Quiz 3 MaTH 502AB Fall 2007

NASSER ABBASI

Name (please print)

1. Suppose that two components have independent exponentially distributed liﬁ times Ty
and T, with parameters a and 3, respectively. Find (a) P(Ty = T3), (b) identify
the distribution of W = 275, and (¢) use the results in parts (a) and (b) to obtain

(a)Problem review:

T; is a random variable and T is a random variable, where T} “ae™*" and T 2~ﬁe*ﬁt2.

«a and B can be thought of as the failure rate for each respective component. T; is the lifetime of component
i. Hence P (T} = t1) means to ask for the probability of the first component to have a lifetime of ¢; given that
the failure rate of this kind of components is a.

solution:

Now we know that

P(Tl > T2 //le e tl,tg) dtodty

Looking at the following diagram to help determine the region to integrate:
A T2=T1 A
T2 g/// ,\

Integrate this region

g T1>T2

Hence
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t t

But since T7 L T5, then the joint density is the product of the marginal densities.
Hence

Jrm (t,t2) = fry (1) fr, (t2)

= e ot g2
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We take «, 8 > 0 since we expect the lifetime to go to zero eventually. Also this is a requirement for the
integrals to not diverge.
Hence the above becomes

P(Ty >Ty) =—a <(_a1_ 5 [eh(—a—ﬁ)]zo + é [ *‘“]3")
= —« <(—a1— 5 [6_"0 — 1] + % [e_oo — 1])
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Hence
P(Ty>T) = (afﬂ)
(b)
Fy (w) = P (W < w)
=P 2Ty < w)
-ro(3)
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o= 1 (5) x4 (2
Hence



fw (w) = %sz (%)

(c¢)Need to find P (11 > 2T%) which is the same as P (71 > W), hence this is the same as part(a) but replace

Ty by W as show in the following diagram
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2. Consider a Poisson process on the real line, and denote by N{t;,f3) the number of
events in the interval (t1,f2). If to < t1 < t2, find the conditional distribution of
N{to,t1) given that N(tg,t2) = n, and identify the distribution.

Problem review: Poisson probability density is a discrete probability function (We normally call it the
probability mass function pmf). This means the random variable is a discrete random variable.

The random variable X in this case is the number of success in n trials where the probability of success in
each one trial is p and the trials are independent from each others. The difference between Poisson and Binomial
is that in Poisson we are looking at the problem as n becomes very large and p becomes very small in such a
way that the product np goes to a fixed value which is called A, the Poisson parameter. And then we write
P(X=k)= )]‘C—Te_A where k = 0,1,2,--- The following diagram illustrates this problem, showing the three r.v.
we need to analyze and the time line.
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X = N(to.t1) T = N(t1.t2)

But what is ”trials” in this problem? If we divide the time line itself into very small time intervals d¢ then
the number of time intervals is the number of trials, and we assume that at most one event will occur in this
time interval (since it is too small). The probability p of event occurring in this dt is the same in the interval
[to, t1] and in the interval [t1,?2]. Now let us find A for X and Y and Z based on this. Since A = np where n is

the number of trials, then for X we have A\, = n,p = %p where we divided the time interval by the time

to —t
width 4t to obtain the number of time slots for X. We do the same for Y and obtain that | A, = (2&1)]9

Similarly, Ay = (25f0)p = ezt tizlo),,  (azh) ), 4 (oto) p hence [\, = A, + A,
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Let us refer to the random variable N (¢1,t2) as Y and the r.v. N (¢g,%1) as X and the r.v. N (to,t2) as Z
The problem is then asking to find P (X = z|Z = n) and to identify pmf (X|2)

To help in the solution, we first draw a diagram to make it more clear.

We take A to the same for the 3 random variables X,Y, Z.

P(X =z|Z=n)=

But Z = n is the same as X +Y = n hence

P(X=z,(X+Y)=n)

P(X=xz|Z=n)=

P(Z=n)
_ P(X=2Y=n—x)
P(Z =n)

Now r.v. X 1Y, since the number of events in [to, ¢1] is independent from the number of events that could
occur in [tq, ta].

Given this, we can now write the joint probability of X,Y as the product of the marginal probabilities. Hence
the numerator in the above can be rewritten and we obtain

P(X=a|z=n) = LX= ) ( —n—2) (1)

Now since each of the above is a Poisson process, then

P(X =2z)= ()\;!)re)\z
P(Y =n—x) éiyz ;)!e)‘y
P(Z=n)= ()\;!)neAz

Hence (1) becomes

(Ax)m -z (Ay)n_x Ay 1
P(X—a:\Z—n)—< 2l eA)<(n_z)16A>(Az?”—A 2

Hence
PO =iz = = S () () i

But we found that A\, = A; + Ay, hence the exponential term above vanish and we get



P(X=z|Z=n)=
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Let k = Niny then 1 — k=1 P i W D B ¥ hence the last line above can be written as

s ) )
] @ (kb (1= k)"

But this is a Binomial with parameters n, k, hence

Az
P (X = z|Z = n) ~Binomial (n, py )\y>




3. Suppose that the probability © of getting heads for a coin is unknown, and let the
prior opinion about © be represented by the uniform distribution on [0,1]. You spin
the coin repeatedly and record the number of times N until a heads comes up. (a)
Find the posterior density of © given N. (b) Use Matlab or any other software to plot
the posterior for cases where N = 1, N = 2, and N = 6. Using your plots, explain
what you infer about the probability of heads in each circumstance.

part (a)

Let 6, the probability of getting heads, be the specific value that the random number © can take.

Let g (0) be the probability density of ©, which we are told to be U [0,1], and let pmfx () be the
probability mass function of the random variable X where X is the number of times until a head first comes up.
’X is then a geometric random variable with parameter 6| hence

pmfx (N)=P(X=N)=(1-0)""1¢ N=1,2.3,---
The posterior density of © given N is then

pmfx (N|© =0)g(0)

O = = ) = (V16— 0) g (6) a8

But
pmfx (N|© =6) = (1-6)"""6

and ¢ (0) = 1 since ©7U [0, 1]

Hence

o a-0N'e
Jya—oN"1edg

But O is a random continuous variable from [0, 1], so how to evaluate the above? I can evaluate the above

for different values of © on the real line from [0, 1], and the more values I take between 0,1 the more accurate
h(© =0|X = N) will become.

h(© =X = N) 1)

Part(b)
First let me evaluate eq (1) for N =1,N =2, N =6
For N =1
0 0
h(@=0X=1)= = =20
©=0X=1="r 0 &) 20
2 1o
For N =2
1- 1- 1-
h(@:0|X:2):flé1—Z))Zd9:f1((e—;3)0d9 N 92(1 0>efl
0 : 5,15,
1-0)6
:%:6(1—0)9
23
For N =6
61 Y
h(O=0|X = 6) = 1(1 0)6 19 _ 1(1 0)59
Jo@=0)""0d0 [ (1—6)6df

We can use integration by parts for the denominator, where u = 6, dv = (1 — 0)5, when we do this we obtain



h(©=0|X=06)=|42(1-0)°0

Now we plot the above 3 cases on the same plot:

ez EL0n, 2] :=Which[n =1, 2%, n=2,6(l-x)x n=6,42 (1-3x)° x]
Plot[{£f[1, =], £[2, =], £[6, =1}, {x, O, 1%,
Frame - True, PlotStyle - {Red, Black, Blue},
FrameLabel - {Style["e", 14], Style["h(e|X=H)", 1671,
Style["Posterior probability distribution for © for different N", 161},
ImageSize » 600]

Posterior probability distribution for @ for different N
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What the above plot is saying is the following:

If it takes "longer’ to see a head comes up (N = 6), then the coin is taken as biased towards a tail, and the
probability of getting a head becomes smaller, this is why we see that the most likely probability in this case to
be around 0.15 (looking at the N=6 curve). We say that based on the observation of N = 6, then the coin has a
higher probability of having its probability of getting a head to be about 0.15 than any other value. (The area
around 6 = 1.5 is larger than any other area for the same §6)

Now, when N = 2, i.e. we flipped the coin 2 times, and got a head on the second time, then we see from the
N = 2 curve that the coin has a most likelihood of having a probability of getting a head to be 0.5.

This is what we would expect, since in an unbiased coin, the probability of getting a head is %, and hence
with a fair coin, we expect to see a head half of the times it is flipped, and since we flipped 2 times, and saw a
head the second time, this posterior probability has its most likely value to be around .5 as well.

When N = 1, this says that we got a head in the first time we flipped the coin. We see that the posterior
probability of getting a head now has it maximum around 1. This means the posterior probability is saying this
coin is biased towards a head.

The above is a method to estimate the probability distribution of the probability itself of getting a head
based on the observed events and based on the prior known probability of getting a head. Hence the events
observed allow us to estimate the probability of getting a head. Hence the posterior probability is conditioned
on each event as in this problem.



