) = (; is a solution since it satisfies the
given ODE (1). To find ¢ (x, y) we start with Eq. (3). (we could also start with Eq. (4)
and same result will show up). Substituting M = x> + % in (3) gives

¥

Ip 4

x Ty
Integrating both sides w.r.t. x gives
J
—¢dx = f x3 + %dx

dx
4

qb:xz+y1nx+f(y) (5)

Where in the above f(y) acts as the constant of integration but now it is a function of y only
since ¢ is function of both x, y and the integration was done w.r.t. x. Taking derivative of
the above w.r.t. y gives

Jd
3—‘5 “Inx+ () (6)

Comparing (4,6) shows that
Inx+ f'(y) =N
But N = y? + Inx, hence the above becomes
Inx+ f'(y) =y* +Inx
f =y
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Integrating both sides w.r.t y gives

f W, - f ydy

dy
3
[arm=L+c
3
f) =% +C

Now that f(y) is found, substituting it back into Eq. (5) gives
4 3
<p:xz+ylnx+(%+C)
But since ¢ is constant, say C;. Then the above gives
4 3
Cq =xz+ylnx+(%+c)

Combining the two constants into one and calling the new constant C then the above
becomes

C l +ylnx + v

=— nx+

0T TYIET

The above is the final solution. It is kept in implicit form. C is the constant of integration.

4.1.5 Problem 4

a) Solve the initial value problem

b) Apply Euler’s methods to the initial value problem with step size 1 = 0.1 and complete
the following table

x | Euler method y | Exacty | Absolute error

0.1
0.2
0.3
0.4

Solution
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4.1.5.1 Part (a)
Writing the ODE as

dy
- =3+ 1
T X (1)
Shows it is linear ODE since it has the form i’ + p (x) y = g(x) where p(x) = 1,9 (x) = 3 + x.
The integrating factor is I = el P = pfdx — px. Multiplying both sides of (1) by this
integration factor gives

(W)
e (dx+y)—e B +x)

d
(%e" + yex) = 3¢e* + xe*

But (j—zex + ye") = % (yex) by the product rule. Hence the above becomes

d
dx
d (yex) = (3e* + xe¥) dx

e*) = 3e* + xe*
(ve")

Integrating both sides gives

ye* = 3fexdx + fxexdx +C (2)

The integral f e*dx = ¢*. For the second f xe*dx we apply integration by parts. f udv =

U — f vdu. Let u = x,dv = e, then du = dx and v = ¢*. Hence the second integral becomes

fxexdx = xe* — fexdx

= xe* —e*

=e“(x-1)
Putting these results back in (2) gives

ye* =3e"+e*(x-1)+C
Multiplying both sides by e™ gives
y=3+x-1+Ce™
=x+2+Ce™ (3)

Initial conditions are now used to find C. Since y(0) = 1, then the above becomes

1=2+C
C=-1

Substituting the above back in (3) gives the particular solution as

yx)=x+2-¢*
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4.1.5.2 Part (b)

Euler method is given by

Y1 =Yo+hf (xO/ yo)
Yo =Y1 +hf (xl,yl)

Yn+1 = Yu +hf (xn,yn)

In this problem f (x, y) =3 +x-yand xy = 0 and yy = 1 because initial conditions are
y(0) = 1. And h = 0.1. We found the exact solution in part (a) as Yey(x) = x +2 — e,
Therefore,

x=01

Vi=Yo+hf (XO/yo)
= (1) + (01) (3 + x0 — o)
=1)+(01)3+0-1)
=1.2

And exact is

Yexact 01)=x+2-¢7
=01+2-¢01
=1.1952

x=02

Now, using x; = 0.1 gives

Y2=y1+hf (xlr]h)
=12+(01) (3+x - y1)
=12+(01)(3+01-1.2)
=1.39

And exact is

Yexact (0.2) =0.24+2 - ¢02
=1.3813
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Using using x, = x; + h = 0.2 gives
ys = Yo + hf (x2,2)
=139+ (0.1) (3 +x, - vp)

=1.39 + (0.1) (3 + 0.2 - 1.39)
=1.571

And exact is

Yexact (0.3) = 0.3 +2 — ¢~03
=1.5592

x=04
Using x3 = x, + h = 0.3 gives
Ya=ys+hf (xsfya)
= 1571+ (01) (3 + x5 - y3)

=1.571 + (0.1) (3 + 0.3 — 1.571)
= 1.7439

And exact is

Yoxact (0.4) = 0.4 +2 — 704

=1.7297
The table becomes
x | Euler method y | Exacty | Absolute error
01 1.2 1.1952 | 0.0048
0.2 |1.39 1.3813 | 0.0087
0.3 | 1.571 1.5592 | 0.0118
0.4 | 1.7439 1.7297 | 0.0142

The above shows that the absolute error increases as more steps are taken. Reducing h

will reduce the magnitude of the error.

41.6 Problem 5

Solve the following system of equations and write the solution in parametric vector form

X1+2.9C2+X3:1
2x1—x2+2x3=2
3x1 +xp +3x3 = -8

193



4.1. Mid term exam CHAPTER 4. EXAMS

Solution

In Matrix form Ax = b the above becomes

1 2 1||x
2 -1 2||x|=]2 (1)
3 1 3||x| |-8

Therefore the augmented matrix is

2
2 -1 2 2
1 -8
Ry = Ry — 2R, gives
1 2 1 1
0 50 0
3 1 3 -8
R3 = R3 — 3R, gives
1 2 1 1
050 0
0 -5 0 -11
R3 = R3 — R, gives
1 2 1 1
0 50 0
0 0 0 -1
R, = -7 gives
121 1
0 0
000 -11
R1 = Ry = 2R, gives
101 1
010 O
0 0 0 —11)
But from the last row, it says 0 = —11. Hence there is no solution. Inconsistent system.

Unable to find solution in parametric vector form.
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4.1.7 Problem 6

Given the matrix A =
-2

4
} a) Find A™1. b) Use A™! to solve the system of equations

3x+4y=7
4x-2y=>5

Solution

4.1.7.1 Parta

c det(d) |_» 5
For the matrix A, its determinant is (—6) — (16) = —22. Therefore

1 |2 4
Al=—
2214 3
12 4
S 22|4 -3
1 2
I ETRET
|2 3
11 22
The system of equations given can be written in matrix form Ax = b as

L

And since A is non singular as we found in part (a), then premultiplying both sides by

Al gives
-1 -1
3 4| 3 4llx] [3 4] |7
4 2| |4 =2|ly| |4 =2| |5

But A™!A is the identity matrix. The above simplifies to

2T

a b d -b
Since this is a 2 X 2 system, then if A = , its inverse is given by - [ ]

41.7.2 Partb
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Using result of part (a) the above becomes

1 2
x{ oo |7
v |2 _2||5
1 22
But
1 2 [ 1 2
T H_ a)+70)
2 3 (|5 2 3
T ~m _5(7)—5(5)
[7 10
R ERET
T la 15
(11 22

Hence the solution is
17

x| |a
y| |2

22

41.8 Problem 7

Use the cofactor expansion to evaluate the given determinant along the second row

0 2 -3
-2 0 5
3 -5 0

Solution

Using second row then (where below, (—1)i+j means row i and column j. This is used to
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obtain the sign of each cofactor).

det(4) = (-1 (-2)| > _3‘ + )220 _3‘ O ‘
-5 0 3 0 3 -5
2 =3 0 2
- (1)(-2) +E)E) ‘
- 3 -5
2 =3 0o 2
=2 -5
-5 0 3 -5
= 2((2%0) = (=3 x —5)) = 5((0 x =5) — (2 X 3))
— 2(~15) - 5(=6)
=-30+30
Hence
det(A) = 0

4.1.9 Problem 8

X
Let H be the set of points in the xy plane given by H = { ] txy 2 O}. Show that H is not
Yy

a subspace of R?
Solution
The first thing to check if the zero vector is in H. It is, since x, y are allowed to be zero and

0
that will satisfy xy = 0 part. Hence | |in H.

X1
Now we need to check if H is closed under addition. Let 7; = such that x;1; > 0 and
n
Uy = such that x,y, > 0, which means vy, v, are in H. Then
Y2
—x1 X2
01 +0p = +
n Y2
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And therefore
(1 +32) (1 + Y2) = X191 + X1y + X1 + X2y (1)

We know that x1y; > 0 and that x,y, > 0 because 7;, 7, are in H. But it is possible that
X1l O Xpl; can be negative leading to an overall result which is negative. All what we

need is one example that shows this. Let 7; =

1 -3
ol which satisfies xy > 0 and let 7, = l 1}

which satisfies xy > 0. Eq. (1) now becomes

(1 +xp) (1 +2) = (1-3)(2-1)

= (-2)()
=2 )

This shows that xy < 0 in this case. Therefore not closed under addition. We do not need
to check if closed under scalar multiplication since the first test above failed. The above
shows that H is not a subspace of R?.

4.1.10 Problem9
Determine if the set of vectors span IR® . Justify our answer
{@,-2,1),(2,3,1),(4,-1,2)}
Solution
The set spans IR? if the vectors are linearly independent. One way to find this is to solve
131 + CoTp + 303 = 0

For ¢y, c;,c3 and see if the only solution is ¢; = 0,¢c, = 0,c3 = 0 or not. If it is, then the
vectors are linearly independent and therefore span IR®. The system to solve is

1 2 4 0
c1|-2|+cx|3|+c3|-1]1=10
1 1 2 0

In Matrix Ax = b form it becomes

1 2 4llal Jo
2 3 -1||e| =10 (1)
1 1 2]les| |0
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The augmented matrix is

RZ = R2 + 2R1 giVGS

R3 = R3 — R; gives

Ry .
R, = 2 gives

7

R3 = R3 + R; gives

R3 = —R3 giVeS

RZ = R2 - R3 giVGS

Rl = R1 - 4R3 gives

1 2

1 2
01
00

4 0
-1 0
2 0

4 0

7 70

20

4 0
1 0
-1 0
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Ry = Ry — 2R, gives
1 000
0100
0010

The above is in RREF. The original system (1) becomes

1 0 offlca|l |o
01 olleal=1]0 (2)
0 0 1||cs| [0

The above shows that c; = 0,c; = 0,¢; = 0. Since this is the only solution, therefore the
set of vectors given span R® because they are linearly independent.

4111 Problem 10
Mark each statement TRUE or FALSE

Solution

a An integrating factor for the differential equation Z—Z = x?y is e/ ¥& FALSE.

b The equation Ax = 0 has the nontrivial solution if and only if there are free variables.
TRUE.

¢ If Aisn X n matrix, then det(cA) = cdet(A), ¢ is constant. FALSE.

d The solution set of a homogeneous linear system Ax = 0 of m equation and n unknowns
is a subspace of IR". FALSE

e If¥is a vector in the first quadrant of R?, then any scalar multiple kX of ¥ is still a vector
in the first quadrant of IR?. FALSE
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4.2.1 Problems listing

Math2520 Calculus 1V FINAL EXAM
Instruction:

1. Print this question paper and show the necessary steps on the space provided under
each question.

If you don’t have access to printer, use white paper.

Use black ink and write bigger fonts so that it is visible when posted and printed
again.

Follow the instruction given for each question.

You can only post once. So make sure all the pages/questions are posted properly.
Post on D2L as one PDF file by July 17, 2021.

Write your name on the answer sheet.

w N

N o ok
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MATH2520 CALCULUS 4 FINAL EXAM

Name:

INSTRUCTION: Show all the necessary steps on the space provided under each question or on a
separate sheet.

1. Solve the following system of equations and write the solution as a parametric vector form.

(4pts)

X+2y-3z=5

2x+y-3z=13

-X+y =-8

2. Compute the determinant using a cofactor expansion. (3pts)

1 5 0

2 4 -1

0 -2 O

1 203



4.2. Final exam

CHAPTER 4. EXAMS

1 -3 4 3
3. Let A=|-4 6 -2|and u=| 3
-3 7 6 -4

a) Isuin Nullspace( A)? Justify your answer.

b) Isuin Columnspace( A) ? Justify your answer.

c) Determine the rank A and Nullity of A. Show your work.

(3pts )

(3pts)

(2pts)
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4. a) Using the definition, verify that the given transformation is linear transformation.
T:C?(1)—>C°(l) definedby T(y)=y"+y (4pts)

b) Find the kernel of T. (4 pts)
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5. Solve: (5pts)
(y+3x*)dx +xdy =0
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6. Using the method of undermined coefficients, find the general solution of the given
differential equation. (10 pts)

y'—y' =2y =e"+2c0sX
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7. Use the Laplace transform to solve the given initial-value problems. (10 pts)
You can use the table of transformation.

y'+y=e* y0)=0, y'(0)=1
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8. Find a series solution in powers of X of the differential equation. (10 pts)
y' +x°y'+y=0

7 209
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9. a) Determine all the equilibrium points of the given system.
b) Select two equilibrium points and classify them as saddle, node, spiral or center and whether
they are stable or unstable.
(10 pts)

X' =2X—X* =Xy
y' =3y —3xy —2y?
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4.2.2 Problem1

Solve the following system of equations and write the solution as a parametric vector
form

xX+2y—-3z=5
2x+y-3z=13
-x+y=-8
Solution

In matrix form Ax = b, the above system is

2 =3||x 5
=3||y| =113 (1)
-1 1 0]]z -8

The augmented matrix is

1 2 -3 5
2 1 -3 13
-11 0 -8
Ry =Ry, —2R4
1 2 -3 5
0 3 3 3
-1 1 0 -8
Rz =R3+ Ry
1 2 -3 5
0 -3 3 3
0 3 -3 -3
Rz =Rz + R,
1 2 -35
0 -3 3 3
0 0 0 O
Hence original system (1) becomes
1 2 -3||x 5
0 -3 3|ly|=|3 (2)
0 0 0|z 0
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The above shows that z = t is a free variable and x, y are basic variables. Second row gives
-3y+3t=3o0or-y+t=1ory=1t-1 Firstrow givesx +2y -3t =50rx=5+3t-2(t-1)
or x = 7 + t. Hence the solution is

X (7 + ¢t

yl=|t-1

z| |t
(7] [t
=|-1|+|t
0] |t
(7] [
=|-1|+t]1
o] |1

The above is the solution in parametric vector form. For any value of the parameter ¢, a
solution exist.

4.2.3 Problem 2

Compute the determinant using a cofactor expansion

1 5 0
A=12 4 -1
0 -2 0

solution

Expanding along the last row since it has most number of zeros gives (only the element
A(3,2) #0)

det() = (P2 ()| °
2 -1
1 0
=2
2 -1
_2(1)
-2
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4.2.4 Problem 3

Let
1 -3 4
A=|-4 6 -2
-3 7 6
[ 3
u=\3
-4

a is u in NullSpace of A ? Justify your answer.
b Is u in columnspace of A ? Justify your answer.
¢ Determine the rank A and the Nullity of A. Show your work

solution

4.2.4.1 Parta

For an m x n matrix, the solution set corresponding to AX = 0 is called the NullSpace(A).
Therefore we need to first find this solution set by solving

1 -3 -4||x 0
-4 6 -2[|ly|=10 (1)
-3 7 6||z 0

The augmented matrix is

1 -3 -4 0
4 6 -2 0
3 7 6 0
R, = R, + 4R,
1 -3 -4 0
0 -6 -18 0
3 7 6 0
R; = Ry + 3R,
1 -3 -4 0
0 -6 -18 0
0 2 -6 0
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R; =R;— 3R,
1 -3 4 0
0 -6 -18 0
0 0 0 O
Hence (1) becomes
1 -3 —4||x 0
0 -6 -18||y|=]0 (2)
0 0 0 ||z 0

The above shows that z = t is free variable and x, y are basic variables. Second row gives
—6y —18t = 0 or y = —3t. First row gives x — 3y — 4t = 0 or x = 3 (-3¢) + 4t or x = —5t. Hence
the solution is

X -5t
y|=|-3t
z t
-5
=t|-3
1
3
Now we are ready to answer the question if u = | 3 | is in the NullSpace(A). In other
—4
-5 3
words, does there exist f which make t|-3| =| 3 |. It is clear there is no such ¢. To show
1 —4

this, looking at the second row, it says -3t = 3 or t = —1. But third row says t = —4.
Therefore there is no t which makes u in NullSpace(A). Hence u is not in NullSpace(A)

4.2.4.2 Partb

The columnspace of A is the set of all linear combinations of the columns of A. The basis
for the columnspace are columns of A that correspond to the pivot columns are doing
the above REF. From part A we found that column 1, 2 are the pivot columns. Hence the
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basis of columnspace of A are

11]1]-3
—41,( 6
=3| |7

Hence the columnspace of A is two dimensional subspace of IR®. To find if u is in columnspace
of A, we need to find if there exists a linear combination of these basis which gives u.
Therefore we need to solve

1 -3
Cq 4|+ Cy 6 = 3
-3 7 -4

For ¢y, ¢, to see if a solution exist. In matrix form the above becomes

-4 6 [ ] (1)
-3 7
The augmented matrix is
(1 3 3]
-4 6 3
-3 7 4]
R, = Ry + 4R,
1 -3 3
0 -6 15
-3 7 -4
R; = R; + 3R,
1 -3 3
0 -6 15
0 -2 5
R; = Ry — 3R
1 -3 3
0 -6 15
0 0 O
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RZ = —%
1 -3 3
5
01 -3
0 0 0
Rl = R1 + 3R2 )
9
10—
5
01 -3
00 O
Hence (1) becomes ]
9
10 ] T2
0 1| '|=]|_3
0 Cy 2
- 0 4

Therefore the solution is

1 -3

9456—

21 7| 2 -
-3 7 —4

This means u is in the columnspace of A.

4.2.4.3 Partc

The rank of A is the dimension of the columnspace of A. Which is the same as the number
of pivot columns found. In this case, it is 2 as found in part b above. Hence rank(A) = 2.

Nullity of A is the dimension of the nullspace of A. From part (a) we found that the

-5

nullspace of A is given by the one parameter vector ¢ -3 |. Hence the dimension is 1. It is

1
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the number of the free variables. Therefore Nullity of A =1. To verify this, we can use

the rank-nullity theorem, which says for a matrix m X n,
rank(A) + nullity(A) = n

Since n = 3 and since rank(A) = 2 then nullity (A) = 1.

4.2.5 Problem 4

a Using the definition, verify that the given transformation is linear transformation T :
C%(I) - C°(I) defined by T(y) =" +vy

b Find the kernel of T

solution

4251 Parta
The transformation T is linear if
1. T(u+v) = T(u) + T(v) for all u, v in C*(I)
2. T(cu) = cT(u) for all scalars c and u in C?(I)

To show property 1:
Tu+v)=w+0)"+ W+0)

By linearity of second derivatives (and since u, v are in C? (I)) the above becomes

Tw+v)=wW"+7")+u+0)
=u"+u+0"+v
=W’ +u)+@" +0)

But (u” + u) = T(u) and (v”” + v) = T(v), Hence the above becomes
T(u+v)=T(u)+T(v)

To show property 2:
T (cu) = (cu)” + (cu)

But since c is a scalar, we can move it outside the derivative and the above becomes

T (cu) = c(u)” + cu
=c(u” +u)

But u”” + u = T(u). Hence the above becomes
T (cu) = cT(u)

Both properties are satisfied. Hence T is linear transformation.
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4.2.5.2 Partb

The kernel of T : V. — Wisker(T) = {u € V : Tu = 0}. In this case V = C?(I) and W = C(I).
Hence we need to find all u, such that T (1) = 0. Which is the same as saying all # which
satisfies u”” + u = 0. Hence ker(T) is the solution of this ode.

This is linear constant coefficient ode. The characteristic equation is A2 + 1 = 0. The so-
lutions are A = +i. Hence the basis functions are {eix, e‘i"] (assuming the independent
variable is x), or using Euler relation {cos x, sin x}. Therefore the solution is linear combi-
nation of these basis given by u = ¢; cosx + ¢, sinx where ¢y, ¢, are arbitrary constants.
Hence

ker(T) = {u : u = ¢ cosx + ¢, sin x}

4.2.6 Problem 5

Solve (y + 3x2) dx + xdy = 0

solution
Writing the ODE as
Mdx + Ndy =0

Where M = y + 3x%, N = x. Checking if the ODE is exact

M,

Iy

Ny

Jdx
Since %/I = %\C], then it is exact in some region R. Let there exists constant function

D (x, y) = ¢ which satisfies

D

— =M= 2 1
e M=y+3x (1)
dD

_— = = 2
3y N =x (2)

For all (x, y) in R. Integrating (1) w.r.t. x gives

do
de = fy + 3x2dx
D = yx +2° +g(y) (3)
Taking derivative of the above w.r.t. y gives
dD
y gy (4)
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Comparing (4) and (2) gives

x+8'y)=x
gy =0

Hence g(y) = c¢; a constant. Substituting this in (3) gives
O =yx+x>+0¢

But ® = c. Combining the constants c, c; into one constant, say C, the above becomes

C=yx+x°
Solving for y gives
yx=C-x3
Forx #0
_C-x
YT

4.2.7 Problem 6

Using the method of undermined coefficients, find the general solution of the given
differential equation

y' -y -2y=e*+2cosx (1)
solution

The solution is

Y=YntYp
Where y;, is the solution to the homogenous ode y” -y’ - 2y = 0 and y, is a particular
solution to the ode. We start by finding y;,. Since this is linear second order with constant
coefficient, then the characteristic equation method is used. The characteristic equation
fory’ -y -2y =0is

A2-A-2=0

A=-2)(A+1)=0

Hence the roots are A, = 2, A, = —1. Therefore the basis set of solutions for y;, is the set
{ezx, e‘x] (2)
And yj, is linear combination of these basis. Therefore
Yp = €167 + cpe™ (3)

Looking at RHS of (1) shows it is linear combination of basis [¢7*, cos x]. For each basis
in this list, we generate all possible derivatives. Which gives (ignoring sign changes and
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any leading constants as they will be parts of the unknowns to be found later on). This
results in the following list

[{e7}, {cos x, sin x}] (4)

Now we compare each basis in (2) with each basis in (4) to see if there is any duplication.
We see that e™ is in (4) as well in (2). We now multiply e™ in (4) by an extra x and obtain
new list

[{xe ™}, {cos x, sin x}] (4A)

We repeat this process again, checking if (2) still has any duplication in (4A). There are
no duplication now. Hence the trial solution is linear combination of the basis in (4A).
Which gives

Yp = Axe™ + Bcosx + Csinx (5)

To determine A, B, C, we substitute Yp back in the ODE (1) and solve for these unknowns
by comparing terms.

y, = Ae™* — Axe™ — Bsinx + Ccos x (6)
Yy = —Ae™™ — Ae™ + Axe™ - Bcosx - Csinx
= -2Ae™* + Axe™ — Bcosx — Csinx (7)

Substituting (5,6,7) into the ODE (1) gives

(—2Ae™ + Axe™ — Bcosx — Csinx) — (Ae™ — Axe™ — Bsinx + Ccosx) —2(Axe™ + Bcosx + Csinx) =e™* +2cosx
—2Ae™ + Axe™* —Bcosx — Csinx — Ae™ + Axe™ + Bsinx — Ccosx — 2Axe™ —2Bcosx —2Csinx = ¢ + 2cosx

Which simplifies to

-3Ae™ —3Bcosx —3Csinx+ Bsinx—Ccosx =e¢ ¥ +2cosx
—3Ae™ + cosx(-3B-C) +sinx(-3C+ B) =e™* +2cosx

Comparing terms on each side gives 3 equations to solve for A, B, C

-3A =1
-3B-C=2
-3C+B=0

First equation gives A = —%. Multiplying second equation by -3 and adding the result to
third equation gives

9B+ 3C = -6
-3C+B=0
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Adding gives
9B+B=-6
10B = -6
_ 6
ST
3
"5

From -3B - C = 2 we now find -3 (—%) -C=20orC= —%. Hence the particular solution

(5) becomes

1 3 1
yp:—gxe —gcosx—gsmx (8)

Substituting (8) and (3) iny = y;, + Y, gives the final solution as

Y =cre¥ + e - lxe‘x - §cosx - 1sinx
3 5 5

4.2.8 Problem 7

Use the Laplace transform to solve the given initial-value problems. You can use the table
of transformation

solution

Taking the Laplace transform of both sides of y”’ +y = ¢ gives (using linearity)
L")+ Z2y) = Z(H) (1)
Assuming Z(y) = Y(s), and using the property that

Z(y") = L) - sy(0) - y'(0)
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And from table 10.2.1 ¥ (ezt) =L s 2, then the ode becomes

X
1
(LW -yO) -y©)+ L) = —;
(SZY—S(O)—l) +Y = si—Z
S2Y -1+Y = 1
s—2

— |

Y(52+1):S_—2+1
~ 1 1

B (s—-2)(s2+1) e
Using partial fractions on the first term in the RHS above gives
1 A Bs+C
(5_2)(52+1) T2 211
A(s2+1)+(Bs+C) (s -2)
(s-2) (52 + 1)
As? + A+ (B52 —2Bs + Cs — ZC)
B (s-2) (sz + 1)
As® + A+ Bs? —2Bs + Cs - 2C
B (s—2) (52 + 1)
s?(A+B)+5(C-2B)+(A-20)
B (s-2)(2+1)

Therefore
1 :sz(A+B)+s(C—ZB)+(A—2C)

Comparing terms gives

A+B=0
C-2B=0
A-2C=1
In matrix form the above is
1 1 0[lA 0
0 -2 1]|B|l=]10
1 0 -=-2]|C 1

(1A)
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The augmented matrix is

R3:R3—R1

R3 = 2R3

R3=R3—-R,

R3 = %Rg, Rz = —%Rz gives

RZ = R2+ %R3

Ry =Ry -Ry
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Hence (2) becomes

1
1 0 olla] |5
01 o||B|=|= (3)
00 1l|lc| |=

Therefore, since now in RREF form, the solution is

o
A 5
|
BI=|%
C )
Hence
1 A Bs+C
(s—2)(sz+1) s=2 s2+1
11 —s-:
_ = L 5 5
55—2  s2+41
11 1s+2

T 55-2 552+1
11 1s 21

_ _Z -z 4
55—2 55241 55241 (4)
Substituting (4) back in (1A) gives
1 1 1 s 2 1 1
Y =— - - -z +
55—2 55241 55241 s2+41
11 1 s +3 1 (5)
" 55-2 58241 55241

Now we will use tables to do the inverse Laplace transform. From table 10.2.1

1
w1 (—2) =2t s>2
S_

1
3‘1(SZ+1):sint s>0

Using this result in (5) and since -#~! (Y(s)) = y(t) then (5) becomes

1 1 3
y(t) = geZt ~ cost + z sint
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4.2.9 Problem 8

Find a series solution in powers of x of the differential equation y”” + x*y’ +y = 0
solution

Let the solution be

v = Yo, 1)
Then
Ve = Y nat
n=0
= i na,x"! (2)
n=1
And

y"(x) = Y n(n—1)a,x"?
n=1

= i n(n-1)a,x"? (3)
=2

Substituting (1,2,3) into the given ODE gives
Yn(n-1)a,x"2+x2 Y na,x"t + Y a,x" =0
n=2 n=1 n=0
M -1)a,x"2+ Y, na,c™ + Y a,x" =0 (3A)
n=2 n=1 n=0

Now we make all powers of x the same by rewriting Z:’:z nn-1)a,x"?= ZZO:O n+2)(n+1)a, x"
and 220:1 na,x"*1 = E:’:z (n=1)a,_1x". The way the above is done is by using the rule:

When adding a value to the summation index 7 inside the sum, then we must at same

time subtract the same value from the starting index n.

Hence (3A) now becomes
Z (m+2)(n+1)a,x"+ Z n-1)a,_1x"+ 2 a,x" =0
n=0 n=2 n=0

To be able to compare coefficients of x, we expand up to n = 1 the sums in order to make
all sums start from n = 2. This gives

Ma, + 1 +2)1+1)azx + i nm+2)(n+1)a, x" + i (n—1)a,_x" + (ag + ayx) + i a,x" =0

n=2 n=2 n=2
(2ay + ag) + x (6as + ap) + (Z m+2)(n+1)a,,, + Z(n—l)an_l + Zan)x” =0
n=2 n=2 n=2
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Now we are to compare coefficients on each power of x. The above gives the three equa-
tions

2ﬂ2+11020 (4)
6a3+a1 =0
nm+2)y(n+1)a,.,+(n-1)a,_, +a,=0 n>2

First equation above gives

1
ay =—=a
2= 75
Second equation in (4) gives
a
a S —
T 6

And the third equation in (4) gives the recursive equation which allows us to find all a,,

after these
nm+2)(n+1)a,p+n-1a,;+a,=0 n>2

Or

a — —a, — (n - 1) Ap—1 n
2T T+ 2)(n+1) =

Therefore, for n = 2 the above gives

1, = —ap; — :—ﬂz—bh
T 2+2)2+)) 12

1
But a; = —2ay, therefore the above becomes

! 1
B (_an) “M cag-ar gy -2a

“UETTWE 0 12 4 (6)

And for n = 3 (5) gives
4 _—03—(3—1)ﬂ2_—ﬂ3—2ﬂ2
T B3+2(B+1) 20

1
Buta, = —zag,a3 = — the above becomes

o
2 @©)

Y U Y o
_ ( <2><3>) 2( 2“0) @3 "% a+6a

= 7
20 20 120 7)

And for n = 4 (5) gives
4 _—a4—(4—1)a3_—a4—3a3
*T @+2@d+1) 30
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Buta, = “ and gy = —%1. The above becomes
ap 2111 ay — 2
S\ 2e ) (_?) R 2ay +12ay  —ag +14a;  —ap + 14a4
Qs = = 24 2 = 0 = =
6 30 30 (30) (24) (30) (24) 720

And so on. Therefore, from (1)

(o]
) = Y a,x"
n=0
= ag + X + X% + a3x® + agxt + asx® + agx® + ---

1 a ag — 2ay a, + 6a —ay + 144,
—a0+a1x—§a0x s RS x* + )8 + | 22 &6 +

6 24 120 720
1 5[1 3 IZO [11 ) 4 ( lll ao ) 5 —110 7511 6
= Sy O R R (At ) PN R PR i’ ) P
=+ mx = S — X (24 2)* 120 " 20 720 360,
Therefore

y(x) 11+1 +151 + |+ 1314+15+76+
=ay[1-=x?+ =x*+ —=x° - —x° apfx—=x - —=x*+ —x+ —x"+ -
V=P T ot Tt T 70 P78 T12% T 120" T 360

(8)

The series solution above contains two unknowns 4, ;. There are the same as the constant
of integrations. Since this is a second order ODE, then there will be two unknowns in
the general solutions. These can be found from initial conditions. For example, assuming
y(0) = yo,¥'(0) = ;. Then from (8) at x = 0, it gives y(0) = a. Taking one derivative of (8)
gives

y/(x):ao(_x+24_4x3+...)+a1(1_§x2+...) (9)

At x = 0 the above becomes y;, = a;. Therefore (8) can be written as

(x) =y(0) |1 L 2+ ! 4t LI X0+ | +/(0) x—lx —lx +Lx +Lx + -
Yx =Yy Y Tt 20" T 70 Y 6" 12 T1200 T 360
(10)

4210 Problem9

a) Determine all the equilibrium points of the given system. b) Select two equilibrium
points and classify them as saddle, node, spiral or center and whether they are stable or
unstable.

X' =2x-x*-xy
y' =3y —3xy - 2y°

solution
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4.2.10.1 Parta

equilibrium points are the solutions in x, y of

2x-x?—xy=0 (1)
3y —3xy —2y*> =0 (2)
Which can be written as
x(2—x—y):O (1)
y(3—3x—2y):O (2)
From (1), we see that
x=0 (3)
isa solutionand2-x-y =0or
x=2-y (4)

Is another solution. For each x value in (3,4), now we solve for y from (2). When x = 0
then (2) becomes

y(3-2y)=0

3 Therefore {0,0} and {O, g} are two solutions found so

Which has solutions y = 0,y =

far. And when x = 2 — y then (2)2becomes
y(3-3(2-y)-2y) =0
y(3-6+3y-2y)=0
y(3-6+y)=0

Which has solutions y = 0 and y = 3. When y = 0 then x = 2 — y gives x = 2. Therefore
{2,0} is a solution, and when y = 3 then x = 2 — y gives x = 2 -3 = 1. Hence {-1, 3} is
another solution. Putting all these together gives the solutions as

{0,0}, {O, g} ,12,0},{-1,3}
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4.2.10.2 Partb

The given system is matrix form is

B [ 2x—x2—xy
B 3y - 3xy — 2y
_f@ﬁ

5 (xy)

The Jacobian matrix for the system is given by the gradient of F

J=VF
[of of
dx dy

J=
Jdg Jdg
ax dy

[ 8(2x—x2—xy) &(Zx—xz—xy)
dx dy

3(3y—3xy—2y2) 8(3y—3xy—2y2)
dx Ay

—2—2x—y -X
=3y 3-3x-4y

. . 3 .
Selecting points {0,0} and {0, E} for analysis.

At Point {0,0} the linearized system matrix A is the Jacobian matrix evaluated at this
equilibrium point. Hence

_2—2x—y —X
A=
-3y 3-3x—-4y| _,
y=0
12 0
03
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The eigenvalues are found by solving det (A — AI) = 0 or
2-1 0

0 3-4
2-1)(B-1)=0

=0

Hence A; = 2and A, = 3. Since both eigenvalues are positive, then this is unstable critical point.

It is a negative attractor also called a node.

At Point {0, g} the linearized system matrix A is the Jacobian matrix evaluated at this

equilibrium point. Hence

—2—2x—y -X
A=
-3y 3-3x—4y|,-0
=

3

2-7 0

- 3 3

3(3) 3-4()

[ 1

9 4

(L-d) 50

Hence A = land A, = =3.Since one eigenvalue is positive, and one eigenvalue is negative,
then this is unstable critical point. It is a saddle point.
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