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1.1. Text book CHAPTER 1. INTRODUCTION

I took this course during summer 2007, at California state univ. Fullerton. This was a
required course for my MSc. In Applied Mathematics. Instructor is

Dr Charles. H. Lee (Hung V. Ly),
Associate Professor
B.Sc., M.Sc., Ph.D., University of California, Irvine.

Department of Mathematics
California State University
Fullerton, CA 92834

Professor Lee’s web site is|http://newton.fullerton.edu/hunglee/|

1.1 Text book

Numerical
Analysis:
Mathemalics
of Seientific
Compuiting
Third Edition

David Kincaid
Ward Cheney

THE BRDOKS/COLE SERES I
ADNVANCLD MATHEMATICS
Paul 1 Saly Je_ smm

1.1.1 My review of the book

The book contains lots of technical information. Almost anything related to numerical
analysis is contained in this book.

However, this book has a very dry style. It was hard for me to learn from it. It contains
small number of worked out examples. The style of presentation is too formal and hence
this text is best used as a reference more than something a student can learn from.

I found many other books which was from me easier to read and learn from.
Again, this is a good book, but as a reference.

This was a really hard course for me. Too many theorems and proofs to learn. Our
instructor Dr Lee was very good and knew the material very well, but for me this was
still a hard because it contained more real math than I am used to in the engineering


http://newton.fullerton.edu/hunglee/

1.2. course description CHAPTER 1. INTRODUCTION

courses I took before (but again, this is an applied math course, so what did I expect?)

1.2 course description

MATH 501A Numerical Analysis and Computation I Summer 2006 , Fall 2006 , Spring
2007

Description: Prerequisites: Math 489A4,B. Corequisite: Math 5018. Numerical methods for linear
and nonlinear systems of equations, eigenvalue problems. Interpolation and approximation, spline
functions, numerical differentiation, integration and function evaluation. Error analysis,
comparison, limitations of algorithms.

Units: (3)

MATH 501B Numerical Analysis and Computation II Summer 2006 , Fall
2006 , Spring 2007

Description: Prerequisites: Math 4894,B. Corequisite: Math S01A. Numerical methods for initial
and boundary-value problems for ordinary and partial differential equations. The finite element
method. Error analysis, comparison, limitations of algorithms.

Units: (3)



1.3.

Syllabus

CHAPTER 1. INTRODUCTION

1.3

Syllabus

CALIFORNIA STATE UNIVERSITY, FULLERTON

161 501AB Numerical Analysis & Computation

Course Syllabus

Instructor

Charles H. Lee, Ph.D.
Department of Mathematics
California State University
Fullerton, CA 92834-6850

Office
MH 182 K

Office Hours

MW 4:00-5:30 PM
Also by Appointment

Lecture Hours
MW 5:30-8:15PM
MH452

Text Book

Mathematics of Scientific
Computing
3rd Edition by
D. Kincaid & W. Cheney

Phone
714-278-2726

Fax
714-278-3972

E-Mail
hunglee@fullerton.edu

URL
newton.fullerton.edu/hunglee

Exam Dates

A

Wed

Exam 1 Mar. 12
Wed

Exam 2 Apr. 30
Final Exam Wed

Comprehensive | May 28

=
Grade Distribution i)

Homework/Quiz 20%
Exam 1 20%
Exam 2 20%

Project 1 10%
Project 2 10%
Final Exam 20%
Total Points 100%

90%-100%

78%-89%

55%-64%

A
B
65%-77% C
D
F

Below 54%

Department of Mathematics

Spring 2003

Remarks

¢ Class attendance is impor-
tant, as quizzes and computer
assignments are given regu-
larly and as each absent day
consists of 2 hours and 30
minutes of class lecture.

¢ It's recommended that you
read ahead and be familiar
with new material, terms and
concepts before the lecture.

* You are required to write com-
puter codes.

+ Collaboration are welcome,
but ALL work must be turned
in individually.

¢ Prepare to spend at least
twelve hours of work a week
for this course outside of
class.

¢ Reading email in class is pro-
hibited and all monitors must
be off during lecture.

¢ Malke good use of instructor’s
office hours.

¢ This syllabus is tentative. The
instructor reserves the rights
to modify it at any time.
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2.1. Introduction CHAPTER 2. MY TYPED LECTURE ...

2.1 Introduction

Each student had to typeset some lectures, here are mine
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2.2 Lecture monday April 17 2007

2.2.1 Section 5.4

2.21.1 Theorem 1: Singular value decomposition

Given any arbitrary matrix A,,, it can be factored into 3 matrices as follows A,,,,, =
P ixmDinxn Quxn Where P is a unitary matrix (PH = P! or PHP =), and Qis also unitary
matrix.

These are the steps to do SVD
1. Find the rank of A, say r

2. Let B = AL, A, hence B, is a square matrix, and it is semi positive definite,
hence its eigenvalues will all be > 0. Find the eigenvalues of B, call these ¢2. There
will be n such eigenvalues since B is of order nxn. But only r of these will be positive,

and n — r will be zero. Arrange these eigenvalues such that the first * non-zero
n eigenvalues

eigenvalues come first, followed by the zero eigenvalues: G%, U%, --+,02,0,0,++,0

3. Initialize matrix D,,x, to be all zeros. Take the the first r eigenvalues from above
r singular values

(non-zero ones), and take the square root of each, hence we get 04,05, -+, 0, ,and

write these down the diagonal of D starting at D (1,1),i.e. D(1,1) = 01,D(2,2) =

0y,+++,D(r,r) = 0,. Notice that the matrix D need not square matrix. Hence we

01 0 00
can obtain an arrangement such as the following forr =2| 0 o, 0 0| where

0 0 00
the matrix A was 3 X 4 for example.

4. Now find each eigenvalue of A" A. For each elgenvalue find the corresponding
eigenvector. Call these eigenvectors iy, iy, -+, i,,.

5. Normalize the eigenvectors found in the above step. Now 1,1, -+, i, eigenvec-
1,42 n

tor will be an orthonormal set of vectors. Take the Hermitian of each eigenvector
3kt - it and make one of these vectors (now in row format instead of column
format) go into a row in the matrix Q.i.e the first row of Q will be ﬁ{{, the second
ortho basis (n-r) for N(A)
find eigenvectors and normalize —
row of Q will be 1} H etc... (AHA) — Uy, 1y, , U, Upyp, o, Uy,
nxn

i |

)

ann = ﬁz

=T
Upiiq

iy

6. Now we need to find a set of m orthonormal vectors, these will be the columns of
the matrix P. There are 2 ways to do this. First the textbook way, and then another
way which I think is simpler.

(a) The textbook method is as follows: find a set of r orthonormal eigenvector
v; = %Aﬁi, fori=1"---r. Notice that here we only use the first r vectors found

in step 5. Take each one of these ; vectors and make them into columns of P.
But since we need m columns in P not just r, we need to come up with m —r

7
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(b)

more basis vectors such that all the m vectors form an orthonormal set of
basis vectors for the row space of A, ie. C". If doing this by hand, it is easy to
find the this m —r by inspection. In a program, we could use the same process
we used with Gram-Schmidt, where we learned how find a new vector which
is orthonormal to a an existing set of other vectors.

An easier approach is: Find AA" (do not confused with how we did this
in step 4 where we did A”A). This will be an m x m matrix. Now find
each eigenvalue. For each eigenvalue, find the corresponding eigenvector.
Now normalize these basis vectors. These will now be an orthonormal eigen-
vectors Uy, Uy, -++, U,,. Now as in the above step, these vectors will becomes
the columns of the matrix P. The difference in this approach is that we do

not need to use Gram-Schmidt to find the m — r eigenvectors since we will
find eigenvectors and normalize

obtain the m eigenvectors right away. (AAH) —
mxim
r ortho basis for range A
—_—
- = - — — 1= — — — —
01,02, , 0y JOr1s O ¢ = P = U1 Uy 0 Uy Upy1 0 Upy

7. This completes the factorization, now we have A = PDQ

In Matlab, to find SVD, use the command [P, D, Q] = svd(A).

The following diagram help illustrate the SVD process described above.

A(MxN) matrix, Rank=r

SVD factorization ai; ap - A

am am2 *° Qmn

Amxn = memDmannxn

Column space(A)

(A"A)

Row space(A) (or range of A)
Dimension=r Dimension=r | )
h ~N
N
N
\
Dimension= m-r \
Dimension= n-r \
: |
Null space(A) N Left Null space(A) ;
N /
Ortitenormal Basis for Null Space of A /
N ¥
N r T
'~ ur '
“~ 1 : From these I' vectors we obtain
\ =T | o
| uz \ v _ AG
I e = o
ortho basis for N(A) | : |
—_—— | .
find cigenvectors | _, _, s N ‘\ o | Hence I basis for Range A
— e e - = )
NXN  And normalize Ui, Uz, yUr, Upsg, yUn \ ann B Ur .

<

+ I’ =T
| Uri
For these N — I vectors )
\ :
|
|

n eigenvalues AlU; = 0
’ . ) N(A) ur
2 2 2 Hence basis for
61’0-2’.”'O-I"0’0'“.’0 \‘__ n n
r ortho basis for range A
N S
find eigenvectors
H - o - — - - - — — =
(AA )mxm And normalize Vi, V2, Vr Vst o Vm o = Pom = [ Vi Vo =+ Vp Vpqg -0 Vp :I

D1.vsd
By Nasser Abbasi
May1,2007

Figure 2.1: SVD
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Remarks:
1. 01,0,-+-,0, are called the singular values of A.
2. the SVD factorization is not unique as 01, 0, -+, 0, can be ordered differently. Also
the choice of m — r orthonormal basis for the P matrix is arbitrary.
2.2.1.2 Pseudo Inverse

Given an arbitrary matrix A to find its pseudo inverse, called A* we start by first find
the SVD of A, then write

At = QHD+PH (1)

g 0 0 o 00
Where, since D is diagonal | 0 o, 0| then D* = 0 1 ol and so finding the
(op)

0 O

0 0

pseudo inverse of a matrix is straightforward if we have the SVD factorization of the
matrix. To show equation (1): Since

A =PDQ
Then pre multiply both sides by P! we obtain
PHA = PHPDQ
But PH = P! since P is unitary matrix, then the above becomes
PHA =DQ
Now post-multiply both sides by QF
But Q" = Q7! since Q is unitary matrix, then the above becomes
PHAQ" =D
Hence
D* = (PHAQH)"

To find definition for A*, start from Ax = b

Ax=Db
AHAx = AHp
-1
X = (AHA) AHp
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Hence

(
= ((PpQ" (PDQ)) " (PDQ)"

- ((@D"p) D)) (Q"DP)

- ((pDQ)‘1 (QHDHPH)_l) (QUDHPH)

— ((Q—l D1 p—l) (P—HD—HQ—H)) (QHDHPH)
— (Q—l p-1p-1 P—HD—HQ—H) (QHDH PH)
(Q_l D1 D—HQ—H) (QHDH PH)

= Q'D-1p-HQ-HQHDHpH

= Q'D-1p-HpHpH

= Q'D-1pH

= QMD-1pH

But D! = D* hence the above becomes

At = QHD+PH

which is equation (1).

1 0 00O
0 0 00O
Note: ATA =", where It hastheform|0 0 1 0 0].in other words, it does not have
0 00O0O
0 00O0O

1 on all the diagonal elements as the normal I would.

2.2.1.3 Theorem 2: Minimal solution to A% = b and the pseudo inverse A*
if ¥ = A*D then % is the minimal solution of A¥ = b

proof:

letc = PHb,y = Qx

p= irx1f||Ax - bll,
= inf ||PDQx - b]l,
X
= inf||P"PDQx - P"p],
= inf |DQx - PHb||
X 2

= inf [Dy - cf,
01
02
Since D = then
67’
0
) r 2 n
|Dy - c||2 = (oiyi -~ cl) + ),
i=1 i=r+1

10
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This is minium when y; = %,where i=1---r, then will make the first term in the RHS
1
above go to zero. Hence

n
_ 2
P = Z Ci
i=r+1

The vector ¥ which gives this minium solution has v,,1, ¥,42,-*-, ¥, = 0, hence

y=D"*c

But since y = Qx, hence D*c = Qx or x = QD"¢, but ¢ = PHp, then

x = QHD*PHp
=A"b
Hence
At = QHD+PH

2214 Theorem 3: Penrose properties for any matrix A
For any m X n matrix A there is at least one matrix X with the following 4 properties

1. AXA=A

2. XAX = X
3. (AX) = AX
4. (XAT =XA

We need to show that the matrix X is unique (with respect to A). The proof is by contra-
diction. We assume that A has associated with it 2 matrices with the above properties,
X and Y and we will show that X =Y, hence X is unique for A.

The proof starts by saying X = XAX and through number of substitution steps using
the above 4 we obtain Y as follows

AYA
X=XAX

= XAYAX

AYA AYA
=XAYAX
= XAYAYAYAX
= (XA (YA Y (AT (AX)"  using property 34
= AHXHAHYHYYH AHXH AH
= (AXA) YHYYH (AXA)F

H H
—_— —_—

= (AXA) YHYYH (AXA)
= (AHYHYYH(A)H  property 1
=(xAy@Aan"
= YAYAY property 4 and 3
= YAY property 2
=Y property 2

Hence X =Y, so X is unique.

11
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2.2.1.5 Theorem 4: A* satisfies Penrose properties hence unique

Theorem: The pseudo inverse of a matrix has four Penrose properties. hence each matrix
has a unique pseudo inverse A*

proof: Let A be any matrix, its SVD is A = PDQ, and we showed before that A* =
QH D+ PH
note: DD™D =D

Let us now show that each property of Penrose is satisfied. In this case X is our A*.
Hence for property 1 we need to show that AATA = A.

L
AA*A = PDQQHD+*PHPDQ
= PDD*PHPDQ
= PDD*DQ
= PDI*Q
= PDQ
=A

To show property 2, we need to show that A*AA* = A*

ATAAY = (QHD+PH) (QHD+PH)
— ( HD+) (D+PH)

= Q#D*DD*PH

— Q Hr+p+pH

— Q D+PH

To show property 3, need to show (AANT = AAT

(AAH!

((PDQ) (QHD+PH))

( (D) (PDQ) )
(PO Q(PDQ)")

= (P(D"" Q(Q"D"PM))
— P(D*)H QQHDHpH

- PD*QQHDHPH

= PD*QQMDHPH

= PDQQYD+PH

= (PDQ) (Q"'D*PH)

= AA+

For property (4) need to show (A*A)T = ATA

12
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(a*a = ((Q"p*PH) (PDQ))"
= (PDQ)" (QHD+PH)H
— QHDHPHP (D+)H Q
= Q"DPHP (D) Q
= Q"D (D" Q
= Q"D*DQ
= Q"D*PHPDQ
=ATA

Hence Pseudocode is unique.

2.2.1.6 Theorem 5: On SVD properties
Let A have svd A = PDQ, then the following is true
1. rankof Aisr

2. [ﬁrﬂ, Uppp, "+, ﬁn} is an orthonormal base for null space of A

3. [6’1,?}2, ,?}r] is an orthonormal base for range of of A
4. |All, = max;<j<y loil
2
proof:

1. Since A = PDQ and since P, Q are invertible matrices (by construction, they are
made up of eigenvectors from a set of distinct eigenvalues, hence they must be
orthogonal eigenvectors). Therefor, the rank of A is decided by the rank of D. But
D is all zeros except for the values o; each on a separate column and on separate
row. Since there are r distinct values of those, hence D has r vectors that are linearly
independent. Hence the rank of A is r.

2. Since Afl; = 0 for each vector i = (r +1) --- n, and these 7; vectors form an orthog-
onal set of size n — r, and since the dimension of the null-space(A) is n — r hence
they span the whole null-space(A). Then they can be used as a basis for the null

space of A (recall, the null-space of A is the space in which AX = 0)

3. Since U; = Ag—ﬁ'i * 6, fori =1---r, and these 7; vectors form an orthogonal set of
basis, and since the dimension of the Range(A) is r hence they span the whole
Range(A). Then they can be used as a basis for the Range(A).Another proof of

this, is to use the construction of the 7; vector from AAY. But we did not use this
method, so I will leave this out for now.

1Al = sup {||AY||2}

Ill,=1
= sup ||PDQJ_5||2

=1

= sup [|Dy],
I, =1

= sup |2 (o)
=1 V=

= max |o;
1<i<r

13
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2.2.1.7 Theorem 6: Reduced (or economical) SVD

Recall in the above standard SVD that when we build P matrix, we used the first r vectors
1i; to generate U; from, by doing 7; = %, then we used these 7, as the columns of P, but

since P was of size m X m we had to come up with m — r more orthogonal vectors to fill
in the P matrix. In the economical SVD, we stop when we fill in 7 vectors in P. Hence P
will be of size m X r. Similarly for D we stop at the r singular value. Hence in this case D
will be a diagonal matrix X r. And for the Q matrix, we also generate r orthonormal
basis u;

Hence the economical SV D follows the same steps as the normal SVD, except we stop
when we obtain r basis. The matrices will therefor be smaller, hence the name economical.
The factorization will then be A,,»;; = P,y DysxrQpxn (fOr the case whenm > n > r)

I am not sure now in what application one would have to generate the full SVD vs. the
economical SVD. But in Matlab, there is an optional to select either factorization. Type
svd (A, econ’).

2.2.1.8 Theorem 7: On orthonormal Bases

Let L be a linear transformation from C” to C" then there are orthonormal bases iy, i, -, i,
. 0/9; 1<i<min(m,n)

for C" and vy, vy, -+, v, for C" s.t. Lu; = '
0 min (m,n) <i<m

proof: The proof as given in the textbook for this theorem is clear enough as outlined.
Please see page 295.
2.2.2 Homework Solution for section 5.4

2.2.2.1 Problem section 5.4, 2(a)
question: Find the minimal solution for x;x, = b
answer:

First write the problem as
x
1 1] [ 1} =[]
X2

Minimal solution is ¥ = A*b, so we need to find A*. Find A = PDQ, then A* = QHD*PH

First find the set of u; vectors to go to the Q matrix. I will use the economical SVD
method.

wa=li

_'11
11

Hencer =1

1
Hence |A — Al| = =0 1-A)?-1=0>1+42-21-1=0> A (1 -2) =0

Hence A; =2,1, =0—> 0y = \5,02 =0

Find eigenvectors 1y, il;.

14
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2.2. Lecture monday April 17 2007
Y

1-2 1 ||wm| [o] [<1 1
FOI'/\1:2—> = —
1 12] LJ H [1 “1||y,

|:—1 11 [y 1 [0] 5 ll} normalize norm 2
- =0=>—y1+y2=O:>u1: -

0
0

1
1-0 1 ol [1 1 0
For A, =0 — 7 = - 7 =
1 1-0||w| [o] |1 1)|w| |o
-1

|:1 1] []h} [0} R [—{ normalize norm 2 | V2

Sl _sl-

0 0f|y| |0 1 L

) V2
Hence O il |11,
ence = = =
all |1 1] 2

1
Not to find the P matrix. AA" = [1 1] L] =[2]

The eigenvalueis 2—A = 0 — A = 2. Hence the eigenvector is 2y; = 0 — y; =anything—

[1]

Hence the P matrix is [1]
The D matrix is m X n, hence1l X 2, then D = [01 0]

Hence this completes the SVD. We have that

] o] 1]

-nfvz oi[l L

So the SVD is verified. Not find

Notice that D* mean we also take the conjugate transpose of D and then we take the

reciprocal of each entry. Hence if D is m X n then D* isn X m

15
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|
NI—= NI

Hence

=
Il
N
+
oy

NI~ NI~

.. . . b b
So the minimal solution is x; = X2 =5

2.2.2.2 Problem 5.4, 10

Problem: Prove the following properties of A*
a)ATt=A

b)A*H = AH*

answer:

2)(A")" = ((PDQ)*)" = (@D*PH)" = (PH)" (D¥)* (@)

H H
But (PH) = P and (QH) = Q, and the reciprocal of a reciprocal gives us back the

original value, hence (DY) =D
Hence we have (PH)H (D*)" (QH)H =PDQ=A
b)
(A+)H — (QHD+PH)H
= (P " (@)
=P(D")"Q
and

A+ = ((PDQ")”

Hence (1)=(2) if DH* = D*H, But this is the case. Since D"* = D and D*H = D

(1)

16
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2.2.2.3 Problem 5.4, 23

Problem: Let A be a square matrix with SVD PDQ, prove that the characteristic polyno-
mial of A = +det (D - /\PHQH) =0

answer:

Let the characteristic polynomial of A be called A, hence we write

A = det (A - Al
= det(PDQ - Al)
= det(P(DQ - AP1))
= det(P(D-AP'Q?) Q)
= det(P) det (D - AP'Q"!) det(Q)

But Q! = Q" and P~! = PH hence the above becomes

A = det(P) det (D - AP"QM) det(Q)

Now A = 0, and also we know that det(P) # 0 and det(Q) # 0, this is becuase P and Q
are unitary matrices. Hence this means that

det (D - APHQH) =0
2.2.2.4 Problem 5.4, 34
problem: prove that if A is symmetric then so is A*

answer:

Assuming complex matrix then symmetric means A = AH hence

PDQ = (PDQ)"
— QHDHPH
= QHppH (1)

Hence PDQ = Q"DPH” — DQ = P'Q"DPH — D = p-1QHDPHQ!
But since P = P! and Qf = Q7! then the above becomes
D = PHQHDPHQH (2)

now
A+ — QHD+PH

Sub (2) into the above equation we obtain

A+

QH ( PHQHDPHQH)+ pH
((PHQH)H D+ (PHQH)H) pH

((QP) D* (QP)) P
HOpD*QPPH

H
H

Q
Q
Q
But Q"Q =Tand PPH =1

Hence the above becomes
17
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A* = PD*Q (3)

But

(A+)H — (QHD+PH)H
= PD*Q (4)

Compare (3) and (4), they are the same.

Hence A* is symmetric.

2.2.2.5 Problem 5.4, 39

problem: prove that eigenvalues of positive semi definite matrix are nonnegative
answer:

positive semi definite means X7 AX > 0 for all X # 0

Hence XT A% = X1 A% = AXT%®

But ¥7% = |||

Hence ¥TAX = A ||7c’||2

We are told the above is > 0. Assume X # 0, then we have Ax the norm, which is positive
quantity > 0, hence this is possible only if A was zero (for the =0 case) or A > 0 for the
> 0 case. It is not possible to have A negative and multiply it by positive quantity and
obtain a positive quantity.

S
Now Assume X = 0, hence the norm is zero. Hence AX = 0 and so eigenvalues is zero.
Hence eigenvalues can be either positive or zero. Hence nonnegative

2.2.3 code

This is some code in Matlab

Jcompare the error in A by SVDing it and then rebuild A back

clear all;
A=rand (10000,2) ;
fprintf('total storage needed for A is =Jf MB\n', (8*size(A,1)*size(A,2))/1076);

[p,d,ql=svd(A, 'econ');
econSize=8%*(size(p,1)*size(p,2)+size(d, 1) *size(d,2)+size(q,1)*size(q,2));
econSize=econSize/1076; Ymake it in MB

fprintf('total storage needed for A with economy SVD=J,f MB\n',econSize);

fprintf('Max difference between A and its reconstructed version is\n %f\n'ﬁ
max (max (A-p*d*q')));

18
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2.3 Second lecture

2.3.1 Introduction

These are the lecture notes of the second lecture for the course Math 501, Spring 2007 at
CSUF. These notes are written by Nasser M. Abbasi (student in the class).

Lecture was given by Dr C.H.Lee, Mathematics dept. CSU Fullerton on 1/24/2007.
Lecture started with walkthrough on using Microsoft powerpoint for presentations.

Note the following correction to last lecture note. For the error term in the 2D Taylor
expansion, it is given by

1 P P n+1
E,(x,y) = — (h5 + kg) f (x+ Oh,y + Ok)

Where0 <6 <1

For example, for n = 1, and for f (x, y) = % the above works out to be

E; (x, y) = hk + % (h (y + Qk) +k(x+ (9;1))2 (U Om(y-+0k)

I wrote a small function which computes the above error term for any #, here is some
of the terms for increasing n

n| E,
1 (x+h &% (sl &9 -3 = =2 Y =
Qut[32l= 5 ® +hE) (7ES) P x? +h? (y+2ke)2 +2hk (1+x (vy+2k8)))
1
1 [ T 2 . =4
Outf31]= Z ple-hE] y+k &)
6
(K x+hPy +3hk¥ x*e+3h°ky 5+30h° KPx&f +3n° K2 y&® +
2he kPP +3 ®hE (¥hS h ik (x+he) (y+k8) (hy+k (x+2hs&)))
2
l b b 2 jxsih 2 [wsl &) g
Out[33}= =¥y (Eh% k° +4 e ®85 WES K (x+has)
(y+ks) (WP vy’ +k (kx®+2h (kx+hy)S+2h? k&?)) +
el®h& (k8 miyt iantkyPe+eh? Ky S +4nt ¥y S+
k* (xl+4hxfe+6hr X2 F +4P x5+ 201 )y
3

To see how the 2D error term behaves as 7 increases, we can select some values for 6, I, k
and evaluate E,. This is the result for = 0.5, = 0.1, k = 0.1. First, this is a plot of the
function %
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n7sl= Plot3D[e*Y, {x, -3, 3}, {yv, -3, 3}, Buxeslabel —» {x, ¥y, € ¥}]

Qut[fsl= - SurfaceGraphics -
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For (x, y) =(2,5)

Figure 2.2: Plot

CUt[SE}TableForm=
n E.
i 6057.73
b 1.97301 3107
3 2:73 x10%
4 313544.
5 20275.9
8 2489.8
7 177.101
8 11.0633
9 0.615242
10 0.0308112
19 0.00140308
12 0.0000585749
13 2.25733 x10-©
14 8.07792 x10°%
15 2.68801 x10°%°
Figure 2.3: Table
For (x, y) =(1,1)
CUt[57)/TableForms=
X En
a 0.0843191
2 0.00887773
3 0.000315867
4 8.88959 x10-§
5 2.13712 %10-7
& 4.63106 x10-°
7 9.3571 x10-12
8 1.78984 x10-12
9 3.24643 x10-1¢
10 5.55604 x10-18
11 8.94418 x10-18
12 1.24863 x10-13
13 1.80506 x10-21
14 2.52436 x10-23
15 3.14476 x10-25

For (x, y) =(0,0)

Figure 2.4: Plot
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Out[5E)TableForm=

n En

i 0.010003

2 1.33357 x10-%
3 0.000025

4 1.66667 x10°8
5 £.54444 x1078
6 2.22222 x107°
7 5.80278 x10°1%
8 1.35582 x10-12
g 276124 31071

5.07055 x10-16
8.49684 x1071®
1.31106 10719
1.87593 x10-2%
2.50338 »x10°23
2.13065 %1072

pob B
L9 B R ¥ ) [ =1

Figure 2.5: Plot

Notice the following: If point (x, y) selected maps to a large function value f (x, y) then
more terms as needed to make the error term smaller. Notice we need at least 4 terms
before E,, would continue to decrease as n increases. For example, for n = 2, E, was
actually smaller than Ej; in the examples above. It is only after n = 4 than the error term
would continue to become smaller as 7 in increased.

2.3.2 Convergence
Definition: Order of convergence:

Let [x,] be a sequence, [x,,] is said to converge to L at order P if 4 two positive constants
c<land N > 0s.t. ,
X1 = LI < clx, = L

forallm > N

Note than if we write E,, = |x,, — L|, then the above can be written as

En+1 =c (En)P

Taking the log, we write

InE,,; <Inc+PlnE,

Which can be considered an equation of a line with intercept In c and slope P

INEs1 < Inc+PInE,
InEn+1

Slope =P

Inc

Figure 2.6: Plot

The larger the slope P the faster the sequence [x,] will converge to L
21
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Example

Suppose lim,,_. ., [x,,] - > L at order 2 (quadratic), then

Ep <c (B,

For some positive constant c. (Note lecture notes said ¢ < 1 here, but text book says c
not necessarily less than one for the quadratic case). Now suppose E; =107, then

2
Ey <cE;<c (10‘1) <c1072
2
Es <c(Ey)* <c(c1072) <107
2
E,<c(E3)* <c (6310_4) <c’1078

2
Es <c(c71078)" < 1510716

So after 5 iterations, error became very small. Error went from order 107! to order 107%6.
Compare that to something that converges linearly:

Suppose lim,,_. ., [x,] — > L at order 1 (Linear), then

En+l sc En

For some positive constant ¢ < 1 (note for linear case, c must be less than one). Now
suppose E; =107}, then

E, < cE; <107

Es <cEp <c(c107) < 2107
E,<cE;<c (c210‘1) < 310!
Es<c (c310‘1) < 410!

Compare that to the quadratic case above.
Any P > 1 is considered superlinear

Example:

Show that x,,,; = %xn + xi is a sequences which converges to L = V2 quadratically. Use
X1 = 2.

We want to show that E,.; < ¢ (En)2 for some positive ¢ (note: Lecture notes said also
that ¢ <1 here) and for some n > N

22



2.3. Second lecture

CHAPTER 2. MY TYPED LECTURE ...

1
Hence it converges quadratically, with ¢ = —

Definition: Big O : Let [x,] and [«,] be 2 sequences. We say that

Ey = |xn+1 — L]

1 1
Lilv
2 X

n
X2 -2
2x,
X2 —2v2x, + 2 +2V2x, N
2x,
(o V2) e

2x,

_ % V2 -2
[z 2)

2x,,

(E,)’

2(E, +V2)
2
_(E)

Tov2

-V2

2v2

X, = O (ay)

if3C >0and N > 0s.t. |x,| < Cla,| for all n > N (Note: Book only says that C and N
are constants, lecture notes says they are also positive).

Example: Given x,, = nn_+21 and a,, = % show that x,, = O («,,)

Hence

Hence x,, = O (a,,)

Example: Find a simpler sequence [a,] s.t. x,, = O (a,;) where x,, =

n+1
X, =

72
1,1
n n2
1 1 (1)
<-+-=2[-
n o n n

X, < 2(ay)

N

Gn+1)°

23



2.3. Second lecture CHAPTER 2. MY TYPED LECTURE ...

Hence x, = O (%) where here a,, = % and C =
n2 n2
Definition: small 0. Given 2 sequences [x,] and [«a, ] we say x,, = 0 () if lim,,_,, z—"

i.e. d sequence [¢,] that converges to zero, and N > 0 s.t. |x,| < |¢,||a,| foralln > N

=0.

The above means that x,, — 0 much faster than «,, does. Graphically, this is illustrated
as follows

Figure 2.7: Plot

1 1 1
Example: x,, = = hence x,, =0 (;) where here ¢, = —

. 1 1
Also we can write x,, = 0 (ﬂ) where ¢, = -

Example: Show thate™ =0 (n‘k) for any k > 0

Xn

One way is to show that lim,,_,, - = 0

k
X n
lim 2 = lim —
n—oo v, n—oo el
. nk
= lim R
el [PV
2 3l

=0

Hence x,, = o (a,)
HW section 1.2, problems 6(b,e), 7(b,c), 10,28,40

Note: Next week we meet in room MH380
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2.3.3 Difference equations

Definition: Let us denote by [x,] = [xy, x;, x3, -] an infinite sequence of numbers. Then
E is called the shift operator if E [x] = [x,, X3, X4, -]

Some properties of E
1. Ex; =x,
2. Ex, = x,11
3. E(Exq) = x3
4. Efx, = x4
5. E%, = x,
Definition: x,,, 1 is called a recursive sequence if x,,,; = f (x,,x,_1, -, X,) wherer <n

Example: x,,, = 2x2 — 7x,,,1 + 5. Here 2 initial conditions are needed for this sequence
to be defined for all n. In this example the sequence is not linear.

Definition: x, ., is called a linear recursive sequence if x,,,1 = a,x, + a,_1x,_1 + - + a,x,
where r < n. (i.e. x,,,1 is a linear combination of previous numbers in the sequence)

Given a linear recursive sequence our goal is to find its solution explicitly. i.e. in a non-
recursive form.

Xpt1 = ApXy + 0y 1Xy-1 + - + 0,X,
Er*l="x, = a,E""x, + a, 1E" "%, + - + a,E%,
+1- - -r-1 0y —
E "%, —a,E" "x, —a, 1E"7""x, -+ —a,E’x, =0

(En+1—r _ anEn—r _ an_lEn—r—l . — ﬂrEO) X, = 0
Hence since x, # 0 we obtain a polynomial in E in degreen +1 —r

+1- — -r-1 _
Er T —aq, " —a, 4E"7 = =0, =0

We can now find its roots. Assume the roots are called A, A,, -+, A,,11_, then
case 1 all roots A are distinct (simple roots) then the solution to the difference equation

is

X, = klAlil + szg + -+ kn+1—‘r‘/\z+1—r

Where kq,ky, -+, k,.1_, are coefficients to be determined from initial conditions.

Example: Suppose we have linear recursive equation x,,,1 = 3x, —2x,_q withx; =1,x, =
0

apply the shift operator, we write

E?x,_, = 3E'x,_; — 2E%;,,_,
E?x, 1 —3E'x,1 +2E%,_; =0

(E2-3E' +2E%) x,., =0

Hence the polynomial is E>~3E!+2 = 0 and its roots are given by (E — 2) (E - 1) = 0 hence
Ay =2,A, = 1. Simple roots. Hence the solution is given by
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X, = kAT + kol
= k12” + kz].n
= k12” + kz

Now apply initial conditions to find k; and k,
n:1,x1 :1$1:k12+k2
7’1=2,.X'2=0:>0=k14+k2

Solving the above 2 equations for ky, k, we obtain ky = —%, k, = 2 Hence the solution is

X =—12”+2
! 2

Case 2: Roots are multiple roots. Let A, be k multiple root. Then

(AD) + Ay

d 2 k-1
X = AgAl + A1 o (A oo+ Ay ey ()

=AM + AnAT M+ Agn(n=DA 2+ + Aen(n=1) (n=2) --- (n — k + 2) A7k+1

Example: Solve 4x,, = -7x,, 1 —2x, , + X, _3
The polynomial in E is
4E3xn_3 + 7E2xn_3 + 2E1xn_3 — onn_?, =0
4F3 +7E2+2E'-1=0
(E+1°@AE-1)=0

Hence A, = -1 with multiplicity k = 2 and A; = i a simple root.

Solution is

multiple root

simple
—_—

X = [ko (A)"] +

Al + A1% (/\f)]
= ko (i) +[Ag ()" + Ayn (A1)

= ko (i) + Ay (-1)" + Agn (1)

Where the 3 coefficients kg, Ap, A; can be found from initial conditions.

Next we address stability of these difference equations. For this we need definitions of
stable and bounded sequence.

Definition: Bounded: A sequence [x,] is bounded if 3¢ > 0 and N > Os.t. |x,| < ¢
VYn>N

Definition: Stability: A difference equation is stable if its solutions are bounded.

Theorem: Let x,, be the solution of the characteristic polynomial of the difference equa-
tion. The solution of the difference equation is stable if

1. All simple roots <1

2. All repeated roots <1
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Proof: Suppose A’s are the simple roots of the characteristic polynomial of the difference
equation, then

bl = [y A + koAl + o+ Ky A |
< ey [AR] + Wl |AB] + -+ + Tepaa L [A 4

The above is bounded if each A <1

Now assume the roots are multiple roots order k. Then if [A| <1 then

lim nkA" = 0

n—-oo

Hence [x,,| is bounded. See textbook page 33 for more detailed proof.

Example:
Xn+2 = 3xn+1 - zxn

The characteristic equation is

E2-3E+2=0
(E-1)(E-2)=0

Hence A; =1, A, = 2. Since simple roots, and one root A; > 1 then NOT stable.
Example:
Xn+2 — 2xn+1 + an =0

The characteristic equation is

E2-2E+2=0

Therootsare Ay =1-1,A, =1+

Since simple roots, and the size of the root is > 1, then NOT stable (the size of the root
is |15 = V2)
HW, section 1.3 problem 9,11,12,25

2.3.4 Computer arithmetic

2.3.4.1 Decimal system (base 10)

The digits are 0 -9 and each digit it multiplied by power of 10. For example the number
427.325 in base 10 can be written as follows

(427.325),, = 4x10% +2x10" +7x10° +3x 107" +2x 1072 +5x 107
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2.3.4.2 Binary system (base 2)

The digits are 0,1 and each digit is multiplied by powers of 2. For example the number
1001.11101 in base 2 can be written as

(1001.11101), =1x2° + 0x 22 + 0 x 2 + 1 X 20 +1 X271 +1Xx 22 +1x 23+ 0x 27 +1x 27

1 1 1 1
:8+0+0+1+§+—+—+0+—

478 32
= (9.90625),

1
Example: Calculate

In decimal, the answer is 0.1

In Binary (depending on machine accuracy) the answer is
1+10 =~ (1.000 ---), + (1010.000 --),
= (0.00011001100110011 ---),

With 7 digits accuracy machine we get

error

—_——
1+10 ~ 0.10000001490116 ---

Lets do conversion between binary and decimal

Example: Convert 53 to binary

53+2=26 R1
26+2=13 RO
13+2=6R1
6+2=3 R0
3+2=1R1
1+2=0R1

Hence 53,5 = 110101,

Example: Convert 19y, to binary
19+2=9 R1
9+2=4R1
4+2=2R0
2+2=1R0
1+2=0R1

Hence 19,3 = 10011, Example: Convert 0.7, to binary

0.7x2=04+1
04x2=08+0
0.8x2=06+1
0.6x2=02+1
02x2=04+0
04x2=08+0

repated

Hence 0.7, = 0.1 0110 0110 ---

Hence 53.73 = 110101.1 0110 0110 ---
28
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These are my notes taken during talk given by Dr McMillen, Mathematics department,
California State University, Fullerton. On April 25, 2007. The subject of the talk was on
Mathematical Problems of Decision Making

Dr McMillen started by asking the question: “How to choose between different choices?”,
examples given are: run or fight? and asked also: you might have to select between many
choices, not just 2.

What are the choice-reaction model?
Need to vary signal to noise ratio and check how people can choose.

If some choices are close to each others, and one choice is distinct one, people tend to
select the distinct one. For example, it is easier for people to choose between 2 bars that
are drawn at 90 degree to each others, than 2 that are inclined such as they are very close
to each others. The first case makes selecting easier since the choices are more distinct
from each others.

There is a limit on how many choices people can handle at the same time. The limit
seems to be around 7.

Now the talk went into discussing models of decision making:
This is a hard problem. Simplest types of models are only partially understood.
Statistical regularities
Reaction time (RT) effect:
1. Hick’s Law, where RT ~ log(N) where N is the number of choices

2. Loss avoidance, this means people prefer choices that are far away from each
others.

3. The magic number 7.

Stochastic differential equations are used to model decision making process. Mention
of Fokker-Planck equation.

Now the talk presented a neural model of decisions making. Where 2 brain neurons
are shown each accepting a separate input (with noise added), and there exist what is
called an inhibition W factor between these 2 neurons. These neurons are subject also
to a decay K factor. This is called Neural Model of perceptual choices.

The talk also discussed the effect on the amount of time a person has to make a decision
on what decisions they make. When the time to make a decision is limited, it is called
the interrogation model.

The talk now discussed what is an optimal method to decide between more than 2
random choices to select from.

Using the above neural model, the best decision is made when the inhibition between
the 2 neurons and the decay factor is the same. A model by the name of SPRT (WALD):
Wald’s Sequential Probability Ratios, was mentioned in relation to optimally theorem
of decision making.

The conclusion of this talk was that a mathematical model of how the brain makes
decisions is very complex problem and not well understood, and only a very simple
model exist when it comes to making a decision between 2 choices. The optimal way to
make a decision is an unsolved mathematical problem.

I found this talk a bit hard to follow. I could not make a clear distinction on how the
neural model shown related to the stochastic differential equations presented earlier. I
did not understand what does the inhibition factor between neuron mean, and what
is the decay factor actually represent? I think the talk was a little advanced for me as I
felt I did not completely follow all the points presented. But I did get from this talk that
modeling a decision making in humans at the neural level is a very difficult problem,
but it was not clear to me why and how this difficulty comes about. Never the less, I did
tind the talk interesting and informative.
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3.1 Section 1.1

3.1.1 definition of limit of function f(x)

We say that the limit to f(x) is L as x gets close to ¢, if for each number ¢ we can find
another number 6 such that | f(x) - L| < ¢ for all x within a distance 6 from c.

So if we change ¢, may be make it smaller, we need to find another 6, most likely smaller
than before also, such that | f(x) - L| < ¢ inside this new interval around ¢

C
f_____* \\\\\\\\\5______—”Any where here |f(x)-L|

is smaller than epsilon

If we can find such a delta for each
epsilon, then the LIMIT of f(x) at C exist

Figure 3.1: Limit

note: We say lim,_,. f(x) exist if lim, ,- f(x) = lim, ,+ f(x) =L

-1 x<0

Example of a function where lim,_. f(x) does not existis f(x) =4 0 x=0

+1 x>0

®
—>

—

Limit at 0 does NOT exist

Figure 3.2: example

note: A function can be defined at a point, but not have a limit at that point (as the
example above shows)
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3.1.2 Definition of continuous function at a point

A function f(x) is continuous at x = cif it is defined at that point, and if lim, .. f(x) exist
and is equal to f(c)

Example: of a function that has lim,_. . f(x) exist, but f(c) is not equal to this limit. hence

not continues at x = ¢
\ /

Limit at 0 does exist,
but NOT continues at 0

Figure 3.3: example

Example of function where f(c) equal the limit at x = ¢, and lim,_.. f(x) exist, hence

continues
N e

Limit at 0 does exist, and is
equal to £( c), hence continues

Figure 3.4: example

3.1.3 Definition of derivative of function f(x) at c

if f(x) is continues at x = ¢, then

ion s S0 = fo)
f(c)—hm—_c

xX—cC X

note: The above f’(c) is defined only if the limit exist and is the same as we approach c
from either side.

Conversely, we say that a function f(x) is differentiable at x = c iff f’(c) exist and f(c) is
continues.

fo)—£(c) — limx—w*’ f-f() — f/(c)

xX—Cc xX—Cc

In other words, f(x) is differentiable at x = ciff lim,_, -

note: It is possible for a function to be continues at c but not be differentiable there if
the above limit is not the same as we approach c from either side.

Example, f(x) = |x|
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\‘/

continues function f(x) at 0,
but not differentiable at 0

Figure 3.5: example

How to check if f(x) is differentiable at c

IF f(x) is continues at c THEN

£(x)-£f(c)
IF lim(x->C) -—=—=—=========-= exist THEN

f(x) is differentiable at c
END IF
END IF

Figure 3.6: example

3.1.4 Intermediate value theorem

on interval [g, b], a continues function assumes all values between f (a) and f(b)

3.2 Taylor expansion with Lagrange remainder

On the real line, if we have a function f(x), and we wish to know the value of this
function at a point x = b given the value of f (x) and its derivatives at another point say
x = a, then we write

2 144
(b—-a) f"(a) N

fO) = @+ b -a)f @+ —

Now suppose we want to find the value of the function at arbitrary point x given the
value of f(x) and its derivative at another point say x = 4, then we replace b by x above
and write

(x - a)* f"(a)

fx) = @+ G- a)f @) + 2=+ R,
Where
n+1
= (JEn +)1 f(n+1) (&)

Where £ is some point between x and a
If x — a = h, we can write the above as

_ _ ) h2f// ([Z) h3f”(ﬁl) hn+1 (141)

F@ = f@) + 1 @)+ =57 + =55 ek e 0 (9
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If we know these at

x=a, we can estimate ———__ _

f(x) anywhere around ~<
this point ~

Called the
expansion
point

h%f"(a) N h3f"(a) i+t

?(X) = f(a) + hf/(a) + 21 3l L (n+1)!

(&)
N J

Error term between the exact
value of f(x) and its
estimated taylor expansion

Figure 3.7: example

note: If the point of expansion is zero, Taylor series is called maclaurin series.

x2f//(0) x3f//(0) xn+1 (n41)
a e Ut aand L ©

Fx) = f(a) +xf(0) +

Why do we use Taylor series for? To express a function as a series. This can allow one
to more easily manipulate it. Also, if the function is non-linear, by expressing it in
series, and dropping low order non-linear terms (h must be very small to have good
approximation), then we have linearized a non-linear function in the vicinity of a point
of expansion. Hence around the point of expansion, we can approximate the non-linear
function by its linear Taylor series terms for the purpose of doing further linear system
analysis (as it is easier to work with linear functions than non-linear ones).

3.2.1 Finding Error in Taylor series approximation

Things to know: How to find how many terms in Taylor series to approximate some
given function to some accuracy?

Idea of solution: Express E,,, this is the error term, or the remainder. Make |E, | < € where
€ is the accuracy needed. Find smallest n which makes this true

Example: How many terms needed to find In(2) to accuracy of € = 1078?

Expand In(x) atx =1, henceh =2-1=1

ln(x):(x—1)—%(x—1)2+%(x—1)3+--~+En

1 1
In2)=1--+—-+---+E
n(2) 2+3+ +E,

We want |E,| <1078, but E, = ﬁ <1078 = n > 108, hence at least 100 million terms

would be needed to computer In(2) using Taylor series with accuracy of 1078
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3.2.2 Mean value theorem

if f(x) is continues on [a, b], and if f’ (x) exist on the open interval (a, b) then there exists
a point & between b, a s.t.

f(b) - fa)=f"(&)(b—a)
3.2.3 Rolle’s theorem

if f(x) is continuous on [a, b] and if f’ (x) exist on (a,b) and if f(a) = f(b) then f' (&) =0
for some point in (a, b)

3.3 Section 1.2 Order of convergence, linear, superlinear,
quadratic

3.3.1 convergent sequence, limit definition

definition: A sequence of numbers x,, converges to limit x*, if for every positive number
€ there exist a number r such that |x,, — x*| < e forall n > r

Xn —X*| < €foralln > r

If for each epsilon we can find r such that the
above is true, then x* is the LIMIT of the
sequence, and the sequence converges to x¥*

Figure 3.8: example

note: Hence to show a sequence converges to x*, all what we have to do is find r such
that for any given €, we get |x,, — x*| < € whenever n > r

Example: to show that x,, = HTH converges to 1, need to show that there exist a number
r such that |n7+1 - 1| < € whenever n > r. Rewrite we have |%| < €, hence we see that
r = €71 because whenever n > r, then El < €. For example, assume € = 0.1, then r = 10,
and whenever n > 10, we have % <01

1
It is clear that lim,_. % =1.
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3.3.2 order of convergence

The order of the convergence of a sequence is the largest number g s.t. lim,,_,, |TZH—1;IC‘7|
exist ’
This is the same as writing lim,,_,, % where e, is the error at x,,
n
| €n+1 |
| |
——————— >
Xo Xn X X"
| |
€n

Figure 3.9: example

3.3.2.1 Linear

The rate of convergence is linear if we can find constant ¢ <1 and integer N s.t.

le,1l < ¢ leyl nx>N

3.3.2.2 superlinear

The rate of convergence is superlinear if we can find sequence ¢, tending to zero and
integer N s.t.

|en+1| <&, |en| nx=N

question: I do not understand this definition Can I say it as the linear, but an exponent
1 < a < 2, and write

The rate of convergence is superlinear if we can find constant ¢ <1 and integer N s.t.

lens1l < c eyl n>N

3.3.2.3 quadratic

The rate of convergence is quadratic if we can find constant c NOT Necessarily less than
1, and integer N s.t.

2
lens1l < ¢ leyl nx>N

idea: To show that a sequence converges quadratically to some limit, start with the
expression for e,,; and manipulate it to show that that is it < some constant xe,
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3.3.3 Big O and little o
These are means by which to compare 2 sequences to each others.
def: big O: One sequence x,, is bounded by a linear scaled version of a second sequence

we say that x,, = Oq,, if there is a constant C and N, s.t. x,, < Ca,, foralln > N

Sequence x_n is
trapped by the other
sequence for all n>N

Can Xn

N
After this N, x, < Capforaln > N

Figure 3.10: example

How to find if x,, = O («a,,)? start with x,, expression and manipulate it so that it has only
terms that contain a,, with some multipliers (the constant).

Or, easier, just look to see if x,, is bigger or smaller than «,,, if it is bigger, then it goes to
zero AFTER «a,,, hence use BIG O. if it is smaller, then it goes to zero BEFORE «,,, hence
us little o.

Xn

def: little o: we say x,, = 0 (a,,) if lim,,_,, — = 0
n
X
(" " BIG O
Xn Qn Littleo

Figure 3.11: example

. 1 1 . .
To test the above, given x,, = % and a,, = - what is the relation between them? we see

that x,, = L i, so it is BIGGER than a,,, so it goes to zero AFTER. Hence x,, = Oq,,
L g
10
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given x,, = ﬁ, we see that this is SMALLER than «,,, hence it will go to zero BEFORE
a,,, hence x,, = o (a,,)

question: verify I can do this reasoning all the time.

3.4 Section 1.3. difference equations, characteristic
polynomial, simple and repeated roots, analytic
solution and stability

Given a linear recursive equation such as x,,,; = f (xn, Xp-1, ), the goal is to find an

non-recursive solution for x,,

To do that, we introduce the shift operator E, rewrite the recursive equation in terms of
E, we get a polynomial in E which we solve. and depending on how the root come out,
we get a solution for x,, which is called the explicit solution.

Notice that the explicit solution gives the value of x, right away as a function of n. No
recursion is needed to find x for some specific 7, hence one can get numerical problems
with the recursive solution due to cancellation errors, while the explicit solution will
not show this problem. It is always better to use the explicit solution.

3.4.1 Example simple roots, no repeated roots

Xn+1 = 3xn - an—l
E?x, 1 = 3Ex,_1 — 2E%,,_4

(E2-3E+2)x,.1 =0

Solve P(E) = 0, we get roots A; = 2,1, =1, hence simple distinct roots. Hence explicit
solution is

Xy = AlATf + AzAg
= A2 + A

Now A; and A, can be found from initial conditions

3.4.2 Example simple roots, repeated roots

4xn + 79(”_1 + an_z —Xpy3 = 0

P(E) = 4E3xn_3 + 7E2xn_3 + 2Exn_3 - onn—3 =0

Hence roots are found from (E + 1)2 (4E-1) =0,s0 Ay = A, = -1 repeated 2 times, and

hence solution is
Xy = (A1} + ApnAf™) + AsAl

so it a root is repeated k times, we write

Xy = (AA] + AgnA ™t + Agn (n = 1) AS2 + -+ A (n = 1) (n = 2) -+ (A1) + A AR,

so here we have

_ 1\"
X, = Al (_1)71 + Az?’l (—1)n ! + A3 (Z)

and use I.C. to find the coefficients.
11
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3.4.3 Bounded sequence

sequence x, = [x1,xp, -] is bounded if there is a constant ¢ s.t. |x,| < ¢ for all . i.e.
x,| < oo
supnl 4l

3.4.3.1 Stable solution for the difference equation P(E)x = 0
P(E)x = 0 is stable if all its solutions are stable.

Theorem: polynomial p satistying P(0) # O the difference equation P(E)x = 0 is stable iff
all simple roots of p (E) = 0 are < 1 and all repeated roots are <1

So to find if a recursive equation is stable, find the roots of P (E) = 0 and check as per
above

3.5 Section 3.1 Bisection

. . . . atbn\ . . .
After n iterations, c,, , which is L) is at a distance from root given b
n 2 g y

by — ag
2n+1

|Cn —1’| =

3.6 Section 3.2 Newton root finding

Understanding Newton method
Start from the line equation. You remember we normally write it as

y = ¢ + mx where c is the y-axis intercept and m is the slope. But this equation always
implicitly assumed that the slope is taken at x; = 0, and the intercept is also at x5 = 0,
hence the above can be written as

y = f(x) = f(xo) + f (x0) (x — x0) (1)

The above equation is the same as y = ¢ + mx when x5 = 0

So from (1)

f(x) = f (x0) + f (x0) (x — x0)
f(x) = f (x0)
1’ (x0)

= (x —xp)

Now instead of writing x and x, we write x,,; and x,, so the above becomes

S () = f ()
S (xn)

= (xn+1 - xn)

_ ) = f)

Xn+1 = f, (xn) n

That is it. Now for x,,,1, f (x,4+1) = 0, and that is the whole idea. Replace f (x,,1) by zero
in the above we obtain

S (xn)

X+l = Xy —
n+ n f,(xn)

Which is Newton method.

12
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Theorem: Let f” be C? and let r be a simple zero. There is a neighborhood of r and a
constant C s.t. if Newton method is started in that neighborhood it will converge to r

according to |x,,1 — 7| < Clx, — 19

Proof of quadratic convergence order

| €n

Figure 3.12: quadratic convergence

From diagram we see that

Cnt1 =1 = Xyt (1)

But from definition of Newton root finding

f ) 2

X+l = Xy —
n+ n f/(xn)

substituting (2) into (1) gives

€yl =T — (xn - f, (xn))

(o)
enf (o) + £ ()
A ®)

Now evaluate f(x) at » by expanding it using Taylor around x,

h2 17
f(7)=f(xn)+hf’(xn)+%

But 4 is the distance between r and x,,, which is ¢,, hence the above becomes

oy, BF )
F0) = f Gon) +eaf” (5)+ 2

But f(r) = 0 since this is a root finding, and that is our goal. Hence the above becomes

13
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2 £
0= £ (o) +eaf () + 20
, (&
f(xn) + enf (xn) = _Te% (4)

Substituting (4) into numerator of (3) gives

@
2!

e,.1 = —=
n+1 f, (xn)

f// (E) ez
2f" (x,) "

e

fll(g) N f//(r) _
but =y ® T =

k (some constant), hence above becomes

_ 2
€ny1 = klen

where k; is some constant as well.

Hence we can find a constant C such that| e,,; < Ce? |where C is any constant smaller
than k;

The above proofes that Newton method converges quadratically.

3.6.1 Definition of convex function
A function f(x) is convex if f”’ (x) > 0 for all x.
Mathworld has this definition

”A convex function is a continuous function whose value at the midpoint of every interval
inits domain does not exceed the arithmetic mean of its values at the ends of the interval.”

diagram below from Mathworld
i S‘
\/

concave convex
function function

Figure 3.13: Mathworld

How to use Newton method to find \/E ?
Letx = VR, hence x¥2 - R = 0 is f(x) to use with Newton method. This leads to x,,,1 =

X %-R 1 « + R
ey, T o2\7M T

14
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3.6.2 Newton method to solve set of equations

Writing

Xn+1 —xn_
[ ] = _P(xn)]_l (xn)

Yu+1

&Fl(xnr}/n) aFl(xnryn)

3 —xn— Fq (Xn/ ]/n) X, n
= Yn| |F, (xn, ]/n) IFa(xn,yn) IF5(xnyn)
Xn Xy

3.7 Section 7.1 Numerical differentiation and Richardson
extrapolation

Some points to know

1. If a function f(x) is known at n points, and we also know that the function is a
polynomial of at most n — 1 degree, then we can find the polynomial exactly by
solving n equations and finding the ¢y, ¢, -+, ¢, coefficients. Hence no need to do
numerical differentiation, we can do analytical differentiation.

2
2. Remember this for Taylor: f (x +h) = f(x) + hf'(x) + h? f"" (&) for this to be valid,
f(x), f’ (x) have to be continuous in the CLOSED interval between x and & while
f”"(x) need to exist on the OPEN interval.

f(V2 +1) - £@(V2)

dx

15
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4.1. lookup table

CHAPTER 4. HWS

4.1 lookup table

# | date section/problems my solution score
1 1.1: 10,16,24,32 1.2: 18/20
6(b,e),7(b,c),10,28,40 1.3:9,11,12,25
2 22: 9,12,16,21,23: 24,6,7, 3.1: 20/20
2,14,15,16 3.2: 9,15,16,17,19,22,23,32
3 3.3:4,5,6,3.4:4,5,10,12,13,29,40 18/20
4 3.5: 1,2,35,6,10, 4.1: 15,16,17,18, 4.2: 20/20,
1,5,13,27,30,33,39,47 17/20
5 | march | 4.2:1,5,13,27,30,33,39,47 26/30
2
6 4.3:1 (b),(e), 30,31,39,43,45 35/35
7 44: 7(a),(c), 21, 37, 40 (a),(c), 4.5 18/20,
2,5,8,12,22,24 15/15
8 | 4/4/07 | 4.6:2,14,16,17,4.7:1,2,6 Including computer assign-| 25/25
ment on iterative solvers)
Richardson, Jacobi, Gauss-
Seidel, SOR, Steepest descent
9 | 4/24/07 | 4.7: 9, and computer assignment on 20/20
finding eigenvalues using power,In-
versePower,Shifted power, Shifted in-
verse power
10| 5/3/07 | 5.3:2,3,14,16,20,29,30,37 10/20
11| 5/8/07 | 6.2:13,22,26,27,37,6.3: 49,12,23
12| 5/15/07 100/100
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4.2.1 Section 1.1, Problem 10

Problem: Prove or disprove this assertion: if f is differentiable at x, then for any a # 1

fx+h)—f(x+ah)
h—ah

/ — 1
f'(x) = lim
Solution:

Since f’(x) exists, then expanding f (x + /) and f (x + ah) in Taylor series results in

fx+h)=f(x)+ f'(x)h + --- (Higher Order Terms involving h"™ where m > 2)
f(x+ah) = f(x) + (ah) f’(x) + --- (Higher Order Terms involving (ah)” where m > 2)

From first equation above we write

f(x)=f(x+h)-hf "(x) - (Higher Order Terms involving h"where m > 2) (1)

And from the second equation we write

f(x)=f(x+ah)-(ah)f "(x) - (Higher Order Terms involving (ah)" where m > 2)
(2)

equating equations (1)-(2)=0 we obtain

[f e+ 1) = hf (x) = O (W™)| = [f (x + ah) = (ah) f (x) - O (ah)"] =0
fre)[ah—h+ f(x+h) - f(x+ah)—O (W) + O (ah)" =0

Keep f’(x) on one side, and move everything to the other side results in

. fG+ah)—fx+h) (O (™) -0(@h)")
PO " @-n

As h goes to zero the above reduces to

o fGctah)-f(x+h)
fx) = lim (ah - h)

rearrange the sign results in

o fx+h) - f(x+ah)
f'@x) = lim (h — ah)

20
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4.2.2 Section 1.1, Problem 16

1000

Problem: If the series for In x is truncated after the term involving (x —1) and is then

used to compute In 2, what bound on the error can be give?
Answer:

Assume In x has a power series expansion around xj, we write, from definition of power
series

In(x) = a9 + a9 (x—x0)+a2(x—xo)2+a3(x—x0)3+ ot (0= xp)" # e (1)

When x; =1 we get

In(x) = ag +a; (x = 1) + ap (x = 1)* + a3 (x=1)> + -+ + 2, (x = 1)" + -~ (2)

At x =1 we obtain ay = 0 since In(1) = 0

Differentiate (2)

1 _
" = a1 +2ay (x = 1) +3a3 (x = 1)* + - + na, (x = 1) + - (3)

At x =1 weobtaina; =1

Differentiate (3)

= =20, + (3% 2 az(x =1+ +n(mn-1a,(x-1)"2+ - (4)

-1
At x =1 we obtain -1 = 2a, — a, = >

Differentiate (4)

%:(3><2)a3+---+n(n—1)(n—2)an(x—1)”_3+--- (5)

. 1
at x =1 we obtain a; = 3

continue as above, we obtain the power series for In(x) as

(_1)n+1

n

1 1 1
In(x) = (x-1) - E(x—1)2 + 5(x—1)3— Z(x—1)4 +ot (x=1)"+--
Notice that for the above to converge, we need to have (x -1) <1, or x < 2

1000

Now if the series is truncated after (x —1) ", hence n = 1000, and the maximum error

will be the (n + 1) term.
Hence
1002
E < (-1)
1001
1001
< (x-1)
1001

which forx =2
21
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1001
_@-1

— 1001
1

< —
1001
<9.99 x10°*

E

4.2.3 Section 1.1, Problem 24

. o 1
Problem: For small values of x, how good is the approximation for cosx = 1 - Exz? for
what range of values will this approximation give correct results rounded to 3 decimal
places?

Answer:

Expand cos(x) in power series, we write

cos(x) = ag +a; (x — xp) + ap (x—xo)2 + aj (x—x0)3 + - +a, (x—xo)” + .-

expand at xp =0

cos(x) = ag + ayx + ayx® + azx> + - + a, X" + -+

At x = 0 — ay =1, Differentiate the above

—sin(x) = aq + 2a,x + 3azx% + -+ + na, X"+ -
at x = 0 — a; = 0, Differentiate the above
—cos(x) =2a, + (B3X2)azx + - +n(n —1)anx”_2 + .-

1 . . .
atx=0—->a, = —, continue as above, we obtain the series for cos(x) as

1 1 -1 n+l
cos(x):1—§x2+ax4_...+( n)! g

. . 1 . .
Hence if we truncate the series at cos(x) = 1 — Exz, then the maximum error will be

bounded by

E< lx4
4!

Since we want the error to be correct to 3 decimal places, then we write

E < 0.001
Hence
x* < 41(0.001)
< 0.024
Hence

1
x < (0.024)+ = 0.39360
So for x < 0.39360 radians (about 22.552°), the approximation cos(x) ~ 1 - %xz give
correct results to 3 decimal places.

A small code to verify:
22
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> [restart;
truncated:=convert (series(cos(x) ,x,3) ,polynom) ;
difference:=cos (x) -truncated;
evalf (subs (x=0,3936,difference));
)
‘ X
truncated = | - T

N

X
difference = cos(x) - 1 + —

00009948711

Figure 4.1: code

4.2.4 Section 1.1, Problem 32

Problem: First develop the function /x in a series of powers of (x — 1) and then use it
to approximate v0.99999 99995 to 10 decimal places.

Solution:

\/E :ao+a1(x—x0)+a2(x—x0)2+a3(x—x0)3+---+an(x—x0)"+'--

Expand atxy =1

Viz=ag+a (x-1)+a(x-1*+a3(x=1° + - +a,(x-1)"+ -

atx =1 — gy =1, differentiating the above we obtain

1 _
—— =+ 2, (x —1) +3a3(x = 1)* + - +na, (x - 1) + -

2yx

1 .. . .
atx=1-a = 5 differentiate the above we obtain

1 ,
4—(x)3/2 = 2612 + (3X2)a3(x—1) + .- +7’l(7’l—1)[1n (x_l)n 4.
atx=1—a, = —41@ = —%, differentiate the above we obtain
—_— s = _ _ _ n-3
8(x)52 Bx2az+--+nn-1)n-2)a,(x-1)" "+
atx=1-4a3 = ( 33>< 2 = % differentiating the above gives
15 L
607" =(@4Xx3%x2)ag+-+nn-1)(n-2)(n-3)a,(x-1)" "+ -
15 5
a’cac—1—>514_—m_—E

Hence the series is

1 1 , 1 ; 5 .
\/§_1+2(x 1) 8(x 1) +16(x 1) 128(x 1) +

23
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Note: For convergence we require |x| <1

We want accuracy to 10 decimal places. Since

1/0.99999 99995 = 0.9999 999974

Then the series, using 2 terms gives

1 1
v0.99999 99995 =~ (1 + 5 (x— 1)) =1+ 5 (0.9999999995 — 1) = 0.9999 999975
x=0.9999999995

hence 2 terms are only needed. hence n =1

4.2.5 Section 1.2, problem 6(b,e)

Problem: For the pair (x,, «,), is it true that x, = O (a,,) as 1 — c0?
b)x, =5n>+9n3 +1,a, =1

e)x, =Vn+3,a, = %

Solution:

b) Assume that 51% + 913 +1 < C (a,,) hence 5n% + 91> +1 < C, but since n > 1 and keeps
increasing, then no matter how large a C we select, 5n2 + 9n3 will eventually become
larger than any constant C we choose when n > N for sufficiently large N.

Hence there is no such C, hence the answer is| NOT TRUE |.

. 1
e) we see that lim,,_,x,, = co, however lim,,_,, -~ = 0, hence it is not possible to find C

st.Vvn+3 <C % for any N. Hence the answer is| NOT TRUE |

4.2.6 Section 1.2, problem 7(b,c)

Problem: Choose the correct assertion (in each, n — o)

n+1

b) W = 0(1)
1 1
C)m = O (;)
Solution:
b) x, = o, =1

_\/ﬁ'n

lim (x_n) = lim 1 +1)
n—oo \ v, n—00 \/ﬁ
i [™ +1)
o\
= lim L) + lim (L)
1—00 \/E 1—00 \/ﬁ
= lim (Vir) +0

#0

Since the limit as 7 — oo is not zero, hence the assertion is | FALSE

1 1 1
€)X, = —,a&, = ~.Since Inn grows less rapidly than n then ;—grows more rapidly

1 L . . 1 o
than ~, Hence it is not possible to find some constant C's.t. .— < C—, hence assertion is

FALSE
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4.2.7 Section 1.2, problem 10

Problem: Show that these assertions are not true:
a)er—1= O(xz) asx — 0

b) x2 = O(cotx) asx — 0

c) cotx = o(x‘l) asx — 0

Answer:

a) We need to

x,=e" -1

x> x3
:(1+x+—+—+---)—1
20 3!

and a,, = x?

As x — 0 the term x will become larger than x2, hence near x = 0, x,, > a,, since near
2 3
- T s y2
x_0x+2! top e >x

Therefore it is not possible to find a constant C such that x,, < Ca,, near x = 0 since for
any constant C we select, no matter how small, we can find x closer to zero such that

x, > Ca,,, Hence assertion is | not true |

b) The power series for cot(x) is (Using CAS:).

Il x x 2

x 3 45945

Figure 4.2: code

_ 1 x X
Here we have x,, = x zandan:;—g___

a1

1
Asx — 0, thenan—>;

But % will grow less rapidly than xl—zwould as x — 0, hence it is not possible to find a
constant C such that x,, < Ca,, near x = 0 since for any constant C we select, no matter

how small, can find x closer to zero such that x,, > Ca,,, Hence assertion is | not true |.

3
X 1
—— 0, = ;,hence

R

c) x,, = cot(x) = g

]

1 X x3
x - _ _
lim =% = lijm *—2 - >
-0 ay, x—0 -
x
1 1 x2 x*
. X 3 5
= lim
x—0

Since the limit does not go to zero, hence the assertion is | not true |.
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4.2.8 Section 1.2, problem 28

Problem: Prove that x,, = x + o(1) iff lim,_,, x,, = x
Solution:

LetX,=x,-x,a,=1

Forward direction proof:

lim X,, = lim (x,, — x)
n—o00 n—o00

= (lim xn) - (lim x)
= (lim xn) -x
n—00

If lim,,_,, x,, = x, then the above become x —x =0

Xn

Hence lim,,_, ., — = g =0, hence X,, =o(l) orx,, —x =o(l) or x,, = x + 0(1)

Now proof in the reverse direction. Assume that lim,,_,., x,, # x, we need to show that
this implies x,, # x + 0 (1)

If lim,_, x, # x, then we can say that lim,_,., x,, = §, where  # x, hence lim,,_,., X,, =

p—x

Hence
lim 2% = Jim 2>
n—oo (y n—eo
_B-x
1
:ﬁ—x

But since § # x, then this limit does not go to zero. Hence x,, # x + o(1). This complete
the proof.

4.2.9 Section 1.2, problem 40
Problem: Prove: If o, — 0, x, = O (a,,), and y,, = O (a,,) then x,,y,, = 0 (a,)

Answer: Since x,, = O (a,) then x,, < C; (), and since y,, = O(a,,) theny, < C,(«,),
where C;, C, are positive constants.

Hence

XuYn < C1C2 (ozn)
<C(a,)

Where C = C,C,
But x,y, < C(a,,) means that x,y, is bounded above by «,,.

But we are told next that lim,_, ., @, = 0, hence this means that the sequence x,y, will
reach zero before the sequence «,,. But this is the same as saying that x,y, = o («;,)
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4.2.10 Section 1.3, problem 9

Problem: Prove that if L; and L, are linear combinations of powers of E and if Ly x = 0,
then L1L2x =0

Answer: Let L; = {E™ + a,E"™ + --- and Ly, = byE™ + byE™2 + .-
Then

LiLyx = (EllEnl + Elenz + ) (blEm1 + szmz + )x
= (ﬂlEnl + azE”Z + ) (blEmlx + szmzx + )

= (a,E™ (b;E™x) + a,E"2 (byE™x) + ---)
+ (a1 E™ (byE™2x) + ayE™ (byE™2x) + --+)
4

= (byaE™ (E™x) + byayE™ (E™x) + --+)
+ (bya  E™ (E™2x) + byap,E™ (E™2x) + --+)
4

= (bya E™ (E™x) + bya,E™ (E"2x) + ---)
+ (bya E™ (E™Mx) + bya, E™2 (E™x) + --+)

= (blEml + szmz + ) (alEnlx + azE”Zx + )
= L2L1x

= L,(0)

=0

4.2.11 Section 1.3, Problem 11

Problem: Give bases consisting of real sequences for each solution space.
a) (4E° - 3E2+ E®)x =0

b) (3E° - 2E + E2)x =0

c) (2E6 - 9E° +12E* - 4E%) x = 0

d) (rE2 - V2E+E%log2)x =0
Solution:

a) Characteristic equation is A3 =3A% +4 =0, 0r (A +1) (A - 2)2 = 0, hence the roots are
A =-1,and A = 2 or multiplicity 2.

ie. /\1 = —1,A2 = 2,/\3 =2

Hence first solution x (1) associated with A; = -1 is x;(n) = A} = -1"

the second solution x;(n) associated with A, = =2 is x,(n) = A5 = 2"

dxo(n)

— n-1 _ ,on-1
o = nAy =n2

the third solution x3(n) associated with Ay = -2 is x3(n) =

Hence now we can write some terms of the above 3 basis solutions are follows
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xi(n) =[A}, 43,73, -]
=[-1,-12,-13, ]
= [_1,1/ -1,1, ]

xp(n) = [A3, 13,13, -]
= [2!,22,23, ]
=[2,4,8,16,32, -]

x3(n) = 49,243,373, 443, - |
4

=[(2°).2(2"),3(2),4(2).5(2%), ]

=[1,4,12,32,80, ---]

Hence the basis are

[_1/1/ _1/ ]-/ ]

[2,4,8,16,32, -]

[1,4,12,32,80, -]
b)(3E° - 2E + E?)x =0

Characteristic equation is A> — 24 + 3 = 0, The roots are
A =1+V2i
Ay =1-v2i
Hence first solution x;(n) associated with A; =1 + V2iis x1(n) = Al = (1 + \/Ez)n

the second solution x,(n)associated with A, =1 — V2iis xp(n) = Ay = (1 -2 i)n

Hence

xl(”):)_H
= (1 +\/§i)1,(1 +\/§i)2,(1 +\/§i)3,~-]
- :(1+\/§i),(—1+2i\/§),(—5+i\/§),(—7—4i\/§),-~]

2

xy(11) = (1 —\51’)1,(1 —\/Ei) ,(1 _\/51-)3,...1
_ _(1—\/Ei),(—1—2ix/§),(—5—i\/§),(_7+4i\/§) ]

Notice that the 2 basis are conjugate to each others in each term in the sequence.
c)(2E® - 9E° + 12E* - 4E%)x = 0
Characteristic equation is 21 = 9A° + 124 - 4A3 =0

Factoring we obtain A
320-1)(A-2)*=0
hence the solutions are
28
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A = 0 with multiplicity 3, A = 2, A = 2 with multiplicity 2.
Hence Solutions associated with A = 0 are
x1(n) = A", xp(n) = nA" Y, x3(n) = n(n —1) A"2

Hence x1(n) =[0,0,0, ---], and x, and x5 are also the null sequence.

Solus ated with A = Lisx )= An = (1) =L, 11
olution associated wi =sisxg(m)=A"=3) =575 1%
Solutions associated with A = 2 are x5(n) = A" =2" =[2,4,8,16, ---]

_ dxs _ -1 _ on-1 _ 2 3 _
and xg(n) = 22 = nA" = 2" = [1,2(2),3(22),4(2%), | = [1,4,12,32, -]

Hence the basis are

[O/ 0/ O/ ]

1111
2°478"16’

[2,4,8,16, -]
[1,4,12,32, ]

d)(rE2 - V2E + Elog2) x

Characteristic equation is

nAZ—\/§A+10g2=0

2 log 2
/\2—£A+£=O
Tt s

A% -0.45016 A +0.22064 = 0

b+ VB -4dac 045016 + V0.450162 — 4 x 0.220 64
- 24 } 2

_ 045016 + v-0.67992

2
_ 045016 +1i0.824 57

2
Hence A; = 0.225079 +10.41228 and A, = 0.225079 - i0.41228

A

Hence
xp = AT
= (0.225079 + i0.41228)”
and
Xy = /\g

= (0.225079 — i0.41228)"
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4.2.12 Section 1.3, Problem 12

Problem: Prove that if P is a polynomial with real coefficients and if z = [zq, 2, 23, -+*]
is a complex solution of p(E)z = 0, then the conjugate of z, the real part of z and the
imaginary part of z are also solutions.

Solution:

P(E)z=0
Take conjugate of both sides

P(E)z=0

P(E)z=0

But
P(E) = ﬂoEO + ﬂlEl + ﬂzEz + .-

and all the a’s are real, hence P(E) = P(E), then

P(E)z=0 (1)

Now take the real part of P(E)z = 0 we get

Re (P(E)z) = Re(0)
Re (P(E))Re(z) =0

But
Re (P(E)) = P(E)
Hence
P(E)Re(z) = 0 (2)
For the last part, let

z = Re(z) +i Im(z)

Then P(E)z = 0 can be written as

P(E){Re(z) +i Im(z)} =0
P(E)Re(z) +i P(E)Im(z) =0

But from (2) we see that P(E) Re (z) = 0, hence the above becomes

i P(E)Im(z) = 0

Hence

P(E)Im(z) =0
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4.2.13 Section 1.3 problem 25

Problem: Determine if the difference equation x,, = x,,_; + x,,_,
Solution: Using the shift operator, we write F2x,_, = Ex,,_; + E%,_,

Hence

szn_z — Exn_z - onn—Z =0

(B2-E-1)x,=0

Hence the roots of the characteristic polynomial p(E)x = 0O are A2 -1 -1=0 or A =

—b+Vb2-4ac 1+V1+4  1++5
———— hence A = =
2a 2 2
Hence |1;] = “f =1.618 and |A,| = % = 0.61803

Since A; > 1, then| NOT STABLE | difference equation.
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2/6/07 7:24 PM E:\nabbasi\data\nabbasi

...\nma HW2 section 2 2 number 2 FINAL.m

1. af2

O AU WM

function y=nma HW2 section 2 2 number 2 FINAL (x)
MATH 501, HWZ2. CSUF

problem section 2.2, computer problem 2.
EXAMPLE OUTPUT FROM RUN:

>> nma_HW2_section_ 2 2 number 2 FINAL(0.00000001)
near bad region

ans =

>>

>>

>> nma_HWZ_section_ 2 2 number 2 FINAL(pi)
ans =

0.20264236728468

>> nma HW2_section_2_ 2 number 2 FINAL(2*pi)
near bad region

AT =

D=

Of OF OF oPf dP OO OF dP O OF OF of OO O of o0 JC OF oD g0 of OO o gP OF Of OO oOf o0 &0 S0 oP

epsilon=0.00001; % or use something like 10”6*eps
multiple = 2*pi;

if rem(abs(x),multiple)<=epsilon
fprintf ("near bad region\n');
y=f series(x);

else
v=(I-cos(x}]) /22,

end

end

TEEEEELLLLLLELLLLE8R48%

%

% This function evaluates (l-cos(x))/x"2 by

% expansion of taylor series of cos() around
% the x-point for 10 terms. This is done to

% avoid L.O.S.

%

FEETTLEHEHELELALL985%%%

function f=f_ series (x)

syms z;

f= (1- taylor(cos(z),10,x))/x"2;

HOW CLOSE to bad point
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2/6/07 7:24 PM E:\nabbasildata\nabbasi

...\nma HW2 section 2 2 number 2 FINAL.m

2 oE . &

60 f=double (subs (f,z,x)):
61 end
62
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[ > # SECTION 2.2, computer Problem 8

# Nasser Abbasi, 2/6/07
# MAPLE 10 on windows XP
#

> restart; # clear all variables and start new maple session
UseHardwareFloats := true; #make sure we use IEEE HW floating peoints

analyze:= proc(a,b,wrong answer)
local correct_answer,relative_error, absolute_ error;

correct answer:=evalf (a/b);
relative error:=abs( (correct answer - wrong answer) /correct answer ):
absolute_error:=abs( correct_answer - wrong answer )

printf ("correct answer is %16.12f\n", correct_answer);
printf ("wrong answer is %16.12f\n",wrong answer);

printf ("absolute error is %16.12f\n", absolute_error);
printf("relative error is %16.12f%%\n", relative_error);
end proc;

':> analyze (5505001,294911,18.66600092909) ;

[

correct_answer is 18.666651970000
wrong_answer is 18.666000929090
absolute error is 0.000651040000
relative error is 0.000034877170%

> analyze(4.999999,14.999999,0.333329);

correct_answer is 0.333333288900
Wrong_answer is 0.333329000000
absolute error is 0.000004288500
relative error is 0.000012866702%
> analyze (4195835,3145727,1.33382);

correct_answer is 1.333820449000

wrong_answer is 1.333820000000

absolute error is 0.000000449000

relative error is 0.000000336627%

> #
#We see that one should use the relative error as the correct measure of
#accuracy of calculations. In some cases above (case 1 and 3) the absolute
#error was greater than the relative error, while in others (case (2))
#it was less. The relative erorr is the correct measure to use.

> #
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> # SECTION 3.1, computer Problem 1
# Nasser Abbasi, 2/6/07
# MAPLE 10 on windows XP
3
#PROBLEM: Write and test the bisection method on the following
# (a) x*-1 - tan(x) on [0,Pi/2]
# (b) x*-1 -2”x on [0,1]
# (c) 2%-x + exp(x) +2*cos(x) - 6 on [1,3]
# (d) (x"~3+4 x*2+3 x+5) (2x"3-9x"2+18x-2) on [0, 4]

| > restart; # clear all variables and start new maple session

UseHardwareFloats := true; #make sure we use IEEE HW floating points

bisection:= proc(leftPt, rightPt,M,yTol, xTol)
local u,v,e, k,w,a,b,c;

a:=leftPt;
b:=rightPt;

u:=£f(a):
v:=£(b):
e:=b-a:

printf ("a=%f,b=%f, £ (a)=%£, £(b)=%f\n",a,b,u,v);

if sign(u)=sign(v) then
return;
end if;

for k from 1 to M do
e:=e/2;
c:=ate;
w:=f(c);
printf ("k=%d, c=%f, w=%f,e=%f\n" , k,c,w,e);

if abs(e)<xTol or abs(w)<yTol then
if (abs (e) <xTol) then
printf ("reached X-tolerance\n");
else
printf ("reached Y-tolerance\n");
end if;
return;
end if;

if (sign(w)<>sign(u)) then
b:=c;
vi=w;

else
a:=c;
u:i=w;

end if;

end do;

end proc;
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> #CASE(a)
xTol:=0.0001;
yTol:=0.0001;
MAX ITER:=1000;
f:=x-> 1/x - tan(x); #[0,Pi/2]
#plot(f(x),x=0..Pi/2);
bisection(0,pi/2,MAX ITER,xTol,yTol);

xTol :=0.0001
yTol :=0.0001
MAX_ITER := 1000

1
fi=x—>——tan(x)
%

Error, {(in f) numeric exception: di

sion by zero

> #CASE (b)
f:=x-> 1/x - 1/2+2; #[0,1]
#plot (£ (x),x=0..1);
bisection(0,1,MAX ITER,xTol,yTol);

11
Fi=x—37~
x4
Frror; {in &) -ion: diwvision by zero
> #CASE (c)

£:=x-> 1/2*x — exp(x) + 2*cos(x) -6; #[1,3]
#plot (£f(x),x=1..3);
bisection(1,3,MAX_ITER,xTol,yTol);

1
f:=x—>“£;—e‘+2cos(x)f6

a=1.000000,b=3.000000,f(a)=-7.137677, £ (b)=-27.940522

Error, (in bisection) unable to evaluate sign

> HCASE (d)
xTol:=0.00001;
yTol:=0.00001;
MAX_ITER:=10000;

fi=x—> (x"3 +4*x*2+3*x+5) [/ (2*x*3-9%x*2+18*x-2); #[0, 4]
plot (f(x),x=0..0.5);
bisection(0,4,MAX ITER,xTol,yTol);

xTol := 0.00001
yTol := 0.00001
MAX_ITER := 10000
£+4F+3x+5
25X -9 +18x-2

f=x->
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> # SECTION 3.1, computer Problem 3
# Nasser Abbasi, 2/6/07
# MAPLE 10 on windows XP
#
#PROBLEM :
# Find a root of f(x)=x-tan(x) in interval [1,2]

[ > #Use the bisection method written for previouse problem

| restart; # clear all variables and start new maple session
! UseHardwareFloats := true; #make sure we use IEEE HW floating points

bisection:= proc(leftPt, rightPt M, yTol, xTol)
local u,v,e, k,w,a,b,c;

a:=leftPt;
b:=rightPt;

|
!
| :=f (a) :
\ :=£(b) :
i e:=b-a:
printf ("a=%f,b=%f, £ (a)=%f, £(b)=%£f\n",a,b,u,v};
if sign(u)=sign(v) then
return;

end if;

for k from 1 to M do

e:=e/2;
c:=ate;
w:=£(c);

printf ("k=%d, c=%f, w=%f,e=%£f\n", k,c,w, e);

if abs(e)<xTol or abs(w)<yTol then
if (abs (e) <xTol) then
printf ("reached X-tolerance\n");
else
printf ("reached Y-tolerance\n");
end if;
return;
end if;

if (sign(w)<>sign(u)) then
b:=c;
VIEW;

else
a:=g;
u:r=w;

end if;

end do;

end proc;
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> # SECTION 2.2, computer Problem 1
# Nasser Abbasi, 2/6/07
# MAPLE 10 on windows XP
#
# PROBLEM: Write a program to compute
# f£(x)= sqgrt({ x"2+1 ) -1;
# gix}= x*2/( sgrt(x~2+1) +1 };
# for data x = 8 (~n). Comment on result and which is more reliable
#
‘ restart; # clear all variables and start new maple session
} UseHardwareFloats := true; #make sure we use IEEE HW floating points

# now define the 2 functions

; £:= 2 -> sqgrt( x"2+1 ) -1;
| g:= x -» x*2/( sgrt(x*2+1) +1 };

# set some max iterations and define data to store results in
MAX ITER:=10:
data:=Matrix (MAX_ ITER,5):

for n from 1 to MAX ITER do
x| r=ad )
data[n,1]:= n;
data[n, 2] := x;
data[n, 3] := evalf(f(x));
data[n, 4] := evalf(g(x));
‘ data[n,5]:= abs(dataln,3]-data[n,4]); # difference |f(x)-g(x)}]
end:

| # Now display the data. The first column is n, second is x
‘ # third is f£(x), 4th is g{(x), 5th is |£f(x)-g(x)|
; data;

UseHardwareFloats := true
f=x— i1 -1

2
X

gi=x T
q/x2+] +1

| > bk de
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[F %

>

M e f(x) g=) | -§ |

~1 -;— 0.007782218  0.007782218539 0.539 10" _

2 é 0.000122063  0.0001220628628 0.1372 107

3 ﬁ 0.1907 10°  0.1907346814 10” 0.346814 10”

4 4?@ 030107  0.2980232194 107  0.19767806 10”

5 % 0. 0.4656612873 10°  0.4656612873 10”°

6 262]}44 0. 0.7275957615 107" 0.7275957615 10"

: 209;]52 0. 0.1136868377 107%  0.1136868377 107

8 ?77172—13 0. 0.1776356840 10"  0.1776356840 10™*
m 0. 0.2775557562 10'®  0.2775557562 10°°
pr=r7pe 0.4336808690 10™® 0.433680869010"'8J

# We see from the above that g(x) is more reliable. For example at iteration
n=5,

# f£(x) gave zero as a result.

# g(x) is more reliable since it was rewritten to avoid L.0.S. problem with x
# is close to zero
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4.4.2 HW 3. Computer part Matlab horner method, Taylor approx,
Bisection and secant
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Nassec Abbasi

W / ({ g Name: TR s
(.Tb’Lé' stk Math 501 — Numerical Analysis & Computation — Dr. Lee — Spring 2007

Computer Assignment 02/05/2007

Given f(x) = exp(x). the Taylor approximation for f(x) for x near 0 can be found as

N
3\,(;:):2%% for N21.
k=0 e

1) Write a MATLAB function that takes in x and N and computes P, (x).

2) Write a MATLAB for-loop program that uses the subplot command to plot £, (x) for N =1,....6
and x € [-1, 1].

3) For each N, plot the absolute and relative errors
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0 R —

function pn=nma_Taylor (x, numberOfTerms)
% function pn=nma_Taylor (x,N)
% Taylor approximation for exp(x) for N terms

5

$INPUT:
x: the x-value to estimate exp(x) at
numberOfTerms: number of terms in tayler series to us

o e oe

%OUTPUT:
% pn: The estimated value of exp(x) using numberOfTerms

3

By Nasser Abbasi. HW3 computer assignment.
, CSUF. Computer assignment 2/5/07

$EXAMPLE RUNS

>> pn=nma_Taylor (10, 30)

L pn =

% 2.202646403625892e+004

compare to actual exp()
% >> exp(10)
% ans =
% 2.202646579480672e+004

if nargin < 2
error 'number of arguments must be 2'
end

if numberOfTerms<l
error 'numberOfTerms must be >=1'
end

if ~ {( isnumeric(x) && isnumeric (numberOfTerms) )
error 'input parameters must be numeric'
end

pn=0;
for k = 0 : numberOfTerms

pn = pn + x"k/factorial (k);
end
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oP of df o df df of

%

%PLot the actual exp(x) using RED line, and

Part(2) solution to computer assignment, 2/05/2007.

Nasser Abbasi. Math 501, CSUF, spring 2007

¥ nwler Ass ( el

L

Write a script that uses a for loop that uses subplot to plot
Pn(x) for N=1..6 and x in [-1,1]. Use the function written in

part(l) of the assignment. see nma Taylor.m

%using BLUE line

clear all; close all;

currentPlotNumber
MAX_ITERATIONS

I

1;
6;

x=linspace(-1,1,1000) ;

figure(l) ;

for n = 1:MAX ITERATIONS

subplot (2,3, currentPlotNumber) ;
y = nma_ Taylor(x,n);
plot(x,y, 'LineWidth',2);

hold on;
plot(x,exp(x),'r');

currentPlotNumber = currentPlotNumber + 1;

xlabel('x'); ylabel('exp(x)');
title(sprintf('N=%d',n));

legend('Pn(x) ', 'exp(x) ', 'Location', 'NorthWest');

set (geca, 'FontSize' ,7) ;

end

the approximated exp (x)
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: A<< ion et
P{ﬂv‘J’\'— # 3 Frst KOWP“’&“! & e

Part(3) solution to computer assignment, 2/05/2007.
Nasser Abbasi. Math 501, CSUF, spring 2007

Write a script that uses a for loop that uses subplot to plot
absolute and relative error. part(3) of the assignment. see
nma Taylor.m

dP of df of df of

clear all; close all;

currentPlotNumber 1
MAX ITERATIONS = 6;

x=linspace(-1,1,1000) ;
for n = 1:MAX ITERATIONS
figure;

approxValue = nma Taylor(x,n);
trueValue = exp(x);

absError = abs (trueValue-approxValue) ;
relativeError = abs (trueValue-approxValue) ./abs (truevalue) ;

subplot(1,2,1)
plot(x,absError, 'LineWidth',2);
title (sprintf ('N=%d, Abs error',n)); xlabel('x'); ylabel('error'):;

subplot(1,2,2);
plot(x,relativeError,'c');

title(sprintf ('N=%d, Rel error',n)); xlabel('x'); ylabel('error');

end
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Second Lompate Ascigament. 11 s ectiar]

function [estimatedRoot, yAtEstimatedRoot, numlIterationsUsed]= ...
nma_bisection (theFunc, leftPoint, rightPoint, xErrorTol, yErrorTocl)

40 8P

function [estimatedRoot, yAtEstimatedRoot, numlteraticnsUsed]=
nma_bisection(theFunc, leftPoint, rightPoint, xErrorTol, yErrorTol)

o &

e

a0

1-D bisection method

a0 o0

This functions tries to find a root for a 1-D function bracketed between
2 points using the bisection method.

EGl

% INPUT:

% theFunc: Handle to the function whose root to be found

% leftPoint: walue of the left point of the interval (the 'a' point)
% rightPoint: value of the right point of the interval (the 'b' point)
3 xErrorTol : x-tolerance

% vErrorTel : y-telerance

%

$OUTPUT:

% estimatedRoot: value of the estimate of the root

% yAtEstimatedRoot : wvalue of the function at the estimated root

% numIterationsUsed : number of iterations used

S

g

SWritten by: Nasser Abbasi, feb 13,2007.
% Part of HW3. Math 501, CSUF.

of ¢

oF

of of

EXAMPLE RUNS

EXAMPLE 1:
>> [¢,y,n]=nma bisection(@sin , -0.1, 0.3, 0.001, 0.001)
c =

-6.938893903907228e-018

o Xam \:ﬂ@
Yons

-6.938893903907228e-018
n =

2

EXAMPLE 2:
>> [c,y,n]=nma_bisection(@ (x) x*2+2*x-1 , 0.1, 0.5, 0.001, 0.001)
it

0.41562500000000

a8

9° df oP

¥

ae

0.00399414062500

o8

n

@

8

e

o

|
of o of Of of dP OF dP odf dP of of

compare above answer c to fzeroc answer:
= frero(@{x) x"2%2+x=1 ; =.19)
ans =

0.41421356237310

o @ de
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TRUE = 1;
FALSE = 0;
maxIterations = (log( (rightPoint - leftPoint)/ xErrorTol ))/log(2) -1;

maxIterations = ceil (maxIterations):

n=1;
rootFound = FALSE;

while n < maxIterations && ~rootFound

¢ = (leftPoint+rightPoint)/2;
fc theFunc(c) ;

if abs(fc) < yErrorTol
rootFound = TRUE;

else
if sign(fc) == sign(theFunc(leftPoint))
leftPoint = c;
else
rightPoint = c¢;
end

end
end
estimatedRoot = c;
yAtEstimatedRoct = theFunc(c);

numlterationsUsed = n;
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Seind lompnte, fesignmant. Tecan

function [estimatedRoot, yAtEstimatedRoot, numIterationsUsed]= ...

dP dP of of o° o oP of

P OPF OF oP OF OP of OP oOF oOfF dF OF OF 0P OF of 0P OF

op of of dP o° dP of of dP df o

do d° gf dP oOF OP oP P

nma_gacant(tharunc, a, b, xErrorTol, yErrorTol, maxIterations)

function [estimatedRoot, yAtEstimatedRoot, numIterationsUsed]=
nma_secant(thefunc, a, b, xErrorTol, yErrorTol, maxIterations)
1-D secant method
This functions tries to find a root for a 1-D function using the secant
method.
INPUT:
theFunc: Handle to the function whose root to be found
a: value of first of the initial point that secant method requires
b: wvalue of second of the initial point that secant method requires
xErrorTol : x-tolerance
yErrorTol : y-tolerance
maxIterations: max iterations allowed
QUTPUT :
estimatedRoot: value of the estimate of the root
yAtEstimatedRoot : value of the function at the estimated root
numIterationsUsed : number of iterations used
Written by: Nasser Abbasi, feb 13,2007.
Part of HW3. Math 501, CSUF.
EXAMPLE RUNS
EXAMPLE 1:
>> [e,y,n]=nma_secant (@ (x) x*3-sinh (x)+4*x*2+6*x+9 ,7,8,0.0001,0.0001,10)
c =
7.11306342932610
-2.875063387364207e-008
n=
6 \
EXAMPLE 2 f
>> [e,y,n]=nma secant (@ (x) x"2+2*x-1 , 0, 1, 0.0001, 0.0001,10) {
c = [

0.41421143847487 |
- |
-6.007286838860537e-006 |
S
5

e
LA
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TRUE
FALSE

n=

1;

I;
0;

rootFound = FALSE;

fa = theFunc(a);

fb

= th

eFunc (b) ;

while n < maxIterations &&

if abs (fa)>abs (fb)
tmp = a;
a=>,;
b = tmp;
tmp = fa;
fa = fb;
fb = tmp;
end
s = (b-a)/(fb-fa);
b = a;
fb = fa;
a = a - fa*s;
fa = theFunc(a) ;
if abs(fa) < yErrorTol
rootFound = TRUE;
end
n=n+1;
end
estimatedRoot = a;
yAtEstimatedRoot = fa;
numIterationsUsed = n;

~rootFound

abs (b-a) <xErrorTol
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function [pz,pzd]l=nma horner (a,z0)

%
% function [pz,pdz]=nma horner (a,z0)
%
% evaluate P(z0) and P'(z0) from coefficients of polynomial a, at the
% point z0
$INPUT:
% a: vector that contains the polynomial coeff in this order
% [A0 Al ....x an]
% =z0: the value where to evaluate the Polynomial at.
%
% by Nasser Abbasi. Computer assignment 02/12/07
% Math 501. CSUF
%
%
% EXAMPLE RUN:
% Test program on P(z)=9*z"4-T*z3+z"2-2*%z+5 at z=2
% 3
>> 0,pdz0]= h e L, =7,91,2 -
: [pz0,pdz0]=nma_horner ([5 o1y 1.2) POE("':&Z*
% pz0 = Lalds Commiai |
% 93  EXéutable Commang
% pdz0 = with the outpnl
% 206
% >>
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if nargin < 2
error 'number of arguments must be 2'
end

if length (a)==
error 'coefficients array is empty'’
end

if ~ ( isnumeric(z0) && isnumeric(a) )
error 'input parameters must be numeric'
end

$first call to find P(z0);
b=myHorner (a,z0) ;
pz=b (1) ;

%$Call again call to find P' (20);
b=myHorner (b (2:end) ,z0) ;
pzd=b(1) ;

EEELLEELLLLLLLLILLELLEHLLLLLLEEEELS
%
% internal function to evaluate
% a Horner row
%
FEELLHELLLELLLLLLLLLLLLLHLLTLLHLLLL9%%
function b=myHorner (a,z0)
n = length(a) ;
b = zeros(n,l):;
b(n) = a(n);
for k = n-1:-1:1
b(k) = a(k)+b(k+1) *z0;
end

Verification using CAS:

M= pl{z ] := 9724 zz—2z+5;
pizl /.22

Qtfz= 93

IN3=D[p[z],Z] /.Z2>»2

Qi3= 206
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4.4.3 Key solution

HW4 Solution
1. Problem 3.4.4

Soln: (a) F'(z) = —2z(1 + 2?)~2. max|F'(z)| is obtained when z = 1/v/3 ~ 0.65. Thus
F(x) is a contractive mapping. A = 0.65

(b) |F(z) — F(y)| = (1/2)|(y — z)/(zy)| < |y — z|/2, since = and y are between 1 and 5.
A =1/2 from above.

(c) By Mean value theorem, |F(z) — F(y)| = |F'(€)|lz — y| = |z — y|/(1 + £2). Given an
interval [a,b], such that x,y € [a,b], then £ € [a,b]. So 1/(1 + &%) < 1/(1 + a?). Therefore
A=1/(1+a?).

(d) By Mean value theorem, |F(z) — F(y)| = |F'(&)||z — y| = 3/2|¢"/?||]x — y|. Since
z,y € [—1/3,1/3], s0 £ € [-1/3,1/3]. A =3/2|¢Y/?| < 3/2,/1/3 ~ 0.866.

2. Problem 3.4.6

Soln: We need to have FM(r) = 0, F@(r) = 0, F®)(r) # 0. From FO(r) = 0, = g(r) =
=1/fD(r). From FO(r) =0, = g = f&(r)/[2(fD(r))?].

3. Problem 3.4.20

Soln: (a) [F(z) — F(y)| = [a* —?| = |z —yllz + y| < (1/2)]z — y|, since |z +y| < |2[ + [y,
and |z| < 1/4 and |y| < 1/4. F is a contracting mapping, but F(0) = 3, which means F
does not map the interval [—1/4,1/4] into [—1/4,1/4].

(b) |F(z) — F(y)| = |x —y|/2. F is a contraction. Since F(—1) = 1/2, I does not map the
set [—2,—1]U[1,2] into [-2,—1] U [1,2].

4.

Soln: e,41 = k%, = en = (k%)"ey. If we need to have e, < 107™¢y, = (k%)™ < 107™.
= nalogy k < —m. Since |k| < 1, = na > —m/logy k.

5. Problem 3.5.1
Soln: p(4) = 946.

3 -7t -5 1 -8 2
4 12 20 60 244 944
3 5 15 61 236 946
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4.9.1 Analytic problems

4.9.1.1 section 4.6, problem 2

question: Prove that if A has this property (unit row diagonal dominant)

n
aii:1>2|aij| (1SZS1’1)
j=1
j#i
then Richardson iteration is successful.
Solution:

Since the iterative formula is

Xe1 = X + Q71 (b — Axy)
= Xi + Q_lb - Q_lek
= (1= 0 A)x + Q1

This converges, by theorem (1) on page 210 when |[I - Q7' Al < 1

In Richardson method, Q = I, hence Richardson converges if ||[[ — Al <1

1 0 - o||1 ap - ay 0 ap - my

O a21 1 az a21 0 az
But I - All = | =1 8l

0

_O 1_ Ay Gy -1 Ay g - 0

But since row unit diagonal dominant, then the sum of each row elements remaining
(after a; was annihilated) is a sum which is less than 1. Hence each row about will sum
to some value which is less than 1. Hence the infinity norm of the above matrix, which
is the maximum row sum, is less than 1. Hence

I - All <1
Hence Richardson will converge. Each iteration will move closer to the solution x*

49.1.2 problem 14

Problem: Prove that the eigenvalues of a Hermitian matrix are real.

Answer: A is Hermitian if (AT) = A , where the bar above indicates taking the com-
plex conjugate. Hence the matrix is transposed and then each element will be complex
conjugated.

Now, an eigenvalue of a matrix is defined such as

Ax = Ax

pre mutliply both sides by (xT)

But since A is Herminitian, then (AT) = A, hence the above becomes
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(Ax) x = A(xT)x
(xTA)x = /\(xT)x
@_x = /\x_T)x
X(x_Tx = /\x_T)x
A=A

Hence since complex conjugate of eigenvalue is the same as the eigenvalue, therefor A
is real.

49.1.3 problem 16

Problem: Prove that if A is nonsingular, then AAT is positive definite.

Answer: A is nonsingular, meaning its left and right inverses exist and are the same. To
show that a matrix is positive definite, need to show that xT Ax > 0 for all x # 0.

Let AT = B, then letn = xTAATx , we need to show thatn > 0

n=x"(AB)x

Since A™! exist, then multiply both sides by A™ and B~}

A7'Bln = A71B1xT (AB) x

=xTx

But x"x = ||x||? > 0 unless x = 0, hence above becomes

A 1B ln>0
-1

Al (AT) n>0
_ -1

(ATA) n>0

Multiply both sides by AT A leads to n > 0, hence AAT is positive definite.
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4.9.1.4 problem 17
Problem: Prove that if A is positive definite, then its eigenvalues are positive.
Answer: A is positive definite implies xTAx > 0 for all x # 0. i.e. (x, Ax) > 0.

But Ax = Ax, hence
(x,Ax) >0

or
Adx,x) >0

But (x, x) = ||x]]*> > 0 unless x = 0, therefor

A>0

4.9.1.5 section 4.7, problem 1

question: Prove that if A is symmetric, then the gradient of the function g(x) = (x, Ax) -
2(x,b) at x is 2 (Ax — D). Recall that the gradient of a function g : R” — R is the vector
4

o fori=1,2,---n

whose components are
answer:

(a,b) is a’h, hence using this definition, we can expend the RHS above and see that it
will give the result required.

(x, Ax) = xT (Ax)

ayp aip o A%

gy Az -+ dp||X2
=[x1xp -+ x,]

Ap1 Ap2 0 Auu | |Xn

a11Xq1 + apxy + - +aq,Xx,

ar1X1 + Ay X» + -+ A Xy
=[x xp - x]

a,1X1 + aypXo + -+ + a,, X,
= xq (a11%7 + A12Xp + -+ + A1,Xy) + X (A% + A2pXp + <o+ + A2Xy,)

+ X3 (A31%1 + agpXy + 0+ azyXy,) + o+ X, (@1X1 + QX + 0 + AppXy)
= (allx‘% + a12X1Xo + -+ alnxlxn) + (a21x2x1 + azzx% + -0+ ﬂanZJCn)

+ (1131X1X3 + a32X72X3 + 11333(% cer (l3nan3) + -+ (anlxnxl + A,2XpXo + -+ annx%)

And

(x,b) = xTb
—bl—
b,
=[x1xp -+ x,]
b,

= x1b1 +.X'2b2 + .-+ xnbn

Hence Putting the above together, we obtain
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EI(x) = <xl Ax> - 2 <xl b>
= (anx% + A1pX1Xp + -+ + a1nx1xn) + (a21x2x1 + Elzzx% + e+ a2nx2xn)
+ (ﬂ31X1X3 + A3pXoX3 + a33x§ + -+ a3nxnx3) + o+ (anlxnxl + AppXyXo + 00 + ElnnX%)

-2 (lel + bez + -0+ xnbn)

Now taking the derivative of the above w.r.t x1, x, -+, x,, to generate the gradient vector,
we obtain

dq(x)
gxl = (2a11x1 + agpxp + -+ + ay,xy,) + (ap1x2) + (a31x3) + -+ + (a,1x,) — 2(by)
dq(x)
gxz = (a1x7) + (ap1X1 + 2a90%) + =+ + dg,X,) + (A32X3) + -+ + (a,0%x,,) — 2(by)
dq(x)
8qx = (a1,%1) + (a2,Xp) + (a3yx3) + -+ + (@y1x1 + AppXy + -+ + 2a,,,x,,) — 2 (by,)
n
Hence
—xl- —xlﬂ
a‘ﬂx) X2 Xo
e 2011, a1z, -+, a1, || T|+ 10,001,831, -+, @] | |- 2(by)
X1 . .
xn xn
_x1_ _x1_
dq(x) X X2
5 = a1, 2005 , -+ a0,]| |+ [a12,0, =, ]| [ =2(by)
X . .
xi’l xn
X1 —xl—
dq(x) X X
B) =[an1 , dp2, -+, 20,] T [anll App, * /0] T 2(by,)
X, : :
xn x”l

Combine, we get
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_x1_
2q(x) X3
5x1 = [25111, 2ayp, “',zam] E -2(by)
xn
_x1_
) X
901 = [2ap1 ,2a9; , -+, 2ay,] -2 (by)
8x2 :
xn
,xl-
J X
q(x) = [Zanl /Z‘ZnZI /Zann] 2 - Z(bn)
ax, :
xn

Hence, in Vector/Matrix notation we obtain

dqx) .
2 =2AX-2b

=2(A%-D)

Which is what we are asked to show.

(it would also have been possible to solve the above by expressing everything in the
summation notations, i.e. writing (Ax), = 2;1 A (i, ]) xj, and apply differentiations directly
on these summation expression as is without expanding them as I did above, it would
have been probably shorter solution)

4.9.1.6 problem 2

Question: Prove that the minimum value of g(x) is — <b, A‘1b>

Solution:
q(x) = (x, Ax) — 2(x, b)

dq(x)

From problem (1) we found that =

=2 (A?c’ — E), hence setting this to zero

AX -

=l |
Il

0
A1

0
To check if this is a min,max, or saddle, we differentiate 29 once more, and plug in

1754
this solution and check

d (dqx)\ .9 [, =+
a—)_c)( &Y )—Zg—Y(Ax—b)

=2A
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(A needs to be positive definite here, problem did not say this?) Hence this is a mini-
mum.

Hence minimum value g(x) is
qmin(x) = <A_1b/ Ax> -2 <A_1b, b>

But Ax = b, hence

Imin(X) = <A‘1b, b> -2 <A—1b, b>

. <A‘1b,b>
. <b, A—1b>

4.9.1.7 problem 6

question: Prove that if f = <?f;{:;> ,and if y = x + Fo then (v, b — Ay) = 0
answer:
. (v,b - Ax)
y= (v, Av)
Then
3 (v,b— Ax)
(v,b-Ay) = <v, b-A (x (0, A0) v)>
3 (v,b - Ax)
= <v, b-Ax-A 0, A0) v>
(v,b - Ax)
= -Ax-A
<v, b X 0, A0) >
(v,b - Ax)
=ovl[b-Ax- A
¢ ( (0, Av) )
(v,b - Ax)
— Iy _ TA _ TA
v'b—-v Ax -0 0, A0)
(v,b - Ax)

=ov'b—vTAx - (v, A
v'b-v Ax — (v, Av) 0, A0)

=0l -0l Ax - (v, b — Ax)
=o! (b- Ax) - (v, b — Ax)
=(v,b—- Ax) — (v,b — Ax)
=0

4.9.2 Computer problems
4.9.2.1 Jacobi, Gauss-Seidel, SOR

Jacobi, Gauss-Seidel, and SOR iterative solvers were implemented (in Matlab) and com-
pared for rate of convergence. The implementation was tested on the following system

4 2 1 0 ol]lm] [-a]
1 -4 1 1 ol (1
A=l2 1 -4 1 2||xs|=|-16
001 1 -4 1||x| |12
0 0 1 2 04]|x| |4

and the result was compared to Matlab A\b’ result, which is
181



49. HW 8 CHAPTER 4. HWS

A\b'
ans =
1.00000000000000
-2.00000000000000
4.00000000000000
-2.00000000000000
1.00000000000000
>>

These iterative solvers solve the linear system Ax = b by iteratively approaching a
solution. In all of these methods, the general iteration formula is

Xes1 = X+ Q7H(I - Axy)

Each method uses a different Q matrix. For Jacobi, Q = diag(A), and for Gauss-Seidel,
Q = L(A), which is the lower triangular part of A. For SOR, Q = (diag(A) + a)LO(A))

1
where LO(A) is the strictly lower triangular part of A, and w is an input parameter gen-
erally 0 < w < 2.

For the Jacobi and Gauss-Seidel methods, we are guaranteed to converge to a solution
if A is diagonally dominant. For SOR the condition of convergence is p(G) < 1, where

G= (I - Q‘lA), and p(G) is the spectral radius of G.

49.2.2 Results

The following table shows the result of running Jacobian and Gauss-Seidel on the same

Matrix. The columns are the relative error between each successive iteration. Defined
Xk+1~Xk

ol The first column is the result from running the Jacobian method, and the
k+1

second is the result from the Gauss-Seidel method.
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Iteration | Jacobi Gauss-Seidel

1 0.94197873843414 | 0.93435567469174
2 0.22011159808466 | 0.13203098317070
3 0.04613055928361 | 0.03056375635161
4 0.02582530967034 | 0.02878251571226
5 0.02166103846735 | 0.02294426703511
6 0.01508738881859 | 0.01935275191913
7 0.01447950687767 | 0.01618762392092
8 0.01246529285252 | 0.01353611057259
9 0.01166876946105 | 0.01130586303057
10 0.01055706870353 | 0.00943545181644
11 0.00971262454554 | 0.00786920716886
12 0.00886458421973 | 0.00655940732143
13 0.00811604581680 | 0.00546521547469
14 0.00741643318343 | 0.00455191661070
15 0.00677994422374 | 0.00379012917894
16 0.00619437598238 | 0.00315507291046
17 0.00565882948442 | 0.00262590555197
18 0.00516810821828 | 0.00218513512307
19 0.00471915312779 | 0.00181810678260
20 0.00430837834153 | 0.00151255968550

We see from the above table that Gauss-Seidel method has faster convergence than
Jacobi method. The following is a plot of the above table.

File Edit View Insert Tools Desktop Window Help

=10l ]

Ded&E h|aaMm® (€ 0E| =0

comparing Jacobi and GaussSeidel solvers convergence
0.05 T T T T T T

Jacobi
GaussSeidel |7

0.045+

004}

0.035

0.03f

0.025 -

relative error

G-S converges

0.02¢ faster than Jacobi

0.015+
0.01f

0.005

1 1 I
10 15 20 30
iteration number

Figure 4.3: Plot

For the SOR method, it depends on the value of w used. First we look at SOR on its own,
comparing its performance as w changes. Next, we pick 2 values for w and compare
SOR using these values with the Jacobian and the Gauss-Seidel method.
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This table below shows the values of the relative error for difference w. Only the first 20
iterations are shown. The following w values are used: .25,.5,.75,1,1.25,1.5,1.75. This
table also shows the number of iterations needed to achieve the same error tolerance
specified by the user. Smaller number of iterations needed to reach this error limit
indicates that w selected was better than otherwise.

Table showing relative error as function of omega for SOR method

as 1 2 3 4 5 6 7 8

0.56636149 0.31679444 0.19062856 0.12117129 0.07975602 0.05368407 0.03668826 0.025375
0.80386383 0.26815876 0.10423762 0.04325096 0.02004347 0.01252633 0.01064611 0.010023
0.89416573 0.13002078 0.02796861 0.01947413 0.01787411 0.01629882 0.01477604 0.013360
0.93435567 0.13203098 0.03056376 0.02878252 0.02294427 0.01935275 0.01618762 0.013536
0.95492757 0.55277501 0.16654878 0.09785504 0.02868588 0.02521435 0.01102950 0.009760
0.96647513 1.49382165 0.48287210 0.49652491 0.23641796 0.17683813 0.09584100 0.058404
0.97327911 4.80887503 0.83556641 2.53932500 0.76442818 1.42972044 0.58706530 0.776483

Figure 4.4: Table

From the above table, and for the specific data used in this exercise, we observe that
w = 1.25 achieved the best convergence

This is a plot of the above table. (using zoom to make the important part more visible).

Drowez _i ]
File Edit VYiew Insert Tools Desktop Window Help N
Ned& h[Rams €08 a0
SOR using different @ values
T | T T T T T T T T
0.16F | !
014t
+
012F
. 01f
=
o 008}
=
™
© 006
004+
002+
ok
“0_02 C 1 1 1 1 1 1 1 1 ha)
2 4 6 8 10 12 14 16 18
number of iterations

Figure 4.5: Zoom plot

Now we show the difference between Jacobi, Gauss-Seidel and SOR (using @ =1.25) as
this w gave the best convergence using SOR. The following is a plot showing that SOR
with w =1.25 achieved best convergence.
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-0l
N
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Figure 4.6: SOR plot

4.9.2.3 Example Matlab output

The following is an output from one run generated by a Matlab script written to test
these implementations. 2 test cases used. A,b input as given in the HW assignment sheet
given in the class, and a second A,b input shown in the textbook (SPD matrix, but not
diagonally dominant) shown on page 245. This is the output.

skkokk TEST 1 skokskkkkkksk

A =
-4 2 1 0 0
1 -4 1 1 0
2 1 -4 1 2
0 1 1 -4 1
0 1 2 -4

b =
-4 11 -16 11 -4

======>Matlab linear solver solution, using A\b
1.00000000000000
-2.00000000000000
4.00000000000000
-2.00000000000000
1.00000000000000

Solution from Jacobi
1.00037323222607
-1.99962676777393
4.00061424742539
-1.99962676777393
1.00037323222607

Solution from Gauss-Seidel
1.00019802638995
-1.99981450377552
4.00028764196082
-1.99983534139755
1.00015423979143

Solution from SOR, w=0.250000
1.00355389692825
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-1.99647784171454
4.005749402111568
-1.99653496988616
1.00343408511030

Solution from SOR, w=0.500000

1.00064715564763
-1.99936629645376
4.00102314817150
-1.99939010276819
1.00059721960251

Solution from SOR, w=0.750000

1.00036324343971
-1.99965036525822
4.00055574249388
-1.99967387439430
1.00031390750518

Solution from SOR, w=1.000000

1.00019802638995
-1.99981450377552
4.00028764196082
-1.99983534139755
1.00015423979143

Solution from SOR, w=1.250000

1.00009213101077
-1.99991820839097
4.00012079232435
-1.99993416539569
1.00005844632680

Solution from SOR, w=1.500000

0.99998926445485
-1.99999117155337
3.99998500044858
-1.99999354920373
0.99999484763949

Solution from SOR, w=1.750000

1.00001519677595
-2.00001369840580
4.00002560215918
-2.00001192126720
1.00001112407411

xxkkk TEST 2 kkkskskokkkx
A:

10 1 2 3
1 -1 2
2 -1 7 3
3 2 3 12
4 -3 -5 -1

12 =27 14 -17

======>Matlab linear solver
1.00000000000000
-2.00000000000000
3.00000000000000
-2.00000000000000

12

solution, using A\Db
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1.00000000000000

Jacobi solution
1.00018168868849
-2.00016761404521
2.99969203212914
-1.99995200794879
0.99978228017035

Gauss Seidel solution
1.00009837024472
-2.00008075631740
2.99986024703377
-1.99998691907114
0.99991190441111

SOR solution, w=1.25
1.00002736848705
-2.00001960859025
2.99996840603470
-1.99999920522245
0.99998285315310

4.9.2.3.1 Conclusion SOR with w = 1.25 achieved the best convergence. However,
one needs to find determine which w can do the best job, and this also will depend on
the input. For different input different w might give better result. Hence to use SOR one
must first do a number of trials to determine the best value to use. Between the Jacobian
and the Gauss-Seidel methods, the Gauss-Seidel method showed better convergence.

4.9.2.4 Long operation count

In these operations long count, since these algorithms are iterative, hence the operation
count will be based on one iteration. One would then need to multiply this count by
the number of iterations need to converge as per the specification that the user supplies.
Gauss-Seidel will require less iterations to converge to the same solution as compared
to Jacobi method. With the SOR method, it will depend on the w selected.

4.9.2.4.1 Jacobi Long operations count for one iteration of the Jacobi method.

while keepLookingForSolution
k=k+1;

currentError=norm(xnew-xold) ;- - - - - (2)
relError(k)=currentError/norm(xnew) ;- - - - - €))

if norm(b-A*xnew)<=resLimit || currentError<=errorLimit || k>maxIter
keepLookingForSolution=FALSE;
else
xo0ld=xnew;
end

end
where

Qinv = eye(nRow)/diag(diag(A));

For line(1): For multiplying an n X n matrix by n X 1 vector, n? ops are required. Hence
for A * xold we require n? ops. The result of (b — A * xold) is an n long vector. Next we
have Qinv multiplied by this n long vector. This will require only # ops since Qinv is all
zeros except at the diagonal. Hence to calculate xnew we require 1 + 12 ops.
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For line(2,3): It involves 2 norm operations and one division. Hence we need to find
the count for the norm operation. Assuming norm 2 is being used which is defined as

21'11 x? hence this requires n multiplications and one long operation added for taking

square root (ok to do?). Hence the total ops for finding relative erroris 2n+2+1 = 2n+3

The next operation is the check for the result limit:

norm(b — A = xnew) <= resLimit

This involves 1n? operations for the matrix by vector multiplication, and 7 + 1 operations
for the norm. Hence n? + n + 1

Adding all the above we obtain: 1 + n? + 2n + 3 + n? + n + 1 = 2n? + 4n + 4 hence this is
O (2112)

The above is the cost per one iteration. Hence if M is close to 1, then it is worst than G.E.
But if the number of iteration is much less than N, then this method will be faster than
non-iterative methods based on Gaussian elimination which required O (n3 )

4.9.2.4.2 Gauss-Seidel Long operations count for one iteration of the Gauss-Seidel.
For the statement

while keepLookingForSolution
k=k+1;

xnew=xold;
for i=1:nRow

xnew(i)=xnew(i)+ (b(i)-A(i,:)*xnew)/A(i,i);- - - - - (1)
end

currentError=norm(xnew-xold); - - - - - (2)
relError(k)=currentError/norm(xnew); - —— - - - (3)

if norm(b-A*xnew)<=resLimit || currentError<=errorLimit || k>maxIter
keepLookingForSolution=FALSE;
else
xold=xnew;
end
end

For line (1): For each i, there is n for the operation A(i,:)*xnew, and one operation for
the division. Hence the total cost is 72 since there are 1 rows.

For line(2+3): The cost is the same as with the Jacobi method, which was found to be
2n+3

The next operation is the check for the result limit:
norm(b — A = xnew) <= resLimit

This involves n? operations for the matrix by vector multiplication, and 7 + 1 operations
for the norm.

Hence the total operation is n% + 2n + 3+ n+1 = n? + 3n +4 | hence this is O (nz) per
one iteration.
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4.9.2.43 SOR Thisisthe same as Gauss-Seidel, except there is an extra multiplication
by w per one row per one iteration. Hence we need to add # to the count found in Gauss-

Seidel. Hence the count for SORis| n?2 +4n+4 |or O (nz)

4.9.2.5 Steepest descent iterative solver algorithm

The following is the output from testing the Steepest descent iterative algorithm.

======>Matlab linear solver solution, using A\b
1.00000000000000
-2.00000000000000
3.00000000000000
-2.00000000000000
1.00000000000000

Steepest descent solution
1.00013109477547
-2.00012625234312
2.99976034511258
-1.99996859964602
0.99987563548937

>>

4.9.2.6 Steepest Descent operation count

while keepLookingForSolution

k=k+1;
v=b-A*x0ld; - - - - - - (1)
t=dot(v,v)/dot(v,Axv); - - - - - (2)
xnew=xold+t*v; - - - - - (3)
currentError=norm(xnew-xo0ld); - - - - - (4)
relError (k)=currentError/norm(xnew); - - - -(5)
if norm(b-A*xnew)<=resLimit || currentError<=errorLimit || k>maxIter
keepLookingForSolution=FALSE;
else
xo0ld=xnew;
end
end

For line (1): n?

For line (2): For numerator: dot operation is 7. For denominator: for A*v need n?, and
then need n added to the dot operation, hence need 1 + n? + n operations. Add 1 to the
division, hence need n? + 21 + 1 for line (2).

For line(3): n multiplications.

For line(4): n +1 for the norm.

For line(5): n + 2 operations.

And finally for norm(b-A*xnew) in the final check, requires n? + n + 1

Hencetotalisn? + n? +2n+1+n+n+1+n+2+n>+n+1=3n>+6n+5
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4.9.3 Source code

49.3.1 nma_driverTestIterativeSolvers.m

o

%This script is the driver to test and gather data for plotting
%for computer assignment 3/19/07 for Math 501, CSUF

h

JNasser Abbasi 032607

b

%file name: nma_driverTestIterativeSolvers.m

close all;
clear all;

DISP_FOR_TABLE=0; Y%turn to 1 to get output for table display

A=[-42100;1-4110;21-412;011-41;0012 -4];
b=[-4 11 -16 11 -4];

maxIter=200;

errorLimit=0.0001;

resLimit=0.00001;

oTable=zeros (maxIter,2);

Jnma_getSpectraRadius0fMatrix(
%find spectral radius for (I-Q"-1 A)

Q=diag(diag(A));
r=max(abs(eig( eye(size(A,1)) - inv(Q)*A ) ));
fprintf('Jacboi: spectral radius is %f\n',r);
if r>1
fprintf ('WARNING, spectral radius of (I-Q7-1 A) should be less than 1 for cg
end
[X,k,relError]=nma_JacobiIterativeSolver(A,[1,1,1,1,1]',b'ﬁ
maxIter,errorLimit,resLimit);
figure;
plot(3:35,relError(3:35)); % plot(relError(1l:k));
oTable(1l:k,1)=relError(1:k);
fprintf ('Solution from Jacobiln');
format long;
disp(x)

Q=tril(A);
r=max(abs(eig( eye(size(A,1)) - inv(Q)*A ) ));

fprintf('Jacboi: spectral radius is %f\n',r);
if r>1

fprintf ('WARNING, spectral radius of (I-Q"-1 A) should be less than 1 for cg
end

[x,k,relError]=nma_GaussSeidelIterativeSolver(A,[1,1,1,1,1]"',b',...
maxIter,errorLimit,resLimit);

hold on;

plot(3:35,relError(3:35),'r'); % plot(relError(1l:k));

legend('Jacobi', 'GaussSeidel');

title('comparing Jacobi and GaussSeidel solvers convergence');

xlabel('iteration number');

ylabel('relative error');

fprintf('Solution from Gauss-Seidel\n');
format long;
disp(x)
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oTable(1:k,2)=relError(1:k);
fprintf (' J\tG-S\n');
for i=1:35

fprintf ('%d\t%16.15f\t%16.15f\n',i,oTable(i,1),oTable(i,2));

end

%do it again for inclusion into Latex
if DISP_FOR_TABLE
fprintf ('Jacob\n');
format long;
for 1=1:20
disp(oTable(i,1))
end

%do it again for inclusion into Latex
fprintf ('G-S\n');
for i=1:20
disp(oTable(i,2))
end
end

figure;

omegaValues=0.25%[1 2 3 4 5 6 7];
oTable=zeros(length(omegaValues) ,maxIter+1);
mycolor={'b','r:"','k*','m:"','m','k-."','k'};
for i=1:length(omegaValues)

[x,k,relError]=nma_SORIterativeSolver(A,[1,1,1,1,1]',b"',

maxIter,errorLimit,resLimit,omegaValues(i));
plot(relError(1:k) ,mycolor{il});
oTable(i,1)=omegaValues(i);
oTable(i,2)=k;
oTable(i,3:3+k-1)=relError(1:k);
hold on;
fprintf('Solution from SOR, w=)f\n',omegaValues(i));
disp(x)

end

title('SOR using different \omega values');
xlabel ('number of iterations');

ylabel('relative error');
legend('.25','.5',"'.756','1','1.26"','1.5"','1.75");

fprintf ('omega\titeration\trelative errors\n');
for i=1:length(omegaValues)
fprintf('%3.2f\t%d',oTable(i,1),0Table(i,2));
if (oTable(i,2)>35)
cut0f£f=35;
else
cut0ff=oTable(i,2);
end
fprintf ('\t\t');
for j=1:cutOff
fprintf ('\t%16.15f"',0Table(i,j+2));
%fprintf (! %9.8f',0Table(i,j+2));
end
fprintf('\n');
end

%do it again for inclusion into Latex
if DISP_FOR_TABLE

fprintf ('SOR\n');

for j=1:length(omegaValues)
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fprintf ('SOR======>\n');
for i=1:20

disp(oTable(j,i+2))
end

end
end

Jnow compare the 3 methods using omega 1.25 only

[x,k,relError]=nma_JacobilterativeSolver(A,[1,1,1,1,1]1',b',...
maxIter,errorLimit,resLimit);

figure;

plot(3:35,relError(3:35)); % plot(relError(1l:k));

[x,k,relError]=nma_GaussSeidelIterativeSolver(A,[1,1,1,1,1]',b',...
maxIter,errorLimit,resLimit);

hold on;

plot(3:35,relError(3:35),'r'); % plot(relError(1l:k));

[x,k,relError]=nma_SORIterativeSolver(A,[1,1,1,1,1]',b',...
maxIter,errorLimit,resLimit,1.25);
plot(3:35,relError(3:35),'m'); % plot(relError(1l:k));

legend('Jacobi', 'GaussSeidel','SOR w=1.25"');

title('comparing Jacobi, GaussSeidel, SOR solvers convergence');
xlabel('iteration number');

ylabel('relative error');

%%kl Now run the test again. short version to paste into document.

A=[-42100;1-4110;21-412;011-41;0012 -4];
b=[-4 11 -16 11 -4];

fprintf ('***xkx TEST 1 sxkkkkkkx\n');

A

b

fprintf ('======>Matlab linear solver solution, using A\\b \n');
disp(A\b');

[x,k,relError]=nma_JacobilterativeSolver(A,[1,1,1,1,1]',b',...
maxIter,errorLimit,resLimit);

fprintf('Jacobi solution\n');

disp(x);

[x,k,relError]=nma_GaussSeidelIterativeSolver(A,[1,1,1,1,1]',b',...
maxIter,errorLimit,resLimit);

fprintf ('Gauss Seidel solution\n');

disp(x);

[x,k,relError]=nma_SORIterativeSolver(A,[1,1,1,1,1]',b',...
maxIter,errorLimit,resLimit,1.25);

fprintf ('SOR solution, w=1.25\n');

disp(x);

%%k’ Now run another test. Use an SPD matrix, which is shown on
hpage 245 of textbook (Numerical Analysis, Kincaid.Cheney)
fprintf ('xxkk*x TEST 2 skkkkkxkk\n');

A=[10 1 2 3 4;1 9 -12-3;2-173-5;32312-1;4 -3 -5 -1 15];
b=[12 -27 14 -17 12];
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A

b

fprintf ('======>Matlab linear solver solution, using A\\b \n');
disp(A\b');

[x,k,relError]=nma_JacobilterativeSolver(A,[1,1,1,1,1]',b',...
maxIter,errorLimit,resLimit);

fprintf('Jacobi solution\n');

disp(x);

[x,k,relError]=nma_GaussSeidelIterativeSolver(A,[1,1,1,1,1]1',b',...
maxIter,errorLimit,resLimit);

fprintf ('Gauss Seidel solution\n');

disp(x);

[x,k,relError]=nma_SORIterativeSolver(A,[1,1,1,1,1]',b',...
maxIter,errorLimit,resLimit,1.25);

fprintf ('SOR solution, w=1.25\n');

disp(x);

4.9.3.2 nma_SORIterativeSolver.m

function [xnew,k,relError]=nma_SORIterativeSolver(A,x,b,
maxIter,errorLimit,resLimit,omega)

%function [xnew,k,relError]=nma_GaussSeidelIterativeSolver(A,x,b,...

% maxIter,errorLimit,resLimit,omega)

/A

% Solve Ax=b using the SOR Iterative method

b

%INPUT:

% A: the A matrix

% x: Initial guess for solution

% b: right hand side

% maxIter: max number of iterations allowed

% errorLimit: error tolerance. difference between successive x iteration

% values. if such a difference is less than this error, stop.

% resLimit: if |b-A*x| is less than this limit, stop the iterative process.

% omega: SOR factor

b

%0UTPUT

% xnew: the solution found by iterative method.

% k: actual number of iterations used to obtain the above solution.

% relError: array that contains the relative error found at each iteration

%hexample call

% A=[-42100;1-4110;21-412;011-41;0012 -4];

% b=[-4 11 -16 11 -4]; maxIter=200; errorLimit=0.0001; resLimit=0.00001;
%[x,k,relError]=nma_JacobilterativeSolver(A,[1,1,1,1,1]',b',...

% maxIter,errorLimit,resLimit)

%by Nasser Abbasi 3/26/07
/A

% do some error checking on input....
if nargin ~=7
error 'wrong number of arguments. 7 inputs are required';
end
if ~isnumeric(omega)

error 'omega must be numeric';
end
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TRUE=1; FALSE=0;

[res,msgl=nma_TIterativeSolversIsValidInput(A,x,b,...
maxIter,errorLimit,resLimit) ;

if ~res
error (msg) ;

end

[nRow,nCol]l=size(A);
xold=x(:);

b=b(:);

k=0;
relError=zeros(maxIter,1);

keepLookingForSolution=TRUE;

while keepLookingForSolution
k=k+1;

xnew=xo0ld;
for i=1:nRow

xnew(i)=xnew(i)+ omega*(b(i)-A(i,:)*xnew)/A(i,1i);
end

currentError=norm(xnew-xold) ;
relError (k)=currentError/norm(xnew) ;

if norm(b-A*xnew)<=resLimit || currentError<=errorLimit || k>maxIter
keepLookingForSolution=FALSE;
else
xold=xnew;
end
end

end

4.9.3.3 nma_JacobilterativeSolver.m

function [Xnew,k,relError]=nma_JacobiIterativeSolver(A,X,bﬁ
maxIter,errorLimit,resLimit)

%function [xnew,k]=nma_JacobilterativeSolver(A,x,b,...

% maxIter,errorLimit,resLimit)

b

% Solve Ax=b using the Jacobi Iterative method

b

%INPUT:

% A: the A matrix

% x: Initial guess for solution

% b: right hand side

% maxIter: max number of iterations allowed

% errorLimit: error tolerance. difference between successive x iteration

A values. if such a difference is less than this error, stop.

% resLimit: if |b-A*x| is less than this limit, stop the iterative process.

b

%0UTPUT

% xnew: the solution found by iterative method.

% k: actual number of iterations used to obtain the above solution.

% relError: array that contains the relative error found at each iteration

b

%hexample call

% A=[-42100;1 -4110;21-412;,011-41;0012 -4];

% b=[-4 11 -16 11 -4]; maxIter=200; errorLimit=0.0001; resLimit=0.00001;

%[x,k,relError]=nma_JacobilterativeSolver(A,[1,1,1,1,1]',b",...
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% maxIter,errorLimit,resLimit)

%by Nasser Abbasi 3/26/07
b

if nargin ~=6
error 'wrong number of arguments. 6 inputs are required';
end

TRUE=1; FALSE=0;

[res,msgl=nma_TterativeSolversIsValidInput(A,x,b,maxIter,errorLimit,resLimit);
if ~res

error (msg) ;
end

[nRow,nCol]l=size(A);
xold=x(:);

b=b(:);

k=0;
relError=zeros(maxIter,1);
Qinv=eye (nRow) /diag(diag(A));

keepLookingForSolution=TRUE;
while keepLookingForSolution
k=k+1;

xnew=x0ld+Qinv* (b-A*xo0ld) ;

currentError=norm(xnew-xold) ;
relError (k)=currentError/norm(xnew) ;

if norm(b-A*xnew)<=resLimit || currentError<=errorLimit || k>maxIter
keepLookingForSolution=FALSE;
else
xold=xnew;
end
end
end

4.9.3.4 nma_GaussSeidellterativeSolver.m

function [xnew,k,relError]=nma_GaussSeidelIterativeSolver(A,x,b,
maxIter,errorLimit,resLimit)
%function [xnew,k]=nma_GaussSeidelIterativeSolver(A,x,b,...

% maxIter,errorLimit,resLimit)
2

% Solve Ax=b using the Gauss-Seidel Iterative method

o

%INPUT:

% A: the A matrix

% x: Initial guess for solution

% b: right hand side

% maxIter: max number of iterations allowed

% errorLimit: error tolerance. difference between successive x iteration
% values. if such a difference is less than this error, stop.
% resLimit: if |b-A*x| is less than this limit, stop the iterative process.
b

%0UTPUT

% xnew: the solution found by iterative method.

% k: actual number of iterations used to obtain the above solution.
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% relError: array that contains the relative error found at each iteration
/A

Jiexample call

% A=[-42100;1-4110;21-412;,011-41;0012 -4];

% b=[-4 11 -16 11 -4]; maxIter=200; errorLimit=0.0001; resLimit=0.00001;
%[x,k,relError]=nma_GaussSeidelIterativeSolver(A,...

% [1,1,1,1,1]',b' ,maxIter,errorLimit,resLimit)

b
%by Nasser Abbasi 3/26/07
% do some error checking on input....

if nargin ~=6
error 'wrong number of arguments. 6 inputs are required';
end

TRUE=1; FALSE=0;

[res,msgl=nma_IterativeSolversIsValidInput(A,x,b,...
maxIter,errorLimit,resLimit);

if ~res
error (msg) ;

end

[nRow,nCol]l=size(A);
xold=x(:);

b=b(:);

k=0;
relError=zeros(maxIter,1);

keepLookingForSolution=TRUE;

while keepLookingForSolution
k=k+1;

xnew=xo0ld;
for i=1:nRow

xnew(i)=xnew(i)+ (b(i)-A(i,:)*xnew)/A(i,i);
end

currentError=norm(xnew-xold) ;
relError(k)=currentError/norm(xnew) ;

if norm(b-A*xnew)<=resLimit || currentError<=errorLimit || k>maxIter
keepLookingForSolution=FALSE;
else
x0ld=xnew;
end
end

end
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4.9.3.5 nma_lIterativeSolversIsValidInput.m

function [res,msg]l=nma_IterativeSolversIsValidInput(A,x,b,maxIter,errorLimit,res
%function[res,msgl=nma_IterativeSolversIsValidInput(A,x,b,maxIter,errorLimit,res
b

%helper function. Called by iterative liner solvers to validate input
b

/%Nasser Abbasi 03/26/07

res=0;
msg="";
if ~isnumeric(A)|~isnumeric(b) |~isnumeric(x)|~isnumeric(maxIter) ...
| ~isnumeric(errorLimit) | ~isnumeric(resLimit)
msg='non numeric input detected';
return;
end

[nRow,nCol]l=size(A);

if nRow~=nCol
msg='square A matrix expected';
return;

end

[m,n]=size(b);

if n>1
msg='b must be a vector';
return;

end

if m~=nRow
msg='length of b does not match A matrix size';
return;

end

[m,n]=size(x);

if n>1
msg='x must be a vector';
return;

end

if m~=nRow
msg='length of x does not match A matrix size';
return;

end

res=1;
return;

end

4.9.3.6 nma_SteepestlterativeSolver.m

function [Xnew,k,relError]=nma_SteepestIterativeSolver(A,x,b\
maxIter,errorLimit,resLimit)

%function [xnew,k]=nma_SteepestIterativeSolver(A,x,b,...

% maxIter,errorLimit,resLimit)

yA

% Solve Ax=b using the Steepest descent Iterative method

yA

%INPUT:

% A: the A matrix

% x: Initial guess for solution

% b: right hand side

7 maxIter: max number of iterations allowed
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% errorLimit: error tolerance. difference between successive x iteration

% values. if such a difference is less than this error, stop.
% resLimit: if |b-A*x| is less than this limit, stop the iterative process.
b

%0UTPUT

% xnew: the solution found by iterative method.

% k: actual number of iterations used to obtain the above solution.

% relError: array that contains the relative error found at each iteration
b

%example call

% A=[-42100;1-4110;21-412;011-41;0012 -4];

% b=[-4 11 -16 11 -4]; maxIter=200; errorLimit=0.0001; resLimit=0.00001;
%[x,k,relError]=nma_SteepestIterativeSolver(4,...

% [1,1,1,1,1]',b' ,maxIter,errorLimit,resLimit)

o
%by Nasser Abbasi 3/26/07
% do some error checking on input....

if nargin ~=6
error 'wrong number of arguments. 6 inputs are required';
end

TRUE=1; FALSE=0;

[res,msgl=nma_TIterativeSolversIsValidInput(A,x,b,...
maxIter,errorLimit,resLimit);

if ~res
error (msg) ;

end

[nRow,nCol]l=size(A);
xold=x(:);

b=b(:);

k=0;

relError=zeros (maxIter,1);

keepLookingForSolution=TRUE;

while keepLookingForSolution
k=k+1;

v=b-A*xo0ld;
t=dot (v,v)/dot (v,A*v) ;
xnew=xold+t*v;

currentError=norm(xnew-xold) ;
relError (k)=currentError/norm(xnew) ;

if norm(b-A*xnew)<=resLimit || currentError<=errorLimit || k>maxIter
keepLookingForSolution=FALSE;
else
xold=xnew;
end
end
end
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4.9.3.7 nma_driverTestSteepest.,

b

%#This script is the driver to test steepest descent solver
Jfor computer assignment 3/19/07 for Math 501, CSUF

o

%Nasser Abbasi 033007

o

%file name: nma_driverTestSteepest.m

close all;
clear all;

maxIter=200;
errorLimit=0.0001;
resLimit=0.00001;

%%%h% Now run another test. Use an SPD matrix, which is shown on
hpage 245 of textbook (Numerical Analysis, Kincaid.Cheney)
fprintf ('***x*x TEST steepest descent s x**x***xx\n');

A=[10 123 4;19 -12-3;2-173-5;32312-1;4 -3 -5 -1 15];
b=[12 -27 14 -17 12];

A

b

fprintf ('======>Matlab linear solver solution, using A\\b \n');
disp(A\b');

[x,k,relError]=nma_SteepestIterativeSolver(A,[1,1,1,1,1]',b",
maxIter,errorLimit,resLimit);

fprintf ('Steepest descent solution\n');

disp(x);
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%

% MATH 501, Computer Assignment 04/04/2007
% by Nasser Abbasi
%
%

test script to run problem 2 on the data given
A=[

4 1
1 1
2 4
0 1
0

oOrHEFE AN

(=
N
[
—

initialEigenVectorGuess=[1 1 1 1 1];

$use Matlab to see the values to verify aginst
[v,1]=eig(A)

%Set parameters

maxIter=10;

delErr=0.0001; %not specified, try these
delEps=0.0001; %not specified, try these

[lambda]snma_pownr(A,initial!igoanctorGu-la,maxIter,dalErr,dnlxpa);
fprintf (' ~-————====- power result. Eigenvalue=%f\n', lambda) ;

[1ambda]=nma_inverse_powor(A,initialEiqenVectorGuess,maxIter,delErr,dalEps);
fprintf (' --——--——---- power inverse result. Eigenvalue=%f\n',6 lambda) ;

[lambda, k]=nma_shifted power (A,initialEigenVectorGuess, maxIter,delErr, delEps,2)

lambda=2+lambda ;
fprintf('---------- power shifted result. Eigenvalue=%f\n',6 lambda) ;

[1ambdn,k]=nma_invcrae_ahifted_pow.r(A,initialEignnVectorGuoss,manter,dolErr,d
elEps,6.5) ;

lambda=6.5+1lambda;

fprintf (' ----——----- power inverse shifted result. Eigenvalue=%f\n',k lambda) ;

TEST RESULT

v =
-0.3861 -0.6325 0.0000 0.2405 -0.5000
-0.3861 -0.3162 0.4082 0.2405  0.5000
-0.6354 0.0000 -0.8165 =-0.8767 ~-0.0000
-0.3861 0.3162 0.4082 0.2405 -0.5000
-0.3861 0.6325 0.0000 0.2405 0.5000

1 =

7.6458 0 0 0 0
0 5.0000 0 0 0
0 0 3.0000 (] 0
0 0 0  2.3542 0
0 0 0 0  2.0000

—————————— power result. Eigenvalue=7.645769

—————————— power inverse result. Eigenvalue=2.354139
—————————— power shifted result. Eigenvalue=7.645755
—————————— power inverse shifted result. Eigenvalue=7.645724
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function

[lambda new, k] =nma_inverse shifted power (A,initialEigenVectorGuess, maxIter, delE
rr,delEps,mu)

%

% MATH 501, Computer Assignment 04/04/2007

% by Nasser Abbasi

%

% IMPLEMENT iterative Inverse shifted power method

w_old=initialEigenVectorGuess(:) ;
lambda_old=rand;

In=eye(size(A,l)) ;

A=inv (A-mu*In) ;

for k=1l:maxIter
w_old=w_old/norm(w_old) ;
w_new=A*w_old;
lambda_ new=dot (w_old,w_new) ;

if norm(w_new-w_old)<delErr || abs(lambda_old-lambda new)<delEps
break;
else
w_old=w_new;
lambda old=lambda new;
end
end

lambda new=1/lambda new;

function [lambda new,k]=nma_shifted power (A,initialEigenVectorGuess, ...
maxIter,delErr,delEps,mu)

%

% MATH 501, Computer Assignment 04/04/2007

% by Nasser Abbasi

%

% IMPLEMENT iterative shifted power method

w_old=initialEigenVectorGuess(:) ;
lambda_old=mu;

In=eye(size(A,1l));

A=A-mu*In;

for k=1:maxIter
w_old=w_old/norm(w_old) ;
w_new=A*w_old;
lambda new=dot (w_old,w_new) ;

if norm(w_new-w_old)<delErr || abs(lambda old-lambda new)<delEps
break; -
else
w_old=w_new;
lambda_old=lambda new;
end
end
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4.10.1 Source code

4.10.1.1 nma_inverse_power.m

nction lambda_new=nma_inverse_power (A,initialEigenVectorGuess,maxIter,delErr,del
A

% MATH 501, Computer Assignment 04/04/2007
% by Nasser Abbasi

b

% IMPLEMENT iterative Inverse power method

A=inv(A);

w_old=initialEigenVectorGuess(:);
lambda_old=rand;

for k=1:maxIter
w_old=w_old/norm(w_old) ;
w_new=A*xw_old;
lambda_new=dot (w_old,w_new) ;

if norm(w_new-w_old)<delErr || abs(lambda_old-lambda_new)<delEps
break;
else
w_old=w_new;
lambda_old=lambda_new;
end
end

lambda_new=1/lambda_new;

4.10.1.2 nma_inverse_shifted_power.m

function [lambda_new,k]=nma_inverse_shifted_power(A,initialEigenVectorGuess,max]
b

% MATH 501, Computer Assignment 04/04/2007

% by Nasser Abbasi

b

% IMPLEMENT iterative Inverse shifted power method

w_old=initialEigenVectorGuess(:);
lambda_old=rand;
In=eye(size(A,1));
A=inv(A-mux*In);

for k=1:maxIter
w_old=w_old/norm(w_old) ;
w_new=A*xw_old;
lambda_new=dot (w_old,w_new) ;

if norm(w_new-w_old)<delErr || abs(lambda_old-lambda_new)<delEps
break;
else
w_old=w_new;
lambda_old=lambda_new;
end
end

lambda_new=1/lambda_new;
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4.10.1.3 nma_power.m

function lambda_new=nma_power (A,initialEigenVectorGuess,maxIter,delErr,delEps)
b

% MATH 501, Computer Assignment 04/04/2007

% by Nasser Abbasi

b

% IMPLEMENT iterative power method

w_old=initialEigenVectorGuess(:);
lambda_old=rand;

for k=1:maxIter
w_old=w_old/norm(w_old) ;
w_new=A*w_old;
lambda_new=dot (w_old,w_new) ;
if norm(w_new-w_old)<delErr || abs(lambda_old-lambda_new)<delEps
break;
else
w_old=w_new;
lambda_old=lambda_new;
end
end

4.10.1.4 nma_shifted_power.m

nction [lambda_new,k]=nma_shifted_power(A,initialEigenVectorGuess
maxIter,delErr,delEps,mu)

’\

/A

% MATH 501, Computer Assignment 04/04/2007
% by Nasser Abbasi

b

% IMPLEMENT iterative shifted power method

w_old=initialEigenVectorGuess(:);
lambda_old=mu;

In=eye(size(A,1));

A=A-muxIn;

for k=1:maxIter
w_old=w_old/norm(w_old) ;
w_new=A*xw_old;
lambda_new=dot (w_old,w_new) ;

if norm(w_new-w_old)<delErr || abs(lambda_old-lambda_new)<delEps
break;
else
w_old=w_new;
lambda_old=lambda_new;
end
end
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4.10.1.5 nma_test.m

h
o
h
o
h

MATH 501, Computer Assignment 04/04/2007
by Nasser Abbasi

test script to run problem 2 on the data given

=
]

I
b

b

=R N
» = O
= N O O

1
1
4
1

O N = b

0012 4];
initialEigenVectorGuess=[1 1 1 1 1];

Juse Matlab to see the values to verify aginst
[v,1]=eig(h)

%Set parameters

maxIter=10;

delErr=0.0001;
delEps=0.0001;

Jnot specified, try these
Jnot specified, try these

[lambda]=nma_power (A,initialEigenVectorGuess,maxIter,delErr,delEps);
fprintf('-————-—-——- power result. Eigenvalue=Jf\n',lambda);
[lambda]=nma_inverse_power (A,initialEigenVectorGuess,maxIter,delErr,delEps);
fprintf('-———------ power inverse result. Eigenvalue=Yf\n',lambda);
[lambda,k]=nma_shifted_power(A,initialEigenVectorGuess,maxIter,delErr,delEps,2);
lambda=2+lambda;

fprintf (!

power shifted result. Eigenvalue=%f\n',lambda);

[lambda,k]=nma_inverse_shifted_power(A,initialEigenVectorGuess,maxIter,delErr,de
lambda=6.5+1lambda;

fprintf (! power inverse shifted result. Eigenvalue=Jf\n',lambda);
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2 Homework Solution for section 5.4

2.1 Problem section 5.4, 2(a)

question: Find the minimal solution for x129 = b
answer:
First write the problem as

o7 -w

Minimal solution is & = A1b, so we need to find A*. Find A = PDQ, then At = Q¥ D+ PH

First find the set of @; vectors to go to the ) matrix. I will use the economical SVD method.

Ly H o

-1

‘=O->(1—)\)2—1=0—>1+/\2—2/\~1:0——>/\(/\72):

Hence r =1
1—A 1

Honce|l4—/\[|=’ 1 1)

0
Hence \, =2. 0 =0 — 0, =v2.09 =0

Find eigenvectors ;. is.

o= -7 2]
o | A ES R Y
o= - -

B R[] = e mmos e 2] ]

=T
Hence Q = {i%} = {_11 ﬂ :

2

S-S

|

S-S

Sl

Not to find the P matrix. AA7 = [1 1] E:J = [2]

The eigenvalue is 2—\ = 0 — A = 2. Hence the eigenvector is 2y; = 0 — y; —anything— 1]

13
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Hence the P matrix is [1]
The D matrix is m x n, hence 1 x 2, then D = [01 0]

Hence this completes the SVD. We have that

So the SVD is verified. Not find

AT =Q"prpH

Notice that D™ mean we also take the conjugate transpose of D and then we take the
reciprocal of each entry. Hence if D is m x n then D™ is n x m

Hence

Il
7
SIS
'S |

=l

p

\

So the minimal solution is 2 = £, 2, =

(VS

14
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2.2 Problem 5.4, 10

Problem: Prove the following properties of A™

¥ ) 4++ = A
b)A-rH AH+
answer:

N H H
a)(AH)T = ((PDQ)+)+ _ (QHD+PH)+ _ (PH) (D+)+ (QH)

But (P )H = P and (QH)H = @, and the reciprocal/of a reciprocal gives us back the
original value, hence (D*)" = D -

Hence we have (P?)" (D*)" (Q#)" = PDQ = A
b)
(49" = (@"p*P")"
= (P")" ()" ()"
=P(0")"Q (1)
and
"= (ipp0)")’
(QHDHPH)
= (P")" (D")* (@")"
=P(D")"Q (2)

Hence (1)=(2) if D"+ = D*¥_ But this is the case. Since D/ = D and D*# = D

15
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L 23
T4

n=roAa

Jok (A—rT) =©

dﬁ( ppg - 1) =2

w(p (pa=¥T)) =
k(P (D—\P“Q")Q ) =o

ok (p) dek (D -2Plg) & (&) =<
bt = PY
&..\ _ QT*

o k() db (D3P i (@) =0

LY+ dg(p) o oo v
dot (@) #*© j q

L 7

o l Lt (o200 . |
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2 2.4 Problem 5.4, 34

problem: prove that if A is synunetric then so is A*
answer:

Assuming complex matrix then symmetric means A = A hence

PDQ = (PDQ)"
_ QHDHPH
=Q"ppP" (1)

Hence PDQ = QYDP" — DQ = P7'Q¥DP" — D = P1Q"DPHQ™!
But since P = P7' and Q¥ = Q7! then the above becomes
D= PUQHDPHQH (2)

now

A+ — Qf1D+PH

Sub (2) into the above equation we obtain

But Q”Q =1 and PP" =7
Hence the above becomes
AT = PD*Q (3)
But
(‘4+)H _ (QHD+PH)H

=PD"Q (4)

Compare (3) and (4). they are the same.

Hence AT is symmetric.

18
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2.5 Problem 5.4, 39

problem: prove that eigenvalues of positive semi definite matrix are nonnegative
answer:

positive semi definite means #7 A7 > 0 for all ¥ # 0

Hence TTAT = 7TM\F = \iT%

But 777 = ||7|*

Hence 77 A7 = X ||7||

We are told the above is > 0. Assume 7 # 0, then we have Ax the norm. which is positive
quantity > 0. hence this is possible only if A was zero (for the =0 case) or A > 0 for the > 0
case. It is not possible to have A negative and multiply it by positive quantity and obtain a
positive quantity.

Now Assume ' = 0, hence the norm is zero. Hence A7 = 0 and so eigenvalues is zero. Hence
eigenvalues can be either positive or zero. Hence nonnegative

19
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prob37.nb 1

#»Problem 37, section 6.1, Mathematics 501. CSUF,spring 2007. by NasserAbbasi

In([162]:=
points = {{2, 1885}, {3, 1917}, {2, 1919}, {3, 1932}, {4, 1958},
(5, 1963}, {6, 1968}, {8, 1971}, {10, 1974}, {15, 1978}, {18, 1981},
{20, 1981}, {22, 1985}, {29, 1991}, {32, 1995}, {33, 1999}, {34, 2001}};

points2 = {{1885, 2}, {1917, 3}, {1919, 2}, {1932, 3}, {1958, 4},
{1963, 5}, {1968, 6}, {1971, 8}, {1974, 10}, {1978, 15}, {1981, 18},
{1981, 20}, {1985, 22}, {1991, 29}, {1995, 32}, {1999, 33}, {2001, 34}};
MatrixForm[points2]

Out[164]//MatrixForm=

1885 2
1917 3
1819 2
1932 3
1958 4
1963 5
1968 6
1971 8
1974 10
1978 15
1981 18
2 1981 20
1985 22
1991 29
1995 32
1999 33
2001 34

In[165]:=
nPoints = Length[points]

out[165]=
17

In[166]:=
basis = Table[x*, {i, 0, nPoints - 1}]

Out[166]=
12 1

2 4 5 6 ) 9 5 6
{1, %, x*, x3, x*, x5, x5, x7, %8, x°%, x10, x11, x!?, %13, x%4, x!5, x!6}

In(167]:= Qa‘tjmm‘xk

poly = Fit[points2, basis, x]

Oout[167]=
~-1.00778%10" +1.31165x10% x -10246.6 x> -26.1148 %> -0.00737334x" +
2.38338x107°%x°+3.00171%x10°x%+1.15284x107 % x7-5.49x107" % -
3.30197x101 %% -1.91043x10%* %' -2.76573x107%% x +3.74687x10 %% x'? +
2.87737x107% x13 4+ 1.52668x1073% x1 = 9.8697x1073% x15 4+ 2.05966 x 10" *? x'®
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o

prob37.nb

In[168]:=
pl = ListPlot[points2, PlotStyle -» PointSize[0.02], AxesLabel -» {"year", "cost"}]

° % *

year
1920 1940 1960 1980 2000

Oout[168]=
- Graphics =

Inf[171]:=

P2 = Plot[poly, {x, 1885, 2001}, PlotRange - All,
AxesLabel - {"year", "cost"}, AxesOrigin - {1885, 2}]

cost
40

30

- S year
0 1900 1920 1940 1960 1980 2000

Out(171]=
- Graphics -
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prob37.nb

w

Show[{pl, p2}, AxesLabel -» {"year", "cost"}, AxesOrigin - {1885, 2}, PlotRange » All]

In[174]:=
cost
|
301
20
10
0 1900 1920 1940 1960 1980 2000
out[174]=
- Graphics -
out[173]=
-8.77912x 10
In[178]:=
Plot[poly, {x, 2000, 2020}]
140
(st 120
100
80
60
outf178]=

- Graphics -

year
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prob37.nb 4

Inf180]:=
Plot[poly, {x, 2000, 2060}]

10000
8000

6000

4000
2000

2010 2020 2030 2040 2050 2060

OUtHgU]iGraphiCS- &0‘( ’ 2058 / (e,».;-t ﬂp
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4.13.1 Section 7.1, Problem 6

Problem: Derive the following 2 formulas for approximation of derivatives and show
they are both O(h*) by evaluating their error terms

f(x) = ﬁ[—f(x+2h)+8f(x+h)—8f(x—h)+f(x—2h)]

f(x) = —f(x+2h)+16f (x+h)—-30f(x) +16f (x —h) —f(x—2h)]

|

Solution:

I could obtain the above results directly from applying Richardson interpolation formu-
las (which is a short approach), but I assumed the question wanted us to derive these
from first principles. I first show how to do one using Richardson, then solve both from
tirst principles.

To obtain the approximation for f’(x) using Richardson, we do the following:

1
o) = 2 [+ 1)~ f (= 1)
L = p(h) + ayh? + azh* + --- (1C)
Replacing h by 2h
L = ¢ (2h) + ay4h? + a16h* + --- (20)

Multiplying (1C) by 4 and subtract (2C) from result

3L = (4p(h) + 4arh? + daght + ---) = (@ (2h) + a4h? + a,16h* + ---)
= 4p(h) - ¢ (2h) —12a4h* -

Hence

1(2 1
L= 5(E[f(x+h)—f(x—h)]——h[f(x+2h)—f(x—zh)]—lzam‘*— )

zi[f(“h)—fx—h)] (x +20) - f (x = 20)| - daght -

i f
12h( [f G+ )= f )| = [f (c+2m) = f (x = 2h)]) - dayh* -

_ﬁ[—f(x+2h)+8f(x+h)—8f(x—h)+f(x—2h)]_4a4h4_

Which is the same result obtained earlier using the long approach. We also see that the
error term is O (h4)

Now, solve it again, but using direct usage of Taylor (which I assume what the book
wanted us to do)

From Taylor expansion, we write, by expanding around x + h and x — h

fl+h)=fx)+hf’(x)+ f"(X) + 2 3>(x) + —f(4) (x) + f(5) (&1)

h4
flx=h)=f(x)=hf’(x)+ Ef”(X) - gf@ )+ f @ () - —f‘5) (&2)
237
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Subtract the second from the first equation

& ho
Fx+h)—f(x—h) =2hf"(x)+ §f<3>(x) s [FO &) + fO(&)]

Solve for f’(x) we obtain

f’(X)=21—h[f(X+h ~flx- h]——h2f3><x) h4[f5)(£1)+f5)(52)] (1)

Now we do the same again, but by expanding around x + 2h and x — 2h

2h 2h 2h
Fars 2 = + 217 0+ DL o+ Z g 4 EF gy Do e
2h 2h 2h
f(x—2h)=f(x)—2hf’(x)+Tf” - )f<3 - )f‘”()—ng)(cfz)
Subtract the second from the first equation
(2h)”

3
f(x+2h)— f(x—2h) =4hf’ (x) + Z%f@) (x) + = [f(5) &)+ fO (52)]
= 4f /(0 + SO0 + [0 () + 1O (&)

Solve for f’(x) we obtain

1
£ = 5 [ 20— 2] - 220 @ - i [0 €0 + /O )] @)

We want to eliminate £ (x) from the above. So we multiply eq(1) by 4 and subtract
eq(2) from the result. So equation (1) becomes

4f () = 4 ( [ G = =] = 2127000 - 0 [0 (6 + f<5><52>])
[f(x+h) flx- h)]——h2f3>(x) —h4[f<5 (&) + fO (&)] (3)

Now subtract (2) from (3) we obtain

3f'(x) = [f<x+h> fla=n)]- —hZf @ () - h4 [fO &) + £O (&) -
(@ [f G+ 2h) = f (x - 21)] - ghzf@ x) - Eh4 [ (1) + £ (&) ])

Hence

3@ = 2 [Flerh) = f -]~ 3o [0 (€ + £ )] -
LG 2 = f = 2]+ o [0 ) + £ ()]

f’(x)=32—h[fx+h)—f(x—h)] 12h[f(x+2h) flx- 2h)]+—h4[f5’(£1)+f5)(52)]

1;h[8fx+h) 8F (x—h)— f(x+2h) - f(x - 2h)]+—h4[f5)(£1)+f5)(52)]
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Rearrange terms to make it look as in the textbook

F(x) = [f(x+2h +8f (x+h)—8f (x—h) f(x—2h)]+91—0h4[f(5)(§)] (4)

1 1o [FOED+fOe
Where we replaced =14 [£®) (&) + £® (&)] by =t [M] L1 [ (&)] with

2
©) ©®)
f©) (&) being the mean value of M

Hence from equation (4) we see that the error is O (h4) as required to show.

Hence

f(x) = fﬁ[—f(x+2h)+8f(x+h)—8f(x—h)—f(x—2h)]

Now we need to show the formula for f”(x). We do the same as above, but instead of
subtracting equations, we add them. We start from the top to show these again step by
step.

From Taylor expansion, we write, by expanding around x + 4 and x — h

’" (3) nt (4) n ®) h (6)
fx+h)=f(x)+hf’ x)+—f (x)+ f (x)+—f (x)+—!f (x)+af (&1)
h6
fx—=h)=f(x)-hf"(x)+ f"(x) - = 3)(X) + —f(4) (x) - !f(S)(x) + af@ (&2)

Add the second to the first equation

K He
Fle+h)+ fx—h)=2f (x) + B2f"(x) + 1—f4)(x) +— [f 9 (&) + fO(&)]

Solve for f”(x) we obtain

f(x) = [f(x+h)+fx m]- hzf(X) f<4>(x> B[O &)+ fO(&)] (1A)

720

Now we do the same again, but by expanding around x + 2k and x — 2h

h h h
Fxc+2h) = f(x)+2hf '(x) + @h f”() (2) G)(x) + (Z)f(‘*)() (Z)f“)() ) (&)
2h 2h 2h 2h 2h
Flem2i = o) -2n5 1) + 2 ey )f<3> " sy - 2 oy )f6’(51)
Add the second to the first equation
2h h
Fx+2h) + f(x—2h) = 2f (x) + (2h)* f7(x) + @ )f4)() (2) [FO &) + fO(&)]

= 2f () + 4121 () + SO + oI [f<6> () +fO ()]
Solve for f”(x) we obtain

fre) = [f(x+2h)+ fle-2h)]- o ¢ (x)——h2f<4>(x> h4 [£© &) + FO (£)]
(2A)
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We want to eliminate f*)(x) from the above. So we multiply eq(1A) by 4 and subtract
eq(2) from the result. So equation (1A) becomes

hz
A7) =4 (l [F )+ f =] f () 229 ~ 5ot [ (€0) + (52)])

720

= S+ FamI)] - o @)= SO0 - I [0 (6) + £0 ()]
(38)

Now subtract (2A) from (3A) we obtain

3700 = 2 [+ f )] - f ()~ 3O ~ oI [ (6) + 0 ()] -
( Tz S @+ 2+ fe-2)] - o ey x)——h2f<4 (x) - h4 /@ &)+ 1O (62)])

Hence

3700 = 5 [f e+ )+ f o) - h%f (- @h‘* [FO (&) + 19 ()] -

e [f(x+2h)+f(x 21)] + 2f(x)+—h4[f(6 (&) + fO ()]

f'(x) = [f(x+h +f(x- h)]—@[f(x+2h)+f(x 2h)] - 3h2f (x) + 6h2f(x
£ (&) + FO (&)] + —h4 [f© (&) + fO(&)]

3><18O

:1217(16[f(x+h)+f(x—h)]—[f(x+2h)+f(x—2h)] 32f(x)+2f(x))+®h4[f(6 (&) + FO

1
- @(16f(x+h)+16f(x—h)—f(x+2h)—f(x—2h)—30f (x)) + @hél [f(e) (5)]

Rearrange terms to make it look as in the textbook

1 1
f@) = (=f (x+2h) +16f (x + 1) = 30f (x) +16f (x = h) - f (x —2h)) + = [F©©)]
(4A)

Hence from equation (4A) we see that the error is O (h"‘) as required to show.

Hence

Fr(x) = (f(x+2h)+16f(x+h) 30f (x) +16f (x — ) — f (x - 21))
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4.13.2 Section 7.1, Problem 9

problem: Show that in Richardson extrapolation, D (2,2) = 1—2 (g) - ll—szp (h)

Solution:

k

D (n,k) = 4 FD k=1~ =D -1,k-1) (1)

1

Now, when n = 2,k = 2, we obtain from (1)

D(2,2) = 42 7 P@D-

421
1613(2 1)- ! =D@,D

D(1,1)

But since D(1,1) = ¢/(h),D (2,1) = ¢ (g)

h
D@2 =10 (5) - =)

4.13.3 Section 7.1, Problem 14

problem: Using Taylor series, derive the error term for the approximation

f(x) = [ 3£ (x) + 4f (x + h) = f (x + 21)

answer:

expand around x + h

h? I3
fx+h)=f(x)+hf'(x)+ Ef”(x) + gf"’ (&1)
4 — 1 h 1 h 124 hz 1444 1
f(x)—ﬁf(x+ )_Ef(x)_if (x)—gf (&1) (1)

Now expand around x + 2h

3
fx+2h) = f(x) +2h f’(x) + 212" (x) + % f"’ (&)
12
frx) = f (xc +2) = = f(x) = hf"(x) - f”’ (&2) (2)

Multiply (2) by —% and add result to (1) we obtain
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1 1(1 1 4h?
@+ f) =3 (ﬁf G+ 2) = o f () = hf () = ——f" <52>) "

1 1 h 17 h? 1z
(Ef(x+h)—ﬁf(x)—§f (x)—gf (51))

1 -1 1 h 2h? 1 1 h h?
Ef'(x) = Ef (x + 2h) + @f(x) + Ef”(x) + ?f”’ (&2) + Ef (x+h)- Ef(x) - Ef"(x) - gf”’ (&1)
’ — _1 2h 1 h 144 4h2 177 2 h 2 h 144 2h2 1444 A
f(x)—ﬁf(x+ )+ﬁf(x)+ f(x)+?f (52)+Ef(x+ )_ﬁf(x)_ f(x)—?f (&1,
-1 1 2 2 2h? 41?2
= |5 G4 20+ )+ R+ 2 (4 ) = 20 - hf”(x)] S ED)
1 hz 1244 2h2 1444
= o [—f(x +2h) + f(x) +4f (x + h) —4f(x)] - gf (&1) + Tf (&)
1 1 2
= [-f 4 20) 3£ + 4f e+ 1)) - 12 (gf”’ 0+ 5" (52))

Which is the equation we are asked to show.

From the above we see that the error term is given by
1 2
hZ Z g + Zfm
(3f E+3f (éz))
Hence the error is O (hz)

4.13.4 Section 7.1, Problem 16
problem: Using Taylor series, derive the error term for the approximation
1
fr@) =~ o [f @) = 2f (e h) + f (- 20)

Answer: expand around x + I

h? W3
flth)=fO)+rf'(0)+ S f'x)+f" (&)
h? w
@) = flath) = f) —hf'(x) = —f" (&)

h
Fr0) = (ot ) = 00 - 2 ()~ 57 (6 )

Now expand around x + 2k

3
fx+2h) = f(x) + 2hf'(x) + 2h* £ (x) + %f”’ (&2)

83
202" (x) = f (x +2h) — f (x) = 2hf’(x) - ?f’” (&9)
1

h
()~ 2 () - 27 () @

F70) = 5 (e 20) -

Multiply (2) by -2 and add result to (1) we obtain
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1 1 h
20+ 70 = 2 200 - 0= ) - 5 6)

2 2 2 h
SF @) = @) =50 = 51" (&)

1 1 4h ]
_f//(x) = _ﬁf(x+2h)+ ﬁf(x)-i_ %f’(x)'i‘ ?f’// (62)+%f(x_'_h)_%f(x)_%f/(x)_gf///(

+

1 1 2 4h 2 2 2 h
f//(x): ﬁf(x-i-zh)—ﬁf(x)_ﬁf’(x)_?f’//(éz)_h_zf(x_i_h)_i_ﬁf(x)_i_ﬁf/(x)_i_gf/u (5
1 1 2 2 h 4h
= ﬁf(x+2h) - ﬁf(x)— h—zf(x+h) + ﬁf(x) + gf”' (&1) - ?f”' (&)

1
= 5 (F e+ 20) = £(0) = 2f (e + 1) + 2f () +h(%f”’ (&) - ;ff"' (52))

= ;—z(f(x+2h) + f(x) = 2f (x + ) +h(%f~' (&) - %f”/ (52))

Hence

(%) = % (f G+ 2m) + f(0) - 2f (x + 1)

with the error term ) A
h (gf//l (51) _ 5’f'/ll (52))

Hence the error is O(h)

4.13.5 Computer assignment 4/30/2007. Richardson Algorithm
This is the output

Richardson table in single floating point

D(n,0) D(n,1) D(n,2) D(n,3) D(n,4) D(n,5) D(n,6)

N 0.3926991 0 ] 0 ] [ 0

0 0.348771 0.3341283 0 o o 0 [

1 0.3371939 0.3333348 0.3332819 0 0 [ 0

2 0.334298 0.3333328 0.3333326 0.3333334 0 o 0

3 0.3335745 0.3333333 0.3333333 0.3333333 0.3333333 0 0

4 0.3333936 0.3333333 0.3333333 0.3333333 0.3333333 0.3333333 [

2 0.3333484 0.3333333 0.3333333 0.3333333 0.3333333 0.3333333 0.3333333
Richardson table in double floating point
N
0 0.392699081698724 0 [ [ ] ]
1 0.348771003583907 0.334128310878968 0 0 0 [
2 0.337193879218859 0.333334837763843 0.333281939556169 0 0o o
3 0.334298029698348 0.333332746524844 0.333332607108911 0.33333341135578 [ [
4 0.333574472267674 0.33333328645745 0.333333322452957 0.333333333807624 0.333333333503514 0
5 0.333393615751437 0.333333330246024 0.333333333165262 0.333333333335299 0.333333333333447 0.33333333333328
6 0.333348403791302 0.333333333137923 0.333333333330717 0.333333333333343 0.333333333333335 0.333333333333335 0.333333333:

Figure 4.7: Table output

This is the source code

%script to test nma_richardson
%Nasser Abbasi

h=1

x=sqrt(2);
f=0(x)atan(x);
M=6;

%first compute in single prcesion
D=nma_richardson(h,x,f,M,0);

format long g;

fprintf ('Richardson table in single floating point\n');
D
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%Now do it in double prcesion
D=nma_richardson(h,x,f,M,1);

format long g;

fprintf ('Richardson table in double floating point\n');
D

function D=nma_richardson(h,x,f,M,doubleFlag)
%function D=nma_richardson(h,x,f,M,doubleFlag)

o

%INPUT:

% h: spacing for numerical differentiation

% x: where to find diff

% f: the function whos derivative we are finding
% M: how big a richardson table to make

% doubleFlag: 0 to do it in single floating point
% or 1 to do it in double floating

% MATH 501, CSUF, spring 2007

% computer assignment 4/30/2007
% Richardson extrapolation

/A

%Nasser Abbasi, May 5,2007

if doubleFlag

D=zeros (M+1,M+1);
else

D=zeros(M+1,M+1, 'single');
end

for n=1:M+1
D(n,1)=phi(h/(27(n-1)),x,f);
end

for k=2:M+1
for n=k:M+1
D(n,k)=D(n,k-1)+(D(n,k-1)-D(n-1,k-1)) /(4" (k-1)-1);
end
end
end

function r=phi(h,x,f)
r=1/(2%h) * (£ (x+h) -f (x-h)) ;
end

4.13.6 Computer assignment 5/2/2007. Midpoint, Trapezoid and
Simpson

4.13.6.1 Conclusion

This table summarizes the results of the 3 methods
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Method RESULTS

. 1 4 4
Simpson | Error term 80 (b — a) h* max |f( ) (cf)|

T= [ feodx = & (F ) + 2502 £ () + 4 B2 £ (v3i) + f (1y)

Intervals needed: 900

long format print of numerical integration: 90.379254649757272

Midpoint | Error term (b — a) h?> max | f @ (é)l

f ’ f(x)dx = h 2?:1 f (x’%ﬂ’) note: N here is number of points
A =

Intervals needed: 174, 285
long format print of numerical integration: 90.379254649446878

Trapezoid | Error term (b a) h? max | f(2 (é)l

h (f (;1) + Efij f(x) + ! (EN)) note: N here is number of points

Intervals needed: 246,476

long format print of numerical integration: 90.379254649958952

4.13.6.2 Simpson

The error term in simpson is @ (b — a) h* max |f® (&)| for some & between b, a. Since we

want to limit the maximum error, we look to find where f (&) is Max.

The function is x In(x), hence f® (x) = = and this is maximum when x is smallest. Hence
the maximum will occur at the lower end of the range, which is x = 1 in this example.

Now we find the number of intervals N from solving 1?0 (b —a)h* max | @ (5)| <107

where 107 is the error we are asked to limit our computation error to be below.

Next, we solve for h from the above. Knowing h, we find N which is the number of
intervals. Next, we make sure N is even number by adjusting it if needed. We need to
have even number of intervals Next we apply the simpson integration formula which
is

N/2 N/2

b h
I'= f f(x)dx ~ 3 (f (x0) +2 E f(x2i0) +4 Zf(XZi—l) + f (xn)
a i=2 i=1

In the above N is the number of intervals. Not to be confused with the following 2
algorithms below, where I used N to be number of points. For simpson, it was easier to
stick with N being number of intervals.

The matlab implementation uses a vectorized version for speed.

To verify that the correct answer is obtain, it was compared with the output from a
computer algebra system which uses an arbitrary large number of correct decimal points.
The Matlab output was aligned against the CAS output and the digits verified to be
correct to 9 decimal places are required.
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NIntegrate[x*Log[x], {x, 1, 10}, WorkingPrecision -> 60] o ';/;;/;//'7 S
|

90.379254649710228420089957273421821038005507443143864880166639577470023557205731
90.379254649757272
I ~

Matlab output using Simpson numerical integration

Figure 4.8: Result

Source code:

function nma_simpson_math_501
o

%Math 501, CSUF, spring 2007
%Computer assignment 5/2/2007
%Nasser Abbasi

WFor reference, this is exact answer for 60 decimal places
%NIntegrate[x*Logl[x], {x, 1, 10}, WorkingPrecision -> 60]
%90.3792546497022842008995727342182103800550744314386488016663957747002355720573

b
a =1;
b = 10;

YmaxError = 107(-9);

%(2/x73) is d74/dx"4 (x log(x))
%so max error will be when x is smallest, i.e. at a=1

14 = abs(2/a"3);

errTerm = 1/180 * (b-a) * I4;

h = maxError /errTerm;

h = h~(1/4);

N = ceil((b-a)/h); % N is number of intervals

%N isnumber of intervals it needs to be EVEN number of intervals
if mod(N,2)==

N = N+1;
end

h = (b-a)/N; Y%update h since we rounded up above.
fprintf ('Simposon: Number of intervals needed is %d\n',N);

x = linspace(a,b,N+1);
@(x) x.*log(x);  %the function to integrate

'—h
I

%vectorized solution
I = f(x(1)) + 2%sum(f(x(3:2:end-2))) + 4xsum(f(x(2:2:end-1))) + f(x(end));
I = (h/3)*I;

fprintf('answer is'); format long; I
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4.13.6.3 Midpoint

The error term is 21—4 (b — a) h* max | f ) (§)| for some & between b, a. Midterm is evaluated
as follows

= fabf(x)dxzhzilf(x’“Tw)

i=1

where N is the number of points. And I am using the Matlab convention for indexing,
where the first point is x; and not x

We start by finding the number of intervals by solving for /i from i (b — a) h?> max | f @ (& )| <
10~ where 10~ is the error we are asked to limit our computation error to be below.

The function is x In(x), hence f® (x) = % which is maximum at x = a.

The matlab implementation is below with the output.

function nma_midpoint_math_501
yA

%Math 501, CSUF, spring 2007
%Computer assignment 5/2/2007
%Nasser Abbasi

WFor reference, this is exact answer for 60 decimal places
#NIntegrate[x*Log[x], {x, 1, 10}, WorkingPrecision -> 60]
%90.37925464970228420089957273421821038005507443143864880166639577470023557205731760.

b
a=1;
b = 10;

maxError = 107-9;

%d"2/dx"2 (x log(x)) is (1/x)
%so max error will be when x is smallest, i.e. at a=1
12 = abs(1/a);

errTerm = 1/24 * (b-a) * I2;

h = maxError /errTerm;

h = sqrt(h);

N = ceil((b-a)/h);

h = (b-a)/N; Y%update h since we rounded up above.

fprintf ('Midpoint: Number of intervals needed is %d\n',N);

bq = linspace(a,b,N+1);
xbar = (x(1:end-1)+x(2:end))/2;
Q(x) x.*log(x);  %the function to integrate

Hh
1]

%vectorized solution
I = h*sum(f (xbar));

fprintf('answer is'); format long; I

Output is

Midpoint: Number of intervals needed is 174285
answer is
I =

90.379254649446878
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4.13.6.4 Trapezoid numerical integration

The error term is % (b — a) B* max | f ) (5)| for some & between b, a. Trapezoid is evaluated
as follows

Fo) S e
h(T + 2 @)+ T)

Where 7 is number of points, and I am using the Matlab indexing where x; is the first
point, and not x,, hence the last point is x,,

The following is the source code and the output

function nma_trap_math_501

h

%Math 501, CSUF, spring 2007
%Computer assignment 5/2/2007
%Nasser Abbasi

%For reference, this is exact answer for 60 decimal places
%NIntegrate[x*Log[x], {x, 1, 10}, WorkingPrecision -> 60]

%90.3792546497022842008995727342182103800550744314386488016663957747002355720573
%

a=1;

b = 10;

maxError = 107-9;

%d"2/dx"2 (x log(x)) is (1/x)
%so max error will be when x is smallest, i.e. at a=1

12 = abs(1/a);

errTerm = 1/12 * (b-a) * I2;

h = maxError /errTerm;

h = sqrt(h);

N = ceil((b-a)/h); % Number of intervals
h = (b-a)/N;

fprintf ('Trapezoid: Number of intervals needed is %d\n',N);

X = linspace(a,b,N+1);
f = @(x) x.*xlog(x); Ythe function to integrate
fbar = sum(f(x(2:end-1)));

Y%vectorized solution
I =h=x*x (£f(x{))/2 + fbar + f(x(end))/2 );

fprintf('answer is'); format long; I

Output

Trapezoid: Number of intervals needed is 246476
answer is
I =

90.379254649958952
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4.13.7 source code

4.13.7.1 nma_compare.m

% Matlab code to illustrate the how the error changes in

% computing the derivative of arctan(x) at x=SQRT(2) as a function
% of changing h in Taylor approximation. Forcing Matlab to do the
% computation using 32 bits

% by Nasser Abbasi

h=single(1);

M=26;
X=single(sqrt(2));
f=0(x) single(atan(x));

F1=£f(X);
S = zeros(26,6,'single');

for k=1:M
F2=f (X+h) ;
d=single(F2-F1);
r=single(d/h);
S(k,1)=k; S(k,2)=h; S(k,3)=F2; S(k,4)=F1; S(k,5)=d; S(k,6)=r;
h=single(h/2);
end
format long g
S

% Matlab code to illustrate the how the error changes in

% computing the derivative of arctan(x) at x=SQRT(2) as a function

% of changing h in Taylor approximation. using Matlab default double
% floating point

% by Nasser Abbasi

clear all

h=1;

M=60;
X=sqrt(2);
f=0(x) atan(x);

F1=£f(X);
S = zeros(26,6);

for k=1:M
F2=f (X+h) ;
d=F2-F1;
r=d/h;
S(k,1)=k; S(k,2)=h; S(k,3)=F2; S(k,4)=F1; S(k,5)=d; S(k,6)=r;
h=h/2;
end
format long g
S
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4.13.7.2 nma_trapezoidal.m

function I=nma_trapezoidal (func,from,to,nStrips)
%function r=nma_trapezoidal (f,from,to,nStrips)

yA

% integrates a function using trapezoidal rule using
% specific number of strips.

b

% INPUT:

% func : a string that repesents the function itself

yA for example 'x*sin(x)'. The independent variable

yA used in the string must be 'x' and no other letter.

o

% from: lower limit

% to : upper limit

% nStrips: number of strips to use
o

% OUTPUT

% I : The integral.

o

% Author: Nasser Abbasi

% May 3, 2003

I=0;
if (nStrips<=0)

error ('number of strips must be > 0');
end
nPoints=nStrips+1;
X=linspace(from,to,nPoints);

h=X(2)-X(1);

for(i=1:length(X))

x=X(i);
f(i)=eval (func);
if(i==1 | i==length(X) )
I=I+f(i);
else
I=T+2*f(i);
end
end
I=1/2;
I=I%*h;
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4.13.8 Graded

HW12, Math 501. CSUF. Spring 2007

Nasser Abbasi

May 5, 2007
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1 Section 7.1, Problem 6 4

Problem: Derive the following 2 formulas for approximation of derivatives and show they are both O(h*)
by evaluating their error terms

7(@) = g3z [f (2 20) +8f (& -+ h) — 8f (= — ) + f (o — 20)]

f”(x):#[—f(x+2h)+16f(x+h)—30f(z)+16f(a:—h)—f(z72h)]

Solution:

I could obtain the above results directly from applying Richardson interpolation formulas (which is a short
approach), but I assumed the question wanted us to derive these from first principles. I first show how to
do one using Richardson, then solve both from first principles.

To obtain the approximation for f’(z) using Richardson, we do the following:

p(h) = o [ (@ + 1)~ f (z )]
L = (h) 4 agh® + agh* + - -- (1c)

Replace h by 2h

L = ¢ (2h) + ag4h? + as16h" + - -- (20)

Multiply (1C) by 4 and subtract (2C) from result

3L = (4 (h) + 4ash® + dagh® +---) — (¢ (2h) + a24h? + agl6h* + - -)
=4¢p (h) — ¢ (2h) — 12a4h* — - --

Hence

L3 (FUE+m — 1 E=Rl= 1 +20) — f = 2m] - 12008 )
= 2 (et B) = £ (o= W) = 037 f (54 2K) — ] (2 — 20)] — daah’ — -
= o Bl @+ )= F (2~ W] = [f (@ +2h) — f (o — 20)]) — dash® — -
=ﬁ[*f(x+2h)+8f(z+h)—8f(w—h)+f(xF2h)]*4a4h4—--~

Which is the same result obtained earlier using the long approach. We also see that the error term is O (h4)
Now, solve it again, but using direct usage of Taylor (which I assume what the book wanted us to do)

From Taylor expansion, we write, by expanding around =z + h and = — h

_ ' h? ., B3 s h B s
flath)=f(@)+hf () +5f @)+ 5777 @) + 5 f (I)+Ef( ) (&)

Fla—h) = £ (@)~ b @)+ 2 (@) = 2O (0 + ) (@) - g0
=f(= o)+ 5 (@) = 51 7 @) + 5 (@) = 5 F7 (&)
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3 (2) = 2 [ @+ ) — f (2= )] = 55h [ (@) + £ (&) -
T @+ 2m) = £ (2= 2m)] + ok [£9) (6) + 1O (@)

f'<x>=—3%[f<x+h>—f<w— ) = 53 [F (& +28) = o] g ot [70) (@) + 7 (&)

= r B @+ ) = 8F (m— h) — (o + 20) — f (5= 2h)) + g5t [1) (&) + 1O ()]

Rearrange terms to make it look as in the textbook
7 (@) = 335 [-F (- 20) 4 8f (o + h) = 8F (@ — ) = £ (z = 2W)] + gsh* [ 1 (9)] @)

1 O e+ FOE)] _ 1 . .
Where we replaced g5h? [f(5) (&) + f©®) (&)] by ht ['f & ';f &2 ] = g5h* [f(5) (&)] with f©® (€) being
the mean value of ﬂg_l);f_(“(g_d

Hence from equation (4) we see that the error is O (h*) as required to show.

Hence

|7/ (@) ~ g5 [~ (o +2h) +8f (s + h) = 8f (&= h) — / (w — 2n)]|

Now we need to show the formula fo ‘We do the same as above, but instead of subtracting equations,
we add them. We start from the top to show these again step by step.

From Taylor expansion, we write, by expanding around z 4+ h and = — h

h2 h3 h4 h5 hG
Flath) =f(@)+hf" @)+ 5f @)+ 5D @)+ 51D @) + 57O @) + 79 @)
R N W K ) he 26)
f(z—=h)=f(z)—hf'(z)+ T (z) - ‘:‘,)Tf (=) + Zf (z) - "5—!f (=) + gf (&2)

Add the second to the first equation

PR+ 1@ R) =2 (&) 4 RS (&) + 21 (@) + [0 ) 4+ 79 (60)

Solve for f” (z) we obtain

2
F1@) =gl @)+ f =R - gl @)= Y@ -k [fO @)+ O @)]  aw)

Now we do the same again, but by expanding around z + 2h and = — 2h

2
an? Y o () 28 400 (g 4 21 o g,

2 3
Fo—20) = 7 (2) 208 ' (@) + Bl g (@) - B4 (0) 4 %f@ (=) - %’%f@ (=) + %f@ (&)

3
F+2m) = £ @) +2nf ' @) + B g @)+ B0 gy 4
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Hence from equation (4A) we see that the error is O (h?) as required to show.

Hence

" (z) = 3z (—f (& 4+ 2h) + 16f (z + h) — 30f (x) + 16f(z — h) — f (z — 2h))
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3 Section 7.1, Problem 14
problem: Using Taylor series, derive the error term for the approximation

L

F(@) = g [-3f (@) +4F @+ ) — f (2 +20)

answer:

expand around z + h

2 3
F et h) = £ () + A (@) + 7 (@) + T (@)

2
2
F(@) = 1 @) = 1 () = 5" @) — ) o

Now expand around z + 2h

3
f(z+2h) = f (z) + 2hf' (z) + 202" (z) + %f (&)

2
F@)= o5 f @+ 20) — 505 () — hf" (z) — - 1" (E2) )

Multiply (2) by —3 and add result to (1) we obtain

2
5 @)+ @) =5 (g @+ 2 = 3o @)= b @)= o)) +

1 1 h " h2 1
(3 Eh -3 @51 @ -5 @)
1 h?

202 I
B f" @)+ 1 R = 1 (@) = 51" () e £ ()

2 2
J'@) = (4 20) + 5 f (@) + hf” &)+ S 1 (@) + 2 (4 ) = 27 (2) — b (&)~ o1 (&)

1, . -1 1 k.,
o @ = f @)+ @)+ 5 @)+

2 2
= [2—;]‘ (o+2h) + 55 F (2) +hf" (@) + 27 (2 4+ h) — 2 7 (a) — hf" (x)] -2 e+ 2 )
1 h2 " 2h2 "
= g5 [Ff @+ 2h) + f (@) +4f (2 + ) —4f ()] = 57" (1) + 5" (&)
= g [ (a2 =3 () + 47 4 )= 12 (317 (€0 + 317 (@)
‘Which is the equation we are asked to show.

From the above we see that the error term is given by
1 2
h2 (gf”’ (fl) o gfl/l (62))

Hence the error is O (h?)
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1O

5 Computer assignment 4/30/2007. Richardson Algorithm

This is the output

Richardson table in single floating point
D(n,0) D(n,1) D(n,2) D(n,3)

N 0.3926991 [} o 0
% 0.348771 0.3341283 0 0
1 0.3371939 0.3333348 0.3332819 0
2 0.334298 0.3333328 0.3333326 0.3333334
3 0.3335745 0.3333333 0.3333333 0.3333333
4 0.3333936 0.3333333 0.3333333 0.3333333
i 0.3333484 0.3333333 0.3333333 0.3333333

Richardson table in double floating point

This is the source code

D(n,4) D(n,5) D(n,6)

0 0 0

0 0 0

0 0 0

0 0 0
0.3333333 ° 4
0.3333333  0.3333333 [}
0.3333333  0.3333333  0.3333333

N

0 0.392699081698724 o 0 0 (] 0

1 0.348771003583907 0.334128310878968 0 0 (] (]

2 0.337193879218859 0.333334837763843 0.333281939556169 0 0 0

3 0.334298029698348 0.333332746524844 0.333332607108911 0.33333341135578 ] ]

4 0.333574472267674 0.33333328645745 0.333333322452957 0.333333333807624 0.333333333503514 (]

5 0.333393615751437 0.333333330246024 0.333333333165262 0.333333333335299 0.333333333333447 0.33333333333328

6 0.333348403791302 0.333333333137923 0.333333333330717 0.333333333333343 0.333333333333335 0.333333333333335

10

0.33333333333333

0
]
0
0
0
0
5
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6 Computer assignment 5/2/2007. Midpoint,Trapezoid and Simp-

son

6.1 Conclusion

This table summarizes the results of the 3 methods

Method

RESULTS

Simpson

Error term Ls (b — a) h? max [f™ (§)]

1= [y f@do =} (f @) +25N; f (@aie) +4 X1 £ @aina) + £ (@n))

Intervals needed: 900

long format print of numerical integration: 90.379254649757272

Midpoint

Error term 2 (b — a) A2 max [f® (§)]

f: f@)de~hYN]'f (I—‘“;r—z‘) note: N here is number of points

Intervals needed: 174,285

long format print of numerical integration: 90.379254649446878

Trapezoid

Error term 5 (b — a) k2 max [f® (€)]

h (ﬁg—‘—l + Efi;l =)+ ﬂ%’ﬂ) note: N here is number of points

Intervals needed: 246,476

long format print of numerical integration: 90.379254649958952

12
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Source code:

(\

\

function nma_simpson_math_501
%

$Math 501, CSUF, spring 2007

$Computer assignment 5/2/2007
$Nasser Abbasi

$For reference, this is exact answer for 60 decimal places

$NIntegrate[x*Log[x], {(x, 1, 10}, WorkingPrecision -> 60]
$90.37925464970228420089957273421821038005507443143864880166639577470023557205731 60.
%
a=1;

b = 10;

maxError = 10%-9;

%(2/x73) is d"~4/dx"4 (x log(x))
%$so max error will be when x is smallest, i.e. at a=1

14 = abs(2/a”"3);

errTerm = 1/180 * (b-a) * I4;

h = maxError /errTerm;

h = h~(1/4);

N = ceil((b-a)/h); % N is number of intervals

%N isnumber of intervals it needs to be EVEN number of intervals
if mod(N,2)==1

N = N+1;
end

h = (b-a)/N; S%update h since we rounded up above.
fprintf ('Simposon: Number of intervals needed is %d\n',N);

x

£

linspace(a,b,N+1);
@(x) x.*log(x); %the function to integrate

$vectorized solution
I =£(x(1)) + 2*sum(£(x(3:2:end-2))) + 4*sum(f(x(2:2:end-1))) + f(x(end));
I = (h/3)*1;

fprintf ('answer is'); format long; I

14
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6.4 Trapezoid numerical integration

The error term is 75 (b — a) h? max | f (& (€)| for some £ between b, a. Trapezoid is evaluated as follows

=2

Where n is number of points, and I am using the Matlab indexing where z; is the first point, and not z,
hence the last point is z,,

The following is the source code and the output

function nma_trap math 501

%

$Math 501, CSUF, spring 2007
$Computer assignment 5/2/2007
%Nasser Abbasi

%$For reference, this is exact answer for 60 decimal places

$NIntegrate[x*Log([x], {(x, 1, 10}, WorkingPrecision -> 60]
%90.37925464970228420089957273421821038005507443143864880166639577470023557205731°60.
%

a 1;
b 10;
maxError = 10%-9;

$d~2/dx"2 (x log(x)) is (1/x)
$so max error will be when x is smallest, i.e. at a=1

12 = abs(1/a);

errTerm = 1/12 * (b-a) * I2;

h = maxError /errTerm;

h = sqrt(h);

N = ceil ((b-a)/h); % Number of intervals
h = (b-a)/N;

fprintf (' Trapezoid: Number of intervals needed is %d\n',N);

x = linspace(a,b,N+1);

f = @(x) x.*log(x); $the function to integrate

fbar = sum(f(x(2:end-1))):

$vectorized solution output

I=h=* ( £(x(1))/2 + fbar + £(x(end))/2 ):

fprintf (' is'); £ long; i i i
printt(‘answer is') ormat long : Trapezoid: Number of intervals needed is 246476

answer is

90.379254649958952

16
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