HW 10 Mathematics 503, Mathematical Modeling, CSUF ,
July 17, 2007

Nasser M. Abbasi

June 15, 2014

Contents

1 Problem 4 page 225 section 4.1 1
2 Problem 8 page 225 section 4.1 8
3 Problem 3 page 225 section 4.1 (extra) 10

1 Problem 4 page 225 section 4.1

problem:

Consider SLP —y”" =1y, 0 <x <1 withB.V.y(0)+y (0) =0,y(1)=0

is A = 0 an eigenvalue? are there negative eigenvalues? show that there are infinitely many positive
eigenvalues by finding an equation whose roots are those eigenvalues and show graphically that there
are infinity many root

answer:

The SLP has the form — (p(x)y) + (g(x) =A)y=0o0r — (p(x)y) +q(x)y = Ay fora < x < b,
where p (x) not zero function and does not change sign over the interval, hence we can assume it to be

positive. If we compare this form to the given problem we see that| p(x) =1and g(x) =0

Assume A = 0, hence the ODE become —y” = 0 which has the solution y = Ax + B for some
constants A, B. Now lets see is this solution can satisfy the B,V, given.
y(1)=0—A+B=0,and y(0)+)' (0) =0 — A =0, hence since A = 0, then B = 0 hence the

only solution is y (x) = 0. Hence for non-trivial solution| A #0

Now let us assume A < 0. Assume y = Ae™, hence the characteristic equation is —m? = A or
m?> = —A, but since A < 0, then m is a real quantity. Let —A = 32 where 8 is some non zero real



constant, hence we have| m = +f |and so the solution is

y= c1eP* 4+ crePx

Let see is this solution will satisfy the B.V. y(1) =0 — 0 = cjef 4 c¢#, and y(0) +y/ (0) =
00— cp+c1 =0, hence ¢y = —c2, and we have —czeﬁ —|—C2€_ﬁ =0, hence ¢; (e‘ﬁ — eﬁ) =0, or but

e B — P £ 0 (it is zero only if B = 0 but we have that > 0) then this means that ¢, = 0. But this
means that ¢; = 0, which then means that the solution is again y (x) = 0. Therefore, for non-trivial

solution, | A can not be negative.

Then then only choice leftis for A > 0 | (We do not have to check for this, since we know that

A does not change sign) but for an exercise, let us verify it any way. As above, we obtain m> = —A but
since A > 0 then solution will now contain complex exponential since m = +iv/A,, then solution is (by

writingv/A = )
y(x) =cycos(Bx)+casin(Bx)

Verity B,V, The first one leads to

y(1)=0
0=cicosf +cysinf (1
and the second one leads to, since y' (x) = —c 8 sin fx + ¢, 8 cos Bx, we obtain
y(0)+y'(0)=0
ci+cef=0
or| ¢y =—Pcy |, now substitute this in the first initial condition (1) we obtain

0= —Bcycos P +cpsinf
0=c(sinB —Bcosp) )

But if ¢; = 0 this will lead to ¢; = 0 also and to a trivial solution. Hence we need to consider
sinf3 — B cos B = 0 or roots of

tanf— B =0

The roots are the intersection of tan (x) with the line x, graphically we see the roots occur close fo
multiplies of 7
Or we can just plot the function sin 8 — 3 cos 8



In[45]:= Remowve["Global "]
Plot[{x, Tan[x]}, {x, -5 Pi, 5 Pi}, AxesLabel -+ {"x", "x, tar
PlotLabel -+ "root=s of tan(x)-x=0", Ticks -+ {Table[i, {1, -
PlotRange -+ {Automatic, {-15, 15}}]
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To find the roots, use a numerical root finder (Newton’s method), here are the first 10 positive roots
(we do not pick the zero root, since A # 0)

m[120p= r =z /. Table|FindRoot[Sin[z] - zCos[z] =0, {z, x}]

Out[120)/TableForm=
4.45341
T.T2323
10.9041
14.0b0Z
17.2208
20.3713
23.51485
Zb.bbol
29,8118

Hence the square of the above is the list of the eigenvalues. Here are first few
n[iz3)= r* // TableForm

Cut[123¥TableForm=

20.1907
589.8785
118.%5
197.858
296.554
414,04
553.165
T11.078
888.731

Hence the eigenfunctions are

Vp = COS <\/7L_,,x)
U, = sin (\/l_nx>

and



forn=1,2,3,--- where /A, is the root of tan\/A,, — /A, = 0, and the first few A,, are shown above.

yn (x) = c0s (VAux) +sin (VAx)  n=1,2,3,--




Here is a plot of few solutions forn=1---9



r=2=z/. Table |FindRoot[Sin[z] - zCo=[z] =0, {=z, x}], {x,

In[218]:=
vix , 2 ] :=Cos[r[[n]] ] + Sin[r[[=2] =]
Table[Plot[y[x, n], {x, 0, 1}, AxesLabel - {"x",

{n, 1, Length[r]}]
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2 Problem 8 page 225 section 4.1

problem:

Find eigenvalues and eigenfunctions for the problem —y” —2by' = Ay, 0 <x <1 ,b >0, and
y(0)=y(1)=0

answer:

The SLP has the form — (p (x)y') +¢(x)y = Ay for a < x < b, where p (x) not zero function and
does not change sign over the interval, hence we can assume it to be positive. If we compare this form

to the given problem we see that| p(x) =1 and ¢(x) = —2b |and since b > 0 then g (x) is always

negative over this range

Assume A = 0, hence the ODE become —y” — 2by’ = 0 which has the characteristic equation
—m? —2bm = 0 or —m — 2b = 0, hence m = 2b, then the solution is y= c1xeP* + cre?b* Now from
y(0)=0—c¢;=0,and soy = c1xe*’¢, Now from y(I)=0—-0= c1e??, but e*” £ 0 hence ¢; =0,

hence we obtain trivial solution y = 0, hence for non-trivial solution| A #0

Now —y” —2by' = Ay, and the characteristic equation is m*+2bm+ A =0, hence m = % Vap?—4l

hence| m= —b++b2—A | There are 3 cases: b>*—A <0and b*—A =0and b* — A > 0.

When > — A > 0, we have m will be real. Hence the solution will be of the form y = cje™ +
cre”™, where m is real. Now let see if we can satisfy the boundary conditions. From y(0) =
0—c1+c=0, and from y(1) =0 — 0 = c1e™ + cre”™, hence 0 = ¢ (" — ™), but this means
c1 = 0 since m is not zero. This leads to ¢, = 0 which leads to trivial solution y = 0. Therefore

b* — A > 0 is not possible choice

When b — A = 0, hence m = —b, then the solution is y= cixe X 4+ creb* and by similar argument

as above for the case of A = 0, we conclude that| it is not possible to have P2—A=0

Hence b2 — A <0 or| A >b*> | In other words, A is positive and must be greater than b”. Let

b? — A = —k? for k real and nonzero. Hence
m=—b+ik

and the solution is

b

y(x) =e 7 (cy coskx+ cp sinkx)

aty(0)=0—| 0=c¢; |andy(1)=0—| 0=ebc;sink

Hence for non-trivial solution,
sink=0

or k=nm or k2 = n?n?. But| k* =21 —b* |Hence A, — b*> = n?m?. Now since A > b? we can




eliminate that n = O case. Then we have

A =b>+n2n*  n=1.273,- -

Hence A = b% + w2, Ay = b* + 472 - -

So the eigenfunctions are

where k, = \/A, — b?

So the y,, (x) solution is

U, = sink,x




3 Problem 3 page 225 section 4.1 (extra)

problem:

Find eigenvalues and eigenfunctions for the problem with periodic boundary conditions —y” = A4y,
0 <x<Landy(0)=y(L),y (0) =y (L)

answer:

The SLP has the form — (p (x)y') +¢(x)y = Ay for a < x < b, where p (x) not zero function and
does not change sign over the interval, hence we can assume it to be positive. If we compare this form

to the given problem we see that| p(x) =1and g(x) =0

Assume A = 0, hence we have y” = 0 or y (x) = Ax+ B. Now to satisfy y(0) = y (L) we must have
B = AL+ B which implies A = 0, hence y (x) = B. Now this solution does satisfy y' (0) =y’ (L) since

y(0)=0andy (L) =0hence| A =0 |isan eigenvalue.

Now Assume A < 0. Hence ¥ + Ay = 0 and characteristic equation is m*> +A =0 or m*> = —A,
since A < 0, then —A is positive, hence this leads to solution of y = cje™ + cpe™"™ where m is real.
Now to satisfy y(0) = y (L) we must have

c1+cr=cre™ 4 cpe (D

and to satisfy y' (0) =y’ (L) we must have, since y' (x) = cyme™ — come™™" that

L mL

cym—com = cyme™ — come™

Since A # 0 in this case, then m # 0 so we can divide by m and obtain

L

c1—cy =c1e™ —cre M 2)

add (1)+(2) we have

2¢1 =2c1¢™ or ¢ = 1hence| mL=0 |orm =0 which contradicts our assumption that A # 0.

So| A < 0is not possible.

Now assume A >0 |, Hence y” + Ay = 0 and characteristic equation is m> + A = 0 or m> = —A,

since A > 0, then m is complex,, hence m = +iv/A and this leads to solution of (by letting B = \/I)

y=cysinBx—+cycosfx

Now to satisfy y(0) = y (L) we must have

¢y =cysinBL+cycos BL
c2 (1 —cosBL) =cysinBL
(1 —cosBL)

sinfBL )

Ccl1 =

10



and to satisfy y' (0) =y’ (L) we must have, since

y (x) = ¢1B cos Bx — ¢ B sin Bx

that
c1f=ciBcosBL—cyBsinBL 4
Substitute (3) into (4) we have
(1—cosBL),  (1—cosPL) _
2 snpL B=c snpL BcosBL—cyBsinBL

(1 —cosBL) (1 —cosBL) : B
c2< sin BL V- sin BL ﬁcosBL—l—ﬁsmﬁL)—O

Since v/ # 0 the above becomes

2 ((1—cosBL)— (1 —cosBL) cos BL + sin’ BL) =0

Now ¢, # 0 else this makes ¢; = 0 also and we obtain trivial solution. Hence we must have

(1—cosBL) — (1 —cosBL)cos BL+sin? BL =0
(1—cosBL) — (cos BL—cos? BL) +sin* BL =0
1 —cos BL — cos BL+cos® BL+sin> BL =0

I

1 —cosBL—cosPBL+ (cos2 BL+ sin? BL) =0

2—2cosBL=0
Hence
cosBL=1
or
BL=2nxr n=1,2,3,...
Hence

2 2
zn:(ﬂ> n=12,3,...
L

Hence the eigenfunctions are v, (x) = sin f3,x and u,, = cos B,x

For Ay =0,v; (x) =0andu, =1 —| yo(x)=1

s 2nm 2nrw s 2nm 2nw
For A1 =1,2,3,--- — vy (x) = sin /" x and u, = cos <% x — y, (x) = ¢ sin #Fx+ cacos < x

this is a plot of few eigenfunctions v,,u, and the complete solution y, = u, + v, for first few
eigenvalues

11
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Eﬂ.ﬂ')z

A[m_] == ( I

v[x ,n ] : Sin[ Al[m] j‘i]

uflx , 2 ] : E:::s[ Alm] }i]

Pl = Table[v[x, n], {n, 1, 3}]:

p2 = Table[u[x, n], {n, 1, 3}]:;

t = Table[A[n], {n, 1, 4}] // N;

t2 = Flatten[Append [{1}, t]] // N;

21 = Plot[pl, {x, 0, L}, AxesLabel -+ {"x", "yn(x)"},
PlotLabel -+ "First 4 S5in eigenfunctions -y''=Ay with

22 = Plot[p2, {x, 0, L}, AxesLabel - {"x", "yn(x)"},
PlotLabel -+ "First 4 Cos eigenfunctions -y''=Ay with

GraphicsRow|[{=sl, s2}]

p3 = Table[v[x, n] +ul[x, n], {n, 1, 3}];

Plot[{1, p3}, {x, 0, L}, AxesLabel - {"x", "yn(x)"},

PlotLabel -+ "First 4 yp(x) solutions to -y''sAy with pe

First 4 Sin eigenfunctions —v"=\1y with periodic B.C. First 4 Cos eiget
A,,=[39.4784. 157.914, 355306, 631.655) A, =[39.4
¥nlx) Vrlx)
1.0}
Out[183}= 0.1
X
035}
10}

13

First 4 y,(x) solutions to —v"=Ay with periodic
1.=11 394784 157914 355 306 631 655!
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