HW 6

Math 2520
Differential Equations and Linear Algebra

Summer 2021
Normandale college, Bloomington, Minnesota.

Nasser M. Abbasil

]uly 12, 2021 Compiled on July 12, 2021 at 8:20pm


mailto:nma@12000.org

Contents

1

Problem 1
1.1 Parta . . . . o
1.2 Partb . . . .
Problem 2
Problem 3 9
Problem 4 a1l
41 Parta . . . . e s, il
4.2 Partb . . . . s, il
Problem 5
5.1 Parta . . . . . . e
5.2 Partb . . . s, [14]



1 Problem1
Xy =—kix;
xé = k1x1 — kzXz
Where
10 10 2
kl = = — = —
Vi) 25 5
1010 1
27 V() 50 5
21(0) = 15
x(0)=0

a) Find the amount of salt in each tank at time t > 0. b) Find the maximum amount of
salt ever in tank 2.

Solution

1.1 Parta

The system in matrix form is

x' = Ax
4O [~k 0 |[xn
O |k —k]|x
2
|5 01 ]x
- % 1 X2
|5 5

~2-1 0
2 1 =0
5 54
2 A ! Al=0
5 5 )
Hence A, = —%, Ay = —%. Now the eigenvector for each eigenvalue is found.
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Hence v; = t is free variable and v, is base variable. From second row ot +

gl O
al= O
L 1L

2t + v, = 0 or v, = —2t. The solution is
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Choosing t =1 this gives the first eigenvector
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Rz = R2 - 2R2

O gl

eI

Hence v; is base variable and v, = t is free variable. Therefore évl = 0orov; = 0. The

eigenvector is

At

Choosing t =1 this gives the second eigenvector is
- |0
Uy =
1

241
71(t) = €Alt51 =e 5! }

Therefore the solution basis are

1,10
?Z(t) = e/\zt?))z =e5 t ]

And the solution is linear combination of the above basis, which gives

_gt 0
X(t) = +c|
_28 5t e?t
The scalar solutions are therefore
2,
x1(t) = cre 5

2, 1,
Xo(t) = —2c1e 5 +cpe’s

(1)

Now ¢y, ¢, are found from initial conditions. At t = 0,x; (0) = 15,x,(0) = 0. Hence (1)

becomes

15 [ 1
= Cl
0 2

(2)



The augmented matrix is
1 0 15
21 0
10 15|
01 30_

1 of[a] |15
01 Co _30
Second row gives ¢, = 30 and first row gives ¢; = 15. Hence

AR

2,
x1(t) =15e 5

Ry = Ry + 2R, gives

Hence (2) becomes

And the solution (1) becomes

2

1
X(t) = =2 (15) e 5" + 30e5"

A
x1(t) =15e 5
—t

2t
x(t) = =30e 5 + 30e5

The above is the amount of salt in each tank for t > 0.

1.2 Partb

(3)

The solution in (3) above shows that at t — oo then x,(f) — 0 because both exponential
are raised to negative power of t. This is as expected, as with time, and with more fresh
water coming in and mixture discharges, we expect the initial salt in the tank to eventually
vanish leaving only pure water in the tank. The following plot shows how the amount of

salt changes in each tank as function of time
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15
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Figure 1: salt amount vs. time for each tank

The above shows that salt starts in tank 1 at amount x;(0) = 15 which is the initial value,
and continues to decreases exponentially where is becomes close to zero after about 15
seconds. While for tank 2, which initially has no salt, its salt content initially increases to a
maximum value after about 3 seconds and then starts to decrease where it will eventually
becomes zero. The initial increase in tank 2 is because of the salt coming from tank 1 in
the mixture. But as salt decrease in tank 1 with time, so will the salt in tank 2 as well.

Code used for the plot above is

ClearAll[x1,x2,t];
x1[t_] := 15%Exp[-2/5%t]
x2[t_] := -30*Exp[-2/5%t]+30*Exp[-t/5]

Plot [{x1[t],x2[t]},{t,0,20},
AxesLabel->{"time (sec)","salt (1b)"},
BaseStyle->14,
GridLines->Automatic,GridLinesStyle->LightGray,
PlotLegends->{"tank 1","tank2"}




2 Problem 2

Determine all the equilibrium points of the given system.
x'=x-x*-xy
y =3y —xy -2y

Solution
The equilibrium points are the solutions x,y to
x—x>—xy=0 (1)
By —xy -2y* =0 (2)

We can start with either equation, find one unknown from it, and use that to solve for the
second unknown using the second equation. Starting with (1) and solving for x. Writing
(1) as

x2+x(y—1) =0
x(x+(y—1)) =0
Then the solutions are
x=0
x+(y—1) =0
Or
x=0 (3)
x=1-y (4)

For each one of the above solutions, we go back to (2) and solve for y now. When x = 0,
then (2) gives

3y -2y =0
y(3-2y)=0

Hence y = 0,y = - are the solutions. So now we have the following solutions found for

the case when x = 0
3

NI W

And when x =1 -y then (2) gives



Hence y = 0,y = 2 are the solutions. When y = 0, the corresponding x from x =1 -y is
1. And when y = 2, the corresponding x is -1, So now we have the following solutions
found

{(1/ 0)/(_1/ 2)} (6)

Adding (6,5) gives the list of equilibrium points as

{(0, 0), (0, %) ,(1,0), (-1, 2)}



3 Problem 3
Using the definition of Laplace transform, determine Laplace transform of
f(t) = tel
Solution
By definition
N
— 1i —st
#(f@) = im | foear
Therefore

N
= lim te~stHidt
N—>oo 0
= lim tetd-s) gt
N—>oo 0
I . _ _ _ t(1-s) _ _ et(1-s)
ntegration by parts. f udv = uv — f vdu. Let u = t,dv = e, therefore du = dt,v = —.
Hence the above becomes
1 N N pt(1-5)
. £ t(1-s) 1
Z(f) = 7= lim [0 g&fo —di (1)
N
- im [tef(1—5>]N— L im [ et
1-8N-ow 0 1-sN-ow 0
But
N
lim [tet(l‘s)] = lim (NeN(l‘S)) -0
N—ooo 0 N—ooo
= lim (NeN(l‘S))
N—oo
But

lim (NeN(l‘s)) = lim N lim eN(@-9

N—>oo N—>oo N—ooo
= (o0) ( lim eNﬂ—S))
N—>oo

[o0]

For s > 1, limy_,o eN0™® = ¢7* = 0 since 1 — s < 0, and therefore the exponential is raised
to negative infinity. Hence the above becomes

Jlim (NeNO=) = (0) (0)
=0



10

Therefore (1) simplifies to

Z( f(t)) = im Nef<1—s>dt
— S N—oo 0
= s Jim [
1 _
" G-1)-s) dim [0 S)]o

But for s > 1 then limy_,, [et(l_s) ];o = limy_,e eNA=s) _1 = 0 -1 = —1. The above then

becomes

-1
V0= =i
B 1
S 5-D-1)
1
-1

Fors > 1.
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4 Problem 4

Find the inverse Laplace transform of the given functions

2
s(s—2)

25+2
s242545

a F(s) =

b F(s) =

Solution

41 Parta

Using partial fractions, let

Therefore

Hence

Using Table 10.2.1 in textbook,

Therefore, by linearity of -~

A 2\ a1 1
31(S<s_2>)—-31(;)+31(§)

=—1+¢% s>2

4.2 Partb

25+ 2

s2+25s+5
Completing the squares in the denominator

F(s) =

2+25+5=(s+A>+B
=52 +2sA+A*+B
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Comparing coefficients of s shows that

2A =2
A2+B=5
Hence A =1 and B = 4. Therefore
25+ 2 3 25+ 2
PL+25+5  (5+1)° +4
_ 2(s+1)
(s+1)2+4

Using the first shifting property (theorem 10.5.1 in book, which says)
ff(e“tf(t)) =F(s—a)
Then for a = —1, we see that
Z(etf(H) =F(s+1) (1)

Where f(t) = Z 1 (F(s)). Therefore we just now need to find f(t) using

B 2s
o=

To complete the solution. But .~} (L) = cos 2t for s > 0 from Table 10.2.1. Hence

s2+4

2
f/‘l(szj_4)=2cos(2t) s>0

Therefore using (1) the final result is given by

25 +2 2s
-1 — ot -1
< (52+2s+5) e (52+4)

= ¢t (2 cos (2t))
=2¢7tcoss (2t) s>0
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5 Problem 5

Use the Laplace transform to solve the following given initial-value problems
ay +y=8¢y0) =2
by’ +y -2y=10e",y(0)=0,y(0) =1

Solution

51 Parta
Taking the Laplace transform of both sides of i’ + y = 8¢* gives (using linearity)
ff(y’) + L(y) = 85/(63t)
Assuming £ (y) = Y(s), and using the property that & (y’) =5 Z(y)-y(0) and from table
1021 % (e3t) = ﬁ,s > 3, then the above becomes
sY(s) —y(0) + Y(s) = %

but y(0) = 2, hence the above simplifies to

sY(s) -2+ Y(s) = %
Y(s)(s+1)—2:%
Y(s)(s+1):%+2

8 2
G-3)G+1)  G+1)
Looking at first term above, and using partial fractions

8 A B
-3+ (-3 G+D

Y(s) = (1)

Therefore

8 8
A = =—=2
+DI_, 4
And
B= LA
(s-3)I_, -4
Therefore (1) becomes
Y(s) = 2 + 2
VT 6-8) G+ G+
2

" (5-3)
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From table 10.2.1 ff(e?”) = L 5> 3 Hence

= -3’
{2
yo =~ 1((s—3>)

(1
= 5/1((8_3))

=263

5.2 Partb
Taking the Laplace transform of both sides of y”’ + ' — 2y = 10e™! gives (using linearity)
Q(y”) - g(y’) -2L(y) = 103(6*) (1)
Assuming Z(y) = Y(s), and using the property that
Z(v) = sZ ) - y(0)

And
Z(y") =2 ZL(y) - sy(0) -y (0)

And from table 10.2.1 ¥ (e‘t) = L s> 1, then (1) becomes

s+1
1
(2 W) -sy0) -y (0) + (L) - 9(0) -2Z () =10 —
1
2v _ _ - — = R
(s2Y =5(0) = 1) + (sY = 0) = 2Y =10 —
) 1
Y -1+sY-2Y=10——
s+1
Y(s2+5-2) =10 R
s+1
10 1

Y= (s+1)(sz+s—2) * (sz+s—2)
But (52 +s— 2) = (s +2) (s —1). The above becomes

. 10 1 ,
TG4 6-1)  G+DG-D (2)

Using partial fractions to simplify the above, the first term becomes

10 A N B N C
s+1)(s+2)(s-1) s+1 s+2 s-1




Hence
10 10
Az(s+2)(s—1)|s=_1=(—1+2)(—1—1)=_5
~ 10 ~ 10 10
B (S+1)(S—1)|S:_2_ (-2+1)(-2-1) 3
10 10 5
T e+DG6+2l, +DA+2) 3
And for the second term in (2)
1 D E
6+26-1 G6+2 G-D
Hence
o 1 _ 11
G-DI_, (2-1) 3
1 11
E‘(s+2)szl‘(1+z)‘§

Using all the above in (2) gives

A B C D E
= + + + +
s+1 s+2 s-1 (s+2) (s—1)
1 10 1 51 1 1

1

-5

! +3 ! +2 1
s+1 s+2 s—1
But from table 10.2.1

1

3‘1(—+1 =et  s>-1
S
1

3‘1(—S+2 =e?  s>-2
1

3_1(3_1 =€t s>1

Using these results in (3) gives the final solution as

y(t) = 271 (Y ()
=571 (%) +3771 (

s+
= —5et + 372t + D¢t

s+

1
+ = + = - = + =
s+1 3s+2 3s-1 3(s+2) 3(s-1)

s—1

! 2) +2¥1 (L

15

(3)
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