EE 409, Linear systems. California State
University, Fullerton. Spring 2010

Nasser M. Abbasi|

Sprlng 2010 Compiled on January 31, 2019 at 3:01am [public]


mailto:nma@12000.org




Contents

[2__cheat sheets|

[3.7.1  Problem 1 (problem 6.10 intext){. . . . ... ... ... .........

[3.7.2  Problem 2 (problem 2.2 part (c) in textbook) . . . . .. ... ... ...

[3.7.3  check what is wrong version

of solution and delete| . . . . . . ... ..

[3.9 extra problem. verification of class problem|. . . . . ... ... ...

39.1 Problemf...........
[3.10 Verification of example 3.9.3 in book]
[3.11 Key solutions to some problems| . .
[3.11.1 HW 45and 6 key|. . . . . .
[3.11.2 HW 8and9key|. . . . . ..
Bil3 HWIi0key .........




4 _Exams|
M1 Firstexaml . .. ... ... ...
[4.1.1  Questions| . . . . . . .. L
[4.1.2 mysolution| . . . . ...
42 Secondexaml . ... ... .. ...
[4.2.1  Questions| . . . . . . ...
[4.2.2 mysolution| . . . . ...
M3 Finalexaml . . . . ... .. ...
[4.3.1 Questions| . . . . . . .. L

[4.3.2 mysolution| . . . ...




Chapter 1

Introduction

I took this course in spring 2010 to help me review linear systems again.

Good useful course and Professor Grewal was a nice and good instructor. He worked many
examples in the class which was very useful.

= EGEE 409 - Introduction to Linear Systems

First E 1of1 |I| Last
Section

01-DIS(11847] Status o)
Session  Regular

Days & Times

Room Instructor

TuTh 4:008M - Si15pM |CS 402 - Special

Instruction

Meeting Dates

Mahinder Grewal ‘1.-"23.-"2010 - 5f14/2010

Figure 1.1: class schedule

Kabari A Gabse
Kachurd A, Relert

Thied Viliden §
SIGNALS

AND
LINEAR SYSTEMS

Figure 1.2: Text book. Signals and Linear Systems 3rd edition by Robert A. Gabel and Richard
Roberts



CALIFORNIA STATE UNIVERSITY, FULLERTON
DEPARTMENT OF ELECTRICAL ENGINEERING

EG-EE 409 Introduction to Linear Systems SPRING 2010
Instructor:  Prof. M. S. Grewal Room 220
Telephone: 657-278-3874 mgrewal@fullerton.edu
FAX: 657-278-7162 www.ecs.fullerton.edu/~mgrewal
Prerequisites: EE 309, EE 308 “Te The

Office Hours: MW 4:30-5:30 PM, Tu 3:00-4:00 PM

Text: Signals and Linear Systems (Gabel & Roberts, John Wiley & Sons)
References: Continuous & Discrete Signal & System Analysis
(McGillem & Cooper, Holt, Rinehart & Winston, 1984)
Signals, Systems, & Controls (Lathi, Harper & Row, 1974)

COURSE OUTLINE
CHAPTER | TOPIC

1 Introduction, classification of systems
Assignment: Section1.1-1.5

3 Continuous time systems, frequency response, impulse function convolution, state
space methods for system analysis and realization, stability
Assignment: Section 3.1 - 3.11

EXAM # 1: March 4, 2010 /ﬂ)uﬁd{aﬁ, )

6 Application of Laplace transform, analysis of signal flow graphs, system simulations
using canonical, phase variable (cascade form) Jordan operational amplifiers.
Assignment: Section 6.6 - 6.12, handout

) Discrete time systems, difference equations, state space analysis of discrete time
systems, time domain simulation, design of discrete time systems.

Assignment: Section 2.1 -2.16
EXAM # 2: April§, 2010

4 The Z-transform, convergence, design and realization in Z-domain.
Assignment: Section 4.1 - 4.8, handout

5 Discrete time Fourier transformation, classification of signals, sampling.

GRADE
Mid Term #1 March 4, 2010 20 %
Mid Term #2 April 8, 2010 20 %
Homework * 5%
Final Exam (See Schedule) 55 %

*Late homework will not be accepted*
*+ grades will be given

Figure 1.3: syllabus
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Chapter 3

HWs

3.1 HW 1

Date due and handed in Feb. 11,2010

3.1.1 Problem 3.5

35.  Solve the following differential equations.
(a) (D* + 8D* + 16)y(1)] = —sint

. sin t
Answer: y(t) = ¢,c0s 2t + ¢,sin 2t + c3t €OS 2t + c4t Sin 2t — 5
dy| _dhye|  _
() (0°—2D*+D - 200] =0 ¥O =" =

1 ) .
Answer: y(t) = 3 (2e* 4+ 3 cost + sin t)

© (=Dl =7 g :
—2 J3t SO
Answer: y(t) = ¢, + c¢' + e €3€08 == tea—s— |3

Figure 3.1: Problem description

Part a

Let L = D*+8D?+16 and let L4 = D? + 1. Sincel| L4 [~ sin t] = 0, then the differential equation
can be written as

La[L[y(®)]]
(D* +1) (D* + 8D* + 16)
(D*+1) (D* +4) (D* +4)

0
0
0

Ls[-sint] = (D* +1) (—sint) = (D (D (~sint)) — sint) = (D (- cos ) — sint) = (sint — sint) = 0
11
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Hence the characteristic equation is

(r2+1) (r2+4) (r2+4) =0

And the roots from the particular solution are r; = j and r, = —j and the roots from the
homogeneous solution are +2j and +2j, which we call r3 = 2j,ry = —2j and rs = 2j and
re = —2j. Hence
Yy (t) = cie Mt et
and
yp (t) = c3e™" + cue ™™ + cste ! + cote !
Hence

yp (t) = cret + coelt
=cy(cost —jsint)+ cy(cost + jsint)
= (c1 + cz)cost + (jey — jey)sint
=Cicost+ Cysint
Where C; = (¢1 + ¢2) and Cy = (jeo — jep)
and
yn (t) = cse " + cye¥t + cste” V! + cote!
= c3(cos 2t — jsin 2t) + ¢4 (cos 2t + j sin 2t)
+ cst (cos 2t — jsin 2t) + ¢4t (cos 2t + j sin 2t)
= (c3 + ¢c4) cos 2t + (—jcs + jeg) sin 2t + (cs5 + cg) t cos 2t + (—jcs + jcg) t sin 2t
= (C5cos 2t + Cy sin 2t + Cst cos 2t + Cyt sin 2t
Where Cs = (¢35 + ¢4), Cy = (—jes + jea) , Cs = (cs5 + ¢6), Cs = (—jes + jcs)
Hence we have

Yp Yn

y(t) = Cycost + Cysint + Cs cos 2t + Cq sin 2t + Cst cos 2t + Cyt sin 2t (1)
To determine C; and C;, we insert y, () into the ODE and obtain
(D4 +8D% + 16) yp (t) = —sint
(D* + 8D* + 16) (C1 cost + Cysint) = —sint
C1 (D4 +8D? + 16) cost + C; (D4 +8D% + 16) sint = —sint (2)
But D*(cost) = D3(—sint) = D*(—cost) = D(sint) = cost and D?(cost) = D(—sint) =

—costand D* (sint) = D3 (cost) = D?(—sint) = D(—cost) = sintand D? (sint) = D (cost) =
—sin t, hence (2) becomes

Ci(cost —8cost+16cost)+ Cy(sint —8sint + 16sint) = —sint
(C1 —8C1 +16Cy)cost + (Cy —8Cy + 16Cy) sint = —sin ¢
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Hence by comparing coefficients, we see that

Cy —8Cy +16C, = —1
C:1-8C1+16C; =0
Or
9C2 =-1
9C1 =0

Hence C, = %1 and C; = 0, therefore the particular solution is

Yp (t) = Cycost + Cysint

-1
= —sint
9

Substitute the above into (1), we obtain

—sint
9

y(t) = + C3 cos 2t + Cy sin 2t + Cst cos 2t + Cgt sin 2t

Which is what we are required to show. Book uses different names for the constants I used.
This can be easily changed: Let C5 = Cy, Let C4 = Cy, Let C5 = C3 and let Cs = Cy4, the above
can be written as

sint
y(t) = C1cos 2t + Cy sin 2t + Cst cos 2t + Cyt sin 2t — 5

Part b

We need to solve (D* — 2D? + D — 2) y (¢) = 0 subject to the initial conditions y (0) = y’ (0) =
y” (0) = 1. The characteristic equation is

rP=2rf+r-2=0

By trial and error, we see that

(r—2)(r2 + 1)

=r—2rf+r-2

(r=2)(r=j+)

Therefore, the roots are r;y = 2,r, = j,r3 = —j, hence the solution can be written as

y(t) = cre" + cpe™ + cze”™!
= cleZt + czeﬂ + 03e_ﬂ
= cie?! + ¢, (cost + jsint) + c3 (cost — jsin t)

= c1e®" + (¢ + c3) cost + (jey — jes)sint



Let ¢, + ¢c3 = Cy and let jc, — je3 = Cs, the above can be written as

y(t) = Cie’t + Cycost + Czsint

14

(1)

Now to find the constants C; we apply the boundary conditions. The first boundary condition

y(0) = 1 yields
y(0)21:C1+C2

Now
Y () = 2Cre* — Cysint + Cscost

And the second boundary condition y’ (0) = 1 yields
y,(O) =1=2C +GC;

and
y” (t) = 4C1e? — Cy cos —Cs sin t

and the third boundary condition y” (0) = 1 yields
y” (0) =1= 4C1 - Cz

So we have 3 equations to solve for Cy, Cy, C3. Add (2) and (4), we obtain 2 = 5C;, hence

2
C=-
75
Hence from (2) we obtain C; = 1 — %
3
Cy,=-
*75
and from (3) we obtain
C3=1-2C, = 1—§,hence
1
Cy = -
75

Hence the solution is from (1) is found to be

y(t) = Cie? + Cycost + Cysint

2 2 3 1 .
= —e" +—-cost+ —sint
5 5 5

= % (ZeZt +3cost + sint)

Which is the answer we are asked to show.

()

()

(4)
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Part(c)
The ODE is
(D*=D) y(r) =1*
Hence L = D* — D and L4 = D’ since D* (t*) = D*(2t) = D (2) = 0, then the above ODE can

be written as
D*(D*-D)y(t)=0

And the characteristic equation is

Hence, for the roots that are related to the particular solution are r; = r, = r;3 = 0.

And the roots that are related to the homogenous solution are r4 = 0 (notice now that this root
is repeated 4 times now), and the roots of (r* — 1) = 0 which are the cubic roots of unity and
can be found as follows

r-=1
r32627r]
2
r=es/

Hence the 3 roots of unity are 1, e , e , therefore the first root of unity 1, and the second

root of unity is e 37 = cos (¢7) + jsin () = -1 + j1v/3and the third root of unity is el =
cos( ) +]sm(4 ) :—%—jéx/g

i e

Hencers = 1,r¢ = —% +j5.r7 = — j~ » in otherwords, the solution is

Yp(t) Yn(t)

y(t) = cre + cote™ + cat?e™ + cqt’e™! + c5e’! + coe”! + i’

We now substitute the values of r; we found and obtain

un(8) yn(t)
P
—_—
—15133); _1 5133
y(t):c1+czt+C3t2+c4t3+c5et+cée( 22 ) +C7€( 2702 )
lt ﬁ _lt _jﬁt
:c1+c2t+63t +c4t +cse +cee 2'el2 2°e /2
2 3 t o, Lt i _j¥3,
=1+ cot + 31" + c4t” + c5e +e 2! 2"+ cqe 2
3 V3 . V3
:cl+c2t+03t2+c4t3+05et+e 2 (c6 cos—t+]sm7t + ¢y cos7t—jsm7t
Hence

1 3 3
y(t)=c1+cot + c3t? + ¢yt + csel + e 2! ([06 + ¢7] cos 71‘ + [jes — je7] sin 71‘)



Let [cs + ¢7] = Cg and let jcg — je; = C; the above becomes

yn(t)

yp(t)
—

2 3 t, L 3 . V3
y(t) =c1+cot +c3t” +cqat” +cse’ +e 2 Cécos7t+C7sm?t
Now plug y, (t) back in the original ODE we obtain

(D*=D) y, (t) = t*

(D4 — D) (01 + cot + 03t2) = ¢?

D* (1 + cot + c3t?) = D (c1 + cat + c3t?) =12
D?(cy + 2¢c3t) — (¢ + 2c5t) = t2

D?(2¢3) — (¢ + 2c3t) = t2

—(cy + 2c3t) = 12

Hence we see that ¢; = 0 and ¢3 = 0, then (1) simplifies to
y(t)=rc1 + cat + csel + e (C(, cos 731‘ + Cysin ;t)
To find ¢4, we substitute y (t) found above, into the ode, hence
(D* = D) y(1) = 1*
(D4 - D) c1 + cat® + csel + e ? (C6 cos ?t + C7 sin ?t)] =0

Now, since we only care about finding ¢4, we can just apply D on that, hence

D'[tet 4| =D[ - test®+ ] =82

D[ t3est? 4] = [+ 3cat 4|

D*[---+6eat+--]— [+ +3cat’ +---] =t
Dl 46es+]— [ +3ct 4]

B N

By comparing coefficients, we see that ¢4 = —% then (1) becomes
V3 3
y(t) =c; +cse’ + e Cg coOs ?t + Cysin 7t - §t3

Which is what we are asked to show.

3.2 HW 2

and HW3 combinedand HW3 combinedand HW3 combined and HW3 combined

Date due and handed in Feb. 18,2010

16

(1)

()



3.2.1 Problem 3.8

17

Find the impulse response of the following systems defined by the following differential equa-

tions. Verify your answer

Part a
(D*+7D+12) y(t) = u(t)

Answer

The impulse reponse h (1) satisfies the homogenouse part of the differential equation under the

initial conditions A (0) = 0, ' (0) = 1.
Hence we solve the following
(D*+7D+12) h(t) =0
The charateristic equation is 72 + 7r + 12 = 0 or (r + 4) (r + 3) = 0, hence
h(t) = (cie™ + coe™) E(t)
Where & (1) is the unit step function. Now find ¢; and ¢, from initial conditions
h(0)=0=c+c
and

W (t) = (=3cie™ —dege™) E(t) + (cre™ + c2e™™) S (2)
K (0) =1= (—36‘1 - 402) + (C1 + Cz)
1= —201 - 302

From (3) and (4), we solve for ¢y, ¢,
1 = 1
Cy = -1

Hence h (t) from (2) becomes
h(t) =(e 3t —e 4t)E(2)

Now we verify this solution (note that & (¢) = § (1))
W)= (-3¢ +4e) E@) + (e —e™) 5 (p)
W (t) = (-3¢ +4e™) £(b)
And
B (t) = (9¢7 —16e™*) £(£) + (-3¢ + 4e™*) 5 (1)
= (9e7 —16e”) E() + (=3 +4)5 (1)
= (9e7" —16e7*) E(H) + 5 (2)

(1)

(2)

3)

(4)

©)

(6)

(7)
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Substitute (5),(6) and (7) into LHS of (1) we obtain

(D* + 7D +12) h(t) = b (t) + 7TH () + 12k ()

= (97 —16e7") E(t) + 5 (1) +
7 (=3¢ +4e7) £(t) +
12 (e—St _ e—4t) ég(t)

= (9¢7" — 1667 — 21e7* + 28 + 12¢77" — 12¢7H) E(H) + 5 (1)
=[(9-21+12)e + (=16 +28 —12)e ]| £E(t) + 5 (1)
=4(1)

Hence we see that when the input is J (¢), then the solution is h (¢), which is the definition of
h (t). Hence the solution is verified.

Part d
(D* +6D*+ 12D + 8) y (t) = u(?)
Answer

The impulse reponse h (¢) satisfies the homogenouse part of the differential equation under the
initial conditions A (0) = 0, A’ (0) = 0,h” (0) = 1

Hence we solve the following
(D*>+6D*+12D +8) h(t) = 0 (1)
The charateristic equation is ° + 6r2 + 12r + 8 = 0 or (r + 2) (r + 2) (r + 2) = 0, hence
h(t) = (cle_Zt +cpte™? + 03tze_2t) E(t) (2)
Now we find unknown ¢’s. We start from h (0) = 0 and obtain
h(0)=0=¢
Hence the solution becomes

h(t) = (czte_Zt + 03t2e_2t) E(t)
W (t) = (cat (—Ze_Zt) + coe” %!+ et (—Ze_Zt) + 203te_2t) E()+ (czte_Zt + 03tze_2t) 4 (1)
= (—ZCzte_Zt + cpe 2t — 2cst?e7? 4 203te_2t) E()

And from k’ (0) = 0 we obtain
0= C2



19

Hence the solution becomes
h(t) = (cst’e™) £(t)
W (t) = (2cste ™ — 2c5t’e™) £ (t) + (cst’e™) 8 (1)
= (2c3te_2t - 203tze_2t) ()
K (1) = (2036_2t — 4este”® — deste + 403tze_2t) E()+ (2C3t€_2t — 203t2e_2t) d(t)
= (2c3e™% — deste™ — deste™ + dost’e ) £ (1)
And from h” (0) = 1 we find that

h” = = 2C3

C3 =

N | = =

Hence the final solution is
1
h(t) = (Etze_Zt) £(t)

To verify, we need to evaluate h”’ (t) + 6h” (t) + 12k’ (t) + 8h (t) and see if we obtain J (t) as
the result.

W (t) = (te™® —tPe™) E(t) + (%tZe_Zt) 5(1)
— (te—Zt _ t2€—2t) g(t)
And

B (t) = (e7® —2te™ —2te™ + 2t%™%) (1) + (te™® — t%7%) 5 (1)
= (e7® —ate™ + 2t%e7H) £ (1)

And
R () = (—2e7 —4e™ + 8te ™ + 4te™® — 4te™) E(t) + (e —ate™ + 2t%7%) 5 (1)
= (—6e7 2 + 12te™* —at?e™) E(H) + 5 (1)
Therefore, LHS = h"’ (t) + 6h” (t) + 12K’ (t) + 8h () becomes
LHS = (—6e™% + 12te™® —4t’e™*) E(t) + 5 (t)
+6 ((e_Zt — 4t + 2t2e_2t) (1))
+12 ((te™ — t%e7%) £(1))

+38 ((%tze_m) g(t))

=e 2 (-6+6)+te P (12-24+12)+t%e ¥ (—4+12-12+4) + 5 (t)
=46(t)

Hence we see that when the input is § (), then the solution is h (¢), which is the definition of
h(t). Hence the solution is verified
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Part e
(D*+6D*+ 12D +8) y(t) = (D - D u(t)

Note: There is a typo in the textbook. The problem as shown in the text had the number 4 in
the above equation when it should be 6. I confirmend this with our course instructor. I am
sloving the correct version of the problem statment as shown above.

We start by finding the impluse response for the system (D? + 6D* + 12D + 8) y (¢) = u(2),
which we call A (t), then find the required impulse reponse using

h(t)=(D-1)h(t)

However, the impulse reponse of the above was found in part (d), and it is
A Lo o
o= (5 e
Therefore the required reponse reponse is
1
h(t)=(D-1) (Etze‘”) £(t)
1 1
= (te™ -t ) E() + (Etze_Zt) 5(t) - (Etze‘”) E(t)
ot 3.2 o
= (te —Et e )§(t)

Therefore

h(t) = (te‘2t - gtze_Zt) £(t)

Now we need to verify this solution.

W (t) = (7 — 2te™ — 3te™® + 3t%™%) £ (t) + (te_Zt - gt2e_2t) 5(t)
= (e7® —5te™® +3t%™%) £(t)
And

B’ (t) = (—2e7% — 5e7% + 10te ™ + 6te™ — 612 ™) £(t) + (e7* — 5te™ +3t%e™%") § (¢)
= (—7e? + 16te™* —6t%e™) E(1) + 5 (1)

And

R (t) = (14672 + 167 — 32te™® — 12te™ + 12t%e™) & (¢) + (7™ + 16te > — 6t ) 5(t) + & (1)
= (30e™% —44te™® + 12¢%7) E(t) - 75 (1) + &' (1)



Now using the above, we evaluate the LHS of the ODE, we obtain

LHS = (D* + 6D* + 12D + 8) h(t)
= 1" (t) + 6h" (t) + 12K (t) + 8h (2)

= (30e™% —4dte™® + 128%7%) E(t) - 75 (1) + & (b)
+6 [(—7e7 +16te™ —6t%e™) E(t) + S (1)]
+12 [(e7 = 5te™® +3t%7¥) £ (1)]

(te—Zt _ ;tZe—Zt) g(t)]

+8

=e (30 —42+12)£(t)

+te (=44 + 96 — 60 + 8) £ (t)
+t2e (12 - 36 + 36 — 12) £ (1)
-5()+ 8 ()

= e 21 (0) + te™2 (0) + t2e 2 (0) = 5 () + & (1)

=5 {)-5(t)

But the RHS is (D — 1) § (t) which is & (t) — 6 (¢). Hence LHS=RHS, hence verified.
and HW3 combined

3.3 HW 4

Date due and handed in March 18,2010

3.3.1 Problem 3.23 (a)

Write the state variable equation for the following
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}* ¥ (6 yilt
~ 1 1)
ARG W i L y(1)
"/ .
e 1
ul(t) ——e p —~ b

Figure 3.2: System description

Solution

Let x; (t) and x5 (t) be the state variables. Hence from the diagram we see the following

xp(t) = ax; () +u(t)
x5 (1) = bxp () + u(t)

And
y (1) =x1(t) + x2 (1)
Hence
A B
—_—— ——
xq (1) a 0\ [x1(¢) 1
o) o) () o
c
x1 (t)
v =(1 1) (Xz <t))
3.4 HW 5

Date due and handed in March 18,2010
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3.4.1 Problem 3.23 (a)

3.27. For the block diagram systems shown below, find

(a) The matrices (A, B, C, D) of the state-variable description.
(b) The matrix e*’.
(c) The matrix (jol — A)~ 1.
(d) The frequency-response function, with a sketch of the amplitude and
phase responses.
(e) The impulse-response function, with a sketch.

ylt)
u(t) h () f‘ ft @ y(t)
o L
@

Figure 3.3: Problem description

Part(a)

Labeling the output from the branches as follows



Figure 3.4: Problem description part(a) labeled

Then the differential equation becomes
Y = u—2y; = 26y,

While the output equation become

y = 29y,
Let x; = y;
=% _ X1 =Y =x2
X2 = Y xé=y;/=u—2y;—26y1:u—2x2—26x1
Hence
A B
f 0 1 0
HE NPT
Xé -26 -2 X2 1
,-_JCH D
X1 —
y(t) = (29 o) + 0) u(®)
X2
Part b

To find e use the eigenvalue approach. Find find |A — AI|

o 2 e

Now solve —A (=2 — 1) + 26 = 0 or A2 + 21 + 26 = 0, which has solutions

|A— Al = = —A(=2—-2)+26

/11:—1+5j
/122—1—5]'

Hence we have the following 2 equations to solve for f, and f;

M = By + M1y
ellzt = ﬂo + /12ﬁ1

24



Solving we find
_t 1.
Bo=e cosSt+gsm5t

1
1= ge_t sin 5t

Hence
e = By + pLA
_t 1 . 1 0 1, . 0 1
=e cos 5t + —sin 5t + —e “sinb5t
5 0 1 5 -26 -2
_¢ [cos 5t + % sin 5¢ % sin 5t
=e
_T%sin 5t cos 5t — %sinSt
Part c

To find matrix (joI — A)™

Hence

jo+2 1 jo+2 1
—-26 jow —-26 jw

-1
Jjw -1 _
26 jo+2]  (jo)(jo+2)+26 —w?+ 2w+ 26

_ 1 jo+2 1
C —? +2jw+26| —26 o
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Part d

To find the frequency response function. Assuming zero initial conditions, from equation 3.10.4
in the book

H(jo) = C(jwl —A)™'B

1 jw+2 1)\ (o
(29 0) -
—w? +2jo+26\ =26 jw|\1

1 1
- (29 0)
—w? + 2jw + 26 jo

29
—w? + 2jw + 26

Hence

. 29 29

IH (o)l = —w? + 2jo0 + 26| ;
\/(26 — w?)" + 4w?
And phase is
arg (H (jw)) = arg (29) — arg (—® + 2jw + 26)
= —tan"!
26 — w?
Part e

The state solution is

x(t) = JeATBu (r)dr
0

and
t

y(t)=Cx(t) = JCeATBu (r)dr
0
Hence, let u () = 6 (t), then

h(t) = Ce*'B

B _¢ [cos 5t + % sin 5t % sin 5t 0
= (29 0) e % )

= sin 5¢ cos 5t — % sin 5t

_t %sin 5t
=e (29 0) 1 .
cos 5t — 5 Sin 5t

=e! (% sin St) E()
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3.5 HW 6

Date due and handed in April 6,2010

3.5.1 Problem 3.25

Write state variable description of the following 2 systems. For what values of k will the system
be stable?

[FEh

Figure 3.5: Problem description

part(a)
This system has 2 integrators, hence it is of order 2. Hence we need 2 state variables. Assign a
state variable as the output of each integrator
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Mk
Figure 3.6: part(a) system with labels

Hence

xp = -3x1 + up + xp

Xy = Xz + kxy + up

and y = x1,Hence

A B
—_—— —_—
x] -3 1) [x; 1 0\ [uy
= +
X kK 1] \x 0 1) \u
C
—
X1
=(1 0
= (1 0)(7)

To find what values of k the system is stable, the eigenvalues of the A matrix are found and
the K range which makes these values negative is the range of value needed.
-3-1 1
A-A| = =1-)(-3-1) -k
A=Al ( Ll A) (1-1)(-3-1)
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Hence the characteristic equation is
AP +20-k-3=0

and the roots are

M=-1+Vk+4
Ay=-1-Vk+4

consider A;. For this root to be stable, then Vk +4 < 1or k < -3

consider A,. This root is stable for any value of k since when k + 4 < 0 then it is stable since
real part is already negative, and when k + 4 > 0 then it is stable also.

Hence we conclude that the system is stable for k < -3
To find the ODE:

From x| = —3x; + u; + X, we obtain x{" = —3x] + u] + x;. Substitute the value of x/, from above,
we obtain x| = =3x] + u] + x3 + kx1 + up, but x, =.x] + 3x; — uy, hence

x] = =3x]+u] +x] +3x1 —ug + kxg +up

==2x]+x1(3+k)—us +uj +up

since x; = y we obtain
" o_

v '==2¢ +y(3+k)—u +uj +uy

Part(b)

This system has 2 integrators, hence it is of order 2. Hence we need 2 state variables. Assign a
state variable as the output of each integrator

1
ol

Figure 3.7: Part(b) system
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Hence
, 3
X, = —le + U+ x2
3
X, = —=x3 + kx
2 4 2 1
and y = x1,Hence
A B
—— —
x/ =3 1)\ [x 1
x; k=3 \x 0
C
—
X1
y= (1 0) (
X2

To find what values of k the system is stable, the eigenvalues of the A matrix are found and
the K range which makes these values negative is the range of value needed.

RANSRERIEEE

Hence the characteristic equation is

A=Al =

3 9

P+Zdl—k+—=0
2 16
and the roots are
3
/11 :_Z_ k
3
).2:—24' k

For A;, all values of k will result in stable root. For A,, Vk < % ork < % ork < 0.5625
Hence k < % or k < 0.5625 is the range of k for stability.

To find the ODE: From x| = —%xl +u; + X2, we obtain x|’ = —%x{ +u; + x; Substitute the value
of x; from above, we obtain x| = —%xi +uj - %xz + kxy but x; = x] + %xl — u1, hence

3, , 3(, 3
——x;+uyp——|x]+-x1 —u| +kx
41 1 4(1 41 1 1

4
X1

& + U] S 2 +3 +k
=——x]t+u]—-x]—-—x1+-u X
41T T et T gt !

3 9 3
f k——|+u]+-u
2 16 4

I
|
|

=

+
=

since x; = y we obtain

I/+ 4 k 9 /+3
—y - ——|=uj+-u
y T3y~ 16 1T



3.5.2 Problem 2

3.28.  Consider the following state-variable svstem:

a1t

dt 0 1 xln) 0
, = . . - Wi
WXl 2 _'IJ Kl ]

.'4'!-

. a0 | .
i) = [y 4] Bl [uir
x40

la)  Find the matrix (jwl — A) L

(hl Find the matrix e

(¢} The amplitude-response function far the svstem is shown below,
Determine ¢y, ¢35, and 4.

|H( jeal |

() Find the impulse-response function hit),
e Is thus svstem stable?

Figure 3.8: Problem description

part(a)
A B
—_—~— —
X} [0 1) [x N 0 y
) \-2 =3[ \x) |1
C
—_—
y—(Cl Cz) (2)“‘[‘1] uy

31
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Hence

-1
. 1 Jjow -1 _ 1 jo+3 1
ol =4) (2 ja)+3) _(ia))(ja)+3)+2( 2 ja))

~ 1 jo+3 1
0?4 3jo+2| -2 o

part(b)

To find e’ use the eigenvalue method.

-A
-2 -3-2

|A—AIl = =12 +31+2

Hence the roots of A2 + 31 + 2 = 0 are found to be A; = —1 and A, = —2. Hence the 2 equations
to solve are

e’llt = ﬁo + ﬂ1/11
¢’ = By + Biks
or
e’ = fo—p
e = Bo — 2
Solving we obtain

Bo = 2¢" — o2t

ﬁl — e—t _ e—2t
Hence

eAt = ﬂoI + ﬁlA

(2 - o) (; g) (et e ( )

Hence
" (ze—t _ e—2t) (e—t _ e—2t)

¢ = (—2 (e'—e®) —e'+ 2e'2t)



part (c)

First need to find H (jw). We start from the system equations
x' = Ax + Bu
y=Cx+Du

Let u = ¢/“!, hence the state particular solution is
xp (1) = X (jow) &

And '
yp (t) = H (jw) e

From (1) and (3) , we obtain
joX (jw) &' = AX (jw) e’ + Be/*!
jwX (jw) = AX (jw) + B
(joI —A)X (jo) =B
X (jw) = (jol - A)™' B
and from (2) and (4) we obtain
H (jo) ¢’ = CX (jw) /" + De/®*
H (jw) = CX (jw) + D
Substitute (5) into the above
H(jw) = C(jwl —A)'B+D

From part(a) we found (jwI — A)™*, hence the above becomes

LN 1 Jo+3 11/0
H(’“)_(Cl cz) —a)2+3ja)+2( -2 jco) (1)+d

1 0
=———((jw+3)c; -2 + ) +d
__(a+cjo)

—w? + 3jw + 2
_(a + jw) + d (—0* + 3jw + 2)
B —w? +3jw + 2

(c1 +2d — dw?) + j(c20 + 3dw)
(—w? +2) + 3jw

Hence
(c1 +2d — dw?) 2 1 (o0 + 3dw)?

H (jo)|* =
(—w? + 2)° + 92

d’w* + 5d%°w? + 4d? — 2dw’c; + 6dw’c, + 4dcy + a)zcg + cf

0wt + 502 + 4

33

(1)
(2)

©)

(4)

©)
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Now, from diagram, at v = 0 we have |H (]a))l2 =1, hence
1
1=d*+ deq + ZC% (6)
And at = 1 we have |H (jw)|* = 0 hence

10d? + 2dcy + 6dcy + cg + c%
B 10

Or
0 = 10d® + 2dc; + 6dcy + ¢ + c? (7)

And at w = —1 we have |H (jo)|* = 0 but this will not add new equation. So need to look at
the limit as 0 — o

2 9 2 2

BT S S P

|H(]a))|2_ W W W W ) W 2]
e

Hence we see that as w — oo, |H (jw)|* — d?, hence d = 0 since |H (jw)| — 0 in the limit. So
now we know d, we have 2 equations and 2 unknowns to solve for from (6) and (7). Re write
(6) and (7) again by setting d = 0 we obtain

1,
1=-c
41

(6)

0=c5+ct (7)

Hence c¢; = 2 and ¢, = 2j therefore, the system now looks like

A B
—_—— —
X1 0 1\ ([x 0
= + Ui
) \-2 =30 \x) 1
C

Part(d)
To find h (t), Let the input be § (¢), and find y (). From the system equation

t
yp (t) = ‘[CeA(t_T)Bu (r)dr
to
Let u(r) = d (t), so the above becomes
t
h(t) = JCeA(t_T)Bé (r)dr
to

= ceWB t>0



But we found ¢4*) in part (b), hence

part(e)

=2 2j) (_(22‘(3;:_6:2) t__:z_:_tz)t) ((1))

=27 —2e7% - 2j (e —2¢7%)

To check for stability

Hence

The roots are —1, —2 and since they are both negative, hence the system is stable.

3.6 HW 7

Date due and handed in April 13,2010

|A—AIl = ‘(:; _31_ A) = (=) (=3-1)+2

A +31+2=0

3.6.1 Problem 3.25

- 6.3.

A linear system is described by the following differential equation. This
system is forced with an input as shown in the graph. Find the output of the

system.
d?y(t)
dt?

3dy(t
WO o = u, ¥ =0, IO =1
dt :
l 2 — L 3
Answer: (e " — e 2)E(t) + 5 [1 —2e "1 4 o720 &t — 1)
Iu(t)
1
| | | t
|0 1 2 3
i T 1o o dce il iaoan DN ~ivrnen s

Figure 3.9: Problem description

y” (t) + 3y (1) + 2y (t) = u (1)

35
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Using the Laplace approach. First we note that the input is a delayed step input, hence u (t) =
&(t — 1) where £(t) is the unit step function. Laplace transform of a delayed unit step is

J§ (t—1)e"dt = Je‘”dt = @ =
0

s
1

Applying the Laplace transformation on the ODE gives

$2Y (5) = s/ (0) — ¢ (0) + 3sY (s) — y (0) +2Y (5) = —
s
=S
S2Y (s) = 1+ 3sY (5) + 2Y (s) = ——
s
e—S
Y(s)(s*+3s+2) —1=—
s
1 e’
Y(s) = + 1
(s) s2+3s+2 s(s2+3s+2) W
Considering the first term on the RHS of (1), calling it Y; (s) = m, and using partial fractions
gives
1 A B
Y; (S) = = +
(s+1)(s+2) s+1 s+2
A= li =1
s—gr—ll (S + 2)
B= 1l =—
s—1>n—12 (s+1)
Hence . .
Y; = -
s
Considering the second term on the RHS, calling it Y» (s) = s(s%;m and using partial fractions
gives
YZ (S) 1 A B C
= =—+—+
es s(s+1)(s+2) s s+1 s+2
1
A=lim ——— = -
G+ (+2) 2
B= 1l =—
s=>-1's (s+2)
) 1 1
C = lim = -
s—>-2s(s+1) 2
Hence

eSS 2s s+1 §s+2

Y. 11 1 1 1
2(5)_ +
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Therefore

Y(s) =Yy (s)+ Ya(s)
1 1 1e”s e’ 1 5
= - +|=— - + = 2)
s+1 s+2 2 s s+1 2s+2

The effect of e™* is to cause a time delay when finding the inverse Laplace transform.

eSF(s) > f(t-a)E(t - a)
Now, taking the inverse Laplace transform of (2) gives the solution
_ _ 1 (- | Y
y()=e " EM—e W+ SEE - - TIEE -1+ e TVEE - 1)

= (e - e_Zt) E(t)+ % (1 —2¢70D 4 e_z(t_l)) Eit-1)

3.7 HW 8

and HW9 combinedand HW9 combinedand HW9 combined and HW9 combined

Date due and handed in April 29,2010

3.7.1 Problem 1 (problem 6.10 in text)

, 6.10. Is the feedback system shown below stable if the gain g is zero; that is, with
no feedback? Plot the locus of poles in the s plane for the overall system

for both positive and negative values of g. For what range of g is the feedback
system stable?

(N 1
t z =
u(t) G(s) NG T y(t)

+

[ Gain |
L5 ]

Figure 3.10: Problem description
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Let E (s) be the Laplace transform of the error signal, then we write

E(s)=u(s)+gy(s) (1)
y(s) =E(s)G(s) )

Substitute (1) into (2)

y(s) = (u(s) + gy ()G (s)
=u(s)G(s) +gy(s)G(s)
y($)[1-9G ()] =u(s)G(s)
y(s) G

HO =6 " 1-460)

But G (s) = m, hence the above becomes

H(s) -
s) =
s—-1)(s+3)—g
Pole of H (s) is when denominator is zero. When g = 0, then the poles are s = 1 and s = 3.

Since one of poles is in the RHS plane (pole s = 1), then the system is unstable when g = 0.

In other words, system stability is determined by the plant stability itself. Since the plant itself
is unstable, then the overall system is unstable.

positive feedback
We found from the above what H (s) is.

1 1

H(s) = (s—l)(s+3)—g:sz+2$—(3+g)

The roots of the denominator of H (s) are

b 1 1
31,2:7iEVb2—4ac:—liE\/4+4(3+g):—li\/4+g
Hence
s=-1+4/4+g
82:—1—\/4+g

For s; to be stable, then /4 + g < 1 or4+ g < 1 or g < —3. For s,, it is always stable for any
value of g.

negative feedback
When using negative feedback, the overall system transfer function will come out to be

1 1

H(s) = -1 (s+3)+g s2+2s+(g-3)
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Hence the roots of the denominator of H (s) are

b 1 1
31,2:7iEVb2—4ac:—liE\/4—4(g—3):—1i\/4—g
Hence
s=-14+4/4—9g

S ==1—4/4—9g

For s; to be stable, then /4 —g < 1or4 —g < 1 or g > 3. For sy, it is always stable for any
value of g.

Conclusion: For positive feedback, system is stable for g < —3 and for negative feedback,
system is stable for g > 3

3.7.2 Problem 2 (problem 2.2 part (c) in textbook)
Solve the following difference equation
y(k +2) +y (k) = sink k>0 (1)
La=(1-¢€/S) (1-e7S7), hence
La[S*+1]y(k)=0
(1—€s)(1-e?ST") [S*+1] y(k)=0

The roots for y, (k) are r3 = e/ and ry = e/, hence yp (k) = cze/® + c,e77*. Substituting this into
(1) gives

36/ %) 4 eI K+2) 4 ook 4 e = gink
oIk ik

But sink = 2; hence
. . . . e]k —_ e_jk
36/t 4 0, eI K42 4 coelk 4 g e7IK = oY
J
ik 2 —jk -2 ik gk _ Lo b ik
cse’ e +ce e + c3e’" + che™! :;ej -5 J
J J
. . . . 1 . 1 .
ek (C3€2J +03) + ek (c4e_ZJ +cq) = z—je’k - Z—je_Jk
Hence
: 1
(6362] + C3) = 5
—2j 1
(046 + C4) = _2_j
or
; 1
C3 (1 + ezj) = 2—
J
Py 1
Cyq (1 + e J) = ——
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or
c3 = —_j
57T 2 (1 + e?)
C — ;
YT 2(1+ e ?)

Hence since y, (k) = cse’* + c,e™7% we now obtain

— + -
2(1+e%)  2(1+e%)

Yp (k) =

Therefore
y (k) =y, (k) + yn (k)

But yj, (k) has the auxiliary equation 72 +1 = 0, hence roots are r = +j hence yj, (k) = c¢1j* —cyj*
hence

y (k) = yp (k) + yn (k)
—jelk je~Ik

= =+ ik
2(1+e¥%) 2(1+e %)

+ et —cj

To find ¢; and ¢, we need initial conditions, which is not given. So we stop here. Hence

1+e % 1+e¥%

v =14 4 e

This can be simplified to

—jk 2j\ _ ik —2j
jle*(1+e¥) —e*(1+e¥) %
k)== - . + -
y( ) 2 ( (1 + e_2]) (1 + ezj) ] (cl CZ)
i eIk 4 pi(2=k) _ ik _ p=i(2-k)
jfe " +e e/ —e P
= — + —_
2( 2 + 2 cos 2 ) e =)
A (e7% = et + (ej(Z—k) _ e—j(Z—k))
=1 + 75 (e1 = c)
2 2+ 2cos2
j (—2jsink + 2jsin(2 — k) &
= — + -
2( 2 +2c0s2 e =)
j (—2jsink — 2jsin(k — 2) &
= - + —_
2( 2 +2cos 2 i le=er)
-1 (—2sink — 2sin(k — 2) K
= — + —_
2 ( 2 + 2 cos 2 i la-a)
Hence . k- 2)
1 (sink + sin (k — 2
k)= - + K (eq -
y (k) 2( 1+ cos 2 J (e —c2)
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3.7.3 check what is wrong version of solution and delete

Let E (s) be the Laplace transform of the error signal, then we write

E(s)=u(s)+gxy(s) (1)
y(s) =E()G(s) )

Substitute (1) into (2)

y(s) = (uls) +gy(s)G(s)
=u(s)G(s)+9gy(s)G(s)
y(s)[1-9G(s)] = u(s)G(s)
y(s)  G(s)

HO = 6 " 1-460)

But G(s) = Wl(sﬂ)’ hence the above becomes

H(s) 1
S) =
s=1)(s+3)—g
Pole of H (s) is when denominator is zero. When g = 0, then the poles are s = 1 and s = —3.

Since one of poles is in the RHS plane (pole s = 1), then the system is unstable when g = 0.

In other words, system stability is determined by the plant stability itself. Since the plant itself
is unstable, then the overall system is unstable.

positive feedback

We found from the above what H (s) is.

1 1

H(s) = (s—l)(s+3)—g:sz+23—(3+g)

The roots of the denominator of H (s) are

-b 1 1
31,2:7iEVb2—4ac:—1iE\/4+4(3+g)=—li\/4+g
Hence
s=-1+4/4+g
s2=-1-4/4+g

For s; to be stable, then y/4 + g < 1or4 + g < 1 or g < —3. For s, it is always stable for any
value of g.
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negative feedback

When using negative feedback, the overall system transfer function will come out to be

1 1
-1 (s+3)+g s2+25+(g-3)

H(s) =

Hence the roots of the denominator of H (s) are

-b
312_—+—\/b2 4ac = -1 2\/4 4(g-3)=-1++/4—g

Hence
s=-1+4/4—9g
s;=—1—4/4—¢g

For s; to be stable, then /4 —g < 1or4 —g < 1 or g > 3. For s, it is always stable for any
value of g.

Conclusion: For positive feedback, system is stable for g < —3 and for negative feedback,
system is stable for g > 3
Problem 2 (problem 2.2 part (c) in textbook)
Solve the following difference equation

y(k+2)+y(k)=sink k>0 (1)
La=(1-¢€S1) (1-e7S™"), hence

La[S2+1]y(k) =0
(1-€s™)(1-e”ST") [S*+1] y(k)=0

The roots for y, (k) are r; = ¢/ and r4 = e/, hence y, (k) = c3e/* + c4e™/* Substituting this into
(1) gives
c3e/ %) 4 e, eI k+2) 4 ook 4 e eIk = gink
ik
But sink = & ;}e ~ hence
‘ , ‘ gk _ gk
c3e/ ) 4 0, eI K42 4 ook 4o e IK = >
J
ik 2 —jk ~2j ik gk 1o b gk
cze’ e’ + cpe e + e +cgeN = —e — —e
2J 2J
i ) , ) 1 . 1 _
e (cse¥ +¢3) + e * (cue™ +¢y) = —elk — —¢ 7K
e+ ) + e (e 4 ) = S - L
Hence

; 1
(c3e¥ +c3) = %
; 1
(cse™ +¢4) = T
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Or
; 1
C3 (l + 62]) = 2-]
—2j 1
Cyq (1 +e ) = _2_j
Or
O N
T 2(1+ &%)
o
YT 201+ e7Y)
Hence since y, (k) = cse/* + cue 7 then

bp (k) = 2(0+ed)  2(1+e)

Therefore
y (k) = yp (k) + yn (k)
But yj, (k) has the auxiliary equation 72 +1 = 0, hence roots are r = +j hence yj, (k) = ¢1j* —cyj*

and

y (k) = yp (k) + yp (k)
T 2(1+ed)  2(1+e )

+ et — eof*

To find ¢; and ¢, we need initial conditions, which is not given. So we stop here.

Using initial conditions. Assuming zero initial conditions, we have at k = 0 that y(0) = 0,
hence

=J J
0= — + —+c1—¢C
2(1+e¥)  2(1+e%) ' 7
1-j(1+e¥) +j(1+e¥)
= - . . +c1— ¢
2 (1+e¥)(1+e%)
1 —je ¥ + je¥ .
=——————— 4+ —¢C
22+e%+ed) 77
1 2sin2 N
=————+¢;—c¢C
2(2+2cos2) °
1 sin2
=—————— 40—
21+ cos?2
Therefore .
-1 sin?2 2)
ci—C=————
! 2 2 1+cos2
*jk

Now at k = 1, y (k) = 0, hence from y (k) = —jelt

je k -k .
re) T agemy T —caft we obtain
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0= il + e~ +cij—cajf
2(1+e%) 2(1+e%) 7 7
1 —el N e’ N
= - - - c1—¢
2\ +e¥)  Q+e?)) 17
1 (—ej - e_j) + (e_j + ej)
= - . - +c1—c¢
2 (1+e¥)(1+e?) e
1 0 N
= - - c1—¢
22+e et C
Hence
C1 =0C (3)
(2)+(3) gives
1 —sin?2
2 = ~————
21+ cos?2
-1 sin2
cg=————
4 1+ cos?2
And )
1 sin2
Cg= ————
41+ cos2
Hence the final solution is
_ioik i —jk
je’ Je k k
k) = — + — +¢j —¢
y (k) 2(1+e¥) 20 +e) M T
o —je* je=ik 1 j*sin2 1 jksin2
C2(1+e¥) 2(1+eY) 41+4cos2 41+ cos2

and HW9 combined
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3.9 extra problem. verification of class problem

3.9.1 Problem:
Given y (k + 2) + %y (k) = iu (k+2)— }Lu (k) find the frequency transfer function H (e/*)

Answer

50
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I will use the Z transform as it is a little faster. Let Y (z) be the Z transform of y (k) and let U (z)
be the Z transform of u (k), we obtain from the above

22Y (z) + %Y(z) = %zzU(z) - %U(z)

Hence

Since the DTFT H (z) at the unit circle, then let z = ¢/“ in the above we obtain

. 1[-1+e%®
H(e?) = | 2228
4| 1 +e¥0
; 1, -2
:1 _1+e2]w)(§+e Jw)
1 2j 1 —2j
1 -2j 1,2j
:1 -5 —¢€ ]w+§€]w+l)
1, 1,2j0 4 1,2j
4\ 14 le2o 4 leio 41
1 %—(cosZw—jsinZw)+%(cos2w+jsin2a))
4 2 + cos 2w
12— 1Lcos2w+ 2jsin2w
_ 12> 2
4 2 + cos 2w
Hence L 3
. 5 — 5C0s2w) +j (5 sin 2w
5+4cos2w
Hence
2 (53— 3c0820)" + (3 sin2w)
|H ()] = 2
(5+4cos2w)
1,1 ,...2 1 9 win2
_ (3 + 7 cos?2w — 5 cos2w) + (3 sin® 20)
(5 + 4 cos 2w)*
1+ 1 cos? 20 — § cos 2w + 7 sin® 20
- (5 + 4 cos 2w)?
3 sin? @
~ 5+4cos2w
And

arg (H (¢/”)) = arctan (tan3(a>))

Please note, for the final 2 lines calculation above, I wanted to obtain the most simple result,
so [ used Mathematica to simplify.
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Here is a plot of the magnitude and phase frequency response from Mathematica: (this is a

bandpass filter).

h - 1 1+ Cos[2w]? - Cos[2w] +9Sin[2w]?
T a 5+ 4 Cos[2w] ?
Sin[w]?
5+4Cos[2w]

PlotLabel » TexteStyle["|H(el”|", 12], AxesLabel - {w, None}]

Plot [Sqrt[ ], {w, -Pi, Pi}, Ticks - {{-Pi, -Pi/2, @, Pi/2, Pi}, Automatic},

[HEe®|
1.0

0.8

0.2

N IS E

Figure 3.11: First plot

Plot [ArcTan[ ], {w, -Pi, Pi}, Ticks -» {{-Pi, -Pi/2, @, Pi/2, Pi}, {-Pi, Pi}},

Tan[w]
PlotLabel - Text@Style ["Ar‘g(H(ej“’) ", 12], AxesLabel - {w, None},
PlotRange » { {-Pi, Pi}, {-Pi, Pi}}]

Arg(H(e")
.

N}
N

Figure 3.12: second plot



3.10 Verification of example 3.9.3 in book

Verification of solution for example 3.9 .3 in book

In[1):=

by Nasser M. Abbasi

set up A matrix

(A= {{-1, -1}, {1, -1}3}) // MatrixForm

out{1}//MatrixForm=

In[2):=

ey

Find itseigenvalues

(ei gs = Ei genval ues [A]) // MatrixForm

out[2]//MatrixForm=

In[3]=

Out[3]=

Out[4]=

(273)

Set up the equationsto solvefor by and by

eql = Exp[eigs[[1]]t] ==b0+bl eigs[[1]] // Sinmplify
eq2 = Exp[eigs[[2]]t] == b0 +bl eigs[[2]] // Sinmplify

b0 - (1-i) bl = et

b0 - (1+1) bl == e-2-0)¢

Solve the above equations for by and by

inf14)= | O ear [bO, bl];

bo=e

bi=e

sol = First @eSol ve[{eql, eq2}, {bO, bl}];
b0 = ExpToTrig[b0 /. sol ] // Full Sinplify;
bl = ExpToTrig[bl /. sol] // Full Sinplify;
Print ["bg=", bO];

Print ["b;=", bl];

t (Cos[t]+Sin[t])

tSint)

Printed by Mathematica for Students
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2 \ check.nb

Now display et

(b0 % I dentityMatrix [2] +b1A) // FullSinplify // MatrixForm

out{21)//MatrixForm=

el Cos[t] -etlSinft]
etSint] e'Coslt]

Redo the solution, but change the b0 and b1 order, we obtain the solution given in class

Now display et

o= | (bl =xldentityMatrix[2] +b0OA) // FullSinplify // MatrixForm
Out[39]//MatrixForm=

-et Cos|[t] —e! (Cos[t]+Sin(t])
e! (Cos[t]+Sin[t]) ~et Cos[t]

Printed by Mathematica for Students
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3.11 Key solutions to some problems

3.11.1 HW 4,5 and 6 key

X Qxeds g
Xi)ya bt uft) >
G = x®+GE Ca{r 7

a-ls o] ool

‘b.o.

® ] k)
" QZ“J-’._‘?,ZCJ K aud £tt) st voltege
Gorens 4y Gapects G aud ¢
_ Cloufec il . i
Thua um“{'w§ hode df we ol -

# x,'(e)c, =0

EO-UB | o e
El

L&) -X @)
El
4= LB - @

+ KwG =0

)
N s L <L )\ L L
c,(z, Ex)(() * C,PL(‘&HC,E, 20}
)
2= L L) - L
Gt Cz?,,{z(“

)= %BY- GEt)

-128-

(323 et )
- L. 2 L.
4: " ce w2, §& ,5=/‘,lilj C= (c -]
z, s ° Deo
ey * E—GUU‘:A——{"“) K o He turrg,f
pudid B “
IA&)_ a0 ('_:')A’(f) Load 0 6 Hu ol
- Qeregs C
Tuas we Kare

R+ Lhe + 0 = we (b %‘w“i‘)
CA® = 6O (4ot agﬁ&}
4H= 4

[ A=[_f Ef] ‘3:["] L Celt o] e

L %

(3%) @ o Sglu ikl wedei A T sk, i
Skl 90 - &t (A-2I) <0 Las pwok ﬁwmfiz
Aeall Fuaks $o( tag chse ). ‘

A [S0] > -, nsp

-4 Sqstes St ,fﬂ Qco, beo
(Wa,b/ud)

12y -



( 8270t )

X = 2 + 9
Xt = ~X® ~ 4 U
Ky = - 20 + U(e

LS i e ted e

G(ay = dut(A-2r)<0 S D=z, =t K =1
Becque mem/eukJAmf‘ A g (mé

A= DE + N E + A,
Thake. e Waﬂwodgmawmébé/ € We
“ﬁwl‘M&MﬂtdetswaWm
the Jexct but & ; d st fo buni.
(st it Jomchon of a Wadeic LAy = (ST-AY Koy
we Loe ek fooun (285 ) |

1[’(4)= !l'h)ﬁ + #('ﬁl) Ez 4p(l’,b pJZ

o ﬁ(?\"h —5-‘—71 5 - L;

< ’)‘)z
T
Ay . L 1 [
(SI-A)" = Fary E + B f(s*h)’ 2
— -2 -9 o -t

Nows (31-—"“>’= [

o 14 12

-13¢-

(3-27 ot )
Stefeles -

A(t\,_—[
' ' 23 4 +
4l 2

xht g
.

-4

(b Chowe 1t aathe orctpct mafm#m/e&mlorud
X(*)aat(ucd-pufa\(’-lb (Affum‘ mkg{qﬁv‘ o we hoce
A= [_;»’1] ,B=[” ,C=[19 6] D=0
couduck (STAY' oud w<pand mfouhaﬂ

ﬁmm’s gr/ e poarthat fwu‘um

Qn - Af (A- P‘I) o > )—ISJ ,A=r+5)

2

SL.AY'_( I YT I
¢ % 3t2 Sflsfzc % 3

- s - .
s—(wsn!: 7%]+ 4—[7&‘ Yo
L SH S(-6;) | -2
® % g

S—_EA+—LEZ

56



(3.7 et )

ek £, :EF Et6,-T  E€, -0

Tus M. Mp 4ol é—f/a,ssm«zg_f Sust

= 5

Lnpuls Aesponge

iy - 2™ - [# o)
kaﬁm!}ém«

Hgor = D+ C(juI-AY'g

[7]: Aeisust g

= 29
Y+ 250 t2%
{/{9&6; XN
Zets: 2 af oo
Feuucy Josposc - gy [~
Taog efin
Shids | the

~ 2656 St gt suist
s =

LA CRLN B
ke ll"ﬁy"u" -Aﬁmmwwmm

L G g oy iy AT shald b,
}. Wot 3 T] 3 & weed the 156 abusa ahe { aundf

(Ll g Tt Syslew i i Stable . T -3 4
wﬁabmsy

>
9(“=dd(A—M)=d‘*{—z _;_)‘], 3%1—)\142 o
AR R S

Moo 4. g 28 ofow o i o £.36, va
TAY = LE 4 L6 - L [
(5 AY SR * St2 * (s+0(st) [*Z 5]

wd Ep= - (Teay = [T
z-:]' sa /11/

L& E-I-E

=>E,=Z_’z‘

A= e‘e/i _’,/ + e’“/"ll ;’/
NoS  fim= D + C(I-A)E
1 = D+ [6 6] [JL] :

(quey (ywr2)
Al v +2) +6 + G g

W
(gwr)( ywtz |

141

57



(329 cont )
Row the we Kove 0 DC g of Loty audf
two Zetes af © = £f, M
Hive W)
»@;ﬂ,(‘]w(’l)
Mmgw)*/
A Jk)o H(a) =/ —K‘
wwa 209 m‘ W=z, 3;:%&] “”‘é?f‘“‘”(g
of H&W Of () ki (1) and () i Tl Bemanuos

(4”)'.' ey 0 [ > G2

@' d-=z ii~f

(33 flure ww (of loast ) Hrse ossible Opproccles:
6y tin ek veriable hcthads ot clusaicel Wilheds fo
Soe B Wk} m
b & e ¢

() : ad+¢ =2 jf d-2

+b, dww + bowe - 4w
H

Yew »pmle W) o BbHL 4B tang "‘“,‘W/t’ﬁ'*"’“ ;

4= Lylid [= [+ 0D e 4]

L
= Qowst 4o dwi e ¥ G Ao ®

~l42-

(34 o)

) Th men, W Caw wiegnaie botk side db tven
Q‘_L“At‘c"‘ 0 timgg o obthia an 2quatign fov )k
*'Tcua \1&\ and ), with no &/\wqhu!a

m&\wn.iw e P SM“& .
> o g g ...Sug‘m‘__u,‘ s m&.,.Su@\Ag-k

p\«wzw\

Nt

-m Hld
This s»x:aem O sketded blao |, asouwmi H:a,* n=m
ond %, M\w.a.ll\-xé fo L by dud
e mluo:hcu MR, 4 \e.m

O algw Wit kvm \Mll\ e ‘SlA.o
[L4g p" - o 8"y Ty
: [(\Qh"‘ Q™ v Wu&\

Thia Syattm can now ke sfived umm o voniase

methols,  Note that +he A matme nSih 20 x2n.
©)  An Quonkut n»wgu \%\mdnmmhlhc\
ﬂ\a zim o x le Used
*\L agg\d' Yty , hM Wil

Qu N=n
A W\A‘b-\x

\au_ fandg mta.u adil
il eIl {5 o Too Wock,

143



(3.4 et )

-4+ L
A- Gg Gk, 2,
L )
GE, C2 P
/ -

G0 - At (A-2T) - At j 442‘/ @) (e +c =0

&g b-?
= AL

St

N 2

wd we buos Bt ab, ¢ are aff <o.
NoS 409 = Vo (atb)h + abic = o
Fuitloy, Lt ab+c=?_ Mo P:(—_l_

—L - L -
ok No® “R.) copp

= [l \?
[d’—(di'hj=c( '1‘@4 X 70. 6‘2‘3 7e
s Mho oot {45
2

Bk o o e T (a("—‘f;)l’?' < x
2. Gl & clureys LB Lon sy wiluse
e e et e o (e /izf
(e &Z?‘f“”‘“z"u“ﬁ Fochan ¢ T

b [ 5] (58] A nre

59

(34 et}
-
9(N= M(A'.'I) = d“‘\( B —l-\‘) = ')\IWM‘M(F: o

B ¥ r gy’
Bt wpvo o 4 <0 :7 (z"-4xﬁ)u‘ <
m,gstfm;éa/wl{s shable ’QM‘[
o R,L,c 0.

)
K = Bheh + X 4 U
AN R A7
4B = x@)

A[: 1,] ’E’Za ,]
ot st HN'T"M* MW?% a‘awvul«w of A mud
& Tegetae.
9 - dtAT) < At (30 L) = Ndrr 5k 0
Mhs 4t gin | 2EITER
2
A= 24 (v
'/}:z-\/;:_k} 4 ;)fwﬂeve.f[ﬁ-ﬂ ﬂ/h@/?éa/UL(l
Yysve 5 hever sttbk.
=131~



(325 eort)

X = -2 4B K+ ) } A-[’*’ i
- X - 54;(,«4 k%

) - 4#(*4-“ )

K -}

N [ e Ty

- %h;w%-t <o

2

bl g EAM‘, fe-3 <0
Bz -k %
2 K< :92, .
(3%)  Ingueudnloe:
4o T AE 4 PA- T A E A dabict s
ét ! 4=

AL
T /-’M): e™ - 2 e%-tE;

Whow E; thu b obtoied Wo:
( for =2\

-132-

(3% ont )

1) A:lif Zz] 9{1):1&"('4'9I)=D D %A=4 4

Tug ‘=’,=[-°z '0] ,gﬁz; 2] (Uok-’EI-PElSr)
a1 N1 ot )

2e

b A:[;'g "Z/)y(p)ﬂ, 5 Ny h.,
e

RO A o) 0%

[ () L(c™ ) /

N

% Y
N3 A:[? ,;:J , g0 > R0 h=d

[ uy ty
Thso 51114] ‘E,_‘[

oy oy

et [i,me') (et }

:4
ot Lliset)

U A [E L] e w hen s

B Ao can of fepeul fnfe A= 2E 1

-133-



3.11.2 HW 8 and 9 key
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Chapter 4

Exams

4.1 First exam

4.1.1 Questions
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4.1.2 my solution

CALIFORNIA STATE UNIVERSITY
FULLERTON™

Academic Integrity:

The Right Answer!
Academic integrity: Honesty in all academic endeavors is a core value at California State
University, Fullerton. Whether using this bluebook, a scantron, other testing materials, or
submitting essays and term papers, it is cheating if you attempt to gain an unfair
academic advantage or assist others. A few examples are:
4 Using unauthorized notes, materials or assistance during exams
4 Using or copying the work of other students
< Submitting work that isn’t your own
< Sharing answers to exam questions or class assignments
4 Using the words or ideas of another without giving credit to the source; plagiarism
These and other forms of cheating not only dishonor our educational values but they also
violate the trust that is crucial to intellectual and personal integrity. Consequently,
cheating may result in severe disciplinary action including an “F” in the course and could

lead to suspension from the University.

Let's make sure that grades accurately reflect what each student has actually learned.
Good luck on this examination!
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4.2 Second exam

4.2.1 Questions
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4.2.2 my solution

CALIFORNIA STATE UNIVERSITY
FULLERTON™

Academic Integrity:

The Right Answer!
Academic integrity: Honesty in all academic endeavors is a core value at California State
University, Fullerton. Whether using this bluebook, a scantron, other testing materials, or

submitting essays and term papers, it is cheating if you attempt to gain an unfair
academic advantage or assist others. A few examples are:

4 Using unauthorized notes, materials or assistance during exams

4 Using or copying the work of other students

4 Submitting work that isn’t your own

< Sharing answers to exam questions or class assignments

4 Using the words or ideas of another without giving credit to the source; plagiarism
These and other forms of cheating not only dishonor our educational values but they also

violate the trust that is crucial to intellectual and personal integrity. Consequently,
cheating may result in severe disciplinary action including an “E” in the course and could

lead to suspension from the University.

Let's make sure that grades accurately reflect what each student has actually learned.
Good luck on this examination!
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4.3 Final exam

4.3.1 Questions
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4.3.2 my solution

CALIFORNIA STATE UNIVERSITY
FULLERTON™

Academic Integrity:

The Right Answer!
Academic integrity: Honesty in all academic endeavors is a core value at California State
University, Fullerton. Whether using this bluebook, a scantron, other testing materials, or
submitting essays and term papers, it is cheating if you attempt to gain an unfair
academic advantage or assist others. A few examples are:
4+ Using unauthorized notes, materials or assistance during exams
< Using or copying the work of other students
< Submitting work that isn’t your own
4 Sharing answers to exam questions or class assignments
< Using the words or ideas of another without giving credit to the source; plagiarism
These and other forms of cheating not only dishonor our educational values but they also
violate the trust that is crucial to intellectual and personal integrity. Consequently,
cheating may result in severe disciplinary action including an “F” in the course and could

lead to suspension from the University.

Let’s make sure that grades accurately reflect what each student has actually learned.
Good luck on this examination!
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