
University Course

EGEE 443
Electronic Communication systems

California State University, Fullerton
Fall 2008

My Class Notes

Nasser M. Abbasi

Fall 2008



Contents

1 Introduction 1
1.1 syllabus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Text Book . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.3 Instructor contact information . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 Class information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Handouts 9
2.1 Handout on random processes . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2 Cheat sheet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3 HWs 21
3.1 HW 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 HW 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3 HW 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.4 HW 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
3.5 HW 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
3.6 HW 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
3.7 HW 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
3.8 HW 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
3.9 HW 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
3.10 HW 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
3.11 HW 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

ii



1



1.1. syllabus CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

1.1 syllabus

2



1.1. syllabus CHAPTER 1. INTRODUCTION

3



1.1. syllabus CHAPTER 1. INTRODUCTION

4



1.1. syllabus CHAPTER 1. INTRODUCTION

5



1.1. syllabus CHAPTER 1. INTRODUCTION

6



1.2. Text Book CHAPTER 1. INTRODUCTION

1.2 Text Book
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3.1.2 Problem 2.1
3.1.2.1 part(a)

Let z (g (t)) be the Fourier Transform of g (t), i.e. z (g (t)) = G (f). First we use the given
hint and note that g (t) can be written as follows

g (t) = A cos
(

πt

T

)
rect

(
t

T

)
Start by writing πt

T
as 2πf0t, where f0 = 1

2T
. Now using the property that multiplication

in time domain is the same as convolution in frequency domain, we obtain

G (f) = z (A cos (2πf0t)) ⊗ z
(

rect
(

t

T

))
(1)

But

z (A cos (2πf0t)) = A z (cos (2πf0t))

= A z
(

ej2πf0t + e−j2πf0t

2

)

= A

2 z
(
ej2πf0t + e−j2πf0t

)
= A

2
[
z
(
ej2πf0t

)
+ z

(
e−j2πf0t

)]
But z

(
ej2πf0t

)
= δ (f − f0) and z

(
e−j2πf0t

)
= δ (f + f0)hence the above becomes

z (A cos (2πf0t)) = A

2 [ δ (f − f0) + δ (f + f0)] (2)

Substitute (2) into (1) we obtain

G (f) = A

2 [ δ (f − f0) + δ (f + f0)] ⊗ z
(

rect
(

t

T

))

But z
(
rect

(
t
T

))
= T sinc (fT ), hence the above becomes

z (g (t)) = A

2 [ δ (f − f0) + δ (f + f0)] ⊗ T sinc (fT )

Now using the property of convolution with a delta, we obtain

G (f) = AT
2 [ sinc ((f − f0) T ) + sinc ((f + f0) T )]

note: by doing more trigonometric manipulations, the above can be written as

G (f) = 2AT cos(πfT )
π(1−4f2T 2)
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3.1.2.2 part(b)

Apply the time shifting property g (t) ⇐⇒ G (f), hence g (t − t0) ⇐⇒ e−j2πft0G (f)

From part(a) we found that z (g (t)) = AT
2 [ sinc ((f − f0) T ) + sinc ((f + f0) T )], so in

this part, the function in part(a) is shifted in time to the right by amount T
2 , let the new

function be h (t) ,hence we need to multiply G (f) by e−j2πf T
2 ,hence

z
(

g
(

t − T

2

))
= F (h (t))

= H (f)

= e−jπfT
(

AT

2 [ sinc ((f − f0) T ) + sinc ((f + f0) T )]
)

3.1.2.3 part(c)

Using the time scaling property g (t) ⇐⇒ G (f), hence g (at) ⇐⇒ 1
|a|G

(
f
a

)
, and since we

found in part(b) that H (f) = e−jπfT
(

AT
2 [ sinc ((f − f0) T ) + sinc ((f + f0) T )]

)
, hence

z {h (at)} = 1
|a|e

−jπ f
a

T
(

AT
2

[
sinc

((
f
a

− f0
)

T
)

+ sinc
((

f
a

+ f0
)

T
)])

3.1.2.4 part(d)

Let f (t) be the function which is shown in figure 2.4c, we see that

f (t) = −h (−t)

where h (t) is the function shown in figure 2.4(b). We found in part(b) that

H (f) = e−jπfT
(

AT

2 [ sinc ((f − f0) T ) + sinc ((f + f0) T )]
)

Now using the property that h (t) ⇐⇒ H (f) then h (−t) ⇐⇒ 1
|−1|H (−f) = H (−f),

hence

z {f (t)} = −ejπfT
(

AT
2 [ sinc ((−f − f0) T ) + sinc ((−f + f0) T )]

)

3.1.2.5 part(e)

This function, call it g1 (t) , is the sum of the functions shown in figure 2.4(b) and figure
2.4(c), then the Fourier transform of g1 (t) is the sum of the Fourier transforms of the
functions in these two figures (using the linearity of the Fourier transforms). Hence

z (g1 (t)) = e−jπfT
(

AT

2 [ sinc ((f − f0) T ) + sinc ((f + f0) T )]
)

− ejπfT
(

AT

2 [ sinc ((−f − f0) T ) + sinc ((−f + f0) T )]
)
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The above can be simplified to

z (g1 (t)) = AT

2
(
sinc ((f + f0) T )

[
ejπfT + e−jπfT

]
+ sinc ((f − f0) T )

[
ejπfT + e−jπfT

])
= AT

2 (sinc ((f + f0) T ) [2 cos (πfT )] + sinc ((f − f0) T ) [2 cos (πfT )])

Hence
z (g1 (t)) = AT cos (πfT ) [sinc ((f + f0) T ) + sinc ((f − f0) T )]

3.1.3 Problem 2.2
Given g (t) = e−t sin (2πfct) u (t) find z (g (t)) Answer:

z (g (t)) = z
(
e−tu (t)

)
⊗ z (sin (2πfct)) (1)

But
z (sin (2πf0t)) = 1

2j
[δ (f − fc) − δ (f + fc)] (2)

and

z
(
e−tu (t)

)
=

∞∫
0

e−te−j2πftdt =
∞∫

0

e−t(1+j2πf)dt

=

[
e−t(1+j2πf)

]∞
0

− (1 + j2πf) = 0 − 1
− (1 + j2πf)

= 1
1 + j2πf

(3)

Substitute (2) and (3) into (1) we obtain

z (g (t)) = 1
2j

[δ (f − fc) − δ (f + fc)] ⊗ 1
1 + j2πf

= 1
2j

[
1

1 + j2π (f − fc)
− 1

1 + j2π (f + fc)

]

3.1.4 Problem 2.3
3.1.4.1 part(a)

g (t) = A rect
(

t

T
− 1

2

)
= A rect

(
t − T

2
T

)

27
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hence it is a rect function with duration T and centered at T
2 and it has height A

ge = g (t) + g (−t)
2 (1)

go = g (t) − g (−t)
2

Hence ge = 1
2

[
A rect

(
t
T

− 1
2

)
+ A rect

(
−t
T

− 1
2

)]
which is a rectangular pulse of duration

2T and centered at zero and height A

go = 1
2

[
A rect

(
t
T

− 1
2

)
− A rect

(
−t
T

− 1
2

)]
which is shown in the figure below

A/2

A

T/2 T0

T-T

T

-T

g(t)

even part of g(t)

odd part of g(t)
A/2

-A/2

Figure 3.1: rectangular pulse

3.1.4.2 part(b)

z (g (t)) = z
(

A rect

(
t − T

2
T

))
= AT sinc (fT ) e−j2πf T

2

= AT sinc (fT ) e−jπfT (2)

28



3.1. HW 1 CHAPTER 3. HWS

Now using the property that g (t) ⇔ G (f), then g (−t) ⇔ G (−f), then we write

z (g (−t)) = G (−f)
= AT sinc (−fT ) ejπfT (3)

Now, using linearity of Fourier transform, then from (1) we obtain

z (ge (t)) = z
(

g (t) + g (−t)
2

)

= 1
2 [z (g (t)) + z (g (−t))]

= 1
2
[
AT sinc (fT ) e−jπfT + AT sinc (−fT ) ejπfT

]
= AT

2
[
sinc (fT ) e−jπfT + sinc (−fT ) ejπfT

]
now sinc (−fT ) = sin(−πfT )

−πfT
= − sin(πfT )

−πfT
= sinc (fT ), hence the above becomes

z (ge (t)) = AT sinc (fT )
2

[
e−jπfT + ejπfT

]
= AT sinc (fT )

2 [ 2 cos (πfT )]

Hence
z (ge (t)) = AT sinc (fT ) cos (πfT )

Now to find the Fourier transform of the odd part

go = g (t) − g (−t)
2

Hence

z (go (t)) = z
(

g (t) − g (−t)
2

)

= 1
2 [z (g (t)) − z (g (−t))]

= 1
2
[
AT sinc (fT ) e−jπfT − AT sinc (−fT ) ejπfT

]
= AT

2
[
sinc (fT ) e−jπfT − sinc (fT ) ejπfT

]
= AT sinc (fT )

2
[

e−jπfT − ejπfT
]

= −AT sinc (fT )
2

[
ejπfT − e−jπfT

]
= −AT sinc (fT )

2 [ 2j sin (πfT )]
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Hence
z (go (t)) = −jAT sinc (fT ) sin (πfT )

3.1.5 Problem 2.4

G (f) = |G (f)| ej arg(G(f))

Hence from the diagram given, we write

G (f) =

 1 × ej π
2 −W ≤ f < 0

1 × e−j π
2 0 ≤ f ≤ W

Therefore, we can use a rect function now to express G (f) over the whole f range as
follows

G (f) = ej π
2 rect

(
f + W

2
W

)
− e−j π

2 rect

(
f − W

2
W

)

Now, noting that δ (t − t0) ⇔ e−j2πt0 and δ (t + t0) ⇔ ej2πt0 and W sinc (tW ) ⇔ rect
(

f
W

)
and noting that shift in frequency by W

2 becomes multiplication by e−j2πt W
2 , then now we

write

g (t) = z−1
(

ej π
2 rect

(
f + W

2
W

))
− z−1

(
e−j π

2 rect

(
f − W

2
W

))

= z−1
(
ej π

2
)

⊗ z−1
(

rect

(
f + W

2
W

))
− z−1

(
e−j π

2
)

⊗ z−1
(

rect

(
f − W

2
W

))

Hence

g (t) =
[
δ
(

t + π

2

)
⊗ W sinc (tW ) e−j2πt W

2

]
−
[
δ
(

t − π

2

)
⊗ W sinc (tW ) ej2πt W

2

]
= W sinc

((
t + π

2

)
W
)

e−j2π
(

t+ π
2

)
W
2 − W sinc

((
t − π

2

)
W
)

ej2π
(

t− π
2

)
W
2

= W sinc
((

t + π

2

)
W
)

e−jπW t−jπW π
2 − W sinc

((
t − π

2

)
W
)

ejπW t−jπW π
2

Hence

g (t) = We− jπ2W
2
(
sinc

((
t + π

2

)
W
)

e−jπW t − sinc
((

t − π
2

)
W
)

ejπW t
)
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3.1.6 Key solution
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3.2.1 Questions

3.2.2 Problem 2.30
Problem
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Determine and sketch the autocorrelation function of the following

(b) g (t) = e−a|t|

(c) g (t) = e−atu (t) − eatu (−t)

3.2.2.1 part(b)

g (t) =


e−at t > 0

1 t = 0
eat t < 0

Assume a > 0 for the integral to be defined. From definition, autocorrelation of a function
g (t) is

R (τ) =
∫ ∞

−∞
g (t) g∗ (t − τ) dt

Since g (t) in this case is real, then g∗ (t − τ) = g (t − τ), hence

R (τ) =
∫ ∞

−∞
g (t) g (t − τ) dt

Consider the 3 cases, τ < 0 and τ > 0 and when τ = 0

case τ > 0

g(t)

gt  



t

t

Figure 3.2: Case 1 Part b

Break the integral over the 3 regions, {−∞, 0} , {0, τ} , {τ, ∞}
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R (τ) =
∫ 0

−∞
eatea(t−τ)dt +

∫ τ

0
e−atea(t−τ)dt +

∫ ∞

τ
e−ate−a(t−τ)dt

But
∫ 0

−∞ eatea(t−τ)dt = e−aτ
∫ 0

−∞ e2atdt = e−aτ

[
e2at
]0

−∞
2a

= e−aτ [1−0]
2a

= e−aτ

2a

and
∫ τ

0 e−atea(t−τ)dt = e−aτ
∫ τ

0 1dt = τe−aτ

and
∫∞

τ e−ate−a(t−τ)dt = eaτ
∫∞

τ e−2atdt = eaτ

[
e−2at

]∞
τ

−2a
= eaτ

[
0−e−2aτ

]
−2a

= e−aτ

2a

Hence for τ > 0 we obtain

R (τ) = e−aτ

2a
+ τe−aτ + e−aτ

2a

= e−aτ

a
+ τe−aτ

= e−aτ
(

1
a

+ τ
)

case τ < 0

g(t)

gt  



t

t

0

0

Figure 3.3: Case 2 Part b

Break the integral over the 3 regions, {−∞, τ} , {τ, 0} , {0, ∞}

R (τ) =
∫ τ

−∞
eatea(t−τ)dt +

∫ 0

τ
e−atea(t−τ)dt +

∫ ∞

0
e−ate−a(t−τ)dt

Now
∫ τ

−∞ eatea(t−τ)dt = e−aτ
∫ τ

−∞ e2atdt = e−aτ

[
e2at
]τ

−∞
2a

= e−aτ

[
e2aτ −0

]
2a

= eaτ

2a
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and
∫ 0

τ e−atea(t−τ)dt = e−aτ
∫ 0

τ 1dt = −τe−aτ

and
∫∞

0 e−ate−a(t−τ)dt = eaτ

[
e−2at

]∞
0

−2a
= eaτ

−2a
(0 − 1) = eaτ

2a

Hence

R (τ) = eaτ

2a
− τe−aτ + eaτ

2a

= eaτ
(

1
a

− τ
)

When τ = 0

R (0) gives the the maximum power in the signal g (t). Now evaluate this

R (τ) =
∫ 0

−∞
eateatdt +

∫ ∞

0
e−ate−atdt

=
[e2at]0−∞

2a
+ [e−2at]∞0

−2a

= 1
a

Hence

R (τ) =


e−aτ

(
1
a

+ τ
)

τ > 0
1
a

τ = 0
eaτ

(
1
a

− τ
)

τ < 0

Or we could write

R (τ) = e−|τ |a
(

1
a

− (− |τ |
)

This is a plot of R (τ), first plot is for a = 1 and the second for a = 4
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f[t_] := Exp[a (-Abs[t])]
1 + a (-Abs[t])

a

Show[{Plot[f[t] /. a → 1, {t, -6, 6}, PlotRange → All, PlotStyle → Red, AxesOrigin → {0, 0}]}, AxesLabel -> {"τ", "R(τ)"},

PlotLabel → "Autocorrelation function for part(a), when a=1"]

-6 -4 -2 2 4 6
τ

0.2

0.4

0.6

0.8

1.0

R(τ)
Autocorrelation function for part(a), a=1

Show[{Plot[f[t] /. a → 4, {t, -6, 6}, PlotRange → All, PlotStyle → Red, AxesOrigin → {0, 0}]}, AxesLabel -> {"τ", "R(τ)"},

PlotLabel → "Autocorrelation function for part(a), when a=4"]
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Autocorrelation function for part(a), when a=4

Figure 3.4: final part

3.2.2.2 part(c)

g (t) = e−atu (t) − eatu (−t)

Assume a > 0.

Consider the 3 cases, τ < 0 and τ > 0 and when τ = 0

case τ > 0
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gt  

t

exp(-at) u(t)

-exp(at) u(-t)

gt

t

eatut  

eatut  


case   0

0

0

Figure 3.5: Case 1 Part c

Break the integral into 3 parts, {−∞, 0} , {0, τ} , {τ, ∞}

R (τ) =
∫ 0

−∞
g (t) g (t − τ) dt +

∫ τ

0
g (t) g (t − τ) dt +

∫ ∞

τ
g (t) g (t − τ) dt

=
∫ 0

−∞
−eat

(
−ea(t−τ)

)
dt +

∫ τ

0
e−at

(
−ea(t−τ)

)
dt +

∫ ∞

τ
e−at

(
e−a(t−τ)

)
dt

= e−aτ
∫ 0

−∞
e2atdt − e−aτ

∫ τ

0
1dt + eaτ

∫ ∞

τ
e−2atdt

= e−aτ [e2at]0−∞
2a

− τe−aτ + eaτ [e−2at]∞τ
−2a

= e−aτ [1 − 0]
2a

− τe−aτ + eaτ [0 − e−2aτ ]
−2a

= e−aτ

2a
− τe−aτ + e−aτ

2a

= e−aτ
( 1

2a
− τ + 1

2a

)
= e−aτ

(1
a

− τ
)

case τ < 0
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gt  

t

exp(-at) u(t)

-exp(at) u(-t)

gt

t

eatut  

eatut  


0

0

case   0

Figure 3.6: Case 2 Part c

Break the integral into 3 parts, {−∞, τ} , {τ, 0} , {0, ∞}

R (τ) =
∫ τ

−∞
g (t) g (t − τ) dt +

∫ 0

τ
g (t) g (t − τ) dt +

∫ ∞

0
g (t) g (t − τ) dt

=
∫ τ

−∞
−eat

(
−ea(t−τ)

)
dt +

∫ 0

τ
−eate−a(t−τ)dt +

∫ ∞

0
e−ate−a(t−τ)dt

= e−aτ
∫ τ

−∞
e2atdt − eaτ

∫ 0

τ
1dt + eaτ

∫ ∞

0
e−2atdt

= e−aτ [e2at]τ−∞
2a

+ τeaτ + eaτ [e−2at]∞0
−2a

= e−aτ [e2aτ − 0]
2a

+ τeaτ + eaτ [0 − 1]
−2a

= eaτ

2a
+ τeaτ + eaτ

2a

= eaτ
(1

a
+ τ

)

At τ = 0, we see that R (0) = 1
a
, hence the final answer is

R (τ) =


e−aτ

(
1
a

− τ
)

τ > 0
1
a

τ = 0
eaτ

(
1
a

+ τ
)

τ < 0

Or we could write
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R (τ) = e−|τ |a
(

1
a

− |τ |
)

This is a plot of R (τ), first plot is for a = 1 and the second for a = 4

f[t_] := Exp[a (-Sign[t] t)]
1

a
- Sign[t] t

Show[{Plot[f[t] /. a → 1, {t, -6, 6}, PlotRange → All, PlotStyle → Red, AxesOrigin → {0, 0}]}, AxesLabel -> {"τ", "R(τ)"},

PlotLabel → "Autocorrelation function for part(a), when a=1"]
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Autocorrelation function for part(a), when a=1

Show[{Plot[f[t] /. a → 4, {t, -6, 6}, PlotRange → All, PlotStyle → Red, AxesOrigin → {0, 0}]}, AxesLabel -> {"τ", "R(τ)"},

PlotLabel → "Autocorrelation function for part(a), when a=4"]
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Autocorrelation function for part(a), when a=4

Figure 3.7: Part c

3.2.3 Problem 2.32
problem: Determine the autocorrelation function of g (t) = A sinc (2Wt) and sketch it

solution:

R (τ) =
∞∫

−∞

g (t) g∗ (t − τ) dt

The above is difficult to do directly, hence we use the second method.

Since the function g (t) is an energy function, hence R (τ) and the energy spectrum density
Ψg (f) of g (t)make a Fourier transform pairs.

R (τ) ⇔ Ψg (f)

Therefore, to find R (τ), we first find Ψg (f), then find the Inverse Fourier Transform of
Ψg (f), i.e.
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R (τ) = z−1 (Ψg (f)) (1)

But
Ψg (f) = |G (f)|2 (2)

and we know that
A sinc (2Wt) ⇔ A

2W
rect

(
f

2W

)

Hence
G (f) = A

2W
rect

(
f

2W

)

The (2) becomes

Ψg (f) =
∣∣∣∣∣ A

2W
rect

(
f

2W

)∣∣∣∣∣
2

=
(

A

2W

)2 ∣∣∣∣∣rect

(
f

2W

)∣∣∣∣∣
2

But
∣∣∣rect

(
f

2W

)∣∣∣2 = rect
(

f
2W

)
, since it has height of 1, so

Ψg (f) =
(

A
2W

)2
rect

(
f

2W

)

Hence from (1)

R (τ) = z−1
((

A

2W

)2
rect

(
f

2W

))

=
(

A

2W

)2
z−1

[
rect

(
f

2W

)]

Hence

R (τ) =
(

A
2W

)2
sinc (2Wτ)

This is a plot of the above function, for W = 4, and A = 1
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A = 1;

W = 2;

f[t_] :=
A

2 W

2

Sinc[Pi 2 W t]

Show[{Plot[f[t], {t, -6, 6}, PlotRange → All, PlotStyle → Red, AxesOrigin → {0, 0}]}, AxesLabel -> {"τ", "R(τ)"},

PlotLabel → "Autocorrelation function when A=1,W=4"]

-6 -4 -2 2 4 6
τ

0.02

0.04

0.06

R(τ)
Autocorrelation function when A=1,W=4

Figure 3.8: Plot for W = 4, and A = 1

3.2.4 Problem 2.33
The Fourier transform of a signal is defined by |sinc (f)|. Show that R (τ) of the signal is
triangular in form.

Answer:

Since
R (τ) ⇔ |G (f)|2

Then

R (τ) ⇔ |sinc (f)|2

⇔ sinc2 (f)

Hence to find R (τ) we need to find the inverse Fourier transform of sinc2 (f)

But

z−1
(
sinc2 (f)

)
= z−1 (sinc (f) × sinc (f))
= z−1 {sinc (f)} ⊗ z−1 {sinc (f)}

But z−1 {sinc (f)} = rect (t), hence

z−1
(
sinc2 (f)

)
= rect (t) ⊗ rect (t)

=
∞∫

−∞

rect (τ) rect (t − τ) dτ
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This integral has the value of tri (t) (we also did this in class) Hence

tri (τ) ⇔ sinc2 (f)

Hence
R (τ) = tri (τ)

Where tri (τ) is the triangle function, defined as

tri (t) =

 1 − |t| |t| < 0
0 otherwise

3.2.5 Problem 2.35
Consider the signal g (t) defined by

g (t) = A0 + A1 cos (2πf1t + θ) + A2 cos (2πf2t + θ)

(a) determine R (τ)

(b) what is R (0)

(c) has any information been lose in obtaining R (τ)?

Answer:

(a)

Take the Fourier transform of g (t) we obtain

G (f) = A0δ (f) + A1

2
[
ejθδ (f − f1) + e−jθδ (f + f1)

]
+ A2

2
[
ejθδ (f − f2) + e−jθδ (f + f2)

]

Hence |G (f)|2 = G (f) G∗ (f), so we need to find G∗ (f)

G∗ (f) = A0δ (f)+ A1

2
[
e−jθδ (f − f1) + ejθδ (f + f1)

]
+ A2

2
[
e−jθδ (f − f2) + ejθδ (f + f2)

]
So

G (f) G∗ (f) = A2
0δ (f) + A2

1
4 [δ (f − f1) + δ (f + f1)] + A2

2
4 [δ (f − f2) + δ (f + f2)]

So

Sg (f) = A2
0δ (f) + A2

1
4 [δ (f − f1) + δ (f + f1)] + A2

2
4 [δ (f − f2) + δ (f + f2)]
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So

R (τ) = z−1 (Sg (f))

= z−1
(
A2

0δ (f)
)

+ A2
1

4 z−1 [δ (f − f1) + δ (f + f1)] + A2
2

4 z−1 [δ (f − f2) + δ (f + f2)]

Hence

R (τ) = A2
0 + A2

1
2 cos 2πf1τ + A2

2
2 cos 2πf2τ (1)

Part (b)

R (0) = A2
0 + A2

1
2 + A2

2
2

= 1
2
(
2A2

0 + A2
1 + A2

2

)

part(c)

In obtaining R (τ) we have lost the phase information in the original signal as can be seen
from (1) above

3.2.6 extra Problem
(a) find ξ (t) ⊗ ξ (t) where ξ (t) is unit step function

(b)Find tξ (t) ⊗ eatξ (t) where a > 0

(c)find u (t) ⊗ h (t) where h (t) = e−3tu (t) and u (t) is as shown

U(t)

t
4T

1

Figure 3.9: Extra problem

To DO
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3.2.7 Key solution
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3.3.1 questions
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3.3.2 Problem 2.7
Problem An average reading power meter is connected to output of transmitter. Trans-
mitter output is fed into 75Ω resistive load and the wattmeter read 67W

(a) What is power in dBm units?

(b) What is power in dBk units?

(c) What is the value in dBmV units?

3.3.2.1 part(a)

Pdbm = 10 log10 Pm

= 10 log10 (67000)

= 48.2607 dbm

(b)

Pdbk = 10 log10 Pk

= 10 log10 (0.067)

= −11.7393 dbk

(c)

P = V 2

R

Hence

10 log10 P = 20 log10 V − 10 log10 R

Hence

20 log10 V = 10 log10 P + 10 log10 R

so

20 log10 V = 10 log10 67000 + 10 log10 75000

= 97.0114 dbmV
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3.3.3 Problem 2.8
Assume that a waveform with known rms value Vrms is applied across a 50Ω load. Derive
a formula that can be used to computer the dbm value from Vrms

P (watt) = V 2
rms (V )
R (Ω)

Hence

Pdbm = 10 log10

(
103 × Pwatt

)
= 10 log10

103 × V 2
rms (V )

R (Ω)
= 10

(
log10 103V 2

rms − log10 R
)

= 10
(
log10 103 + log10 V 2

rms − log10 R
)

= 10 (3 + 2 log10 Vrms − log10 R)

Hence

Pdbm = 30 + 20 log10 Vrms − 10 log10 R

When R = 50Ω, we obtain

Pdbm = 30 + 20 log10 Vrms − 10 log10 50
= 30 + 20 log10 Vrms − 16.9897
= 13.0103 + 20 log10 Vrms

62



3.3. HW 3 CHAPTER 3. HWS

3.3.4 Problem 2.9

Figure 3.10: the Problem statement

Gain(db) = 10 log10
PL

Pi

= 10 log10

(
V 2

rms

RL

)
I2

rmsRin

= 10 log10

(
102

50

)
(0.5 × 10−3)2 × 2000

= 10 log10
105

25
= 10

(
log10 105 − log10 25

)
= 10 (5 − 1.39794)
= 36. 021

3.3.5 Problem 2.15
Using the convolution property find the spectrum for w (t) = sin 2πf1t cos 2πf2t

Solution:

z (w (t)) = z (sin 2πf1t) ⊗ z (cos 2πf2t) (1)
But

z (sin 2πf1t) = 1
2j

(δ (f − f1) − δ (f + f1))

z (cos 2πf2t) = 1
2 (δ (f − f2) + δ (f + f2))
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Hence (1) becomes

z (w (t)) =
{

1
2j

(δ (f − f1) − δ (f + f1))
}

⊗
{1

2 (δ (f − f2) + δ (f + f2))
}

= 1
4j

{δ (f − f1) − δ (f + f1)} ⊗ {δ (f − f2) + δ (f + f2)} (2)

Applying the distributed property of convolution, i.e. a⊗(b + c) = a⊗b+a⊗c on equation
(2) we obtain

4j z (w (t)) = δ (f − f1)⊗δ (f − f2)+δ (f − f1)⊗δ (f + f2)−δ (f + f1)⊗δ (f − f2)−δ (f + f1)⊗δ (f + f2)
(3)

Now

δ (f − f1) ⊗ δ (f − f2) =
∞∫

−∞

δ (λ − f1) δ (f − (λ − f2)) dλ

= δ (f + f2 − f1)
∞∫

−∞

δ (f − (λ − f2)) dλ

= δ (f + f2 − f1) (4)

And

δ (f − f1) ⊗ δ (f + f2) =
∞∫

−∞

δ (λ − f1) δ (f − (λ + f2)) dλ

= δ (f − f2 − f1)
∞∫

−∞

δ (f − (λ − f2)) dλ

= δ (f − f2 − f1) (5)

And

δ (f + f1) ⊗ δ (f − f2) =
∞∫

−∞

δ (λ + f1) δ (f − (λ − f2)) dλ

= δ (f + f2 + f1)
∞∫

−∞

δ (f − (λ − f2)) dλ

= δ (f + f2 + f1) (6)

And

δ (f + f1) ⊗ δ (f + f2) =
∞∫

−∞

δ (λ + f1) δ (f − (λ + f2)) dλ

= δ (f − f2 + f1)
∞∫

−∞

δ (f − (λ − f2)) dλ

= δ (f − f2 + f1) (7)
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Substitute (4,5,6,7) into (3) we obtain

z (w (t)) = 1
4j

[δ (f + f2 − f1) + δ (f − f2 − f1) − δ (f + f2 + f1) − δ (f − f2 + f1)]

or

z (w (t)) = 1
4j

[δ (f + (f2 − f1)) + δ (f − (f2 + f1)) − δ (f + (f2 + f1)) − δ (f − (f2 − f1))]

(8)
This problem can also be solved as follows

w (t) = sin 2πf1t cos 2πf2t

Using sin α cos β = 1
2 (sin (α − β) + sin (α + β)), hence

w (t) = 1
2 (sin (2πf1t − 2πf2t) + sin (2πf1t + 2πf2t))

= 1
2 (sin (2π (f1 − f2) t) + sin (2π (f1 + f2) t))

= 1
2

(
1
2j

(δ (f − (f1 − f2)) − δ (f + (f1 − f2))) + 1
2j

(δ (f − (f1 + f2)) − δ (f + (f1 + f2)))
)

= 1
4j

{δ (f − (f1 − f2)) − δ (f + (f1 − f2)) + δ (f − (f1 + f2)) − δ (f + (f1 + f2))}

= 1
4j

{δ (f + (f2 − f1)) + δ (f − (f2 + f1)) − δ (f + (f2 + f1)) − δ (f − (f2 − f1))}

(9)

Compare (8) and (9) we see they are the same.

3.3.6 Problem 2.17

w (t) = 4 rect
(

t

4

)
− 2 rect

(
t

2

)
By linearity of Fourier Transform

z (w (t)) = 4 × z
(

rect
(

t

4

))
− 2 × z

(
rect

(
t

2

))
(1)

Since

z
(

rect
(

t

4

))
= 4 sinc (4f)

and
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z
(

rect
(

t

2

))
= 2 sinc (2f)

Then (1) becomes
z (w (t)) = 4 × 4 sinc (4f) − 2 × 2 sinc (2f)

= 16 sinc (4f) − 4 sinc (2f)

Or in terms of just the sin function, the above becomes

z (w (t)) = 16sin (4πf)
4πf

− 4sin (2πf)
2πf

= 4sin (4πf)
πf

− 2sin (2πf)
πf

= 4 sin(4πf)−2 sin(2πf)
πf

3.3.7 Problem 2.18
If w (t) has the Fourier Transform W (f) = j2πf

1+j2πf
find X (f) for the following waveforms

(a) x (t) = w (2t + 2)

(b) x (t) = w (t − 1) e−jt

(c) x (t) = w (1 − t)

Answer:

3.3.7.1 Part(a)

w (t) ⇔ j2πf

1 + j2πf

Then

w (2t) ⇔ 1
2X

(
f

2

)

w (2t + 2) ⇔ 1
2X

(
f

2

)
ej2π f

2 (2)

Hence

w (2t + 2) ⇔ 1
2

(
j2π f

2
1 + j2π f

2

)
ej2πf

⇔ 1
2

(
jπf

1 + jπf

)
ej2πf

This can be simplified to
w (2t + 2) ⇔ πf

2(πf−j)e
j2πf
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3.3.7.2 Part(b)

w (t) ⇔ j2πf

1 + j2πf

w (t − 1) ⇔ X (f) e−j2πf(−1)

w (t − 1) ⇔ X (f) ej2πf

Now Let e−jt = e−j2πf0t, hence 2πf0 = 1 or f0 = 1
2π

, then

w (t − 1) e−j2πf0t ⇔ X (f + f0) ej2π(f+f0)

Hence

w (t − 1) e−jt ⇔ j2π (f + f0)
1 + j2π (f + f0)

ej2π(f+f0)

w (t − 1) e−jt ⇔
j2π

(
f + 1

2π

)
1 + j2π

(
f + 1

2π

)ej2π
(

f+ 1
2π

)

w (t − 1) e−jt ⇔ j2π (2πf + 1)
2π + j2π (2πf + 1)ej(2πf+1)

w (t − 1) e−jt ⇔ j4π2f + j2π

2π + j4π2f + j2π
ej2πfej

w (t − 1) e−jt ⇔ 2πf + 1
−j + 2πf + 1ej2πfej

Hence
w (t − 1) e−jt ⇔ 2πf+1

1−j+2πf
ej(2πf+1)

3.3.7.3 Part(c)

w (t) ⇔ j2πf

1 + j2πf

w (−t) ⇔ X (−f)

Then

w (−t + 1) ⇔ X (−f) ej2πf(1)

w (1 − t) ⇔ −j2πf

1 − j2πf
ej2πf
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3.3.8 Key solution
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3.4.1 questions and hints

73



3.4. HW 4 CHAPTER 3. HWS

74



3.4. HW 4 CHAPTER 3. HWS

75



3.4. HW 4 CHAPTER 3. HWS

76



3.4. HW 4 CHAPTER 3. HWS

3.4.2 Problem 1
Solution Using transfer function cascading, then the overall transfer function for the
system can be written as

H (f) = H1 (f) H1 (f) = [H1 (f)]2 (1)

Where
H1 (f) = Z (f)

X (f)
Where

Z (f) = z


t∫

−∞

w (τ) dτ


= 1

j2πf
W (f) + W (0)

2 δ (f) (2)

Where

W (f) = z {x (t) − x (t − T )}
= X (f) − X (f) e−j2πfT

= X (f)
[
1 − e−j2πfT

]
(3)

substitute (3) into (2) we obtain

Z (f) = 1
j2πf

X (f)
[
1 − e−j2πfT

]
+

X (0)

=0︷ ︸︸ ︷[
1 − e−j2π0T

]
2 δ (f)

= 1
j2πf

X (f)
[
1 − e−j2πfT

]
(4)

Hence

H1 (f) = Z (f)
X (f)

=
1

j2πf
X (f)

[
1 − e−j2πfT

]
X (f)

Hence
H1 (f) = 1

j2πf

[
1 − e−j2πfT

]
Hence from (1)

H (f) =
(

1
j2πf

[
1 − e−j2πfT

])2

= 1
−4π2f 2

[
1 − e−j2πfT

]2
= −1

(2πf)2

[
1 − 2e−j2πfT + e−j4πfT

]
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Hence
H (f) = 1

(2πf)2

[
2e−j2πfT − e−j4πfT − 1

]

3.4.3 Problem 2
3.4.3.1 Part(a)

Transfer function for each stage is Hi (f) = Yi(f)
Xi(f) = 1

1+j2πfRC

Since RC = τ0, hence
Hi (f) = 1

1 + j2πfτ0

Then, for N stages, the overall transfer function is

H (f) = H1 (f) H2 (f) · · · HN (f)

Since they are identical stages, then the transfer function of each stage is the same, and
the above becomes

H (f) =
(

1
1 + j2πfτ0

)N

Hence the amplitude of the response is given by

|H (f)| =
(

1
|1 + j2πfτ0|

)N

=
 1√

12 + (2πfτ0)2

N

=
 1

(1 + 4π2f 2τ 2
0 )

1
2

N

= 1
(1 + 4π2f 2τ 2

0 )
N
2

Let τ 2
0 = τ2

4π2N
, the above becomes

|H (f)| = 1(
1 + f2τ2

N

)N
2

(1)

3.4.3.2 Part (b)

Let α = f 2τ 2, β = 1
2 , then (1) becomes

|H (f)| = 1(
1 + α

N

)βN
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But limN→∞
1(

1+ α
N

)βN = eαβ,hence

|H (f)| = 1
e

f2τ2
2

= e− f2τ2
2

Which is what we are asked to show.

3.4.4 Problem 3
3.4.4.1 Part(a)

(a) g (t) = sinc (t)

g+ (t) = g (t) + jĝ (t) (1)
Where ĝ (t) is Hilbert transform of g (t) defined as ĝ (t) = g (t) ⊗ 1

πt

Ĝ (f) = −j sgn (f) G (f)
= −j sgn (f) rect (f)

Now find the inverse Fourier transform.

I derive the above to answer problem 4 part (b). The answer is the following (please see
problem 4 part(b) for the derivation

ĝ (t) = 1
πt

(1 − cos πt)

In the above, I used sinc (t) ≡ sin πt
πt

. If one uses sinc (t) ≡ sin t
t

then the answer becomes

ĝ (t) = 1
t

(1 − cos t) (2)

The problem statement seems to want us to use the second definition of sinc (t), so I will
continue the rest of the solution using (1).

Substitute (2) into (1) we obtain

g+ (t) = sinc (t) + j
1
t

(1 − cos t)

= sin (t)
t

+ j
1
t

(
1 − ejt + e−jt

2

)

= 1
t

ejt − e−jt

2j
+ 1

t

(
j + ejt + e−jt

2j

)

= 1
t

ejt − e−jt

2j
+ j

t
+ 1

t

ejt + e−jt

2j

= 1
t

ejt

2j
+ j

t
+ 1

t

ejt

2j

79



3.4. HW 4 CHAPTER 3. HWS

Hence
g+ (t) = 1

t
(j + ejt)

3.4.4.2 Part(b)

g (t) = [1 + k cos 2πfmt] cos (2πfct)

g+ (t) = g (t) + jĝ (t)
Where ĝ (t) is Hilbert transform of g (t) defined as ĝ (t) = g (t) ⊗ 1

πt
.

G+ (f) =


2G (f) f > 0
G (0) f = 0

0 f < 0

But
G (f) = z [1 + k cos 2πfmt] ⊗ z [cos (2πfct)] (1)

But
z [cos (2πfct)] = 1

2 [δ (f − fc) + δ (f + fc)]

and
z [1 + k cos 2πfmt] = δ (f) + k

2 [δ (f − fm) + δ (f + fm)]

Hence (1) becomes

G (f) =
{

δ (f) + k

2 [δ (f − fm) + δ (f + fm)]
}

⊗ 1
2 [δ (f − fc) + δ (f + fc)]

= δ (f) ⊗ 1
2 [δ (f − fc) + δ (f + fc)]

+ k

2 [δ (f − fm) + δ (f + fm)] ⊗ 1
2 [δ (f − fc) + δ (f + fc)]

= 1
2δ (f) ⊗ δ (f − fc) +

1
2δ (f) ⊗ δ (f + fc) +
k

4δ (f − fm) ⊗ δ (f − fc) +
k

4δ (f − fm) ⊗ δ (f + fc) +
k

4δ (f + fm) ⊗ δ (f − fc) +
k

4δ (f + fm) ⊗ δ (f + fc)
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Hence

G (f) = 1
2δ (f + fc) +

1
2δ (f − fc) +
k

4δ (f − fm + fc) +
k

4δ (f − fm − fc) +
k

4δ (f + fm + fc) +
k

4δ (f + fm − fc)

Hence for f > 0 ,G+ (f) = 2G (f) and we obtain

G+ (f) = δ (f − fc)+
k

2 [δ (f − fm + fc) + δ (f − fm − fc) + δ (f + fm + fc) + δ (f + fm − fc)]

Then (since carrier frequency fc > fm), we could simplify the above, by keeping positive
frequencies f

G+ (f) = δ (f − fc) + k

2 [δ (f − fm − fc) + δ (f + fm − fc)]

or

G+ (f) = δ (f − fc) + k

2 [δ (f − (fm + fc)) + δ (f − (fc − fm))]

Hence

g+ (t) = ej2πfct + k

2
(
ej2π(fm+fc)t + ej2π(fc−fm)t

)
= ej2πfct + k

2
(
ej2πfmtej2πfct + ej2πfcte−j2πfmt

)
= ej2πfct

[
1 + k

2
(
ej2πfmt + e−j2πfmt

)]

= ej2πfct

[
1 + k

2 (2 cos (2πfmt))
]

= ej2πfct [1 + k cos (2πfmt)]
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3.4.5 Problem 4
3.4.5.1 Part(a)

g (t) = δ (t)

ĝ (t) = g (t) ⊗ 1
πt

= 1
π

∞∫
−∞

δ (τ) 1
t − τ

dτ

= 1
π

∞∫
−∞

δ (τ) 1
t
dτ

= 1
πt

∞∫
−∞

δ (τ) dτ

= 1
πt

3.4.5.2 Part(b)

And Since sgn (f) = −1 for f < 0 and sgn (f) = 1 for f > 0 then

Ĝ (f) = −j

[
−rect

(
f + 1

4
1
2

)
+ rect

(
f − 1

4
1
2

)]
Hence

ĝ (t) = jz−1
[
rect

(
f + 1

4
1
2

)
− rect

(
f − 1

4
1
2

)]
(1)

But z−1
(

rect
(

f+ 1
4

1
2

))
= 1

2 sinc
(

1
2t
)

e−j2π 1
4 t and z−1

(
rect

(
f− 1

4
1
2

))
= 1

2 sinc
(

1
2t
)

e+j2π 1
4 t,

hence (1) becomes

ĝ (t) = j
[1
2 sinc

(1
2t
)

e−j2π 1
4 t − 1

2 sinc
(1

2t
)

e+j2π 1
4 t
]

= 1
2 sinc

(1
2t
) [

j
(
e−j2π 1

4 t − ej2π 1
4 t
)]

= 1
2 sinc

(1
2t
) [

e−j π
2 t − ej π

2 t

−j

]

= sinc
(1

2t
) [

ej π
2 t − e−j π

2 t

2j

]

= sinc
(1

2t
) [

sin π

2 t
]
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But sinc
(

1
2t
)

= sin πt
2

πt
2

hence

ĝ (t) =
sin πt

2
πt
2

sin π

2 t

= 2
πt

sin2 π

2 t

= 2
πt

(1
2 − 1

2 cos πt
)

= 1
πt

(1 − cos πt)

3.4.6 problem 5

Figure 3.11: the Problem statement

Sg (f) = rect

(
f

4

)
+ rect

(
f

2

)

Rg (τ) = z−1 (Sg (f))

Hence

Rg (τ) = z−1
(

rect

(
f

4

)
+ rect

(
f

2

))

= z−1
[
rect

(
f

4

)]
+ z−1

[
rect

(
f

2

)]
= 4 sinc (4t) + 2 sinc (2t)
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Figure 3.12: Plot for problem 5
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3.4.7 Key solution
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3.5 HW 5

Local contents
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3.5.2 Problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
3.5.3 Problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
3.5.4 Problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
3.5.5 Key solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3.5.1 Problem 1

Figure 3.13: the Problem statement

3.5.1.1 Part(a)

Assuming stationary process,
Rx (τ) ⇔ Sx (f)

But Sx (f) = δ (f) + tri
(

f
2f0

)
, hence

Rx (τ) = z−1
(

δ (f) + tri

(
f

2f0

))

=
∞∫

−∞

[
δ (f) + tri

(
f

2f0

)]
ej2πfτ df

But z−1
(
tri

(
f

2f0

))
= f0

sin2(f0πτ)
f2

0 π2τ2 , and z−1 (δ (f)) = 1, hence the above becomes
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Hence

Rx (τ) =
dc part︷︸︸︷

1 +
AC part︷ ︸︸ ︷

f0 sinc2 (f0τ)

3.5.1.2 Part(b)

Px (0) = 1 + f0

Hence DC power in X (t) is given 1 watt.

3.5.1.3 Part(c)

The AC power is f0 watt.

3.5.1.4 Part(d)

Since Rx (τ) = 1 + f0 sinc2 (f0τ), we need to make this zero. But this has no real root as
solution (assuming f0 ≥ 0)

To obtain a solution, I will only consider the AC part.

Hence we need to solve for τ in

Rx (τ) = f0 sinc2 (f0τ) = 0

i.e. the AC part only.

This is zero when sinc2 (f0τ) = 0 or when sin (πf0τ) = 0 or when

πf0τ = kπ, k = ±1, ±2, · · · .

Hence when
τ = ± 1

f0
, ± 2

f0
, · · ·
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3.5.2 Problem 2

Figure 3.14: the Problem statement

(see graded HW for solution)

3.5.3 Problem 3
A random telegraph signal X(t) charaterized by the autocorrelation function

RX(τ) − e−2ν|tau|

Figure 3.15: the Problem statement

Let Sy (f) be the psd of the output, then
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Sy (f) = Sx (f) |H (f)|2

But

Sx (f) = z (Rx (τ))

=
0∫

−∞

e2vτ e−j2πfτ dτ +
∞∫

0

e−2vτ e−j2πfτ dτ

=
0∫

−∞

eτ(2v−j2πf)dτ +
∞∫

0

eτ(−2v−j2πf)dτ

=

[
eτ(2v−j2πf)

]0
−∞

2v − j2πf
+

[
eτ(−2v−j2πf)

]∞
0

−2v − j2πf

= 1
2v − j2πf

+ −1
−2v − j2πf

= 1
2v − j2πf

+ 1
2v + j2πf

= 4v

4v2 + 4π2f 2

Now we need to find H (f). Using voltage divider H (f) = Y (f)
X(f) =

1
j2πfC

R+ 1
j2πfC

hence
H (f) = 1

j2πfRC + 1

Hence

|H (f)| = 1√
1 + (2πfRC)2

Then
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Sy (f) = Sx (f) |H (f)|2

=
(

4v

4v2 + 4π2f 2

)(
1

1 + (2πfRC)2

)

= 4v

(4v2 + 4π2f 2) (1 + 4π2f 2R2C2)

= 4v

4v2 + 4v2 (2πfRC)2 + 4π2f 2 + 4π2f 2 (2πfRC)2

= 4v

4v2 + 16v2π2f 2R2C2 + 4π2f 2 + 16π2f 2π2f 2R2C2

= v

v2 + 4v2π2f 2R2C2 + π2f 2 + 4π4f 4R2C2

Now, Ry (τ) is the inverse Fourier transform of the above.

3.5.4 Problem 4

Figure 3.16: the Problem statement

(see graded HW for solution)
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3.5.5 Key solution
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3.6 HW 6

Local contents
3.6.1 Questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

HW and key are missing.
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3.6.1 Questions

Figure 3.17: the Problem statement
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3.7 HW 7

Local contents
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3.7.2 Key solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
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3.7.1 Questions
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3.7.2 Key solution

109



3.7. HW 7 CHAPTER 3. HWS

110



3.7. HW 7 CHAPTER 3. HWS

111



3.8. HW 8 CHAPTER 3. HWS

3.8 HW 8

Local contents
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3.8.1 Questions
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3.8.2 Key solution
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3.9 HW 9

Local contents
3.9.1 Problem 5-5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
3.9.2 Problem 5-8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
3.9.3 Problem 5-13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
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3.9.1 Problem 5-5

Figure 3.18: the Problem statement

3.9.1.1 part(a)

s (t) =
in-phase component︷ ︸︸ ︷

Ac (1 + kam (t)) cos ωct

Assume ka = 1 in this problem. m (t) = A1 (cos ω1t + cos 2ω1t), then s (t) becomes

s (t) =
in-phase component︷ ︸︸ ︷

Ac (1 + A1 (cos ω1t + cos 2ω1t)) cos ωct (1)

But s (t) can be written as

s (t) = sI (t) cos ωct − sQ (t) sin ωct (2)

Where sI (t) is the inphase component and sQ (t) is the quadrature component of s (t).
Compare (1) to (2), we see that

sI (t) = Ac [1 + A1 (cos ω1t + cos 2ω1t)]
sQ (t) = 0
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Now, the complex envelope s̃ (t)of s (t) is given by

s̃ (t) = sI (t) + jsQ (t)

Hence replacing the value found for sI (t) and sQ (t) we obtain

s̃ (t) = Ac [1 + A1 (cos ω1t + cos 2ω1t)] (3)

Now, we can find Ac since the average power in the carrier signal is given as 50000 watt
as follows

Pav_carrier = A2
c

2 (50) = 50000

Hence
Ac =

√
100 × 50000 = 2236.1volt

Then (3) becomes
s̃ (t) = 2236.1 [1 + A1 (cos ω1t + cos 2ω1t)] (4)

The above is the complex envelope in terms of A1 and ω1 only as required to show.

3.9.1.2 part(b)

µ = Amax − Amin

Amax + Amin
(5)

Need to find angle at which cos ω1t + cos 2ω1t is Max and at which it is min. then Let
∆ = cos ω1t + cos 2ω1t

We see that when ω1t = 2π, then ∆ = 1 + 1 = 2, hence

Amax = Ac (1 + 2A1)

Need to find Amin hence we need to find ∆min . For this case we must use calculus as it is
not obvious where this is minimum

∂∆
∂t

= 0 = −ω1 sin ω1t − 2ω1 sin 2ω1t

0 = −ω1 sin ω1t − 2ω1 (2 sin (ω1t) cos (ω1t))
= −ω1 sin ω1t − 4ω1 sin (ω1t) cos (ω1t)

−1
4 = cos (ω1t)

Hence ω1t = cos−1
(

−1
4

)
→ ω1t = 104.4770 (using calculator). hence

∆min = cos
(
104.4770

)
+ cos

(
2 × 104.4770

)
= −0.2499 − 0.875
= −1. 124 9
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Then Amin = Ac (1 − 1. 124 9A1), so from (5) above

µ = Amax − Amin

Amax + Amin

0.9 = Ac (1 + 2A1) − Ac (1 − 1. 124 9A1)
Ac (1 + 2A1) + Ac (1 − 1. 124 9A1)

= (1 + 2A1) − (1 − 1. 124 9A1)
(1 + 2A1) + (1 − 1. 124 9A1)

= 1 + 2A1 − 1 + 1. 124 9A1

1 + 2A1 + 1 − 1. 124 9A1

= 3. 124 9A1

2 + 0.875 1A1

Hence

1.8 + 0.9 (0.8751A1) − 3.9A1 = 0
1.8 − 2.3A1 = 0

Then
A1 = 0.770

3.9.1.3 part(c)

Since

Amax = Ac (1 + 2A1)
= 2236. 1 (1 + 2 × 0.770 12)
= 5680. 2 volts

Then from Ohm’s law, V = RI,

Imax = Vmax

R

= 5680. 2
50

= 113. 6 amps

Since mean voltage is zero, then average current is zero.

120



3.9. HW 9 CHAPTER 3. HWS

3.9.2 Problem 5-8

Figure 3.19: the Problem statement

answer For normal modulation, let

sam (t) = Ac (1 + m (t)) cos ωct

Maximum envelop is 2Ac (i.e. when mmax (t) = 1), this means that Ap = 2Ac

But

sam (t) =
carrier︷ ︸︸ ︷

Ac cos ωct +
side band︷ ︸︸ ︷

Acm (t) cos ωct

So max of sideband is Ac or Ap

2 . Hence maximum power of sideband is 1
2

(
Ap

2

)2
= A2

p

8 and
for DSB-SC, where now use Ap in place of what we normally use Ac then we obtain

s (t) = Apm (t) cos ωct

Hence maximum for sideband is 1
2A2

p

Hence we see that power of sideband of DSB-SC to the power of sideband of AM is
1
2A2

p

A2
p

8

= 4
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3.9.3 Problem 5-13

Figure 3.20: the Problem statement

3.9.3.1 part(a)

m (t) = 5 cos ω1t

m̂ (t) is Hilbert transform of m (t) defined as m̂ (t) =
∞∫

−∞

m (τ) 1
t−τ

dτ . Or we can use the

frequency approach where m̂ (t) = z−1 [−j sign (f) M (f)] where M (f) is the Fourier
transform of m (t). We can carry out this easily, but since this is a phase 90 change, and
m (t) is a cosine function, then

m̂ (t) = 5 sin ω1t

3.9.3.2 part(b)

sSSB (t) = Ac [m (t) cos ωct ∓ m̂ (t) sin ωct]
Where the negative sign for upper sided band, and positive sign for the lower sided band,
hence

sLSSB (t) = Ac [m (t) cos ωct + m̂ (t) sin ωct]
= 5Ac [cos ω1t cos ωct + sin ω1t sin ωct]
= 5Ac [cos (ωc − ω1) t]

We can plug in numerical values given

sLSSB (t) = 5 [cos (ωc − ω1) t]
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3.9.3.3 Part(c)

To find the RMS value of the SSB, pick the above lower side band. First find Pav.

sLSSB (t) = 5 [cos (ω1 − ωc) t]

Hence

RMS value of signal = 5√
2

= 3.535 5 volt

3.9.3.4 part(d)

Then maximum of 5 [cos (ω1 − ωc) t] is when cos (ω1 − ωc) t = 1, hence

sLSSBmax (t) = 5volt

3.9.3.5 part(e)

Pav = 1
2A2

c

= 1
2 × 25

= 12.5watt

3.9.3.6 Part(f)

PEP = 1
2s2

LSSBmax (t)

= 52

2
= 12.5 watt
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3.9.4 Problem 5-18

Figure 3.21: the Problem statement

3.9.4.1 part(a)

This is a detector for USSB (Upper side band). i.e.

s (t) = Ac (m (t) cos ωct − m̂ (t) sin ωct)

Note, I wrote Ac and not Ac

2 in the above. As long this is a constant, it gives the same
analysis.

The reason is because at point H the signal is −1
2m (t) and at the C point the signal is

+1
2m (t) , hence due to subtraction at the audio output end we obtain m (t). To receive

LSSB, we should change the sign to positive at the audio output end.

3.9.4.2 part(b)

s (t) = Ac (m (t) cos ωct − m̂ (t) sin ωct)
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at point B

sB (t) = s (t) ∗

local oscillator︷ ︸︸ ︷
A

′

c cos ωct

= A
′

cAc (m (t) cos ωct − m̂ (t) sin ωct) cos ωct

= A
′

cAc

(
m (t) cos2 ωct − m̂ (t) sin ωct cos ωct

)
= A

′

cAc

(
m (t)

(1
2 + 1

2 cos 2ωct
)

− 1
2m̂ (t) sin 2ωct

)

=

low pass︷ ︸︸ ︷
A

′
cAc

2 m (t) +

high pass︷ ︸︸ ︷
A

′
cAc

2 m (t) cos 2ωct −

high pass︷ ︸︸ ︷
A

′
cAc

2 m̂ (t) sin 2ωct

at point C, after LPF we obtain

sc (t) = A
′

cAc
m (t)

2
at point F we have

sf (t) = s (t) A
′

c sin ωct

= A
′

cAc (m (t) cos ωct − m̂ (t) sin ωct) sin ωct

= A
′

cAc

(
m (t) cos (ωct) sin (ωct) − m̂ (t) sin2 ωct

)
= A

′

cAc

(
m (t) 1

2 sin (2ωct) − m̂ (t)
(1

2 − 1
2 cos 2ωct

))
= A

′
cAc

2 (m (t) sin (2ωct) − m̂ (t) (1 − cos 2ωct))

at point G after LPF

sg (t) = −A
′
cAc

2 m̂ (t)

at point H after −900 phase shift

sh (t) = +A
′
cAc

2 m (t)

at point I, we sum sh (t) and sc (t), hence si (t) = A
′
cAc

m(t)
2 + A

′
cAc

2 m (t) = A
′
cAcm (t)

3.9.4.3 Part(c)

s (t) = Ac (m (t) cos ωct + m̂ (t) sin ωct)
This the same as part (b), except now since there is a sign difference, this carries all the
way to point I, and then we obtain

si (t) = A
′

cAc
m (t)

2 − A
′
cAc

2 m (t) = 0

This if this circuit is used as is to demodulate an LSSB AM signal, then the signal will be
lost. So, instead of adding at point I we should now subtract to counter the effect of the
negative sign.
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3.9.4.4 part(d)

Since SSB has bandwidth of 3kHz then this means the width of upper (or lower) band is
3khz. This means the signal has 3khz bandwidth. This diagram shows the LPF requirement

455-455khz
Upper band SS 

signal

455+3-455-3

455-455khz

LPF

+3-3

Frequency f in khz

Showing the Low Pass Filter requirement for use with LSSB demodulation

Figure 3.22: Low pass filter

Hence LPF is centered at zero frequency and have bandwidth of 3khz (may be make it a
little over 3khz band width?)

The IF filter is centered at 455+
(

3
2

)
for the upper band of the positive band, and centered

at −455 −
(

3
2

)
for the upper band of the negative band. (i.e. for the USSB).

For LSSB, IF should be centered at 455 −
(

3
2

)
for the lower band of the positive band,

and centered at −455 +
(

3
2

)
for the lower band of the negative band. (This works if there

is a guard band around 455, small one, to make the design of IF possible).
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3.9.5 Key solution
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3.10 HW 10
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3.10.1 Problem 3.24

Figure 3.23: the Problem statement

s1 (t) = Ac cos (ωct + φ)

DSB-SC signal is

s2 (t) = m (t) cos (ωct)

Hence by adding the above, we obtain

s (t) = m (t) cos (ωct) + Ac cos (ωct + φ)

The above signal is applied to an ideal envelope detector. The output of an envelope
detector is given by

a (t) =
√

s2
I (t) + s2

Q (t)

Since s (t) is a bandpass signal, we need to first write it in the canonical form sI (t) cos (ωct)−
sQ (t) sin (ωct)

Using cos (A + B) = cos A cos B − sin A sin B, then we have
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s (t) = m (t) cos (ωct) + Ac [cos ωct cos φ − sin ωct sin φ]
= [m (t) + Ac cos φ] cos (ωct) − Ac sin ωct sin φ

Hence we see that

sI (t) = m (t) + Ac cos φ

sQ (t) = Ac sin φ

Now we can start answering parts (a) and (b)

3.10.1.1 Part(a)

When φ = 0, then

sI (t) = m (t) + Ac

sQ (t) = 0

Hence

a (t) =
√

[m (t) + Ac]2 + 02

= m (t) + Ac

3.10.2 Part(b)
When φ 6= 0 and |m (t)| << Ac

2

a (t) =
√

[m (t) + Ac]2 + [Ac sin φ]2

=
√

[m2 (t) + A2
c + 2Acm (t)] + [A2

c sin2 φ]

Since |m (t)| << Ac

2 , then m2 (t) + A2
c + 2Acm (t) ' A2

c hence

a (t) '
√

A2
c + A2

c sin2 φ

= Ac

√
1 + sin2 φ
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3.10.3 Problem 5.20

Figure 3.24: the Problem statement

3.10.3.1 Part(a)

An AM signal is s (t) = Ac [1 + µ m (t)] cos (2πfct + θ (t)). Now compare this form with
the one given above, which is s (t) = Ac cos (2πfct + θ (t)). We see that µ = 0, i.e. no
message source exist. Hence percentage of modulation is zero.

3.10.3.2 Part(b)

Pav = 1
2A2

c

But Ac = 10, hence

Pav = 100
2

= 50watt

3.10.3.3 Part(c)

From the general form for angle modulated signal

s (t) = cos (ωct + θ (t))

Looking at

s (t) = Ac cos

T otal P hase︷ ︸︸ ︷
2πfc︷ ︸︸ ︷(

2π × 108
)
t +

θ(t)︷ ︸︸ ︷
10 cos

(
2π × 103t

)
Phase deviation is

θ (t) = 10 cos
(
2π × 103t

)
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Which is maximum when cos (2π × 103t) = 1Hence maximum Phase deviation is 10
radians.

3.10.3.4 part(d)

Now, we know that the instantenouse frequency fi is given by

fi (t) = 1
2π

d

dt
(total phase)

= 1
2π

d

dt
[ωct + θ (t)]

= 1
2π

d

dt

[
2πfct + 10 cos

(
2π × 103t

)]
= fc − 10

(
103

)
sin

(
2π × 103t

)
The deviation of frequency is the difference between fi and the carrier frequency fc. Hence
from the above we see that the frequency deviation is

∆f = fi − fc

= −10
(
103

)
sin

(
2π × 103t

)

So, maximum ∆f occures when sin (2π × 103t) = −1, hence

max (∆f) = 104 Hz

3.10.4 Problem 5.22

Figure 3.25: the Problem statement

The modulating waveform is m (t) Hence (I am assuming it is cos since it said sinusoidal)

m (t) = Am cos (2πfmt)
= 4 cos (2000πt)
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Since it is an FM signal, then

s (t) = Ac cos


θ(t)︷ ︸︸ ︷

ωct + 2πkf

∫ t

0
m (x) dx


Where kf is the frequency deviation constant in cycle per volt-second. The gain here means
the frequency gain, which is the frequency deviation (deviation from the fc frequency).
Let ∆f be the frequency deviation in Hz, then

∆f = fi − fc

= 1
2π

d

dt
θ (t)

= kfm (t)
= kf [4 cos (2000πt)]

3.10.4.1 Part(a)

max ∆f is

(∆f)max = 4kf

But kf = 50 hz/volt, hence

(∆f)max = 4 × 50
= 200hz

3.10.4.2 Part(b)

Modulation index

β = (∆f)max
fm

= 200
1000

= 0.2
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3.10.5 Problem 5.24

Figure 3.26: the Problem statement

s (t) = Ac cos
(

2πfct + 2πkf

∫ t

0
m (x) dx

)

We are told the carrier frequency has fc = 103.7 Mhz, but there is a multiplier of 8, and
hence the center frequency of the bandpass filter must be 1

8 of the carrier frequency. i.e.

center frequency of the bandpass filter is 1
8103.7 = 103.7

8 = 12.963

Since peak deviation is 75khz, which means the deviation from the central frequency has
maximum of 75khz, then

75
8 = 9.375 khz

Hence bandwidth from center of frequency of bandwidth filter is 9.375 but we need to add
frequency width of the audio which is 15000 − 20 = 14980 Hz on both side, hence

Bandwidth of BPF is 9.375 × 103 ± 14980

3.10.5.1 Part (b)

To do
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3.10.6 Problem 5.26

Figure 3.27: the Problem statement

s (t) = Ac cos (ωct + 20 cos ω1t)

where Ac = 500, f1 = 1khz, fc = 100Mhz

3.10.6.1 Part(a)

The general form of the above PM signal is

s (t) = Ac cos

ωct +
phase deviation︷ ︸︸ ︷

kpm (t)


Where kpm (t) is the phase deviation, and kp is the phase deviation constant in radians
per volt. Hence we write

kpm (t) = 20 cos ω1t

Then

m (t) = 20 cos ω1t

kp

But we are given that kp = 100 rad/voltage and f1 = 1000hz, then the above becomes

m (t) = 20 cos (2000πt)
100

= 0.2 cos (2000πt)

its frequency is 1 khz and its peak value is 0.2 volts
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3.10.6.2 Part(b)

The general form of the above FM signal is

s (t) = Ac cos
(

ωct + kf

∫ t

0
m (x) dx

)
Where kf is the frequency deviation constant in radians per volt-second

Hence

kf

∫ t

0
m (x) dx = 20 cos ω1t

Solve for m (t) in the above, given that kf = 106radians per volt-second, hence

kf

∫ t

0
m (x) dx = 20 cos ω1t∫ t

0
m (x) dx = 20 cos (2000πt)

106

Take derivative of both sides, we obtain

m (t) = 20
106 [− sin (2000πt) × 2000π]

= −20 × 2000π

106 sin (2000πt)

= −0.126 sin (2000πt)

Hence its peak value is 0.126 and its frequency is 1 khz

3.10.6.3 Part(c)

Pav = 〈s2 (t)〉
50

=
1
2A2

c

50

= 5002

100
= 2500watt

PEP is average power obtained if the complex envelope is held constant at its maximum
values. i.e. (the normalized PEP) is
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PEP = 1
2 [max (|s̃ (t)|)]2

Since

s (t) = Ac cos (ωct + 20 cos ω1t)
= Ac [cos ωct cos (20 cos ω1t) − sin ωct sin (20 cos ω1t)]

=
sI(t)︷ ︸︸ ︷

Ac cos (20 cos ω1t) cos ωct −
sQ(t)︷ ︸︸ ︷

Ac sin (20 cos ω1t) sin ωct

Hence

s̃ (t) = sI (t) + jsQ (t)
= Ac cos (20 cos ω1t) + jAc sin (20 cos ω1t)

Then

|s̃ (t)| =
√

[Ac cos (20 cos ω1t)]2 + [Ac sin (20 cos ω1t)]2

= Ac

√
cos2 (20 cos ω1t) + sin2 (20 cos ω1t)

= Ac

Hence the non-normalized PEP is

PEP =
1
2 [Ac]2

50

= 5002

100
= 2500watt

ps. is there an easier or more direct way to find PEP than what I did? (assuming it is
correct)
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3.10.7 Key solution
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3.11 HW 11

Local contents
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This was not collected. Practice problems for class only.
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3.11.1 Problems
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3.11.2 Key solution
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